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Chapter 3

Pion-nucleon scattering

3.1 Introduction

In this chapter the full development of the K-matrix approach to pion-

nucleon scattering is presented, including the dressing procedure for the �NN

vertex and nucleon propagator. In addition to the nucleon and pion, we

include other low-lying meson and baryon degrees of freedom, in particular,

the � and � mesons and the � resonance, which are important for a realistic

description of �N scattering at intermediate energies [23{26, 16{19, 31]. The

associated coupling parameters are �xed by considering phase shifts for pion-

nucleon scattering. The requirement that the dressing procedure converges

for a given bare �NN form factor puts additional constraints on the allowed

range of these parameters. In discussing the calculated phase shifts, we focus

primarily on e�ects of the dressing.

As already stated, in this work all calculations are performed in a partic-

ular representation in which only 2- and 3-point functions are nontrivial and

4-point ��NN functions are absent. In Section 3.5 we construct a di�erent

representation in which the nucleon self-energy vanishes and no 4- or higher-

point vertices are introduced. While leading to the same observables in virtue

of the equivalence theorem, this representation is convenient for interpreting

the e�ects of nucleon dressing in terms of calculated e�ective �NN vertices.

In particular, we will show that the dressing leads to rather soft form factors.

3.2 K matrix for pion-nucleon scattering

The full K matrix for pion-nucleon scattering has the form shown in

Fig. 3.1. The K matrix is composed of dressed half-o�-shell �NN vertices
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Figure 3.1: The sum of diagrams included in the calculation of the K matrix for pion-

nucleon scattering. The solid lines are nucleons, the dashed lines pions, the solid double-

lines �s; the zigzag and dotted lines represent � and � mesons, respectively. The inter-

mediate propagators are dressed, as indicated by the thicker lines. The circle represents

the dressed �NN vertex.

and dressed nucleon propagators as well as dressed propagators of the �, �

and �. In these vertices and propagators, only the real parts of the form

factors and self-energy functions are kept, as dictated by Eq. (2.4). The cor-

responding imaginary parts are generated in the T matrix by iterating the K

matrix in Eq. (2.5).

Since, besides the nucleon and pion, other particles have been included

in the K matrix, the dressing of the nucleon self-energy and �NN vertices

must also include contributions from these additional degrees of freedom.

The resulting system of coupled integral equations, shown diagrammatically

in Fig. 3.2, is a generalization of Eqs. (2.30) discussed in the previous chapter.

At every iteration step of the dressing procedure, the imaginary parts of the

�NN form factors and nucleon self-energy functions are obtained by applying

cutting rules [53, 54] to the loop integrals: for a cut particle propagator which

depends on momentum p, we substitute

�2�i �(p) �(p0); (3.1)

where �(p) denotes the spectral function of the propagator. For the stable

particles (nucleon and pion), the latter is taken as a Æ-function, see Eq. (2.13).

The spectral functions of the � resonance and � and � mesons are propor-

tional, with a coeÆcient �1=�, to the imaginary parts of the corresponding

dressed propagators. These imaginary parts are calculated from cut one-loop

diagrams, as explained below and in Section 3.4. In calculating the pole con-

tributions to the loops at the (n+1)st iteration step, we retain only real parts

of the form factors and self-energies from the previous step n, as required by

Eq. (2.4). The real parts of the �NN form factors and nucleon self-energy
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Figure 3.2: Diagrammatic representation of the dressing procedure for the irreducible

half-o�-shell �NN vertex and nucleon propagator. The notation is the same as in

Fig. 3.1. The crossed lines correspond to the outgoing on-shell nucleon (the pion is on

the mass shell throughout). The cuts applied at each iteration step to calculate the pole

contributions of the diagrams are shown explicitly. The triangle in the second equation is

the counterterm contribution to the nucleon self-energy. The symbols of integral indicate

that dispersion relations are applied at each iteration step.

functions are calculated at every iteration step by applying dispersion rela-

tions Eqs. (2.17) and (2.20) to the imaginary parts. This procedure is repeated

until a converged solution is reached. We use a normalized root-mean-square

di�erence dn between two subsequent iteration steps n and n+1 for the form

factors and self-energy functions; the convergence criterion is that dn < 10�4

for at least a hundred iteration steps. As zeroth iteration step the free nu-

cleon propagator and a �NN vertex with the bare form factors in Eq. (3.2)
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are taken. It is worth pointing out that the K matrix contains only �N

asymptotic states, which is suÆcient for the exact two-body unitarity. By

iterating this K matrix in the unitarization procedure, Eq. (2.5), the pole

contributions of the 3rd, 5th, 6th, 8th and 9th cut loop diagrams in Fig. 3.2

are not generated in the T matrix, although the corresponding principal-value

parts are included through the dressed �NN vertex.

The dressing procedure amounts to an inclusion of regular parts of meson

loop corrections to the bare vertices and free propagators. Since the nucleon

propagator and the �NN vertex are dressed simultaneously in the converging

iteration procedure, the nucleon self-energy1 comprises an in�nite number of

loops, as does the �NN vertex. Unlike the �NN vertex, the vertices including

the �, � and � are not dressed, and the self-energies of the �, � and � are

obtained through an inclusion of a one-loop correction (a �N loop in the case

of the � and a �� loop in the case of the � and �). The dressing of the �, �

and � is explained in more detail in Section 3.4. The structure of the vertices

used is described in the next section.

3.3 Vertices

�NN vertex

The bare �NN vertex in the dressing procedure is chosen in the general

form given by Eq. (2.10), i.e. containing both pseudovector and pseudoscalar

form factors,

G
0
V (p

2) = f (1� �)G0(p2) ; G
0
S(p

2) = f �G
0(p2) (3.2)

with

G
0(p2) = exp

�
� ln 2

(p2 �m2)2

�4
N

�
: (3.3)

The functional form of the bare form factor G0(p2) is the same as in Eq. (2.32).

�2
N
is the half-width of the bare form factor, the parameter � is the amount

of pseudoscalar admixture in the bare vertex, and f is a bare coupling con-

stant. The latter is �xed from the renormalization condition imposed on the

dressed vertex at the on-shell point, see Eqs. (2.27), where it should be noted

that, because of the coupled structure of the dressing equations in Fig. 3.2,

the renormalization of the vertex and that of the propagator are done simul-

taneously.

1We remind the reader that throughout this thesis the term \self-energy" is used for the

one-particle irreducible part of the full self-energy.
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The role of the bare �NN vertex is two-fold. On the one hand, it serves as

the driving vertex at the zeroth iteration step. On the other hand, it is used

for regularization of the dispersion integrals. The bare vertex is supposed to

encapsulate the physics due to degrees of freedom not included explicitly in

the dressing.

Vertices with �, � and �

In principle, the dressing procedure should also apply to vertices with the

� resonance as well as with the � and � mesons. In such an approach one

would have to solve a system of 10 coupled equations, instead of the system

of two equations shown in Fig. 3.2. In addition, most of these 10 operator

equations would contain several scalar equations, depending on the structure

of the corresponding vertices and propagators (similar to the equations in

Fig. 3.2 containing implicitly 8 scalar equations, see Section 2.4.4). Such a

calculation is beyond the present scope.

For this reason, for all other vertices except �NN we ignore the dressing

and restrict ourselves to one particular Lorentz covariant form. With each

vertex a form factor is associated which is required for regularization of the

loop integrals.

The ��� and ��� vertices for a � or � meson with momentum p = q + q
0

are taken as2

(����)
�

�� = (ê��) ig���F�(p
2)

�
k
� �

(p � k)
p2

p
�

�
; (3.4)

(����)�� = �i
g���

m�

F�(p
2)Æ�� (q � q0) ; (3.5)

where q and q0 are the momenta of the outgoing pions with isospin indices �

and �, respectively, k = q� q0 and (ê��) = �i��� . The � meson carries the

isospin index  and the Lorentz vector index �. g��� and g��� are coupling

constants (the values of all coupling constants are given in Table 3.3 and will

be discussed later).

For the vertices with the �, � and � a generic form factor Fr is introduced

as part of the regularization procedure. Its functional form is similar to that

of the bare �NN form factor in Eq. (3.3),

Fr(p
2
r) = exp

�
� ln 2

(p2r � em2
r)
2 � (m2

r � em2
r)
2

�4

�
; (3.6)

normalized to unity at the on-shell point p2r = m
2
r with the half-width �2,

the latter taken the same for all vertices considered in this subsection. For
2A complete list of all vertices and propagators used is given in Appendix H.
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the ��� and the ��� vertices, emr, the position of the maximum of the form

factor, is set equal to the mass of the meson, emr = mr.

The ��� vertex, Eq. (3.4), is chosen so that it vanishes when contracted

with the momentum p of the � meson. As a consequence, the spin-0 part of

the � propagator does not contribute to any matrix element, because the pro-

jection operator on the spin-0 component is P0��(p) = p�p�=p
2. The apparent

singularity at p2 = 0 of the vertex Eq. (3.4) lies outside the kinematical range

covered in the calculations. In any case, the 1=p2-pole behaviour could be

compensated by choosing in Eq. (3.4) a form factor with a zero at p2 = 0.

The �NN and �NN vertices are taken as

(��NN )
�

 = �i g�NNFN (p
2
N )
�

2

�

� + i ��

�
��
q�

2m

�
; (3.7)

��NN = �i g�NNFN (p
2
N ) ; (3.8)

where q is the incoming momentum of the �-meson, and g�NN , �� and g�NN

are coupling constants. The form factor FN (p
2
N
), where pN is the momentum

of the o�-shell nucleon, is given by Eq. (3.6) with emN = m, the nucleon mass.

The �N� vertex used in this calculation reads

(��N�)
�

� = i
g�N�

m2
�

T� F�(p
2)FN (p

2
N ) [ /p q

� � (p � q)� ] ; (3.9)

where p is the momentum of the � and pN = p�q is the outgoing momentum
of the nucleon, g�N� is a coupling constant and T�; � = 1; 2; 3, are isospin

3/2 to 1/2 transition operators de�ned by the equations

3X
�=1

T
y

� T� = 1 ; T� T
y

�
= Æ�� �

����

3
: (3.10)

The form factors F� and FN are taken as in Eq. (3.6) with emN = m; the

parameter em2
� has to be smaller than m

2
�, the mass squared of the �, to

obtain a good description of the P33 phase shift in pion-nucleon scattering (see

the discussion of results in Section 3.6). Indications in favour of a �N� form

factor slightly asymmetric with respect to the � mass have been also found in

other works [24, 18], even though �N� vertices di�erent from Eq. (3.9) have

been used there. The dependence of the form factor in Eq. (3.9) on p2
N
turns

out to be necessary to regularize the contribution of the 3rd loop diagram on

the r.h.s. of the equation in Fig. 3.2.

The reason for the particular structure Eq. (3.9) of the �N� vertex is

that it has the property p � (��N�)� = 0. As a consequence, the \sandwich"
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of the spin-1/2 part of the Rarita-Schwinger � propagator between two �N�

vertices vanishes since every term in the spin-1/2 part of the � propagator

is proportional to either p� or p� . Thus only the spin-3/2 part of the �

propagator gives rise to non-vanishing matrix elements [61], and it suÆces to

calculate only the spin-3/2 part of the � self-energy.

3.4 Dressed propagators

The dressed nucleon propagator is written as in Eq. (2.22), where the

nucleon �eld and mass renormalization constants Z2 and Æm are �xed by

Eqs. (2.27) requiring that the propagator have a simple pole with a unit

residue at /p = m. The solution of the renormalization equations is given by

Eqs. (2.28) and (2.29).

For dressing the � propagator, we use only a one �N -loop approximation.

This means that, in contrast to the nucleon self-energy and the �NN vertex,

the � self-energy is not calculated together with the �N� vertex in an itera-

tion scheme. Rather, the � self-energy is calculated from a �N -loop diagram

where the vertex Eq. (3.9) is used with a �xed form factor. The imaginary

parts of the resonance self-energy functions are calculated by cutting through

the �N loop, i.e. using the cutting equations Eqs. (2.13), and the real parts

are obtained from dispersion integrals similar to Eq. (2.17).

As explained in the previous section, the structure of the �N� vertex

Eq. (3.9) allows us to retain only the spin-3/2 part of the � propagator,

S��(p) =
1

/p �m� � ��(p)
P3=2�� (p); (3.11)

where the spin-3/2 projection operator

P3=2�� (p) = g�� �
1

3
�� �

1

3p2
(/p �p� + p��/p ) : (3.12)

Due to the elimination of the spin-1/2 components, the � self-energy can be

written in terms of only two Lorentz invariant functions, A�(p
2) and B�(p

2),

instead of 10 functions which would be needed in the general case with the

spin-1/2 part present. The structure of the self-energy is thus the same as

for the nucleon, Eqs. (2.23,2.24). The counterterm contribution to the �

self-energy contains real constants Z�
2 and Æm� which are �xed by the renor-

malization condition [54] that the � resonance propagator in which only the

real parts of the self-energy functions A�(p
2) and B�(p

2) are retained has a

simple pole with a unit residue at the physical mass of the �. The resulting
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expressions for Z�
2 and Æm� in terms of ReA�(p

2) and ReB�(p
2) are given

by equations completely analogous to Eqs. (2.28,2.29). The term � 1=p2 in

Eq. (3.12) does not lead to a singularity if the �N� vertices from Eq. (3.9)

are used.

The meson propagators are dressed through the insertion of a �� loop,

analogously to the dressing of the � through the insertion of a �N loop. The

pion propagator thus remains undressed. The dressed propagator of the �

meson has the form

D�(p
2) =

1

p2 �m2
� ���(p2)

; (3.13)

where m� is the physical mass of � and ��(p
2) is its self-energy. The latter

can be written as a sum of the loop and counterterm contributions,

��(p
2) = ��;L(p

2)� (Z� � 1)(p2 �m2
�
)� Z�Æm2

�
; (3.14)

where Z� and Æm2
� play the role of the �eld and mass renormalization con-

stants. These constants are �xed by requiring that the expansion of Re��(p
2)

contain only second and higher powers of (p2�m2
�) [54]. In other words, sim-

ilar to the renormalization of the � resonance propagator, the quantity�
p
2 �m2

� �Re��(p
2)
�
�1

(3.15)

is required to have a simple pole with a unit residue at p2 = m
2
�. This yields

Z� and Æm2
� in terms of Re��;L(p

2),

Z� = 1 +
d

d(p2)
Re��;L(p

2)

����
p2=m2

�

; (3.16)

Æm
2
� =

Re��;L(m
2
�)

Z�
: (3.17)

Following similar arguments as for the �, the structure of the ��� vertex

Eq. (3.4) has been chosen such that only the spin-1 part of the dressed �

propagator can be retained,

(D�)��(p) =
P1��(p)

p2 �m2
� ���(p2)

; (3.18)

where

P1��(p) = g�� �
p�p�

p2
; (3.19)

is the spin-1 projection operator and ��(p
2) is the self-energy which has the

same structure as for a scalar particle.
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3.5 Changing representation

It is known that interacting n-point Green's functions depend on the rep-

resentation of interacting �elds in the Lagrangian: there exist a wide class

of �eld transformations which do not a�ect the asymptotic behaviour of the

�elds, leaving the S matrix (and thus all observables) invariant [40{45, 13].

In this section we will take advantage of the irrelevance of representation

and transform the e�ect of the dressing of the nucleon propagator into new

�NN vertices, which is convenient for interpreting results of the dressing.

The representation constructed in this section is an example of the \physical

representation" discussed in Ref. [62].

We introduce the notation where the subscript � labels the representation

in which the nucleon propagator S(p) contains a nontrivial self-energy (note

that all calculations in Chapter 2 were done in this representation, but the

subscript � was not used there). The new representation is de�ned by the two

requirements: 1) the nucleon propagator must be equal to the free propagator

S
0(p), 2) it must be possible to construct the K matrix as in Fig. 3.1, i. e.

solely in terms of 2- and 3-point Green's functions. The new �NN vertex �

must thus be a solution of the equation

�(p)S0(p) �(p) = ��(p)S(p) ��(p) ; (3.20)

where only the dependence on the o�-shell nucleon momentum, p, is indicated.

All e�ects of the dressing are now contained in the di�erence between the new

dressed and the bare vertex, �(p)� �0(p).

The solution of Eq. (3.20) can be written as�
ReG(p2)�

W

2m
ReGV (p

2)

�
=

�
ReG�(p

2)�
W

2m
ReG�;V (p

2)

�s
S(�W )

S0(�W )

(3.21)

where G = GS+GV =2 and W =
p
p2 � 0 is the invariant mass of the virtual

nucleon. Also, S0(�W ) = �(m�W )�1 and

S(�W ) = �
�
Z2(m�W )� Z2Æm�ReA(p2)W +ReB(p2)m

�
�1

(3.22)

are positive- and negative-energy parts of the free and dressed nucleon prop-

agators, respectively.

In the present work we consider only those solutions for the dressed prop-

agator S that do not have real poles in addition to the nucleon pole W = m.

With this quali�cation, the solution Eq. (3.21) for the �NN form factors
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in the new representation is well de�ned, since, due to the renormalization

procedure, the ratios S(�W )=S0(�W ) are positive.

An extra pole at positiveW would correspond to an additional asymptotic

state, di�erent from the free nucleon3. To take it into account properly,

certain modi�cations would be necessary of the standard renormalization of

the nucleon �eld, Eq. (2.28): an additional �eld renormalization constant

would be required to account for the fact that a new particle species occurred

as a result of the dressing [2]. Such a study lies outside the scope of the

present work.

3.6 E�ects of the dressing

The masses of the particles included in the model, see Table 3.1, where

taken from Ref. [19] and kept �xed in the calculation of pion-nucleon phase

shifts.

Table 3.1: Physical masses of particles included in the model. All the masses were �xed

in the calculations of the �N scattering phase shifts.

Particle N � � � �

Mass (GeV) 0.938 0.138 1.232 0.770 0.760

An important characteristic of the bare vertex is its half-width �2
N
, see

Eq. (3.3). To investigate the dependence of the dressing on �2
N
, calculations

have been done for two values: �2
N

= 2 GeV2, referred to as calculation N

(\narrow" bare form factor), and �2
N
= 3 GeV2, calculation W (\wide" bare

form factor). The requirement that a converged solution of the dressing pro-

cedure can be obtained, without developing additional poles of the propagator

(see Section 3.5), puts an upper bound on �2
N
. Although the precise value

of this limit may vary depending on other parameters of the model, it is cer-

tain that the bare form factor cannot be arbitrarily hard. Note however that

the energy scale introduced by the bare form factor, which is of the order ofq
m2 +�2

N
�m, is larger than the scale due to the degrees of freedom explic-

itly included in the dressing. (For each diagram in Fig. 3.2, the typical scale

is the sum of the masses of the particles propagating through the cut minus

the nucleon mass.) The values of the bare coupling constant f , introduced in

3An extensive study of the pole structure of the nucleon propagator, including complex

\ghost" poles, has been done in Ref. [60].
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Eq. (3.2), are given in Table 3.2, where also the values of the �eld and mass

renormalization constants are listed.

Table 3.2: Bare �NN coupling constant and �eld and mass renormalization constants

obtained in calculations N and W. The mass shifts are given in GeV (or GeV 2 for the �

and � mesons).

Calc. f Z2 Z
�
2 Z� Z� Æm Æm� Æm

2
� Æm

2
�

N 11.04 0.77 1.10 1.17 1.05 -0.11 -0.07 -0.09 -0.65

W 10.80 0.60 1.09 1.17 1.05 -0.28 -0.08 -0.09 -0.65

We �nd that a sizable pseudoscalar admixture in the bare vertex (with

j�j > 0:1 in Eq. (3.2)) leads to a poor description of low energy phase shifts.

This is intimately related to the smallness of explicit chiral symmetry break-

ing. Besides, even without resorting to phenomenology, the range of variation

of � is severely constrained by the requirement of convergence. Both calcula-

tions presented were done with � = 0:055.

The values of the parameters in the vertices for the �, � and �, Eqs. (3.4{

3.9), are summarized in Table 3.3. The constants g�N�, g��� and g��� were

Table 3.3: Parameters of the model used in calculations N and W. Parameters in the

last �ve columns only were varied in the calculations of the �N scattering phase shifts.

The parameters �2N ; �
2 and em

2
� are given in GeV 2.

Calc. �2
N

�2
g�N� g��� g��� � g�NN �� g�NN em2

�

N 2 1 0.248 6.07 1.88 0.055 7.83 0.54 19.0 1.04

W 3 1 0.248 6.07 1.88 0.055 8.03 -1.43 18.5 1.06

�xed from the decay widths [63] of the �, � and �, respectively. The value of

half-width �2, see Eq. (3.6), was kept �xed and had to be suÆciently soft to

provide convergence of the dressing procedure. The coupling constants g�NN ,

��, g�NN , the parameter em2
� and �, discussed above, were chosen from a

comparison of the calculated �N phase shifts with the data, taken from [64].

Only these �ve parameters, given in the last �ve columns of Table 3.3, where

adjusted in the calculations. It should be stressed that a convergent solution
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of the dressing procedure could be found only for a rather restricted range of

these constants.

The phase shifts in pion-nucleon scattering are shown in Figs. 3.3 and 3.4

as functions of the pion kinetic energy in the laboratory system, corresponding

to calculations N and W, respectively. The solid lines are the phase shifts
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Figure 3.3: Pion-nucleon phase shifts from calculation N. The drawn curves are obtained

in the full calculation. The dashed curves represent the calculation with the bare form

factors and free propagators. The data are from [64].

calculated with the K matrix shown in Fig. 3.1, in which the dressed vertices

and propagators are used. The dashed lines are obtained in the approximation

where K is constructed as in traditional K-matrix models [16{19], i.e. using

the bare vertices and free propagators, hence without taking the dressing into

account. As explained in the previous chapter, the e�ects of the dressing

can be regarded as e�ects of the inclusion of the principal-value parts of loop

integrals (which are omitted in the usual approximation for the K matrix).

E�ects of principal-value parts were also considered in Ref. [23] in a calculation

based on three-dimensional reductions of the Bethe-Salpeter equation. In our

approach we keep the most general Lorentz structure for the �NN vertex,

Eq. (2.10). Another di�erence with [23] is that we obtain the principal-value

parts through the use of dispersion integrals.

The e�ect of the dressing on the �NN vertex can be seen more clearly

from Figs. 3.5 (calculation N) and 3.6 (calculation W), where the form fac-
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Figure 3.4: Same as in Fig. 3.3, but for calculation W.

tors are shown as functions of p2, the invariant mass squared of the virtual

nucleon. The representation constructed in Section 3.5 is particularly useful

because it uses the free nucleon propagator, and the e�ects of nucleon dress-

ing are encapsulated solely in the di�erence GV;S(p
2)�G0

V;S
(p2) between the

dressed and bare �NN form factors. It should be stressed that, in virtue of

the equivalence theorem [40, 43], either of the two representations described

in Section 3.5 lead to identical results for the phase shifts. The upper and

lower panels contain pseudovector and pseudoscalar form factors, respectively

(please note that Fig. 3.5 and Fig. 3.6 have di�erent vertical scales). The dot-

ted lines are the bare form factors, see Eq. (3.2), with the constants f and �

given in Tables 3.2 and 3.3. The dashed lines are the form factors obtained

after the �rst iteration step (essentially, a one-loop correction to the bare ver-

tex) and the solid lines are the fully dressed form factors. A comparison of the

solid and dashed lines exhibits a nonperturbative aspect of the dressing in the

sense that it goes beyond an inclusion of few loop corrections. It can be seen

that the ratio of pseudoscalar and pseudovector form factors remains small if

the nucleon is not far o� the mass shell. The dash-dotted curves correspond

to the form factors of the vertex �� calculated in the representation where the

nucleon self-energy has not been eliminated. We see that the dressed �NN

vertex may depend signi�cantly on the representation chosen.

While the nucleon self-energy has been transformed to zero in the repre-
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Figure 3.5: Pion-nucleon form factors from calculation N. The di�erent curves are

explained in the text.

sentation in which the �NN vertex is �, this self-energy is nontrivial in the

representation with the vertex ��. The corresponding self-energy functions

are shown in Figs. 3.7 (calculation N) and 3.8 (calculation W). Note that

there is a large di�erence between the converged nonperturbative results and

the results including a one-loop correction only. A comparison of the one-loop

self-energy function ReB1 with that obtained in the simpli�ed calculation in

the preceding chapter, shown in Fig. 2.10, reveals a role of the small pseu-

doscalar admixture in the bare vertex. Indeed, now we obtain ReB1 whose

behaviour is qualitatively di�erent from that seen in Fig. 2.10. The reason is

that in the present calculation we take � = 0:055 6= 0, while in the calculation

of the previous chapter the bare vertex was purely pseudovector, i.e. � = 0

(another di�erence is the width of the bare form factor, but it turns out to

be immaterial for the observed di�erence in the tendency of ReB1). It is
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Figure 3.6: Same as in Fig. 3.5, but for calculation W.

noteworthy that the qualitative behaviour of the converged solution for ReB,

unlike that of the one-loop result, is not a�ected by the small pseudoscalar

admixture in the bare vertex.

Comparing the form factors in Fig. 3.5 with those in Fig. 3.6, we conclude

that the converged solution depends strongly on the width of the bare form

factor. However, independent of this width, the dressing causes considerable

softening of the form factors at higher invariant masses. The calculations

in Figs. 3.3 and 3.4 demonstrate that it is possible to obtain a reasonable

description of pion-nucleon phase shifts up to pion laboratory energies of

about 400 MeV starting from bare form factors with rather di�erent widths.

In the present model, only the lowest lying resonance of the �N scatter-

ing, the �, was included. The lack of other resonances becomes especially

conspicuous at higher energies. In fact, in the calculations of phase shifts we

also included the Roper resonance, though it is not taken into account in the
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Figure 3.7: Nucleon self-energy functions from calculation N. The solid (dashed) curves

are the converged (�rst iteration) results.

dressing. This improved the calculated P11 phase shift at energies of about

300 MeV and higher, with a negligible e�ect on the other phase shifts. In prin-

ciple, the dressing procedure can be extended to include the Roper resonance

as well as other important degrees of freedom, such as the S11 resonance.

3.7 Summary

In this chapter the K-matrix approach to pion-nucleon scattering has been

augmented by including the � resonance and the � and � mesons. Corre-

spondingly, the dressing procedure for the �NN vertex and nucleon propa-

gator has also been extended to include these degrees of freedom.

By transforming away the nucleon self-energy, we have been able to in-

terpret e�ects of the dressing in terms of the �NN form factors. At large
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Figure 3.8: Same as in Fig. 3.7 but for calculation W.

momenta squared of the o�-shell nucleon, the dressed form factors decrease

faster than the bare form factors.

The �ve parameters of the model are constrained considerably by the

requirement of convergence of the dressing procedure. By the same token,

there is an implicit interdependence of the parameters. We showed that a

satisfactory quantitative description of phase shifts for �N scattering can be

achieved in our model at the energies exceeding the scale due to the degrees

of freedom explicit in the model. This indicates that the developed dressing

procedure provides a physically reasonable method for studying higher-order

correction to the Born approximation traditionally adopted for the K matrix.
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Appendix C: Checking the phase factors of loops in-

tegrals

To check that the relative phase factors arising in calculating the loop

integrals are consistent with those used for computing the diagrams for the

K matrix, we use the following method. The use of cutting rules in the

dressing procedure allows us to relate cut loop diagrams for the �NN vertex

to diagrams contributing to the K matrix for the pion-nucleon scattering. Let

us denote the 1st cut loop diagram in Fig. 3.2 as (�N)cutN and the 2nd cut

loop diagram as (�N)cut�. These loops contain the same �NN vertex on the

left from the cut, while the diagrams on the right are exactly the crossed (u-

channel) nucleon and � exchange diagrams in Fig. 3.1, which will be denoted

as Nu and �u. Therefore, the ratio of the imaginary parts of the form factors

calculated from the loop (�N)cutN to those from the loop (�N)cut� must be

equal to the ratio of the amplitudes calculated from the tree diagram Nu to

those from the tree diagram �u.

Such a relation can be written in terms of the positive- and negative-energy

form factors F (�W ), which are related to the pseudovector and pseudoscalar

ones by

F (�W ) = GS(p
2) + (m�W )

GV (p
2)

2m
; (C.1)

where W =
p
p2 � 0 is the invariant mass of the o�-shell nucleon.

A correspondence can be established between ImF (�W ) and partial scat-

tering amplitudes. The standard notation for partial waves with the orbital

momenta L = 0; 1; 2; : : : is S 2I 2J , P 2I 2J , D 2I 2J; : : :, respectively, where

I and J = L � 1=2 are the total isospin and angular momentum of the �N

pair. Next we determine the quantum numbers I; J; L which correspond to

ImF (�W ). These quantum numbers are associated with the �N pair through

which the cut is drawn, and, due to conservation laws, must be determined by

the state of the incoming virtual nucleon. Thus, it is clear that I = J = 1=2.

Given J = 1=2, the orbital momentum L of the �N pair can be either 0 or

1, corresponding to the partial waves S11 and P11, respectively. If L = 0,

the �N system has negative parity, and if L = 1, the parity is positive (the

parity is related to L through � = (�1)L+1). Since the virtual nucleon with

positive or negative parity propagates through positive- or negative-energy

states, respectively, we have thus established that the positive-energy form

factor ImF (+W ) is associated with the partial amplitude P11, while the

negative-energy form factor ImF (�W ) with S11.

Since the relative factors of the loops (�N)cutN and (�N)cut� must be
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the same as those of the diagrams Nu and �u, the following equations must

hold:
ImF (�W ) [(�N)cutN ]

ImF (�W ) [(�N)cut�]
=

S11 [Nu]

S11 [�u]
; (C.2)

ImF (+W ) [(�N)cutN ]

ImF (+W ) [(�N)cut�]
=

P11 [Nu]

P11 [�u]
; (C.3)

where the form factors and partial amplitudes are calculated from the dia-

grams indicated in the square brackets. Clearly, similar relations must also

hold pairwise for the 1st, 2nd, 4th and 7th cut loops in Fig. 3.2 in relation to

the 2nd, 4th, 5th and 6th tree diagrams in Fig. 3.1, respectively. We checked

numerically that these relations are indeed satis�ed in the present calcula-

tions, proving consistency of the factors of di�erent loops in Fig. 3.2 with

those of the corresponding graphs in Fig. 3.1.
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