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Chapter 8

Numerical Estimation of the

Correlation Entropies

In the previous chapters we have seen that the family of correlation entropies con-

tains a substantial amount of information about the underlying dynamics. For

example, under very mild assumptions a Legendre transform of the correlation en-

tropies gives an upper estimate of the multifractal spectrum of local entropies; non-

uniformly hyperbolic behavior of a dynamical system (like those of a Manneville-

Pomeau map) can be detected by the correlation entropies as well. Hence it is

important that the correlation entropies can be estimated consistently. We con-

sider this estimation problem in particular for situations where no equations of

motion (i.e., maps or di�erential equations) are known, but where a �nite and suf-

�ciently long segment of a typical orbit (or a corresponding time series) is known.

We discuss methods for estimation, and test them on some model examples: the

skew-tent map, the H�enon map and the Manneville-Pomeau map. We had the fol-

lowing motivation for the choice of these dynamical systems. For the tent map one

can actually compute the correlation entropies explicitly, and hence we can eval-

uate the consistency, quality and the speed of convergence of our estimators. For

the second example | the H�enon map, the explicit expressions for the entropies

are not known. However some estimates have been given for the correlation en-

tropy of order 2 [2] and for the topological entropy [9] which we believe to be equal

to the correlation entropy of order 0. We would like to remind that the H�enon

family is not hyperbolic, but for a large set of parameters some properties, similar

to those of hyperbolic systems, have been established. The third example | the

family of Manneville-Pomeau maps, was originally suggested as a simple model of

intermittent behavior. We have seen earlier that this results in a phase transition

in the family of correlation entropies: H(q) > c > 0 for q � 1, and H(q) � 0 for

q > 1. We will see that our methods of numerical estimation of the correlation

entropies are capable of detecting this phase transition.

Setup. We consider the following model for deterministic time series. Suppose

that a dynamical is given by some transformation f : X ! X . An orbit is then a

177



sequence fxig such that

xi+1 = f(xi) for all i:

For an observable ' : X ! R, the time series , corresponding to an orbit fxig, is
given by

yi = '(xi) = ' Æ f i(x0): (8.1)

h The idea is that we record not the complete state of the system xi, but only the

values of the observable, namely, yi = '(xi). Under certain generic conditions,

the so-called Reconstruction Theorem [10] states that some characteristics of the

original dynamics such as dimension or entropy of the !-limit set or attractor can

be recovered from a time series (8.1).

In the subsequent examples, the function ' will be the identity or `almost'

the identity. Therefore we keep the same notation fxig for the orbit and for the

corresponding time series.

In this chapter we treat 3 examples. The �rst two { the skew-tent map and the

Manneville-Pomeau map, are interval maps. In these cases ' will be equal to the

identity, i.e., the orbit and the corresponding time series will be the same. The

last example { the H�enon map, is a transformation of R2 , given by

xi+1 = 1� ax
2
i + yi;

yi+1 = bxi:

In this case, ' will be a projection on the �rst coordinate, i.e. the time series

is fxigi�0. In the sequel, the time series, for which we estimate the correlation

entropies, will be denoted by fxig.
From now on we assume that we have at our disposal a �nite time series fxigNi=1,

where xi 2 R and N is assumed to be large.

The correlation entropies are de�ned for invariant measures. In the case of a

�nite series, the empirical probability measure �N given by

�N =
1

N

NX
i=1

Æxi ;

where Æy is the Dirac measure at the point y. Our assumption will be that the time

series comes from a dynamical system, admitting an SRB or a physical measure

�, and that fxig is a generic trajectory for �. Hence we may assume that for large
N , the empirical measure �N , de�ned above, is close (in the weak topology) to �.

8.1 Direct approach.

Step 1. Estimate of �(Bn(x; ")). In order to estimate the correlation entropies,

we �rst have to provide consistent estimates of �(Bn(xi; ")). We use the obvious

estimate: for i = 1; : : : ; N � n

C(xi; "; n) =
1

N � n� 1
#
�
j 6= i : dn(xi; xj) < "

	
:



Assuming ergodicity, we get

C(xi; "; n)! �(Bn(xi; ")) as N !1:

However for certain values of i, ", and n it is possible that C(xi; "; n) = 0, causing

problems in the implementation of estimates of the generalized entropies of order

q < 1.

Step 2. Estimate of I(q; "; n). Using the above estimate C(xi; "; n), we let

Î(q; "; n) =
1

N � n

N�nX�

i=1

�
C(xi; "; n)

�q�1
:

where
P�

is the summation over all i such that C(xi; "; n) > 0. Obviously, this is

necessary only for q < 1. This introduces bias into our estimates: we have to leave

out those points which have no neighbors of the required type, but these points

should, due to the negative exponent, contribute with a high weight.

In order to estimate Î(q; "; n) one has to make O(N2) operations. This can be

very time consuming even on a powerful workstation. The complexity N2 comes

from the fact that we have substituted two integrals by �nite sums, each containing

N elements. One can substantially decrease the required time by performing

the following modi�cation of the above scheme. Given a time series fxigNi=1,
choose some number of reference points Nref such that Nref � N . Generate

Nref randomly chosen indexes i(k) 2 f1; : : : ; Ng, k = 1; : : : ; Nref . For each i(k)

estimate �(Bn(xi(k); ")) as described above, namely

C(xi(k) ; "; n) =
1

N � n� 1
#

n
j 6= i(k) : dn(xj ; xi(k)) < "

o
;

and let

Î(q; "; n) =
1

Nref

NrefX�

k=1

�
C(xi(k); "; n)

�q�1
: (8.2)

The complexity of this approach is O(Nref � N). Numerical experiments show

that a choice of Nref equal to a fraction of N does not have a large e�ect on the

value of Î(q; n; "), while the gain in the CPU time is substantial.

Step 3. Estimates of H�(f; q). For suÆciently small " > 0 and suÆciently

large n one assumes that

I(q; "; n) � Ce
�(q�1)H�(f;q)n; (8.3)

where H�(f; q) is the generalized entropy of order q.

Figure 8.1 shows estimated values log Î(q; "k; n) in the case of the skew-tent

map and for the parameter values q = 2:0, "k = (2k)�2, k = 1; : : : ; 20, and

n = 1; : : : ; 20. A linear decay of log Î(q; "k; n) with n is clearly visible. We will

use various estimates of the speed of this decay as estimators of the correlation
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Figure 8.1: Graphs of log Î(2; "k; n) for "k = (2k)�2, k = 1; : : : ; 20, as functions

of n. The slope of a short straight line in the lower left corner is equal to the

theoretical value of the correlation entropy of order 2.

entropy H�(f; q). There are several ways to estimate the rate of decay. Let us

discuss some of them.

We can estimate the rate of decay by computing the slope of a chord, connecting

log Î(q; "k; n1)=(q � 1) and log Î(q; "k; n2)=(q � 1):

Ĥ�(f; q) = � 1

(q � 1)(n2 � n1)
log

Î(q; "; n2)

Î(q; "; n1)
; n2 > n1 � 1:

From all possible choices of n1, n2 (n2 � n1) we only consider the following

two:

n1 = 1; n2 = n : Ĥ
(1)
�

(f; q; n) = � 1

(q � 1)(n� 1)
log

Î(q; "; n)

Î(q; "; 1)
; n > 1:

n1 = n; n2 = n+ 1 : Ĥ
(2)
�

(f; q; n) =
1

(q � 1)
log

Î(q; "; n)

Î(q; "; n+ 1)
; n > 1:

We will also consider the so-called Takens estimator

Ĥ
(3)
�

(f; q; n) =
1

q � 1
log

Pnmax�1

k=n Î(q; "; k)Pnmax

k=n+1 Î(q; "; k)
;

where nmax is the maximal embedding dimension for which Î(q; "; n) were com-

puted. In the case of generalized dimensions, the Takens estimator [11] is known

to have rather good properties, see [1].



5 10 15 20
0.38

0.39

0.4

embedding dimension n

(a) Estimates Ĥ
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Figure 8.2: Various estimators of the correlation entropy of order 2 for the skew-

tent map with p = 0:8, " = 0:0025.

Finally, one could try to �t a straight line using the least squares method

through the set of points fk; log Î(q; "; k)=(q � 1)gn
k=1, n = 2; : : : ; nmax, in the

plane. The slope of this line, which we denote by Ĥ
(4)
� (f; q; n), will be our fourth

estimator.

Let us try the above estimators for estimating the correlation entropy of order

q = 2:0 of the skew-tent map, see chapter 1, with the parameter p = 0:8. The exact

value of the correlation entropy of oder q = 2:0 is � log(p2 + (1 � p)2) � 0:3857.

The other parameters are N = 25:000, Nref = 2:000, and n = 1; : : : ; 20. In �gure

8.1, the values of � log Î(2; "k; n) are plotted as functions of n for "k = (2k)�2,

k = 1; : : : ; 20. Examining �gure 8.1 it is clear that for the few �rst values of k the

values of "k are not small enough. However, all larger values of k produce lines

with approximately (at least visually) correct slope. Figures 8.2.a and 8.2.b show

the behavior of the estimators discussed above.

8.1.1 Estimating variance of Î(2; "; n).

In general, together with estimating Î(q; "; n), one also has to provide estimates

of the variance. These estimates are necessary for further conclusions about the

quality of estimates of the generalized entropies Ĥ�(f; q).

Here we restrict ourselves to the simplest case q = 2. For q = 2 the expression
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Figure 8.3: Standard deviation �̂(log Î(2; "; n)) and the least square estimates with

and without weights.

for Î(2; "; n) can be written in the following form

Î(2; "; n) =
1

Nref

NrefX
k=1

Wk;

where

Wk =
1

N � 1

X
j 6=i(k)

Yi(k);j ;

and Yi(k);j is either 0 or 1, depending on whenever the distance dn(xj ; xi(k)) is

larger or smaller than ". Since the indexes of the reference points were chosen ran-

domly and independently, the quantities fWkgNref

k=1 are, to a good approximation,

independent and identically distributed. Hence,

var
�
Î(2; "; n)

�
=

1

Nref
var
�
W1

�
:

The estimate of var
�
W1

�
is well known to be

�̂
2(W1) =

1

Nref � 1

NrefX
k=1

�
Wk �W

�2
; (8.4)



where W =
PNref

k=1 Wk=Nref is the empirical mean, and hence

�̂(Î(2; "; n)) =
1p
Nref

�̂(W1):

One has to stress that in (8.4) we estimate the variance of W1 inside a given

realization, and we disregard the dependence between Wk's caused by the fact

that all Wk's are computed using the same time-series fxig.
From �gure 8.3.a we can see that in the case of the skew-tent map with the

parameters as in �gure 8.1, the ratio �̂(Î(2; "; n))=Î(2; "; n) is rather small: it does

not exceed 6 percent. Using the fact that log(1+ t) � t for t with small jtj, we can
conclude that

log
�
Î(2; "; n)� �̂(Î(2; "; n))

�
� log Î(2; "; n)� �̂(Î(2; "; n))

Î(2; "; n)
:

One could also use the obtained expressions for the standard deviation of

log Î(2; "; n) as inverse weights in the weighted least squares �tting. Namely, for

every n � 2 minimize (in a and b) the following function

L(a; b; n) =
nX
k=1

1

sk

�
log Î(2; "; k)� ak � b

�2
;

where

sk =
�̂(Î(2; "; k))

Î(2; "; k)
; (8.5)

i.e., points with smaller standard deviation get bigger weights. The estimator of

the correlation entropy then is minus the slope of the line, i.e, �a. One has to

mention that since the \random" weights sk are observed quantities, the least

square estimator based on these weights in principal can be biased.

In �gure 8.3.b we compare the estimates obtained by least squares method

with weights sk, given by (8.5), and with the estimates obtained by letting sk � 1

(equal weights).

8.1.2 Estimation of the correlation entropy of order q < 1

Estimation of the correlation entropies becomes problematic if q < 1, and espe-

cially, if q < 0. In order to obtain suÆcient information about the correlation

entropies we do not have to consider negative q with very large absolute values.

For example, for the skew-tent map with a parameter p = 0:8, knowing the corre-

lation entropies of orders q 2 [�4; 4], allows us to recover more than 99 percent of

the information contained in the multifractal spectrum for local entropies.

Graphs in �gure 8.4 show the results of a computation for the case of the

skew-tent map with p = 0:8, and q = �4:0. It is clear that the estimates of

� log Î(�4; "k; n)=5 for n > 5 should not be used for estimating the correlation
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(a): Estimates � log Î(�4; "k; n)=5 as

functions of n for "k = (2k)�2, k =

1; : : : ; 20. The straight line in the lower

left corner indicates the correct slope.
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each "k = (2k)�2, k = 1; : : : ; 20.

Figure 8.4: Estimation of the correlation entropy of order q = �4:0 in the case of

the skew-tent map with parameter p = 0:8.

entropy. This could be explained using the formula for Î(q; "; n) in the case of

negative q:

Î(q; "; n) =
1

Nref

NrefX
k=1

 
N � 1

#fj 6= i(k) : d(xj ; xi(k)) < "g

!jqj+1
;

where the sum is taken over all indexes k with C(xi(k); "; n) := fj 6= i(k) :

d(xj ; xi(k)) < "g > 0. The largest contribution to the sum will come from the

points xi(k) with a smallest C(xi(k); "; n). This is in fact what we want. On the

other hand, the sample sizeN(n), required for a reliable estimation of 1=C(xi; "; n),

grows with the embedding dimension n. Starting from a certain embedding di-

mension n (5 in our case), our sample size is not large enough to provide a reliable

estimate of 1=C(xi(k); "; n). By increasing the length of a time series N , we can

increase the range of embedding dimensions n (in our case it is [1; 4]), where linear

scaling is evident, and is not hindered by the uctuations of 1=C(xi(k); "; n).

Similarly, choosing an extremely small ", we get the same problem. It is evident

from the graph 8.4.b, that for the chosen length of the time series N = 25:000, the

values "k = (2k)�2 for k > 10 are too small for a reliable estimate.
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Figure 8.5: Generalized entropies H(q) and the Legendre transform of T (q) =

(1� q)H(q) for the skew-tent map with p = 0:8.

8.2 Results

In this section we present estimates of the correlation entropies of di�erent orders

for three examples of dynamical systems. A motivation for the choice of these

particular dynamical systems has been given in the introduction to this chapter.

8.2.1 Skew-tent map

Using methods discussed above, for the skew-tent map with p = 0:8 we obtained

the results in �gure 8.5.a. The generalized entropies were estimated at the parame-

ter values q = �4:0;�3:0;�1:0; 0:0; 0:5; 1:5; 2:0; 3:0; 4:0. Further, to interpolate for
the intermediate values of q, we have used a specially designed quadratic splines

which preserve convexity and monotonicity of the data, see [8] and [7] for the

source code. Numerically di�erentiating the interpolating function, we obtained

the Legendre transform of T (q) = (1� q)H(q) and hence the estimate of the mul-

tifractal spectrum of local entropies, see 8.5.b. It is known that the straight line

through the origin with a slope 45o is tangent to the graph of the spectrum of

local entropies at the point �1, equal to the value of the measure-theoretic en-
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Figure 8.6: Manneville-Pomeau map with s = 0:9.

tropy. Hence by drawing such a line and determining the corresponding value �̂1,

we obtain an estimate of the measure-theoretic entropy as well.

8.2.2 Manneville-Pomeau map

The Manneville-Pomeau maps have been proposed as the simplest models for

intermittent behavior. The Manneville-Pomeau maps are piecewise continuous

transformations of the unit interval given by

fs(x) = x+ x
1+s mod 1;

where s > 0. We are interested in the case s 2 (0; 1). For these values of the

parameter s the Manneville-Pomeau map fs admits a �nite absolutely continuous

invariant measure. In the case of the Manneville-Pomeau maps, we do not have

analytic expressions for the generalized entropies for all q, and hence we have noth-

ing to compare our results with. However, at one point q we can: the correlation

entropy of order 0 must be equal to the topological entropy htop(f) = log 2. The

main interest in estimating the generalized entropies for the Manneville-Pomeau

maps is to see if our methods can detect the discontinuity (phase transition) oc-

curring in the family of correlation entropies at q = 1. Namely, H(q) � 0 for all

q > 1, and H(q) � c > 0 for all q � 1.

Estimates of log Î(q; "; n)=(q � 1) for q = 0:5 and q = 1:5 are represented

in �gure 8.7. It is clear, that for q = 1:5 the decay is slower than linear. The

estimate for q = 0:5, �gure 8.7.a, needs some explanation. We see, that the



2 4 6 8 10 12 14
−6

−5

−4

−3

−2

−1

0

embedding dimension n

lo
g
^ I
(0
:5
;
"
k
;
n
)

(a) Case q = 0:5, non-monotonicity of

the estimates is explained in the text.

2 4 6 8 10 12 14
−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

embedding dimension n

lo
g
^ I
(1
:5
;
"
k
;
n
)

(b) Case q = 1:5, slow decay is clearly

visible.

Figure 8.7: Estimates of log Î(q; "k; n) for q = 0:5 and q = 1:5.

estimates of log Î(q; "; n)=(q � 1) are not monotonic in n, while the true values of

log I(q; "; n)=(q� 1) are monotonic. This is a drawback of the formula (8.2) which

is used as an estimate for I(q; "; n). Namely, for q < 1 we have

Î(q; "; n) =
1

Nref

NrefX�

k=1

�
C(xi(k); "; n)

�q�1
; (8.6)

where
P�

is the summation over all k such that C(xi(k); "; n) > 0. The expla-

nation of the non-monotonicity is as follows: despite the fact C(xi(k); "; n) are

monotonically decreasing in n for all xi(k) and " > 0, the estimate (8.6) might not

be monotonic since we disregard all k with C(xi(k); "; n) = 0. Apparently, this is

what happens in the case of the Manneville-Pomeau maps. We have also observed

a similar phenomenon in the case of the H�enon map, discussed below. It is impor-

tant to mention that we have not observed this problem during the computation of

the generalized entropies in the case of the skew-tent map. This can be explained

as follows: for the skew-tent map and for uniformly hyperbolic dynamical systems

in general, the decay of �(Bn(x; ")) with respect to n is uniform, and the rate

of this decay is bounded from above and from below by positive numbers. For

non-uniformly hyperbolic dynamical systems this is not the case, leading to the

discussed problem of non-monotonicity of our estimators. In our opinion, this \un-

pleasant" property can be used for a practical discrimination between hyperbolic

and non-hyperbolic systems.

Finally, using the results represented in �gure 8.7, we obtained the following
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Figure 8.8: H�enon map with parameters a = 1:4, b = 0:3

estimates of the correlation entropies of orders q = 0:5 and q = 1:5:

Ĥ(0:5) = 0:4492; Ĥ(1:5) = 0:008:

Hence we can say that our method is capable of detecting phase transitions in the

family of generalized entropies.

8.2.3 H�enon map

The H�enon map is a transformation of the plane R2 into itself, given by

xi+1 = 1� ax
2
i + yi;

yi+1 = bxi:

We study the H�enon family for the so-called standard parameters a = 1:4 and

b = 0:3. The time series is obtained by recording only the �rst coordinate xi.

Figure 8.8.a shows a reconstruction of the H�enon attractor, and the estimates of

� log Î(2; "k; n) for di�erent "k are represented in �gure 8.8.b. Notice, how the

slope is changing at n = 2. This is a consequence of the fact that n = 2 is a suÆ-

cient embedding dimension for the reconstruction of the H�enon attractor. Hence

we have to use the values � log Î(q; "k; n) with n � 2 for subsequent estimation

of the correlation entropies. Results of our estimation of the correlation entropies

and subsequent estimate of the multifractal spectrum of local entropies are repre-

sented in �gure 8.9. We found that our estimate of the topological entropy is quite

close to the estimate obtained in [9]. We also �nd estimation of the generalized



entropies for the H�enon family a much more diÆcult task than the estimation for

the skew-tent map or the Manneville-Pomeau map: estimates of the slopes tend

to oscillate longer and with higher amplitudes. However this should be expected

form a non-hyperbolic system.
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(a): Generalized entropies of the the

H�enon map with a = 1:4, b = 0:3, for

q = �4:0; : : : ; 4:0. Estimated values

are represented by circles, solid line was

obtained using quadratic splines from

[8].
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(b): Estimate of the the multifrac-

tal spectrum of local entropies for the

H�enon map. Tangent line gives an

estimate of the measure-theoretic en-

tropy ĥ = 0:3890; the hight of the hor-

izontal line represents an estimate of

the topological entropy ĥtop = 0:4645

obtained in [9], the maximum of the

graph should also agree with the topo-

logical entropy.

Figure 8.9: Estimates of the correlation entropies and the multifractal spectrum

for local entropies in the case of the H�enon map.

8.3 Gaussian kernel approach.

One can easily see that

�(Bn(x; ")) =

Z
�
�
"� dn(x; y)

�
d�(y);

where �(�) is the Hevesaide function

�(t) =

(
1; t > 0;

0; otherwise:



It was suggested in the literature [5, 4, 2] that a di�erent, somewhat smoother

kernel can give better results. The basic properties, required from a such kernel

function F = F", are as follows:

� F"(0) = 10, F 0"(0) = 0;

� F"(t) = O(1) for t = O(");

� F"(t)! 0 suÆciently fast with jtj ! 1.

A natural candidate is the Gaussian kernel

F"(t) = exp

�
� t

2

2"2

�
:

The normalizing constant is not important, since any constant will disappear in

the subsequent estimates of the correlation entropies. Using the Gaussian kernel,

we obtain the following estimate

Î
g(q; "; n) =

1

Nref

NrefX
k=1

"
1

N � n� 1

X
j 6=i(k)

exp

 
�d

2
n(xj ; xi(k))

2"2

!#q�1
:

Now we do not have to distinguish cases q < 1 and q > 1 since the expression in

square brackets is always positive. The hypothesis is that Îg(q; "; n) and Î(q; "; n),

de�ned above, behave in a similar way, but, due to the smoother kernel, Îg(q; "; n)

will be a better estimate, since the points xi, xj with dn(xi; xj) slightly larger

than " were disregarded in the de�nition Î(q; "; n), but accounted for in Îg(q; "; n).

However the numerical results (�gure 8.10) show that this does not have such a

big e�ect, and does not improve our �nal estimates.

Figure 8.10.a shows the results of the computation for the skew-tent map with

the same parameters, used in the computation of the results presented in �gure

8.1. One can easily see that for the curves, corresponding to "1 and "2 (due to

monotonicity the curve, corresponding to "k, is the k-th curve from the top), are

slightly bended upwards in comparison with the same curves in �gure 8.1. This

is an e�ect of a Gaussian kernel which has a heavier tail than that one of the

Hevesaide kernel. For smaller values "k, k > 2, the bending is not visible with the

naked eye, and indeed, as the �gure 8.10.b shows, the e�ect of such bending is

very small for k > 3. Hence for suÆciently small " > 0, the graphs of log Î(2; "; n)

and log Îg(2; "; n) as functions of n, are almost parallel. Thus, using the least

squares for estimation the slope will produce the same result. However, numerical

estimates based on the Gaussian kernel are more expensive in terms of computing

time.

Another suggestion was to substitute the maximum norm

dn(x; y) = max
i=0;::: ;n�1

d
�
f
i(x); f i(y)

�
:

in the de�nition of the correlation entropies by the Euclidian norm

d
E

n
(x; y) =

�n�1X
i=0

d
2
�
f
i(x); f i(y)

�� 1
2

:
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(a): Graphs of log Îg(2; "k; n) for "k =

(2k)�2 , k = 1; : : : ; 20, as functions of

n. The slope of a short straight line in

the lower left corner is equal to the the-

oretical value of the correlation entropy

of order 2.
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(b): Graphs of log Îg(2; "k; n) �

log Î(2; "k; n) � log Îg(2; "k; 1) +

log Î(2; "k; n) as a function of n for

k = 1; : : : ; 6.

Figure 8.10: Estimation of the correlation entropy of order q = 2:0 with the

Gaussian kernel for the skew-tent map, parameters are the same as in �gure 8.1.

However, we found that this leads to a bias in the estimates, and indeed a correction

for q = 2:0 has been suggested in the literature [4, 2]. Namely, using the Euclidian

norm instead of the maximum norm, one has to base estimators on the assumption

that

I
E(2:0; "; n) � Ce

�H(2)n
� 1p

n

�D(2)

;

where D(2) is the generalized dimension of � of order 2.

8.4 Concluding remarks

In the present chapter we have suggested several estimators of the generalized

entropies and demonstrated their properties using a few model examples. The

methods, we have developed, produce estimators with a quality not worse than

those reported in the physics literature, even for a time series of moderate lengths:

N is of the order of a few thousands. Also, our methods are more economical with

respect to memory usage, when compared to the estimation schemes for the R�enyi

entropies, see [6].

Secondly, graphical representation of the data like in �gures 8.1, allows a quick

and simple choice of the relevant parameters such as " and the embedding dimen-

sions n which are necessary for the estimation.



In the present chapter we did not address statistical problems arising in the

estimation of the generalized entropies. These problems seem to be quite inter-

esting and diÆcult, and, in our opinion, deserve further investigation. We would

like to mention that there are a lot of similarities between these problems and the

so-called Hill estimator. The latter attracted and still attracts a lot of attention

from the researches in probability theory and mathematical statistics, see [3] and

references therein.
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