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Chapter 7

Instantons

So far we have considered Riemannian scalar cosets. In the previous chapter we
showed that the domain-wall / cosmology correspondence can be extended to include
instantons as well. It is therefore not surprising that the analysis we did for Rieman-
nian scalar cosets can be extended to non-Riemannian scalar cosets. Actually, we
know already from section 3.5 that if there is no potential present the instantons also
describe geodesic motion on the scalar manifold, with the complication that the affine
velocity ||v||2 is no longer strictly positive due to the fact that we now have to deal
with a non-Riemannian scalar manifold. This leads to different classes of instantons,
labeled by the sign of ||v||2.

The prototype Lorentzian scalar coset is SL(2, IR)/ SO(1, 1) of Euclidean type IIB
supergravity. The extremal solution belonging to this coset is the D(−1)-instanton
[133,134]. In our language this is a lightlike geodesic. The extension to non-extremal
D-instantons was considered in [123, 135]. These are related to space- and timelike
geodesics. In this chapter we are going to consider two extensions of the scalar coset
SL(2, IR)/ SO(1, 1).

First we begin with considering more general non-Riemannian cosets. In section
3.2.1 we noticed that reducing pure gravity over a Lorentzian torus gives the coset
GL(n, IR)/ SO(n− 1, 1). In the next section we will derive the generating solution for
this coset and extend it to GL(p + q, IR)/ SO(p, q).

The second extension will be the inclusion of a potential. This extends the results
of section 5.2 to non-Riemannian cosets. After that, we restrict ourselves to a potential
given by a cosmological constant Λ. We will see that this potential is special in that
it never upsets the geodesic motion of the scalar fields.

The work in this chapter is done together with E. A. Bergshoeff, W. Chemissany,
A. Collinucci, T. Van Riet, M. Trigiante and S. Vandoren [40,69].
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7.1 Instanton Geometries

From section 3.5 we know that the geometry of the (−1)-brane or instanton entirely
depends on the character of the geodesic curve (spacelike, lightlike or timelike), inde-
pendently of the scalar manifold coset. The metric is given by (3.5.3) where g can be
found by solving (3.5.10) with ε = +1

ġ2 =
||v||2

2(D − 2)(D − 1)
f2g4−2D + kf2 . (7.1.1)

Some of these solutions have appeared in the literature before [40,56,123,135,136].

• ||v||2 > 0

For this class of instantons we will be using the gauge f = g. In the table
below we present the conformal factor f that determines the metric and the
radial harmonic function h. Note that for all three values of k the solutions
have singularities.

f(r) = ( ||v||2
2(D−1)(D−2) )

1
2D−4 cos

1
D−2 [(D − 2)r]

k = −1 h(r) =
√

8(D−1)
(D−2)||v||2 arctanh[tan(D−2

2 r)] + b

f(r) =
(√ (D−2)||v||2

2(D−1) r
) 1

D−2

k = 0 h(r) =
√

2(D−1)
(D−2)||v||2 log r + b

f(r) = ( ||v||2
2(D−1)(D−2) )

1
2D−4 sinh

1
D−2 [(D − 2)r]

k = +1 h(r) =
√

2(D−1)
||v||2(D−2) log[tanh(D−2

2 r)] + b

Table 7.1.1: The Euclidean geometries with ||v2|| > 0 in the gauge f = g. The real
number b is an integration constant.

• ||v||2 = 0

We will be using the Euclidean “FLRW gauge” for which f = 1. It is clear from
(3.5.10) that for k = −1 we do not find a solution and that for k = 0 we find
flat space in Cartesian coordinates (g = 1) and for k = +1 we find flat space
in spherical coordinates (g = r). This makes sense since a lightlike geodesic
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motion comes with zero “energy-momentum”1. The harmonic function is

k = 0 : h(r) = a r + b ,

k = 1 : h(r) =
a

rD−2
+ b .

(7.1.2)

In Euclidean IIB supergravity the axion-dilaton parameterize SL(2, IR)/ SO(1, 1)
and for ||v||2 = 0 and k = 1 we have the standard half-supersymmetric D-
instanton [133,134].

• ||v||2 < 0

We will present the solutions in the conformal gauge g = fr, which has the
advantage that the coordinates cover the whole space. For k = 0 and k = −1 we
clearly have no solutions since the right-hand side of (3.5.10) is always negative.
For k = +1 a solution does exist, and in the conformal gauge it is given by

f(r) =
(
1− ||v||2

8(D−1)(D−2)r
−2(D−2)

) 1
D−2

, (7.1.3)

where indeed only ||v||2 < 0 is valid. This geometry is smooth everywhere and
describes a wormhole since there is an inversion-symmetry which interchanges
the two asymptotically flat regions, see figure 7.1.1. This symmetry acts as
follows [123]

rD−2 → −||v||2
8(D−1)(D−2)r

−(D−2) . (7.1.4)

The neck of the wormhole is located at the self-dual radius defined by r
2(D−2)
s =

−||v||2
8(D−1)(D−2) . The two asymptotic regions are connected via a neck with a
minimal physical radius at the self-dual radius rs. This physical radius can be
calculated in the FLRW-gauge

ds2 = dρ2 + a(ρ)2dΩ2
D−1 . (7.1.5)

From this we find that the physical radius is given by a(ρs)D−2 = rD−2f(rs).

The harmonic function is given by

h(r) =
√
− 8(D−1)

(D−2)||v||2 arctan
(√

−||v||2
8(D−1)(D−2) r−(D−2)

)
+ b . (7.1.6)

1The fact that the k = −1 solution does not exists reflects that there does not exist a hyperbolic
slicing of the Euclidean plane.
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r = 0 r = ∞

r = r
s

↓

↑

Figure 7.1.1: For the class ||v||2 < 0 the space is a wormhole with the neck of the
wormhole at the self-dual radius rs. The two asymptotically flat regions at r = 0 and
r = ∞ are connected via a neck with a minimal physical radius at the self-dual radius
rs.

7.2 Solutions of Kaluza–Klein Theory

We know that the scalar fields are geodesics, but these are not described by the
Cartan subalgebra only since ||v||2 can have any sign. Let us therefore focus on the
geodesic motion that comes about. The approach that we will follow allows us to
re-derive the geodesics of GL(n, IR)/ SO(n) coset but also allows for a generalization
to GL(p + q = n, IR)/SO(p, q).

7.2.1 The Geodesic Curves

In the following we will not make use of a coordinate system on the coset, instead we
will work directly on the level of M, see section 3.4. So that we do not need to be
bothered with subtleties regarding the Borel gauge.

The action for the geodesic curves can be compactly written in terms of the sym-
metric coset matrix M̂

S =
∫

Tr[∂M̂∂M̂−1] , M̂ = L̂ηL̂T , η = (−1p,1q) . (7.2.1)

Here we have included the breathing mode ϕ in M, see (3.2.12), to make M̂. Here L̂
is a representative of GL(p + q = n, IR)/ SO(p, q). The relation between M̂ and the
moduli ϕ and M is as follows

M̂ = (|detM̂|) 1
nM , |detM̂| = exp

√
2nϕ . (7.2.2)
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The equations of motion can compactly be written as

[M̂−1M̂′]′ = 0 , (7.2.3)

where a prime is a derivative with respect to an affine parameter. This implies that
M̂−1M̂′ = K with K a constant matrix, which can be seen as the matrix of Noether
charges. The affine velocity squared of the geodesic curve is ||v||2 = 1

2Tr[K2]. Since
M̂−1M̂′ = K the problem is integrable and a general solution is given by

M̂(h) = M̂(0)eKh . (7.2.4)

The isometry group GL(n, IR) has a transitive action on the coset space which implies
that we can restrict ourselves to geodesics that go trough the origin. Since we have
the freedom of affine re-parameterization of h we can assume that M̂(0) = η. The
matrix of Noether charges K is not completely arbitrary and the only constraint it
fulfills can be derived from the properties of M̂

ηK = KT η , (7.2.5)

where the signature of η depends on the isotropy group SO(p, q) we are considering,
see (7.2.1).

K is an element of the Lie algebra of GL(n, IR) and accordingly it transforms in
the adjoint of GL(n, IR)

K → ΩK Ω−1 , (7.2.6)

under which the n Casimirs TrK, TrK2,. . . , TrKn are invariant. The constraints
given in (7.2.5) are not invariant under the total isometry group GL(n, IR) but only
under the smaller isotropy group SO(p, q).

In the following sections we derive the generating geodesics for the three possible
cases GL(n, IR)/ SO(n), GL(n, IR)/ SO(n − 1, 1) and GL(n + 1, IR)/ SO(n − 1, 2), al-
though it can easily be extended to GL(p+q, IR)/ SO(p, q). As explained in subsection
4.3.1, for pure Kaluza–Klein theory in D > 3 all geodesics that are related through
a SL(n)-transformation lift up to exactly the same vacuum solution in D + n dimen-
sions since the SL(n) corresponds to rigid coordinate transformations from a (D+n)-
dimensional point of view. Here the SL(n, IR) follows from GL(n, IR) = R× SL(n, IR)
with R related to the breathing mode. So, in this sense it is absolutely necessary
to understand the generating geodesic since it classifies higher-dimensional solutions
modulo coordinate transformations. Of course, this is not true for D = 3 where
SL(n + 1) maps higher-dimensional solutions to each other that are not necessarily
related by coordinate transformations.

7.2.2 Normal Form of gl(p + q)/so(p, q)

Consider K ∈ gl(p + q)/so(p, q). By definition K obeys (7.2.5)

ηK = KT η , with η = (−1p, +1q) . (7.2.7)
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Two eigenvectors of K, v1 and v2, that belong to different eigenvalues λ1 and λ2 are
necessarily orthogonal with respect to the inner product ( , ) defined with the bilinear
form η, because (v2,Kv1) = (Kv2,v1) and thus λ1(v1,v2) = λ2(v1,v2). Now if
λ1 6= λ2 then this is only consistent if (v1,v2) = 0. If two eigenvectors have the same
eigenvalue we can always perform a pseudo Gramm–Schmidt procedure such that
they become orthogonal with respect to η, which we refer to as pseudo-orthogonal.

Assume we have a complex eigenvalue λ 6= λ̄ with corresponding eigenvectors v
and v̄. If we write v = v1 + iv2 and λ = λ1 + iλ2 then this means that

Kv1 = λ1v1 − λ2v2 , Kv2 = λ2v1 + λ1v2 , (7.2.8)

(pseudo)-orthogonality between v and v̄ implies (v1,v1) = −(v2,v2).
In what follows we will construct a normal form for K using the eigenvectors as a

basis.

min(p, q) = 0

In this case we see from (7.2.7) that K is a symmetric matrix. With the help of
SO(n) we can diagonalize K to a real matrix, written in terms of its orthogonal basis
of eigenvectors as

KN =




λ1 0 0

0
. . . 0

0 0 λn


 . (7.2.9)

Note that this result is compatible with the result given in (4.2.2). The fact that
KN is diagonal reflects that the generating solution can be rotated to the Cartan
subalgebra only.

If we instead consider SO(p, q) we will have in general complex eigenvalues (and
its conjugates). Since M̂, see eq. (7.2.4), contains the scalar fields it should always
be real. One complex eigenvalue and its conjugate can always be written as a 2 × 2
real block. So for each complex eigenvalue the matrix KN will have a 2 × 2 block.
Therefore knowing the maximal number of complex eigenvalues leads us to the normal
form. In the following we will derive the maximal number of complex eigenvalues one
can have for the coset GL(p+q, IR)/ SO(p, q). We will show that this number is given
by min(p, q).

min(p, q) = 1

Assume there are at least two complex eigenvalues λ, σ, that correspond to respec-
tively v = v1 + iv2 and w = w1 + iw2, and that they are not related through conju-
gation (λ 6= σ̄). Then the four vectors v1,v2,w1,w2 obey (from pseudo-orthogonality
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constraints between the vectors themselves and the vectors with the conjugated vec-
tors)

(v1,v1) = −(v2,v2) , (w1,w1) = −(w2,w2) , (wi,vj) = 0 , ∀ i, j = 1, 2.
(7.2.10)

From here on we write a vector v as v = (v, ~V ). Here v is the time component and
~V are the spatial components of v. Now assume vi as wj are all lightlike. Lightlike
vectors then obey v2 = ~V · ~V . Pseudo-orthogonality between the lightlike vectors v1

and w1 implies v1w1 = ~V1 · ~W1. Therefore ( ~V1 · ~W1)2 = v2
1w2

1 = ( ~V1 · ~V1)( ~W1 · ~W1),
which, according to Cauchy–Schwarz, is only possible when ~V1 and ~W1 are parallel.
But in that case we find v1 ∼ w1. Similarly we find that v1 ∼ w2 and v2 ∼ w2

which implies v1 ∼ v2 which is impossible for complex eigenvectors. Therefore our
assumption was wrong.

Assume that one couple of vectors is lightlike, say v1,v2. Then w1 is spacelike
and w2 timelike (or vice versa). We can always find a frame in which w2 is given by
(w2,~0). Now it is straightforward that there cannot exist a lightlike vector (like v1 )
pseudo-orthogonal to w2. Therefore our assumption was wrong.

Assume that no couple is lightlike. Take v2 and w2 timelike. In a frame in which
w2 is given by (w2,~0) it is clear that v2 cannot exist as there does not exist a timelike
vector pseudo-orthogonal to w2.

Therefore, having at least two different complex eigenvalues, not related through
complex conjugation is a false assumption and we conclude that there can be at
maximum one complex eigenvalue (and its conjugated one).

From this we can find the normal form KN . For that we write the normal form in
terms of a pseudo-orthogonal basis made from the (real and imaginary) parts of the
eigenvectors.

Assume v1 is timelike and normalized, (v1,v1) = −1. Because v1 is timelike all
vectors orthogonal to it are spacelike. In the following we assume that the vi are
normalized (vi,vi) = +1 for i > 1. We define the orthonormal basis (ui, i = 1, . . . n)
where the unit vectors ui, i > 2 are orthogonal to v1 and v2 via the Gramm-Schmidt
procedure

u1 = v1 , (7.2.11)
u2 = sin αv1 + cos αv2 , (7.2.12)

where tan α = (v1,v2). Using (7.2.8) we find that

Ku1 = (λ1 +λ2 tanα)u1−λ2 cos−1 αu2 , Ku2 = λ2 cos−1 αu1+(−λ2 tan α+λ1)u2 .
(7.2.13)
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From this we easily read off the components of KN in the new basis

KN =




λ1 + λ2 tanα −λ2 cos−1 α 0 . . . 0
λ2 cos−1 α −λ2 tan α + λ1 0 . . . 0

0 0 λ3 0 0
...

... 0
. . . 0

0 . . . . . . . . . λn




. (7.2.14)

If v1 is spacelike, then the above normal form is still valid if we interchange v1 with
v2 in the definition of the orthonormal basis.

Assume on the other hand that v1 and v2 are lightlike. Like before it is easy
to understand that all other eigenvectors vi>2 must be spacelike (vi>2,vi>2) = +1.
We define an orthonormal basis (ui, i = 1, . . . n), again the unit vectors ui, i > 2 are
orthogonal to v1 and v2 via the Gramm-Schmidt procedure

u1 =
v1 ± v2√
2|(v1,v2)| , (7.2.15)

u2 =
v1 ∓ v2√
2|(v1,v2)| . (7.2.16)

Here the upper sign must be chosen when (v1,v2) < 0 and vice versa. The normal
form is given by

KN =




λ1 ±λ2 0 . . . 0
∓λ2 λ1 0 . . . 0
0 0 λ3 0 0
...

... 0
. . . 0

0 . . . . . . . . . λn




. (7.2.17)

Note that the 2 × 2 block in both (7.2.14) and (7.2.17) correspond to at most one
complex eigenvalue (and its conjugated one).

min(p, q) = 2

Now, assume there exist at least three complex eigenvalues (which is possible if p+q ≥
6). This implies the existence of six vectors v1,v2,w1,w2,x1,x2 that obey

(v1,v1) = −(v2,v2) , (w1,w1) = −(w2,w2) , (x1,x1) = −(x2,x2) , (7.2.18)
(vi,wj) = (vi,xj) = (wi,xj) = 0 , ∀ i, j = 1,2 . (7.2.19)

Let us first assume all vectors are lightlike. There always exists a frame for which
v1 = (v1, 0, ~V1), v2 = (0, v2, ~V2). Then write w1 = (a, b, ~W1). We have that a2 + b2 =
~W1 · ~W1. But orthogonality implies a = || ~V1||−1 ~V1 · ~W1 and b = || ~V2||−1 ~V2 · ~W1. Also
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~W1 is fixed and it equals a ~V1 + b ~V2. Therefore all other lightlike vectors are the same
and thus parallel, which is not what we want.

So, at maximum two couples can be lightlike, say (v1,v2) and (w1,w2). Then
say x1 is timelike and thus x2 spacelike. We can find a frame for which x1 = (x, 0,~0).
So all lightlike vectors perpendicular to these must have the form Li = (0, li, ~Li). And
if we want the lightlike vectors to be mutually perpendicular (with respect to η) we
find again that they are all parallel which gives rise to contradictions.

Now, maximally one couple of the vectors can be lightlike, say the couple (v1,v2)
and the rest not lightlike. There must exist two timelike vectors, say w1 and x1. As
before we can always fix a frame in which w1 = (0, w,~0) and x1 = (x, 0,~0). But
clearly we cannot find a lightlike vector orthogonal to them.

Finally assume that none of them are lightlike. Then we have three spacelike and
three lightlike vectors. This however is impossible because they must be mutually
orthogonal with respect to η. To show this assume v1,w1,x1 are timelike. After a
boost there always exists a frame in which v1 = (v, 0,~0). There is still a SO(1, n)-
boost ∈ SO(2, n) to bring w1 to the form w1 = (0, w,~0). Clearly there does not exist
a x1 = (x, y, ~X1) since the orthogonality condition implies x = y = 0 and thus x1 is
not timelike, contrary to the assumption.

Therefore, having at least three different complex eigenvalues is a false assump-
tion and we conclude that there can be at most two complex eigenvalues (and the
conjugated ones). Similar to eq. (7.2.17), we now have in general two 2 × 2 blocks
in KN and n− 4 number of diagonal elements.

min(p, q) > 2

In case (p, q) > 2 a similar analysis applies. Now we need at least min(p, q) + 1
complex eigenvalues to find a contradiction. We can therefore have at most min(p, q)
complex eigenvalues. The normal form of KN will in general have min(p, q) number
of 2 × 2 blocks and n− 2 min(p, q) number of diagonal elements.

7.2.3 Uplift to Vacuum Solutions

In order to uplift the solutions from D > 3 dimensions to D + n dimensions one uses
the Kaluza–Klein Ansatz (4.3.2) with Kaluza–Klein vectors put to zero

ds2 = e2αϕds2
D + e2βϕMmndzmdzn . (7.2.20)

Consider the symmetric coset matrix M̂(h) = η exp KNh with KN the normal
form of K that generates all other geodesics and h the harmonic function given in
section 7.1. The relation between M̂ and the moduli ϕ and M is given in (7.2.2).
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Time-dependent solutions from GL(n, IR)/ SO(n)

Although the method we use here is different from that we used in chapter 4, the
vacuum solutions are of course the same. We refer to [69] to see the vacuum solutions
in this approach explicitly.

Stationary solutions from GL(n, IR)/ SO(n− 1, 1)

For KN we use the normal form KN =



λ1 ω 0 . . . 0
−ω λ2 0 . . . 0
0 0 λ3 . . . 0

0 0 0
. . . 0

0 0 0 . . . λn




=




λa ω 0 . . . 0
−ω −λa 0 . . . 0
0 0 0 . . . 0

0 0 0
. . . 0

0 0 0 . . . 0




+




λb 0 0 . . . 0
0 λb 0 . . . 0
0 0 λ3 . . . 0

0 0 0
. . . 0

0 0 0 . . . λn




.

(7.2.21)
We exponentiate this to

M̂(h(r)) = η eKN h(r) =




a(r) b(r) 0 . . . 0
b(r) c(r) 0 . . . 0
0 0 eλ3h . . . 0

0 0 0
. . .

...
0 0 0 . . . eλnh




, (7.2.22)

with

a(r) = −eλbh(r)
(
cosh(Λh(r)) + λa

sinh(Λh(r))
Λ

)
,

b(r) = −ωeλbh(r) sinh(Λh(r))
Λ

,

c(r) = eλbh(r)
(
cosh(Λh(r))− λa

sinh(Λh(r))
Λ

)
,

(7.2.23)

and we define the SO(1, 1) invariant quantity Λ as

Λ =
√

λ2
a − ω2 . (7.2.24)

There exist three distinctive cases depending on the character of Λ. If Λ is real the
above expression does not need rewriting but we can put ω to zero using a SO(1, 1)-
boost and then the generating solution is just the straight line solution. If Λ = iΛ̃
with Λ̃ real then the terms with cosh(Λh) become cos Λ̃ and Λ−1 sinhΛh become
Λ̃−1 sin Λ̃h. Finally, if Λ = 0 then the term Λ−1 sinh Λh becomes just h and the term
with cosh Λh becomes equal to one.

To discuss the zoo of solutions one should make a classification in terms of the
different signs for k, ||v||2 and Λ2. The solutions with spherical symmetry have
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the more interesting properties that they lift up to vacuum solutions that can be
asymptotically flat. Moreover, the brane solutions in supergravity always have k =
+1. Let us briefly discuss them.

• ||v||2 > 0: There are three metric solutions, depending on the sign of Λ2. Only
in case Λ2 > 0 we can diagonalize it to a straight line via a SO(1,1) boost. In
the other two cases there will be a cross-term.

• ||v||2 = 0: There are only two solutions, namely Λ2 = 0 and Λ2 < 0. Both will
have a cross-term.

• ||v||2 < 0: This implies that Λ2 < 0 and hence there will be a cross term.

As an example consider ||v||2 < 0 , Λ2 < 0. The metric solution is given by

ds2 =ep0h(r)f(r)2
(
dr2 + r2dΩ2

D−1

)

+ ep1h(r)
(
−ã(r)dt2 + 2b̃(r)dtdx + c̃(r)dx2

)
+ e2pi−1dzidzi , (7.2.25)

where f(r) can be found in (7.1.3) and h(r) is defined in equation (7.1.6). The
numbers pi are

p0 = (2λb +
n∑

i=3

λi)
√

1
(D+n−2)(D−2) , (7.2.26)

p1 = − (D − 2)p0 − λb(n− 2) +
∑n

i=3 λi

n
, (7.2.27)

pi−1 = − (D − 2)p0 + 2λb +
∑n

j=3 λj − λi

n
, (7.2.28)

and the functions ã(r), b̃(r), c̃(r) are given by

ã(r) = cos(|Λ|h(r)) + λa
sin(|Λ|h(r))

|Λ| , (7.2.29)

b̃(r) =
√

λ2
a − Λ2

sin(|Λh(r)|)
|Λ| , (7.2.30)

c̃(r) = cos(|Λ|h(r))− λa
sin(|λ|h(r))

|Λ| . (7.2.31)

In [69] all the different k = +1 metrics are given.
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7.3 Massive Instantons

Just as we did for time-dependent solutions, we now investigate the effect of adding a
potential to our non-Riemannian scalar coset. The analysis we did in section 5.2 can
be extended to the instanton case as well, we only consider the case k = 0.

Consider the following action

S =
∫

dDx
√

εg
{
R− 1

2Gij∂µφi∂µφj − V (φ)
}

. (7.3.1)

For ε = 1 we have a Euclidean theory, while for ε = −1 we have a Lorentzian theory.
The metric Ansatz is

ds2
D = −ηεf(r)2dr2 + g(r)2(−η dρ2 + d~x2

D−2) , (7.3.2)

and we extend (5.2.5) to

V = −ηε
{

1
2Gij∂iW∂jW − D−1

4(D−2)W
2
}

. (7.3.3)

If ε = −1 we rediscover the analysis of section 5.2. That is for η = 1 we have a
domain-wall and for η = −1 a cosmology. When ε = 1 and η = −1 we have a
Euclidean metric. We see that both the domain-wall and instanton have εη = −1,
just as we found in section 6.1. For instantons the same first order equations (5.2.7)
hold, since we derive the same effective action as (5.2.6). The only difference is that
the overall factor η has been replaced with −ηε. For the Euclidean case the scalar
metric Gij is in general non-compact as we saw in the previous section.

There is therefore one complicating issue. The above analysis shows that for a
given domain-wall we find a Euclidean solution belonging to the same scalar manifold
metric Gij . We know however from the previous section that in general a Euclidean
theory contains ghost fields, while domain-walls are considered to belong to theories
without ghosts. In case we have only a dilaton this problem does not occur, see for
example the instanton of massive IIA* we discussed in subsection 6.5.1. However, let
us consider the multi-scalar case (5.3.14) with α = 0 for simplicity. Below we show
that the Euclidean version of this action requires the axion χ to become a ghost.
So we have a different scalar coset. That means that for a given domain-wall we
do not have an instanton belonging to the Euclidean version of (5.3.14), instead the
correspondence gives us a Euclidean solution of the same scalar coset without a ghost.

Note that we found a similar thing in section 6.5.2 when we discussed the 9d
N = 2 domain-wall / cosmology example. When we include the ghost axions the
supergravity embedding of the correspondence does not simply require V replaced by
−V .
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Cosmological constant

We now restrict to the case that the potential is a cosmological constant

S =
∫

dDx
√

g
(
R+

1
4
Tr(∂µM∂µM−1)− Λ

)
. (7.3.4)

In chapter 5 we have seen that the solution of a theory with a potential is only under
certain conditions still a geodesic of the scalar manifold, namely when the cosmology is
pseudo-BPS. The potential that we consider here is a negative cosmological constant.
There is no coupling of the scalar fields in M to Λ. The equations of motion for M
are still given by

∂µ

(√
gM−1∂µM

)
= 0 . (7.3.5)

That means that if we introduce the harmonic function h as the new parameter they
can still be geodesics. Indeed if we define the Noether charge as M−1∂hM = K and
the affine velocity as ||v||2 = 1/2Tr(K2), the metric can be solved again independently.
The presence of the cosmological constant will only change the shape of the metric.
This is no longer true if we allow for a direct coupling of the scalars to Λ.

Let us now turn to the solutions. For all the cosets we considered in the previous
sections M is unchanged, since we still have geodesics on the scalar manifold. The
metric can be solved independently of M, a similar analysis as for the case Λ = 0
gives

ds2 =
dr2

||v||2
2(D−2)(D−1)r

−2(D−2) − Λ
(D−2)(D−1)r

2 + k
+r2

( dρ2

1− kρ2
+ρ2dΩ2

D−2

)
. (7.3.6)

As a concrete example consider the Euclidean version of the action (5.3.14) with
α = 0 and µ = 2

S =
∫

dDx
√−g

{
R− 1

2 (∂φ)2 + 1
2e2φ(∂χ)2 − Λ

}
. (7.3.7)

For a proper derivation as to why we need to replace in the Euclidean theory (∂χ)2

by −(∂χ)2 we refer to e.g. [137] and references therein. The scalar field solutions are
given in table 7.3.1 2.

The harmonic function h satisfies the differential equation

∂rh(r) =
1√(

||v||2
2(D−2)(D−1)r

−2(D−2) − Λ
(D−2)(D−1)r

2 + k
)
r2(D−1)

. (7.3.8)

2The ||v||2 > 0 geodesic is related to ||v||2 < 0 via the continuations ||v|| → i||ṽ|| , c2 →
ic2 , c1 → c1

i
. Similarly the ||v||2 = 0 geodesics follows from ||v||2 > 0 if we apply c1 →

c1
||v|| , c2 → gs||v||

c1
.
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||v||2 > 0 φ = − log |c1 sinh(||v||h + c2)| χ = ± 1
c1

coth(||v||h + c2) + c3

||v||2 = 0 φ = − log |c1h + gs| χ = ±(c1h + gS)−1 + c3

||v||2 < 0 φ = − log |c1 sin(||ṽ||h + c2)| χ = ± 1
c1

cot(||ṽ||h + c2) + c3

Table 7.3.1: The scalar fields belonging to the action (7.3.7) for each sign of ||v||2. For
clarity we have defined v = iṽ such that ||ṽ||2 > 0.

In general the harmonic function h can no longer be solved explicitly with the excep-
tion D = 3 [40]. In case ||v|| = 0 we can solve (7.3.8), but since the solution is rather
involved we do not write it down.

There is a close connection to the S(−1)-brane of subsection 2.4.3 and the E(−1)-
brane we discussed in subsection 6.5.3. For simplicity we consider only those solutions
that are related to type IIB supergravities and have a string theory interpretation.

Let us first consider the link to the type IIB k = −1 S(−1)-brane. For this we
consider the ||v||2 > 0 instanton with k = 1 and Λ = 0. Consider the analytically
continuation r → it. We see from the grr-component of (7.3.6) that ||v||2r−2(D−2) →
||v||2(−1)D−2t−2(D−2). The latter should be positive for S(−1)-branes, so in general
we have to make a difference between even and odd dimensions. If we restrict to
D = 10 and apply the following analytical continuations on the instanton

r → it , ρ → iρ̃ , c2 → c2 + i
π

2
, c1 → −ic1 , c3 → ic3 , (7.3.9)

we find the S(−1)-brane solution (2.4.32–2.4.34) with k = −1.
To find the non-extremal version of the type IIB* E(−1)-brane it is sufficient to

consider the Wick rotations r → it and ρ → iρ̃ applied to the ||v||2 > 0 and k = 1
instanton. We derive the following non-extremal type IIB* E(−1)-brane

ds2 = − dt2

||v||2
144 t−16 + 1

+ t2
( dρ̃2

1 + ρ̃2
+ ρ̃2dΩ2

8

)
,

φ = log
[
c1sinh

(
||v||h + c2

)]
,

χ = ± 1
c1

coth
(
||v||h + c2

)
+ c3 ,

h(t) =
3

2||v||arctanh
( ||v||√

144t16 + v2

)
,

(7.3.10)

which after appropriate re-scalings can be linked to (6.5.34). Note that the spatial
part of the metric describes a nine-dimensional hyperboloid as expected and that we
can extend both (−1)-branes to theories with Λ 6= 0.
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Let us finish by relating our general solution to other known type IIB solutions.
For this we restrict to k = +1. For D = 10 and Λ = 0 the solutions are the
extremal [133,134] and non-extremal D-instanton [123,135] of type IIB for respectively
||v||2 = 0 and ||v||2 6= 0. For 2 < D < 10 and Λ = 0 it can be considered as a consistent
truncation of type IIB reduced over a torus. In case we have D = 5 and consider a
negative cosmological constant, the action is a compactification of type IIB over S5.
This is the natural setting for the AdS/CFT correspondence [40,138–140].

7.4 Discussion

In this chapter we have extended the analysis of the generating solution to non-
Riemannian cosets. In particular we focussed on GL(p + q, IR)/ SO(p, q) and showed
that the number of complex eigenvalues is at most min(p, q). For min(p, q) = 1 we
discussed the oxidation of the various generating solutions to vacuum solutions.

In the last section we looked at what happens if we consider massive instantons.
We showed that we can find similar first order equations as we derived for domain-
walls and cosmologies in section 5.2.7. The main difference is that the scalar metric
is no longer positive definite. We then focused on the special case that the potential
is a cosmological constant. The scalar fields still describe geodesic motion. At the
end of the last section we showed a link between non-extremal D(−1)-instantons,
S(−1)-branes and non-extremal E(−1)-branes.






