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Chapter 6

Domain-Wall / Cosmology
Correspondence

In the previous chapter we showed that cosmologies and domain-walls satisfy first
order equations. Both type of solutions couple to a zero-form field strength given
by a potential, although there is an overall minus sign difference due to the relation
between the potential and superpotential. Finally, the metric Ansätze are of similar
form.

Due to the first order equations (5.2.7) we know that for a given domain-wall a
cosmology exist. This is called the domain-wall / cosmology correspondence [98]. In
the first section we give a summary of this correspondence as given in [67,110].

If a domain-wall can be embedded in a supergravity it can preserve (some fraction
of) supersymmetry. Due to the explicit time-dependence, cosmologies break all super-
symmetry. On the other hand the correspondence tells us that for a given domain-wall
there is a corresponding cosmology. In section 2 we present a discussion of the corre-
spondence in a supergravity setting. It turns out that for this to work the cosmologies
need to be embedded into the star supergravities of [58]. These cosmologies then turn
out to be also (fake) supersymmetric.

This work is done in collaboration with E. A. Bergshoeff, J. Hartong, J. Rosseel
and D. Van Den Bleeken [111].

6.1 The Domain-Wall / Cosmology Correspondence

In 1994 it was already noticed that there is a link between domain-walls and cos-
mologies [66]. This has been worked out in the papers [67, 98, 110, 112–114] and is
called the domain-wall / cosmology correspondence. In [110] it was noticed that the
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correspondence can be extended to instantons in a trivial way. For this reason we will
repeat the arguments given in that paper.

For simplicity we consider the single-scalar field model of (3.5.2), that is

L =
√

εg
(
R− 1

2
(∂φ)2 − V (φ)

)
. (6.1.1)

Here ε = 1 refers to a Euclidean signature while for ε = −1 we have a Lorentzian
signature.

Since we are initially interested in domain-walls and cosmologies we require a
metric Ansatz that has an one-dimensional transverse space. Furthermore, we allow
for all three possible choices of k = 0,±1. The D-dimensional metric Ansatz is given
by

ds2 = −εη(eαϕf)2dz2 + e2βϕ
(
−η

dr2

1 + ηkr2
+ r2dΩ2

η

)
. (6.1.2)

When η = −1, dΩ2
η describes the SO(D − 1)-invariant metric on the unit radius (D-

2)-sphere and for η = 1 it describes the SO(D − 2, 1)-invariant metric on the unit
radius (D − 2)-hyperboloid. The functions ϕ and f depend only on z while α and β
are given by

α2 =
D − 1

2(D − 2)
, β2 =

1
2(D − 1)(D − 2)

. (6.1.3)

To describe a cosmology we take ε = −1 and the choice η = −1 yields the metric of
a homogeneous and isotropic cosmology, describing a universe that is closed if k = 1,
open if k = −1 and flat if k = 0. The coordinate z is the time coordinate. For
domain-walls we take ε = −1 but now with η = 1. The worldvolume geometry of the
domain-wall is anti-de Sitter if k = −1, de Sitter if k = 1 and Minkowski if k = 0. In
this case z describes the distance from the wall, while r is the time coordinate. The
instanton is described by a Euclidean metric, hence we take ε = −η = 1. The scalar
field φ can only depend on the coordinate z.

Let us now see how the correspondence comes about. Since we have maintained
the re-parametrization of z due to the inclusion of f we can substitute the metric
and scalar field Ansätze into the action (6.1.1). If we do this we find the effective
one-dimensional Lagrangian

Leff =
1
2
f−1(φ̇2 − ϕ̇2)− εηfe2αϕVeff . (6.1.4)

Here a dot is a derivative with respect to z and the effective potential is given by

Veff(φ, ϕ) = V (φ)− k

2β2
e−2βϕ . (6.1.5)

From (6.1.4) we see that only the product εη appears in the effective Lagrangian.
Even more, we see that (6.1.4) is invariant if we let εη → −εη together with V → −V
and k → −k.
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The domain-wall / cosmology correspondence can be found by considering ε = −1.
We observe that for every domain-wall solution of a model with potential V there is
a cosmology of the model with potential −V and with opposite sign for k if it is
non-zero, and vice-versa.

Of course, the above also follows from what we derived in section 5.2 for the case
k = 0. There the sign difference in the potential follows from the parameter η in the
relation between the potential and superpotential (5.2.5). For η = 1 we have that the
potential is V , while for η = −1 we have −V . The analysis done in section 5.2 can
be extended to include k 6= 0 as well.

The extension to instantons is now straightforward. For instantons we require
a Euclidean metric so that ε = −η = 1 or εη = −1. This is however the same
condition as holds for domain-walls. We see that for a given potential V we find both
a Lorentzian domain-wall and a Euclidean solution. The latter can be interpreted
as an instanton, but of a model with potential −V because instanton solutions of
a mechanical model are precisely solutions with a flipped sign of the potential, see
for example [115]. The extended correspondence of [110] can then be summarized as
follows. For every domain-wall solution of a model with potential V there corresponds
both a cosmology and an instanton of the model with potential −V (although the
latter is actually found from the effective Lagrangian with potential V ).

Let us illustrate this with the four-dimensional example we worked out in section
5.4. There we showed that a cosmology coupled to a potential V indeed gives rise to a
domain-wall coupled to −V . According to the above we should also find an instanton
solution for this model with potential −V . Indeed we find the following Euclidean
solution

ds2
4 = dr2 + a(r)2

(
dx2 + dy2 + dz2

)
, (6.1.6)

with power-law and scalar fields given by (5.4.7). After appropriate coordinate trans-
formations we find the uplifted solution to be

ds2
4+n = d~y2

3 + dr̃2 + r̃2dΩ2
n , (6.1.7)

where dΩ2
n is the metric of a n-dimensional sphere. This metric describes R3 × Rn+1.

So indeed we see that for a given domain-wall we find both a cosmology and an
instanton.

The effective Lagrangian (6.1.4) gives rise to second order differential equations
for φ and ϕ. On the other hand, in the previous chapter we showed that both domain-
walls and cosmologies satisfy the first order equations (5.2.7). In [67] it is shown that
one can introduces a function Z which depends on the scalar field φ such that one can
derive first order equations which automatically satisfy the second order equations
that follow from (6.1.4). Since the proof is rather involved, we refer to [67] for this.
For k = 0 these first order equations agree with (5.2.7).
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The analysis so far includes bosonic fields only. It is natural to ask if there is an
explanation as to why cosmologies and domain-walls satisfy first order equations such
as (5.2.7). Let us comment on these two issues for the case k = 0 [67].

The domain-wall / cosmology correspondence is based on the fact that the exis-
tence of a domain-wall solution of the effective Lagrangian (6.1.4) with potential V
automatically implies the existence of a cosmological solution corresponding to −V .
The domain-wall solutions generically are ’fake supersymmetric’ [67, 98, 112]. This
implies that one can write the potential V in terms of a real superpotential W . For
the one scalar case this relation schematically looks like

V = 2
(
(W ′)2 − α2W 2

)
, (6.1.8)

where W ′ = δW
δφ and α is given in (6.1.3). This is, up to a re-scaling of W , the single

scalar field version of (5.2.5).
The domain-walls allow for the existence of a Killing spinor ε obeying a Killing

spinor equation that can be written in terms of the superpotential W as follows:

(Dµ −WΓµ)ε = 0 . (6.1.9)

In case the Lagrangian (6.1.1) can be obtained as a truncation of a supergravity
theory the equations (6.1.8, 6.1.9) can be understood as arising from the structure of
the underlying supergravity theory. In particular, the Killing spinor equation could in
that case be obtained by putting the supersymmetry transformations of the fermions
equal to zero. In [98] it is shown that the first order-equations for domain-walls follow
from (6.1.9). The authors also showed that almost all flat (k = 0) and AdS-sliced
(k = −1) domain-walls preserve half of their supersymmetries. The proof of this is
based on the fact that for a given domain-wall one can construct out of this solution a
superpotential W such that the (fake) Killing spinor is non-zero. This superpotential
W is related to the function Z we mentioned earlier. For the exact constraints we
refer to [67]. In this sense the first order equations are BPS equations that guarantee
the existence of a Killing spinor. For k = 1 we can only have a dS-foliation of either
Minkowski or AdS space.

However, fake supergravity1 is much more general and the Lagrangian (6.1.1) can
be completely general and does not need to be related to any supergravity theory. The
mapping between domain-walls and cosmologies implies that cosmologies also obey
a property that looks very much like fake supersymmetry. In this case, it turns out
that the cosmology obeys similar equations (6.1.8, 6.1.9) as its corresponding domain-
wall solution, with the caveat that now the superpotential W is no longer real but is

1In fake supergravity one allows for a superpotential W that is not part of a genuine supergravity.
This W is often called an “adapted” superpotential [100].
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instead purely imaginary. Redefining W = iW̃ , equations (6.1.8, 6.1.9) become

V = −2
(
(W̃ ′)2 − α2W̃ 2

)
, (6.1.10)

(Dµ − iW̃Γµ)ε = 0 . (6.1.11)

Note the change of sign in (6.1.10), which indeed corresponds to −V in (6.1.1). The
structure (6.1.10, 6.1.11) for cosmological solutions was called pseudo-supersymmetry
[67, 98, 112]. The structure underlying the existence of the first-order equations can
be understood from Hamilton-Jacobi theory [110,112,114].

From a supergravity point of view, this correspondence is rather odd. Supersym-
metric domain-wall solutions can be found rather generically in supergravity theories.
For supersymmetric cosmological solutions this is not true. Furthermore, the corre-
spondence involves a sign change in the potential that spoils the supersymmetry of
the supergravity theory under consideration. Finally, in fake supergravity theories,
one is usually not concerned with the reality properties of the (Killing) spinors and
one works with arbitrary Dirac spinors. In real supergravity theories, reality condi-
tions on the spinors have to be imposed in order to account for the correct number of
degrees of freedom. In this respect, one no longer has the freedom to take W purely
imaginary without upsetting the reality properties of the supersymmetry rules.

A natural question is whether one can give a meaning to pseudo-supersym- me-
try in a real supergravity context. The fact that the corresponding domain-wall and
cosmological solutions differ in the reality properties of the superpotential suggests
that, if one can give an embedding of the correspondence in supergravity, one should
look for theories in which the spinors obey different reality properties. A priori, it
is possible that there are two different theories in the same signature (namely (1, 9))
that mainly differ in the reality properties of the spinors. This can then account for a
difference in reality properties of the superpotential and for the sign flip in the poten-
tial. We present an example of this is in the type II and type II* theories in signature
(1, 9). Starting from a supersymmetric domain-wall in type IIA, the corresponding
cosmological solution then turns out to be a supersymmetric solution of the type
IIA* theory. Pseudo-supersymmetry in this context corresponds to supersymmetry
in a star theory.

6.2 ... in a Supergravity Setting

In the coming sections we are going to answer the question posed in the previous
section, namely whether one can give a meaning to pseudo-supersymmetry in a real
supergravity context. Let us begin by making two remarks.

In the coming sections we will present a complex formulation of 10- and 11-
dimensional supergravity theories. One of the reasons to do this stems from the
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so-called “variant supergravities” in 10 and 11 dimensions, whose existence has been
discussed first in [26, 59, 116]. It was argued that upon applying T-dualities along
timelike directions new supergravities are found. In particular, timelike T-duality on
the usual type IIA theory does not lead to the usual type IIB theory, but instead leads
to a different theory, called the type IIB* theory. Similarly, the type IIA* theory is
found as the timelike T-dual of the usual type IIB supergravity. Note that both type
II and type II* theories share the same space-time signature (1, 9). A crucial differ-
ence between type II and type II* is that in the *-theories the RR-forms are ghosts,
i.e. they have wrong-sign kinetic terms. Upon applying more general dualities, one is
also led to type II supergravities in different signatures. Similarly, it was argued that
one should also consider eleven-dimensional supergravity in different signatures. For
instance, it was shown that the type IIA* theory could be obtained by dimensional
reduction over a timelike direction of 11d supergravity in signature (2, 9).

In the next sections we derive the explicit actions and supersymmetry variations
of these variant supergravities. For earlier work on the construction of these theories
in the IIA and M-theory case, see [117, 118]. We will adopt a different approach for
constructing the actions and furthermore include the IIB case. The strategy we will
follow in obtaining actions and supersymmetry transformation rules for these super-
gravities, is based on the observations made in [119]. There, it was shown that the
superalgebras underlying these variant supergravities correspond to different param-
eterizations of the unique real form of the superalgebra OSp(1|32). Our work can
be viewed as a continuation of [119], where now we construct the complex field the-
ory corresponding to the complex algebra presented there. More precisely, starting
from the complex algebra, one can impose different reality conditions on the gener-
ators. Each choice of reality conditions gives a real superalgebra underlying one of
the variant supergravities in a specific signature. Similarly we will start from a sin-
gle complex action and by imposing different reality conditions obtain the different
variant supergravities.

6.3 Type II Actions

In this section we will show how one can obtain supergravity actions for different
signatures as different real slices of a single complex action. Sometimes this leads to
different supergravity theories with the same signature.

The starting point of our construction will be a complex action that then can be
reduced to different real actions. In this thesis we will not address the question of how
one can in general construct sensible complex actions or investigate what a general
complex action invariant under some complexified symmetry group looks like. Instead
we will take a more pragmatic approach. The idea is to start from a known action
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in terms of some real fields2 that is invariant under some real symmetry group. The
first step is to construct a complexified version of this action that is invariant under
the complexified symmetry group. We require that the real action we started from
can be obtained from this complexified action by imposing certain reality conditions
and similarly for the symmetries. At this point one faces the natural question: are
there different real slices leading to other theories? As it will turn out, theories
in different signatures are found by taking different reality conditions for a single
complex action. In the case one has extended supersymmetry it can even happen
that one finds multiple real theories in one signature. It is these issues that we will
work out in detail for IIA and IIB supergravity in this section.

This general scheme of finding different real actions as consistent real slices of
a given complex action can be applied quite generally. For the interested reader
we refer to [111] for the same analysis for M-theory. One would expect the general
procedure presented below to hold for all kinds of theories in various dimensions
although subtleties can arise and some particular details might change from case to
case.

6.3.1 The Complex Type II Action

To start we will deal with the first of the two questions posed above. We will show
how one can find complex actions that can respectively be restricted to the known
actions of IIA and IIB by reality conditions, and that are furthermore invariant under
the complexified super Poincaré group. How the different formulations of the real
10d super Poincaré algebra can be found from the unique ten-dimensional complex
OSp(1|32) algebra was described in detail in [119].

In complexifying an action it is crucial that all fields appear holomorphically in
the complex action. In other words we replace fields that take values in R by fields
that take values in C in such a way that no complex conjugates appear. If one
does the same complexification on the symmetry transformations, the complexified
action is guaranteed to be invariant under these complex transformations as checking
the invariance is a pure algebraic computation that nowhere assumes reality of the
involved parameters3.

This procedure of ’holomorphic complexification’ is rather straightforward and
only requires some more consideration in case of the spinors. Usually spinors appear
in the action through bilinears written in terms of the Dirac conjugate χ̄D = χ†A,
see appendix B for our conventions and notations regarding spinors. In this form
there appears a complex conjugation and as such the action is not holomorphic in

2By a real field, we mean a field that satisfies a reality condition, for instance a Majorana fermion.
3One might think that complexifying the supersymmetries in a maximal supergravity theory

leads to a supergravity with 64 supercharges. This is however not the case. One should view the
complexified action as a mathematical tool and not as a new theory describing new physical degrees
of freedom.
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the spinor χ. There is an easy way around this as using the reality condition on the
spinors the original real action can equivalently be written in terms of the Majorana
conjugate χ̄ = χTC. In this form spinors appear holomorphically and complexification
now amounts to ignoring the reality condition on the spinors.

We will now illustrate this general principle in case of the ten-dimensional type II
theories. For our notations we refer to appendix B .

As a starting point we will take the actions of type IIA and type IIB as given
in [120]. These actions have the following field content

IIA :
{

gµν , Bµν , φ, C(1)
µ , C(3)

µνρ, ψµ, λ
}

,

IIB :
{

gµν , Bµν , φ, C(0), C(2)
µν , C

(4)
µ···ρ, ψµ, λ

}
. (6.3.1)

A combined form of the actions is given by (ignoring four fermion terms)

S = − 1
2κ2

10

∫
d10x e

{
e−2φ

[
−R(

ω(e)
)− 4

(
∂φ

)2 + 1
2H ·H

−2∂µφχ(1)
µ + H · χ(3) + 2ψ̄µΓµνρ∇νψρ − 2λ̄Γµ∇µλ + 4λ̄Γµν∇µψν

]

+
3/2,2∑

n=0,1/2

(
1
2G(2n) ·G(2n) + G(2n) ·Ψ(2n)

)

+ 1
4G(5) ·G(5) +

1
2
G(5) ·Ψ(5) − e−1LCS

}
. (6.3.2)

It is understood that the summation in the above action is over integers (n = 0, 1, 2)
in the IIA case and over half-integers (n = 1/2, 3/2) in the IIB case. In the summation
range we first write the lowest value for the IIA case, before the one for the IIB case.
Remember furthermore that G(5) only appears in IIB and satisfies an additional self-
duality constraint G(5) = ?G(5) that does not follow from the field equations. In the
IIA case, the massive theory contains an additional mass parameter G(0) = m. The
Chern-Simons terms are respectively

LCS = −εµ1···µ10

(
1

4·242 ∂µ1C
(3)
µ2µ3µ4

∂µ5C
(3)
µ6µ7µ8

Bµ9µ10

+ 1
2·242 G(0) ∂µ1C

(3)
µ2µ3µ4

B3
µ5...µ10

+ 1
5·162 G(0)2 B5

µ1...µ10

)
(IIA) ,(6.3.3)

LCS = − 1
3 · 242

εµ1···µ10C(4)
µ1µ2µ3µ4

∂µ5C
(2)
µ6µ7

∂µ8Bµ9µ10 (IIB) . (6.3.4)

The bosonic fields couple to the fermions via the bilinears χ(1,3) and Ψ(2n), which



6.3 Type II Actions 89

read

χ(1)
µ =− 2ψ̄νΓνψµ − 2λ̄ΓνΓµψν ,

χ(3)
µνρ = 1

2 ψ̄αΓ[αΓµνρΓβ]Pψβ + λ̄Γµνρ
βPψβ − 1

2 λ̄PΓµνρλ ,

Ψ(2n)
µ1···µ2n = 1

2e−φψ̄αΓ[αΓµ1···µ2n
Γβ]Pnψβ + 1

2e−φλ̄Γµ1···µ2n
ΓβPnψβ +

− 1
4e−φλ̄Γ[µ1···µ2n−1PnΓµ2n]λ . (6.3.5)

The supersymmetry rules read (here given modulo cubic fermion terms)

δεeµ
a =ε̄Γaψµ ,

δεψµ =
(
∂µ + 1

4 6ωµ + 1
8P 6Hµ

)
ε + 1

8eφ

3/2,2∑

n=0,1/2

1
(2n)!

6G(2n)ΓµPnε

+ 1
16eφ 1

5!
6G(5)ΓµP5/2ε ,

δεBµν =− 2 ε̄Γ[µPψν] ,

δεC
(2n−1)
µ1···µ2n−1 =− e−φ ε̄Γ[µ1···µ2n−2 Pn

(
(2n− 1)ψµ2n−1] − 1

2Γµ2n−1]λ
)

+ (n− 1)(2n− 1)C
(2n−3)
[µ1···µ2n−3

δεBµ2n−2µ2n−1] ,

δελ =
(
6∂φ + 1

12 6HP
)
ε + 1

4eφ

2,5/2∑

n=0,1/2

(−)2n 5− 2n

(2n)!
6G(2n)Pnε ,

δεφ = 1
2 ε̄λ . (6.3.6)

Note that for the IIB case Γ∗ε = ε, Γ∗ψµ = ψµ and Γ∗λ = −λ, with Γ∗ given by
(B.1.3).

As explained in appendix B, we work both in IIA and IIB with an implicit doublet
notation for the spinors. We use the conventions that symmetrization and anti-
symmetrization are with weight one, slashes are short notation for 6H = HµνρΓµνρ

and 6Hµ = HµνρΓνρ and the form notations used are

A(p) ·B(p) =
1
p!

A
(p)
µ1···µpB(p) µ1···µp ,

A(p) ∧B(q) =
1

p!q!
A

(p)
µ1···µpB

(q)
µp+1···µp+qdxµ1 ∧ · · · ∧ dxµp+q ,

A(p)n =A(p) ∧ . . . ∧A(p) (n times) , (6.3.7)

where the label (p) refers to the order of the p-form. The other form conventions are
given in appendix A. For notational convenience we group all potentials and field
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strengths in the formal sums

G =
2,5/2∑

n=0,1/2

G(2n) , C =
2,5/2∑

n=1,1/2

C(2n−1) . (6.3.8)

The bosonic field strengths are given by

H = dB , G = dC− dB∧C + G(0)eB , (6.3.9)

where it is understood that each equation involves only one term from the formal
sums (6.3.8) (only the relevant combinations are extracted). Also we will use the
following abbreviation:

e±B ≡ ±B + 1
2B∧B ± 1

3!B∧B∧B + . . . (6.3.10)

In writing down type II actions, we use the following definitions

P = Γ11 ⊗ 2 = 32 ⊗ σ3 (IIA) or − 32 ⊗ σ3 (IIB) , (6.3.11)

and

Pn = (Γ11⊗ 2)n (IIA) or 32⊗σ1 (n + 1/2 even), 32⊗iσ2 (n + 1/2 odd) (IIB) .

Up till now we have just written down the action of the type IIA/B in (1,9) sig-
nature in a standard form. We will now interpret the action (6.3.2) in a different
way, as a complex action. All fields are now assumed to be complex, both bosonic
and fermionic. For the fermions this means that they are arbitrary Dirac spinors,
as stated before they only appear holomorphically in the action through their Majo-
rana conjugate χ̄ = χTC. The gamma-matrices with flat indices remain the standard
gamma-matrices of (1,9) Minkowski space. As we now allow the vielbein to be com-
plex, the curved gamma-matrices will be part of the complexified Clifford algebra,
see section 6.4 for more details. The supersymmetry transformations (6.3.6) are un-
derstood to be complex in the same way as the action (6.3.2). The complexified
action remains invariant under the complexified supersymmetry transformations as
basic manipulations like symmetry properties of bilinears, gamma-matrix algebra and
Fierz identities are insensitive to this complexification. In the same way the complex
action is invariant under the complexified Lorentz-group SO(10,C).

6.3.2 Back to Reality

Starting from the complex action and supersymmetry transformations of the previous
section we will now explain how one can construct different real actions by taking
different real slices. In this subsection, we will do a general analysis determining all
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variant supergravities. The result is summarized in table 6.3.1. In the next subsection,
we will illustrate the method with some specific examples.

Let us start by explaining what we mean by taking a real slice. A reality condition
on the fields cannot be chosen at will, but has to satisfy certain consistency conditions.
First of all, one can only impose a limited number of reality conditions on the fermions.
As is explained in appendix B this leads to the following general reality conditions on
the fermionic fields (see (B.2.7))

ε∗ = −εηtαεCAρε ,

ψ∗µ = −εηtαψCAρψµ , (6.3.12)

λ∗ = −εηtαλCAρλ ,

where the αχ represents a phase factor that can differ from field to field. On the
bosonic fields, a general reality condition is given by4:

eµ
a∗ = eµ

a ,

φ∗ = φ ,

B∗
µν = αBBµν , (6.3.13)

C
(2n−1)∗
µ1···µ2n−1 = αnC

(2n−1)
µ1···µ2n−1 ,

where again the α-factors represent phases. Note that we have already taken the
dilaton to be real, as this is the only condition consistent with reality of the action.
We also choose to work with real vielbeine. This amounts to using the flat gamma-
matrices that are appropriate to a specific signature. The complex action is written
in terms of fixed flat Γ-matrices in signature (1,9). In principle one could keep these
fixed during the whole procedure and allow for purely imaginary vielbein compo-
nents. Simultaneously redefining the vielbeine and flat gamma-matrices then brings
one back to the case where the vielbeine are real and the Clifford algebra has the
appropriate signature. For a more thorough and technical discussion of this point,
see section 6.4. This reasoning also reveals a subtlety concerning the Chern-Simons
terms. Supersymmetry of the action (6.3.2) is established thanks to the relation

Γa1...an = − 1
(10− n)!

εa1...a10Γ11Γa10...an+1 . (6.3.14)

This relation is however only valid for the Clifford algebra with signature (1, 9). As
explained above, we choose to work with the Clifford algebra that has the same
signature as space-time. For this Clifford algebra, the relation (6.3.14) is changed to

Γa1...an =
1

(10− n)!
εa1...a10i

t+1Γ11Γa10...an+1 . (6.3.15)

4To have a uniform notation the reality condition for G(0) is given in terms of some formal C(−1).
This is just a shorthand implying G(0)∗ = α0G(0).
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Effectively, rewriting (6.3.15) to (6.3.14) corresponds to replacing ε0...9 by

ε0...9 → −(−i)t+1ε0...9 ,

ε0...9 → −(i)t+1ε0...9 . (6.3.16)

When going to a real action of a given signature, one has to replace the ε0...9 in the
complex Chern-Simons term via the above rule to assure invariance under supersym-
metry.

The α-factors appearing in the reality conditions on the bosons and the fermions
are not independent. Demanding a real action and consistency with supersymmetry
relates them. The latter means that both sides of the supersymmetry rules should have
the same behaviour under complex conjugation. In this way, the reality conditions
on the fermions determine those of the bosons. Analyzing this in detail leads to the
relations

αε = αψ ,

α2
λ = α2

ψ = (−η)t+1 ,

αλ = (−)t+1ηρTσρσ αψ , (6.3.17)
αH = ρTσt+1σ3σ

t+1ρσ3 ,

αn = (−)(2n+1)t(−η)(2n+1)ρTσtPnσt+1ρP−1
n σ .

The possible solutions of these equations lead to consistent reality conditions on all
fields. They are summarized in table 6.3.1. Every possible reality condition corre-
sponds to a unique real supergravity theory that has (6.3.2) as complexified action.

Given the data in table 6.3.1, the actions and supersymmetry rules of these variant
supergravities can be explicitly written down. These actions are the complex action
(6.3.2), where the fields now obey the reality properties (6.3.12,6.3.13), with the α-
factors the ones mentioned in table 6.3.1. One notices that in this form some fields
might be purely imaginary. In this case, it is more natural to redefine the fields
in terms of real fields. This leads to a change in sign of e.g. the kinetic terms of
these fields. In order to write the actions in a more conventional form involving
Dirac conjugates, one can use the following formula equivalent to (6.3.12) if (6.3.17)
is satisfied:

χ̄ = αψαλα∗χχ̄Dρ . (6.3.18)

This allows one to rewrite Majorana conjugates appearing in (6.3.2) in terms of Dirac
conjugates. As explained above in certain signatures one has to multiply the Chern-
Simons term by an additional factor, this factor is given in the last row of table
6.3.1, this same factor also appears in the (anti) self-duality condition of IIB. The
procedure described here will be illustrated in more detail for some specific examples
in subsection 6.3.3.
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A B
t mod 4 0 1 2 1 3

type *M+ MW *MW M+ MW *MW ′MW SMW
ε = η + + + + + + + +

ρ σ3 σ3 σ3 σ1 iσ2

αε = αψ i 1 1 i 1 1 1 1
αλ i 1 −1 −i 1 1 1 1
αB − + + − + + − −

α0 = α2, α1/2 = α5/2 + + − − + − − +
α1, α3/2 − + − + + − + −
−(i)t+1 −i 1 1 i 1 1 1 −1

Table 6.3.1: Possible reality conditions on the fields of type II supergravities. t is
the number of timelike directions in space-time. The notation concerning the type of
fermionic reality condition is explained in appendix B. Every set of reality conditions
(column) corresponds to a different variant supergravity theory. The last row refers
to the additional factor for the Chern-Simons terms. From this table the actions and
supersymmetry transformations of all 10d variant supergravities can be constructed.

Finally let us give a short overview of the variant theories classified by table 6.3.1.
Type IIA supergravity exists in three types of signatures. Note that only in signature
t = 1 mod 4 there are two different real theories5. For IIB the situation is similar.
Although table 6.3.1 seems to suggest that there are three different theories in (1,9),
IIB∗ and IIB′ are related by a field redefinition that can be interpreted as an S-duality.
Note that IIB theories only exist in those signatures where a consistent self-duality
condition can be imposed. In our conventions the five form is self-dual in signatures
with t = 1 mod 4 and anti self-dual when t = 3 mod 4, this is due to the subtleties
concerning the appearance of ε0...9 explained above.

6.3.3 Examples

In this subsection we will illustrate the previously discussed method of real slices for
type II theories in signature (1,9). We will show how to write down the explicit form
of the actions starting from table 6.3.1. To illustrate how to write down the Chern-
Simons terms in case the real slice involves an additional factor multiplying ε0...9 we
discuss this term in signature (0,10) in detail.

5The results of table 6.3.1 almost completely agree with those found in [117] for IIA, with the
exception that only in signature (1,9) we find two inequivalent theories. In [117] additional IIA
theories for t = 0 or 2 mod 4 are presented, which we are not able to reproduce in our framework.
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IIA

Our first example is how one can recover the usual type IIA theory in signature
(1,9). The reality conditions appropriate for this theory are summarized in the second
column of table 6.3.1, leading to:

ε∗ = −CAε ,

ψ∗µ = −CAψµ ,

λ∗ = −CAλ (6.3.19)
B∗

µν = Bµν ,

C
(2n−1)∗
µ1···µ2n−1 = C

(2n−1)
µ1···µ2n−1 , (n = 0, 1, 2) .

The real action for this theory is the complex action given above (6.3.2) but restricted
to the subspace given by these reality conditions. The Majorana conditions for the
spinors (6.3.19) are equivalent to

ε̄ = ε̄D ,

ψ̄µ = ψ̄D

µ , (6.3.20)

λ̄ = λ̄D ,

and using these we can write the action (6.3.2) in a standard real form involving Dirac
conjugates. Plugging (6.3.19 - 6.3.20) into the action (6.3.2) gives

SIIA =− 1
2κ2

10

∫
d10x e

{
e−2φ

[−R(
ω(e)

)− 4
(
∂φ

)2 + 1
2H ·H − 2∂µφχ(1)

µ + H · χ(3)

+ 2ψ̄D

µΓµνρ∇νψρ − 2λ̄DΓµ∇µλ + 4λ̄DΓµν∇µψν

]
+

∑
n=0,1,2

1
2G(2n) ·G(2n)

+ G(2n) ·Ψ(2n) + e−1εµ1···µ10
[

1
4·242 ∂µ1C

(3)
µ2µ3µ4

∂µ5C
(3)
µ6µ7µ8

Bµ9µ10

+ 1
2·242 G(0) ∂µ1C

(3)
µ2µ3µ4

B3
µ5...µ10

+ 1
5·162 G(0)2 B5

µ1...µ10

]}
, (6.3.21)

where

χ(1)
µ = −2ψ̄D

νΓνψµ − 2λ̄DΓνΓµψν ,

χ(3)
µνρ = 1

2 ψ̄D

αΓ[αΓµνρΓβ]Γ11ψβ + λ̄DΓµνρ
βΓ11ψβ − 1

2 λ̄DΓ11Γµνρλ ,

Ψ(2n)
µ1···µ2n = 1

2e−φψ̄D

αΓ[αΓµ1···µ2nΓβ](Γ11)nψβ + 1
2e−φλ̄DΓµ1···µ2nΓβ(Γ11)nψβ

− 1
4e−φλ̄DΓ[µ1···µ2n−1(Γ11)nΓµ2n]λ . (6.3.22)



6.3 Type II Actions 95

The action (6.3.21) is invariant under the following supersymmetries

δεeµ
a =ε̄DΓaψµ ,

δεψµ =
(
∂µ + 1

4 6ωµ + 1
8Γ11 6Hµ

)
ε + 1

8eφ
∑

n=0,1,2

1
(2n)!

6G(2n)Γµ(Γ11)n ε ,

δεBµν =− 2 ε̄DΓ[µΓ11ψν] ,

δεC
(2n−1)
µ1···µ2n−1 =− e−φ ε̄D Γ[µ1···µ2n−2 (Γ11)n

(
(2n− 1)ψµ2n−1] − 1

2Γµ2n−1]λ
)

+ (n− 1)(2n− 1)C
(2n−3)
[µ1···µ2n−3

δεBµ2n−2µ2n−1] ,

δελ =
(
6∂φ + 1

12 6HΓ11

)
ε + 1

4eφ
∑

n=0,1,2

5− 2n

(2n)!
6G(2n)(Γ11)nε ,

δεφ = 1
2 ε̄Dλ . (6.3.23)

As the (1,9) IIA supergravity theory was the theory we started from before com-
plexifying, taking the real slice was rather straightforward. Things will become more
interesting in case some fields are purely imaginary. We illustrate this in the following
example.

IIA∗

The action of the IIA* theory in (1,9) can be constructed by using the third column
of table 6.3.1, which leads to the following reality conditions:

ε∗ = −CAΓ11ε ,

ψ∗µ = −CAΓ11ψµ ,

λ∗ = CAΓ11λ , (6.3.24)
B∗

µν = Bµν ,

C
(2n−1)∗
µ1···µ2n−1 = −C

(2n−1)
µ1···µ2n−1 , (n = 0, 1, 2) .

Note that now the reality condition for the Ramond-Ramond fields implies that they
are purely imaginary. It is therefore natural to make a redefinition to real fields. We
also prefer to have the same reality condition for all the fermionic fields. Thus we
make the field redefinitions

ζ = −iλ ,

A(2n−1) = −iC(2n−1) , (6.3.25)
F (2n) = −iG(2n) .
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In this case the relation between Majorana and Dirac conjugate of the spinors is

ε̄ = −ε̄DΓ11 ,

ψ̄µ = −ψ̄D

µΓ11 , (6.3.26)

ζ̄ = −ζ̄DΓ11 .

Similarly to the IIA case one can obtain a manifestly real action, which now reads

SIIA∗ =− 1
2κ2

10

∫
d10x e

{
e−2φ

[−R(
ω(e)

)− 4
(
∂φ

)2 + 1
2H ·H − 2∂µφξ(1)

µ + H · ξ(3)+

− 2ψ̄D

µΓ11Γµνρ∇νψρ − 2ζ̄DΓ11Γµ∇µζ − 4iζ̄DΓ11Γµν∇µψν

]−
∑

n=0,1,2

1
2F 2n · F 2n

+ F 2n ·∆(2n) − e−1εµ1···µ10
[

1
4·242 ∂µ1A

(3)
µ2µ3µ4

∂µ5A
(3)
µ6µ7µ8

Bµ9µ10

+ 1
2·242 F (0) ∂µ1A

(3)
µ2µ3µ4

B3
µ5...µ10

+ 1
5·162 F (0)2 B5

µ1...µ10

]}
, (6.3.27)

where

ξ(1)
µ = −2ψ̄D

νΓνΓ11ψµ + 2iζ̄DΓνΓµΓ11ψν ,

ξ(3)
µνρ = 1

2 ψ̄D

αΓ[αΓµνρΓβ]ψβ − iζ̄DΓµνρ
βψβ − 1

2 ζ̄DΓµνρζ , (6.3.28)

∆(2n)
µ1···µ2n = i

2e−φψ̄D

αΓ[αΓµ1···µ2nΓβ](Γ11)n+1ψβ + 1
2e−φζ̄DΓµ1···µ2nΓβ(Γ11)n+1ψβ

− i
4e−φζ̄DΓ[µ1···µ2n−1(Γ11)n+1Γµ2n]ζ .

The action (6.3.27) is invariant under the supersymmetries

δεeµ
a =ε̄DΓaΓ11ψµ ,

δεψµ =
(
∂µ + 1

4 6ωµ + 1
8Γ11 6Hµ

)
ε + i

8eφ
∑

n=0,1,2

1
(2n)!

6F (2n)Γµ(Γ11)n ε ,

δεBµν =− 2 ε̄DΓ[µψν] ,

δεA
(2n−1)
µ1···µ2n−1 =− e−φ ε̄D Γ[µ1···µ2n−2 (Γ11)n+1

(
i(2n− 1)ψµ2n−1] + 1

2Γµ2n−1]ζ
)

+ (n− 1)(2n− 1)A
(2n−3)
[µ1···µ2n−3

δεBµ2n−2µ2n−1] ,

δεζ =− i
(
6∂φ + 1

12 6HΓ11

)
ε + 1

4eφ
∑

n=0,1,2

5− 2n

(2n)!
6F (2n)(Γ11)nε ,

δεφ =− i
2 ε̄DΓ11ζ . (6.3.29)

Note that indeed in this real form the Ramond-Ramond fields have wrong sign kinetic
terms. Furthermore, there are additional factors of i appearing in the supersymmetry
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transformations with respect to standard IIA. This is similar to the i’s appearing
in the pseudo-supersymmetry of [67, 98], we will elaborate on this in section 6.5.1.
Another difference is the appearance of the chirality matrix Γ11 in various spinor
bilinears. They appear for example in the variation of the dilaton, leading to a
different transformation of this field under parity6.

Chern-Simons terms

As explained above there are some subtleties concerning the Chern-Simons terms in
certain signatures. Here we will briefly illustrate how the Chern-Simons term of IIA
in (0,10) signature can be obtained, the other cases proceed analogously. Of the
fields appearing in the IIA Chern-Simons term, B becomes purely imaginary while
the others are real, as can be read from the first column of table 6.3.1. We thus make
the redefinition

B̃µν = −iBµν . (6.3.30)

Substituting this in the complex Chern-Simons term (6.3.3) and multiplying with the
appropriate factor i (see table 6.3.1) gives the following real topological terms:

− 1
2κ2

10

∫
d10x εµ1···µ10

[
1

4·242 ∂µ1C
(3)
µ2µ3µ4

∂µ5C
(3)
µ6µ7µ8

B̃µ9µ10

− 1
2·242 G(0) ∂µ1C

(3)
µ2µ3µ4

B̃3
µ5...µ10

+ 1
5·162 G(0)2 B̃5

µ1...µ10

]
.

(6.3.31)

Note that apart from the changes in the Chern-Simons term also the relation between
the real potentials and field strengths gets modified, e.g.

G(4) = dC(3) + dB̃ ∧A(1) −G(0)B̃2 , (6.3.32)

instead of the standard relation (6.3.9).
Similar to this example one can find the Chern-Simons terms and field strengths

in other signatures.

IIB∗

As our final example we derive the action and supersymmetry equations of IIB∗, the
alternate real IIB theory in signature (1,9). The reality conditions are:

ε∗ = CAPε ,

ψ∗µ = CAPψµ ,

λ∗ = CAPλ , (6.3.33)
B∗

µν = Bµν ,

C
(2n−1)∗
µ1···µ2n−1 = −C

(2n−1)
µ1···µ2n−1 , (n = 1/2, 3/2, 5/2) .

6Under parity we understand the transformation xi → −xi that reverses the sign of all 9 spacelike
directions.
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We redefine the imaginary fields in term of real fields as follows:

A(2n−1) = −iC(2n−1) ,

F (2n) = −iG(2n) .
(6.3.34)

The reality conditions for the spinors are equivalent to the conditions

ε̄ = ε̄DP , (6.3.35)
ψ̄µ = ψ̄D

µP ,

λ̄ = λ̄DP .

Substituting this into the complex IIB action (6.3.2) leads to

SIIB∗ =− 1
2κ2

10

∫
d10xe

{
e−2φ

[
−R(

ω(e)
)− 4

(
∂φ

)2 + 1
2H ·H+

− 2∂µφζ(1)
µ + H · ζ(3) + 2ψ̄D

µ PΓµνρ∇νψρ − 2λ̄DPΓµ∇µλ + 4λ̄DPΓµν∇µψν

]

−
3/2∑

n=1/2

(
1
2
F (2n) · F (2n) + F (2n) ·∆(2n)

)
− 1

4
F (5) · F (5) − 1

2
F (5) ·∆(5)

− e−1 1
3 · 242

εµ1···µ10A(4)
µ1µ2µ3µ4

∂µ5A
(2)
µ6µ7

∂µ8Bµ9µ10

}
. (6.3.36)

This action needs to be supplemented with the usual self-duality for the RR-five form
F (5). The bosonic fields couple to the fermions via the bilinears

ζ(1)
µ =− 2ψ̄D

ν PΓνψµ − 2λ̄DPΓνΓµψν ,

ζ(3)
µνρ = 1

2 ψ̄D
α Γ[αΓµνρΓβ]ψβ + λ̄D Γµνρ

βψβ − 1
2 λ̄DΓµνρλ ,

∆(2n)
µ1···µ2n = −i

(
1
2e−φψ̄D

α Γ[αΓµ1···µ2nΓβ]PPnψβ + 1
2e−φλ̄DΓµ1···µ2nΓβPPnψβ

− 1
4e−φλ̄DΓ[µ1···µ2n−1PPnΓµ2n]λ

)
. (6.3.37)
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The supersymmetry rules are

δεeµ
a =ε̄DPΓaψµ ,

δεψµ =
(
∂µ + 1

4 6ωµ + 1
8P 6Hµ

)
ε + i

8eφ

3/2∑

n=1/2

1
(2n)!

6F (2n)ΓµPnε

+ i
16eφ 1

5!
6F (5)ΓµP5/2ε ,

δεBµν =− 2 ε̄DΓ[µψν] ,

δεA
(2n−1)
µ1···µ2n−1 =ie−φ ε̄D Γ[µ1···µ2n−2 PPn

(
(2n− 1)ψµ2n−1] − 1

2Γµ2n−1]λ
)

+ (n− 1)(2n− 1)A
(2n−3)
[µ1···µ2n−3

δεBµ2n−2µ2n−1] ,

δελ =
(
6∂φ + 1

12 6HP
)
ε + i

4eφ

5/2∑

n=1/2

(−)2n 5− 2n

(2n)!
6F (2n)Pnε ,

δεφ = 1
2 ε̄DPλ . (6.3.38)

Note that in contrast to the standard IIB action the IIB∗ action is no longer invariant
under the full S-duality group, but gets mapped to the IIB′ theory. Another viewpoint
is thus that IIB′ is nothing else than a field redefinition of IIB∗. As such we will not
construct its action and supersymmetry transformations here. They can be obtained
either from performing an S-duality or taking a real slice with the appropriate reality
conditions in table 6.3.1.

6.3.4 Extended vs. Unextended Supersymmetry

It might be remarkable that in certain signatures different real slices exist while in
others only one real theory is consistent. This is related to the number of independent
supersymmetries. Although we always discussed theories with 32 real supercharges,
this does not necessarily mean that their supersymmetry is extended. Depending
from signature to signature the dimension of a real irreducible spinor is 16 or 32.
Only in the signatures in which it is 16, and thus the 32 supercharges imply extended
supersymmetry, different real slices can occur. This can be understood as in this case
different reality conditions can be imposed on the two independent 16-dimensional
spinors.

This suggests that in any signature only one real slice of the complex 10d N = 1
supergravities exists. These N = 1 supergravities can be seen as truncations of the
type II theories by a Z2 truncation. Thus one would expect both the standard theories
and their star versions to truncate to the same theory. We will now show that this
is indeed the case in IIA. The truncation is made by only keeping the fields invariant
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under the following fermion number symmetry [120]:
{
φ, gµν , Bµν

} → {
φ, gµν , Bµν

}
,

{
C

(2n−1)
µ1···µ2n−1

} → −{
C

(2n−1)
µ1···µ2n−1

}
, (6.3.39){

ψµ, λ, ε
} → Γ11

{
ψµ,−λ, ε

}
.

One can see that both IIA and IIA∗ project to the same theory under identification by
this symmetry as this identification is equivalent to demanding the reality conditions
(6.3.19) and (6.3.24) to be identical. The other IIA truncation that is given in [120]
is no longer consistent.

The situation is similar in IIB. For IIB in (1,9) signature both truncations given
in [120] lead to the same result, for IIB∗ only one truncation is consistent with the
reality properties of the spinors while the other identification is the only consistent
one for IIB′. In the end all possible truncations lead to the same N = 1 theory.

6.4 Reality of the Vielbeine

6.4.1 Imaginary Vielbeine and Signature Change

In this section we will give some more details on the equivalence between choosing to
work with on the one hand fixed flat gamma-matrices of signature (1,9) and possibly
imaginary vielbein or on the other hand gamma-matrices of the appropriate signature
and a real vielbein.

It is important to stress that the flat gamma-matrices appearing in the complex
action (6.3.2) are elements of the Clifford algebra of signature (1,9) obeying the stan-
dard reality condition7

Γa∗ = −CΓ0ΓaΓ0C−1. (6.4.1)

The curved gamma-matrices Γµ = Γaeµ
a no longer obey a reality condition as eµ

a

(and the other fields) are complex. Because the vielbein, and thus the metric as well,
is complex there is no longer a concept of space-time signature. Note that the complex
metric is defined as gµν = eµ

aeν
bη

(1,9)
ab , where η

(1,9)
ab = diag(−+ . . . +).

When we impose reality conditions on the fields appearing in the action we recover
a real theory in a signature that can differ from the (1,9) signature we started from.
This can happen as some components of the vielbein can be purely imaginary such
that gµν is real but has a signature different from that of η

(1,9)
ab .

As explained a choice of reality conditions for the fermions determines the reality
properties of all the bosonic fields as well. For the vielbein this happens through the
supersymmetry transformation

δεeµ
a = ε̄Γaψµ . (6.4.2)

7In this section we will make the choice ε = η = 1.
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As explained in appendix B in the reality conditions for the spinors (B.2.7) the opera-
tor A appears. This A is the product of the timelike gamma-matrices. So by choosing
A in the reality conditions for the complex fermions one decides in which space-time
signature the real fermions will be consistent. As we will see below consistency of
the above supersymmetry variation (6.4.2) implies that also the real metric given by
these reality conditions has that signature. If one for example makes a real slice to a
theory in signature (t, s), t + s = 10, fermions satisfy the following reality conditions

ε∗ = −εηtαεCAρε ,

ψ∗µ = −εηtαψCAρψµ , (6.4.3)

with
A = (Γ0)(iΓ1) . . . (iΓt−1) , (6.4.4)

where Γa are elements of the (1,9) Clifford algebra, i.e. those appearing in the complex
action and (6.4.2). We propose the following reality conditions for the vielbeine:

(eµ
a)∗ = αa

µeµ
a . (6.4.5)

Using this definition and (6.4.3), one can calculate that8

αa
µ = (−)tA−1Γ0ΓaΓ0A(Γa)−1 , (6.4.6)

by taking the complex conjugate of (6.4.2). In the case we take A of the form (6.4.4)
and divide the index a as i = 1 . . . t− 1, j = t . . . 9 this implies

α0
µ = 1 , αi

µ = −1 , αj
µ = 1 . (6.4.7)

So parts of the vielbein are imaginary and indeed this exactly implies the metric gµν

now has the signature (t, s).
Although everything works perfectly in this way it is rather odd to work with

vielbeine that have imaginary components. This is why in the previous section we
preferred to work in a formulation where the vielbein is always completely real. This
can be accomplished by simultaneously redefining the appropriate components e i

µ =
iẽ i

µ and Γi=iΓ̃i. It is clear that this redefinition changes the signature of the flat metric
ηab as the Clifford algebra now has signature (t, s). Furthermore, in all supersymmetry
transformations and the action the vielbeine and Γ’s appear in pairs of the form eµ

aΓa

or eµ
aΓa and as such always in a combination where one of the redefined variables

appears through its inverse. This means that we can put tildes everywhere without
changing the form of the expressions or having to add i’s or minus signs. One should
read the previous section with this redefinition in mind although we did not explicitly
write the tildes, i.e. in section 6.3 flat gamma-matrices appearing in real actions and
supersymmetry transformations are always elements of the Clifford algebra that has
the same signature as space-time and all vielbeine are real.

8One has to use that αεαψ = (−)t+1, which follows from analysing the other supersymmetry
variations.
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6.4.2 Imaginary Vielbeine without Signature Change

The discussion above brings about another point. One can also take some of the
components of the vielbein imaginary and still obtain signature (1,9) for the curved
metric. This can be achieved by taking for instance the following matrix A:

A = iΓ9 . (6.4.8)

This still leads to a consistent reality condition for the fermions. As explained before
A determines what is space and what is time in the real slice. The choice (6.4.8)
corresponds to

α0
µ = −1 , αi

µ = 1 , α9
µ = −1 , (i = 1 . . . 8) . (6.4.9)

The naturally redefined η̃
(1,9)
ab now has η̃

(1,9)
00 = η̃

(1,9)
ii = 1 and η̃

(1,9)
99 = −1 while the

original η
(1,9)
ab from the complex theory had η

(1,9)
00 = −1 and η

(1,9)
ii = 1 = η

(1,9)
99 .

This choice for the vielbein does not lead to new real actions. Changing the role
of different coordinates from timelike to spacelike and vice versa, but keeping the
signature fixed, amounts to no more than a relabelling of the coordinates. The action
and supersymmetry variations are not affected by this permutation of coordinates.

This is not true however for solutions of its equations of motion. A generic so-
lution is not invariant under exchange of a timelike and spacelike coordinate. For a
complexified version of such a solution, interchanging coordinates again is equivalent
to a relabelling that does not lead to a different complex solution, as there is no
notion of space or time anymore. So given a real solution, if we complexify it and
then go back to a real form by imposing different reality conditions it can happen
that two coordinates interchange their space- and timelike character. To keep track
of this effect when taking real slices of a complex solution it is most practical to work
with imaginary vielbeine. In this way one can see explicitly which coordinates will be
timelike and which spacelike in a different real form. One can see this explicitly at
work in section 6.5.1.

6.5 Domain-Walls and Cosmologies

In this section we will apply the previously discussed method of complex actions
and real slices to construct and relate different real solutions. We discuss two exam-
ples. Our first example is in massive IIA, where we find a realisation of the domain-
wall/cosmology correspondence of [67,98,112] in a supersymmetric theory. After that
we look at 9d gauged maximal supergravity. This as an example to show that our
method works in different dimensions. Note that our examples are all in theories
with extended supersymmetry, as this seems necessary to be able to take different
real slices in the same signature with our method.
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In this section we work in the Einstein frame (E), related to the string frame (S)
via g

(S)
µν = eφ/2g

(E)
µν .

6.5.1 10d Massive IIA/A∗

We truncate the complex massive IIA theory (6.3.2) to the following action

SmIIA =
1

2κ2
10

∫
d10x e

(
R− 1

2
(
∂φ

)2 − 1
2e5φ/2m2

)
, (6.5.1)

where m = G(0) is the Romans’ mass parameter. The fermionic part of the truncated
supersymmetry transformations is

δψµ =
(
∇µ − 1

32
WΓµ

)
ε ,

δελ =
(
6∂φ +

δW

δφ

)
ε .

(6.5.2)

For our theory (6.5.1) the scalar potential and superpotential are respectively

V =
1
2
(
δW

δφ
)2 − 9

32
W 2 =

1
2
e5φ/2m2 , W = e5φ/4m. (6.5.3)

The complex equations of motion are given by

0 =
1
e
∂µ

(
egµν∂νφ

)
− 5

4
e5φ/2m2 ,

Gµν =
1
2

(
∂µφ∂νφ− 1

2
gµν(gηρ∂ηφ∂ρφ)− 1

2
gµνe5φ/2m2

)
.

(6.5.4)

We propose the following complex Ansatz for a supersymmetric solution. As we will
show, it can be seen as the complexification of both a domain-wall and a cosmology:

e0
µ = a0H

1/16δ0
µ ,

ei
µ = aiH

1/16δi
µ (i = 1 . . . 8) ,

e9
µ = a9H

9/16δ9
µ , (6.5.5)

φ = −5
4

log H ,

here aa are some constant complex numbers and H is a complex function depending
only on the coordinate x9. The complex metric is given by gµν = e a

µ e b
ν η

(1,9)
ab , as in

the previous section 6.3. For this Ansatz the equations of motion (6.5.4) and the
supersymmetry condition from (6.5.2) reduce to:

∂9H = a9m. (6.5.6)
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So we find the following complex solution to the complexified massive theory:

ds2 = H1/8
(
−a2

0(dx0)2 + (ai)2(dxi)2
)

+ H9/8a2
9(dx9)2 ,

eφ = H−5/4 , with H = 1 + a9mx9 . (6.5.7)

It is invariant under the following complex supersymmetries:

Γ9ε = ε , ε = H1/32ε0 , (6.5.8)

where ε0 is a constant Dirac spinor. In section 6.3 we explained how the complex
action (6.5.1) can give rise to several different real theories by taking different real
slices. If we now apply these reality conditions on the bosonic fields to our complex
solution we will find different real solutions. The different inequivalent reality prop-
erties consistent with section 6.3 and (6.5.6) are given for some signatures in table
6.5.1, note that here we allow for imaginary vielbeine. Let us illustrate how the com-

t 0 1 2
type mIIA* mIIA mIIA* mIIA
αm + + − −
αφ + + + +
α0

µ − + − +
α1

µ + + + +
αi

µ + + + +
α9

µ + + − −
A Γ0 iΓ9 iΓ0Γ9

Table 6.5.1: Possible reality conditions on the fields of the truncated massive IIA
supergravity (mIIA), consistent with the equations of motion. t is the number of
timelike directions in space-time. When dealing with solutions it is preferable to
allow for imaginary vielbeine as explained in section 6.4. A is the product of all Γ’s
that are timelike in the real theory and it appears in e.g. the reality condition for the
fermions.

plex Ansatz reduces to a supersymmetric domain-wall in massive IIA (mIIA) and a
supersymmetric cosmology in mIIA* by imposing the reality conditions.

Domain-wall in mIIA The standard reality conditions lead to mIIA and can be
found in the second column of table 6.5.1. As all the fields are real, the action coincides
with (6.5.1). The complex solution becomes the well known domain-wall or D8-brane
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of mIIA:

ds2 = H1/8
(
−(dx0)2 + (d~x)2

)
+ H9/8(dx9)2 ,

eφ = H−5/4 , with H = 1 + mx9 . (6.5.9)

The complex supersymmetry variations (6.5.2) become

δψµ =
(
∇µ − 1

32
WΓµ

)
ε ,

δελ =
(
6∂φ +

δW

δφ

)
ε ,

(6.5.10)

where W is given by
W = e5φ/4m, with m ∈ R . (6.5.11)

It is not difficult to verify that the domain-wall (6.5.9) has the following unbroken
real supersymmetries

Γ9ε = ε , ε = H1/32ε0 , (6.5.12)

where ε0 now is a constant Majorana spinor.

Cosmology in mIIA* Alternatively, we can apply the reality conditions of mIIA*
to the complex solution (6.5.7). As can be read from table 6.5.1 in this case m is
purely imaginary, as are two components of the vielbein: eµ

0 and eµ
9. This implies

that in this case a9 = a0 = i. We redefine m = im̃, eµ
0 = iẽµ

0, eµ
9 = iẽµ

9,
Γ0 = iΓ̃0 and Γ9 = iΓ̃9. Substituting all this in the complex solution (6.5.7) gives us
a supersymmetric cosmological solution of mIIA∗:

ds2 = H1/8
(
(dx0)2 + (d~x)2

)
−H9/8(dx9)2 ,

eφ = H−5/4 , with H = 1− m̃x9 , (6.5.13)

where m̃ = F (0). Note that this is the E9-brane of [26]. Note that also the real action
of mIIA* is different than that of mIIA. It is given in terms of real fields by

SmIIA* =
1

2κ2
10

∫
d10x e

(
R− 1

2
(
∂φ

)2 + 1
2e5φ/2m̃2

)
, (6.5.14)

with the corresponding supersymmetry variations

δψµ =
(
∇µ − i

32
W̃Γµ

)
ε ,

δζ =
(
−i6∂φ +

δW̃

δφ

)
ε .

(6.5.15)
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The superpotential W̃ is real and given by

W̃ = e5φ/4m̃ , with m̃ ∈ R . (6.5.16)

As was the case for the domain-wall it is easy to check that the cosmology (6.5.13)
preserves the following supersymmetries

iΓ̃9ε = ε , ε = H1/32ε0 . (6.5.17)

Note that now ε is not a standard Majorana spinor but satisfies a ∗MW reality con-
dition instead.

The domain-wall and cosmology presented above are a particular example of the
domain-wall / cosmology correspondence of [67, 98, 112], where an embedding in ex-
tended supergravity is possible. Indeed the truncated mIIA theory is exactly of the
gravity-scalar form as proposed there, as is its domain-wall solution. Furthermore the
truncated mIIA* theory is equal to the truncated mIIA theory up to a relative sign
in front of the scalar potential. This example places the domain-wall / cosmology
correspondence in a supersymmetric context. This means that the Killing spinor of
the solution generates a supersymmetry of the theory. Furthermore we see that what
was called a pseudo-Killing spinor in [67, 98, 112] now is a generator of a genuine
supersymmetry, but in a star theory. In this example pseudo-supersymmetry in an
extended supersymmetric theory coincides with the supersymmetry of a superalgebra
obeying star reality conditions.

Instanton in Euclidean mIIA* In section 6.1 we noticed that for every domain-
wall of a model with potential V there corresponds, besides the cosmology with −V ,
an instanton [113]. The first column of table 6.5.1 agrees with this. The αm is
the same for Euclidean mIIA* in (0,10) and mIIA in (1,9) space-time dimensions,
hence they have the same potential. Also do we see that α0

µ = −1 and hence the
corresponding vielbein is imaginary. As a result we have a Euclidean theory.

6.5.2 Maximal Gauged Supergravity in 9d

In the previous example the only scalar field that played a role was the dilaton. In
subsection 5.3.2 pseudo-supersymmetry was studied in systems with explicit multiple
scalar fields. As mentioned there, in [99, 103] it was shown that for the domain-wall
/ cosmology correspondence subtleties can appear when axions are included. In light
of this we consider a more general example with multiple scalar fields including an
axion.

The theory we will be working with is given by the following truncated N = 2,
d=9 gauged supergravity Lagrangian

L9d = 1
2 e

[R− 1
2 (∂φ)2 − 1

2e2φ(∂l)2 − 1
2 (∂ϕ)2 − V (φ, l, ϕ)

]
, (6.5.18)
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with V given by

V =
1
2
e−2φ+4ϕ/

√
7
(
q2
1 + 2e2φq1(−q2 + q1l

2) + e4φ(q2 + q1l
2)2

)
. (6.5.19)

The details of the reduction from IIB are given in [121, 122]. The scalar fields are
given by φ, ϕ and l. The constants q1 and q2 specify the gauging. We group the 9d,
16-component N = 2 spinors χi in doublets

χ =
(

χ1

χ2

)
. (6.5.20)

From table B.1.1 we see that ε = η = −1. In this section we will use C = γ0. The (1,8)
gamma-matrices γµ are then purely imaginary. In this notation the supersymmetry
transformations of the fermions are

δεψµ =
[
∂µ + ωµ − ( 1

4eφ∂µl − i
28γµW )iσ2

]
ε ,

δελ = (i 6∂φ− e−φδlW )σ3 ε + eφ(i 6∂l + e−φδφW )σ1 ε , (6.5.21)

δελ̃ = i 6∂ϕσ3ε + δϕWσ1 ε .

The superpotential W is given by

W = e2ϕ/
√

7
(
e−φq1 + eφ(q2 + q1l

2)
)

. (6.5.22)

The above action and supersymmetry rules can be made complex via the method of
section 2. It turns out that there are two real slices for signature (1,8), see table 6.5.2.
We denote the star version of the truncated N=2, d=9 theory by 9d*. Inspired by

9d 9d*
ε = η − −

ρ σ3

αl + −
αε = αλ = αλ̃ + +

q1 = q2 + −

Table 6.5.2: The two sets of reality conditions appearing in the truncated N=2, d=9
gauged supergravity Lagrangian leading to signature (1,8).
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the domain-walls of [122], we propose the following complex Ansätze:

e0
µ = a0h

1/28δ0
µ ,

ei
µ = h1/28δi

µ (i = 1 . . . 7) ,

e8
µ = a8h

−3/14δ8
µ , (6.5.23)

eφ = h−1/2h1 , e
√

7ϕ = h−1 , l = c1h1
−1 ,

h = h1h2 − c2
1 ,

where aa and c2
1 are some arbitrary complex constants and h1 and h2 are functions

of x8 only. This Ansatz is a supersymmetric complex solution if

∂8h1 = 2a8q1 ,

∂8h2 = 2a8q2 . (6.5.24)

In this case it has a complex Killing spinor of the form

ε = h1/56(cos f 2 − i sin f σ2)ε0 , (6.5.25)

with

f =
1
4

arctan
(

2c1q1h
1/2

q2h2
1 − q1h + q1c2

1

)
, (6.5.26)

and ε0 is a doublet of constant Dirac spinors that satisfies

γ8σ2ε0 = ε0 . (6.5.27)

As in the previous subsection one can now take two different real slices leading to
a pair of real solutions in signature (1,8). Taking all the fields in (6.5.23) real leads
back to the familiar domain-walls of [122]:

ds2 = h1/14(−(dx0)2 + d~x2) + h−3/7(dx8)2 ,

eφ = h−1/2h1 , e
√

7ϕ = h−1 , l = c1h1
−1 , (6.5.28)

h1 = 2q1x
8 + k2

1, h2 = 2q2x
8 + k2

2 and h = h1h2 − c2
1 ,

where ki are integration constants. As noted above there is another set of consistent
reality conditions. This second real slice of (6.5.23) will give a cosmological solu-
tion. From table 6.5.2 one can see which fields become purely imaginary. To write
everything in terms of real fields we redefine qi = iq̃i, c1 = ic̃1 and l = il̃ = ic̃1h

−1
1 .

Consistency with the equations of motion also requires eµ
0 and eµ

8 to be imaginary,
i.e. a8 = a0 = i. The Ansatz (6.5.23) written in terms of these real fields gives the
following cosmological solution:

ds2 = h1/14((dx0)2 + d~x2)− h−3/7(dx8)2 ,

eφ = h−1/2h1 , e
√

7ϕ = h−1 , l̃ = c̃1h1
−1 , (6.5.29)
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where

h = h1h2 + c̃2
1 , h1 = 2q̃1x

8 + k2
1 , h2 = 2q̃2x

8 + k2
2 . (6.5.30)

This is a real cosmological solution of the star version of the 9d theory, of which the
action can easily be constructed along the lines of section 6.3.

Again we find a natural relation between domain-wall solutions and cosmological
solutions as different real slices of a single complex solution. In this case the relation
between the two real theories is slightly more involved than just reversing the overall
sign of the scalar potential. It is not difficult to see that the scalar potential in the
9d* theory is now

V = −1
2
e−2φ+4ϕ/

√
7
(
q̃2
1 − 2e2φq̃1(q̃2 + q̃1 l̃

2) + e4φ(q̃2 − q̃1 l̃
2)2

)
. (6.5.31)

So apart from an overall change in sign with respect to (6.5.19) there are also relative
sign changes between the different terms in the potential. This goes together with a
signature change of the scalar manifold in the 9d* case as the axion l̃ has wrong sign
kinetic term. Note that if the theory is truncated by setting the axion to zero we
again find an example where one can embed the correspondence of [67, 98, 112] in a
supersymmetric theory. Also in this case the pseudo-supersymmetry of the cosmology
can be interpreted as the vanishing of the fermionic supersymmetry transformations
of a theory with star reality conditions.

6.5.3 E-branes

In the previous sections we have seen that star supergravities have a non-Riemannian
scalar coset. In section 6.5.1 we gave an example of a time-dependent half super-
symmetric solution of mIIA*. This solution is called an E8-brane or Ep-brane in
general. The E stands for the Euclidean worldvolume and the p reflects that we
have a (p+1)-dimensional worldvolume9. Note that Sp-branes also have a (p+1)-
dimensional worldvolume but they are brane solutions of standard type II theories
instead of type II* theories.

In [26, 59] the full BPS-brane analysis for the star supergravities was done. Just
like Sp-branes they are time-dependent. The difference is that E-branes are BPS-
solutions of star supergravities, while Sp-branes are not supersymmetric solutions
of standard type II supergravities. At the end of section 2.4 we mentioned that if
we demand that an extremal S-brane satisfies the extremality condition (2.4.20) the
field strength turns out to be imaginary. Such a solution can be embedded in a star
supergravity. This shows that in a star supergravity we can have solutions satisfying
(2.4.20).

9In the original papers an Ep-brane means a brane with a p-dimensional Euclidean worldvolume.
We however prefer to use the same notation as that for p- and Sp-branes.
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Let us show this explicitly for the S(−1)-brane given in section 2.4. We need
to find the extremal version of this solution. The only deformation parameter of the
metric (2.4.32) is ||v||, we expect that the limit of ||v|| → 0 should give us the extremal
solution. For this we need to restrict to a k = −1 slicing since only this describes
Minkowski space-time in Milne coordinates. However, from (2.4.33) we see that the
limit ||v|| → 0 gives us real and constant scalar fields. We therefore have to re-scale
the constants in a specific way.

Inspired by the extremal limit given in [123] we consider the following series of
limits

c2 → c2 +
1
2
πi , c1 → c1

i||v|| , c2 → gs||v||
c1

, c3 → ic3 , ||v|| → 0 . (6.5.32)

A direct calculation shows that this leads to the metric

ds2 = −dt2 + t2dH2
D−1 , (6.5.33)

and the axion and dilaton are given by

eφ = h , χ = i(±h−1 + c3) . (6.5.34)

Note that the axion is imaginary as required. The harmonic function h is given by

h = gs +
c1

(D − 2)tD−2
. (6.5.35)

This is the solution as given in [41]. We see that the extremal limit of the S(−1)-brane
indeed leads to an imaginary solution which can be embedded in IIB* supergravity.
We have derived the extremal E(−1)-brane as given in [26].

6.6 Discussion

In the first section we gave an overview of the domain-wall / cosmology correspon-
dence. A natural question that arose is whether one can give a meaning to pseudo-
supersymmetry in a real supergravity context.

To achieve this we complexified the type II supergravities and their supersymmetry
rules. These complex actions do not describe physical theories but are a useful math-
ematical tool that allows to write down the actions for all variant supergravities as
real slices of the complex action. We illustrated the method in detail for the standard
type II theories and their corresponding star versions in signature (1,9). Although we
restricted our analysis to 10 dimensions one can generalize it to lower dimensions, for
some related results see [124–132]. In this chapter we gave an additional example for
N = 2 in 9 dimensions.
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In the last part of this chapter, we have looked at solutions of these complex the-
ories and shown that one can obtain solutions of the different real theories by taking
real slices. In particular, we have seen that in this way supersymmetric domain-walls
and (pseudo-) supersymmetric cosmologies can arise as different slices of one com-
plex solution. The domain-walls are solutions in an ordinary supergravity, while
the cosmologies arise as solutions of the star version. In this sense the pseudo-
supersymmetry of cosmologies corresponds to supersymmetry in the star theory. We
presented a ten-dimensional example where the domain-wall / cosmology correspon-
dence of [67,98,112] can be embedded into an extended supergravity context. We also
noticed that it can be extended to include instantons as well [110]. In another example
in 9 dimensions we again constructed a domain-wall and corresponding cosmology. A
noteworthy feature of this last example is that the potential no longer gets an overall
sign flip, but only certain terms in the potential change sign. Furthermore the scalar
manifold changes signature. This might hint that also in a fake supergravity context
more general changes in the potential could appear under the map of a domain-wall
to a cosmology.

In the last subsection we pointed out a relation between extremal Sp- and Ep-
branes.






