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Chapter 1

Introduction

Neutron stars are among the most fascinating of extraterrestrial bodies. In a sphere with
radius of 10 km they manage to contain about 1 solar mass (M�). This very dense
(∼ 1015g/cm3) and cold matter rotates at a very high speed around its own center of grav-
ity. Just how dense this is, just imagine pushing the total global population in the space
of one cubic centimeter. To do justice to this density, it is usually denoted in number of
baryons per cubic Fermi fm−3, where 1015g/cm3 = 0.6fm−3. It is then not suprising that
neutron stars have been and still are a great test case for General Relativity. Furthermore it
still proves to be a great challenge to properly describe a neutron star with our current nu-
clear matter theories. Together with heavy ion collisions they provide a great opportunity
to enhance or understanding of matter in the very early Universe. The goal of this thesis
is to calculate the properties of a neutron star using a realistic Baryon-Baryon interaction.
The role of the hyperons on these properties is of special interest. These properties can be
compared to measured masses and radii of known neutron stars.

1.1 Historical introduction

It is interesting to note that the first proposition for neutron stars by Landau [1] slightly
predates the discovery of the neutron by Chadwick [2]. Soon after this the first theoretical
calculations of neutron stars appeared. These calculations by [3, 4] assumed that a neutron
star consists of gravitationally bound states of a neutron Fermi gas. These calculations re-
sulted in a maximum mass of 0.7M�, central densities up to 6 × 1015g/cm3 and radii in
the order of 10 km. In contrast, for white dwarfs the Chandrasekhar mass limit is 1.4M�
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at a central density of 109g/cm3 [5]. A white dwarf consists of iron group nuclei and a
accompanying degenerate electron gas. The striking difference in density comes from the
fact that in neutron stars the gravitational collapse is prevented by the pressure supplied
by the degenerate neutron gas, while for the white dwarfs it is the pressure supplied by
the degenerate electron gas. The question of the formation of neutron stars was solved by
Baade an Zwicky [6]. They proposed that neutron stars were formed in a supernovae in
which the iron core of a massive star exceeds the Chandrasekhar limit and thus collapses.
The large amount of energy released by the collapse fuels an explosion which expels the
excess mass. The resulting core may form a neutron star.

In 1962 the discovery of cosmic X-ray sources by Giacconi [7] and the discovery of
quasars by Schmidt [8] reignited the interest in neutron stars. This spurred theoreticians
to focus there attention on the equilibrium properties of compact stars and on star col-
lapse. Even then most physicists and astronomers did not take seriously the possibility of
the existence of neutron stars. This was not helped by the fact that because of the small
radius and relative cold temperature it is very difficult to the observe directly a neutron
star and therefore to establish the properties of neutron stars. This all changed in 1967
with the discovery of the radio pulsars by Bell and Hewish [9]. In a pulsar the rotational
and magnetic axes are misaligned which results in dipole radiation. These radio waves
appear to pulse on and off as a lighthouse beacon. The pulsars were soon identified as
rotating neutron stars by Gold [10, 11]. The discovery of the Crab pulsar in the remnant of
the Crab supernova that occured in 1054 A.D. confirmed the link between supernovae and
neutron stars. The age of a pulsar can be derived from the period of the pulse compared
to the first derivative of the period. Most observed pulsars are old and slowly rotating. In
contrast, the Crab pulsar is rotating quite fast in comparison confirming the relative young
age.

The observation of optical and X-ray sources allowed one to determine the mass of neu-
tron stars in some systems. The precision of those measurements were enhanced by
the discovery of the first binary pulsar in 1973 by Hulse and Taylor [12]. For the first
time many general properties such as the masses of both objects, orbital periods, period
derivatives, orbital distances and inclination could be observed. General relativity could
be tested with great accuracy. In 1996 the first optical observation of a neutron star be-
came available [13, 14]. This object, RX J185635-3754 at a distance of roughly 61pc is
hurtling through inter stellar space with 108+13

−7 km/s. In a statistical study Thorsten et al
[15] found that all neutron star masses in binary systems were consistent with a Mass of
M = 1.35±0.04M�. Neutron star masses can also be measured in X-ray binary systems.
Spectroscopic and eclipse observations typically give a mass in the order of 1.1− 1.5M�.
But there are a few notable exceptions for instance Cygnus X-2 which mass is deter-
mined to be M = 1.78 ± 0.23M� [16] . The neutron star in 4U1700-37 has a mass of
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M = 2.44±0.27M� [17]. And last but not least the neutron star in Vela X-1 has a mass of
M = 2.27 ± 0.17M� [18]. These higher masses could be attributed to accretion of mass
from the accompanying star. But recently also the mass of radio pulsar PSRJ0751+1807
was measured from orbital decay [19, 20] which result in a mass of M = 2.1 ± 0.2M�.
It is clear that there is a recent tendency to observe more massive neutron stars.

1.2 Equation of State

From a theoretical point of view a neutron star is a fluid in hydrostatical equilibrium,
made up of relatively cold neutral matter. The central density of a neutron star is in the
order of 5-10 times nuclear density(ρncul = 0.17fm−3). Most of the neutron star matter
has a density in excess of ρnucl. Only the relatively thin crust has a density below ρnucl

which density regime is reasonably well understood [21]. Because the typical tempera-
ture of a neutron star is a factor one thousand smaller than the neutron Fermi energy (keV
compared to MeV), thermal effects can be safely neglected. To calculate the macroscopic
quantities such as mass and radius one has to solve the Tolman-Oppenheimer-Volkoff
(TOV) equations [3, 4]. Solving these equations one obtains the mass M(ρc) and ra-
dius R(ρc) as a function of the central density ρc. The only input needed to solve these
equations is the energy density ε(n) and the pressure P (n) as function of baryon number
density n. The total baryon number density is conserved in all known interactions. To
find the composition of a neutron star one minimizes the total energy E

N
(n) per baryon

including rest masses. The relations between these three quantities are

ε(n) = n
E

N
(n), P (n) = n2∂

E
N

(n)

∂n
. (1.1)

The equation of state (EoS) can be found by eliminating n from the above equations and
one is left with.

P = P (ε) (1.2)

Given an EoS it is quite simple to solve the TOV equations, so the main problem becomes
in constructing an EoS. Because the crust of a neutron star only covers 10 % of the ra-
dius and 1 % of the mass, the emphasis here will be placed on the EoS of the inner core.
Here the focus will be on a density range of n = 0.01 − 2fm−3. In the lower part of this
range matter consists primarily of neutrons with a small admixture of equal number of
protons and electrons. At higher energies several more species of particles can join the
picture such as (negatively charged) pions and kaons, hyperons and maybe a transition
from hadronic matter to quark matter occurs.
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The EoS is determined by the composition of the neutron star. This composition is com-
pletely determined by chemical equilibrium. One usually writes down the possible re-
actions between the available particles and for every reaction there is a corresponding
equilibrium equation. This can be combined with the conservation of baryon number and
the total charge. For instance for a mixture of neutrons, protons and electrons one has
one equation which describes (inverse) β decay. The chemical potential of the neutron is
equal to the sum of the chemical potential of the proton and the electron. Baryon num-
ber conservations ensures that the total baryon number density is equal to the sum of the
proton and the neutron concentrations. Finally total charge zero implies that the proton
concentration is equal to the electron concentration. To solve the chemical equilibrium
equations one needs to know the chemical potentials of all particles species as function of
the concentrations of all present particle species. For non-interacting Fermi gasses this is
quite simple because the chemical potential of a specific particle species only depends on
its own concentration.

1.3 The strong interaction

At low and intermediate densities the various particles can be considered as separate non-
interacting degenerate Fermi gasses. This was first done by Ambartsumyan and Saakyan
[22, 23]. They find up to a density of 0.465fm−3 that matter consists of neutron, protons
and electrons at higher density the muon first appears, shortly followed by the Σ− at a
density of 0.640fm−3. The Λ appears only at a density of 1.27fm−3. Unfortunately at
these densities the strong interaction can no longer be ignored and the simple picture of a
non-interacting degenerate Fermi gas is no longer valid. To go beyond this simple picture
one needs two things. First, one needs a realistic model of the baryon-baryon interaction.
Such a model is usually written in the form of a potential. Secondly, one needs a good
many-body calculation technique for dense matter. Using the potential together with the
calculation method, it is possible to calculate the properties of nuclear matter. For the
first part there exist high-quality potentials for the nucleon-nucleon interaction, although
for the hyperon-nucleon interaction the situation is much worse. Various interaction po-
tentials will be described in 4. For the second point one needs a many-body calculation
method applicable over a wide range of densities.

Because historically there were no good hyperon-nucleon potentials and there were only
phenomenological nucleon-nucleon potentials most many-body calculation methods only
considered nuclear matter. It was hoped that in calculating the properties of nuclear mat-
ter one was able to rule out certain potentials. The problem is that the calculation method
and the interaction potential are not easily separable. A lot of different potentials were



1.3. The strong interaction 5

combined with just as many different calculation methods. Deficiencies in the calculated
properties could not easily be attributed to either the many-body calculation method or the
nuclear potential. Worse, the results of different calculations were not easily comparable.
This motivated Bethe in 1973 at the Workshop on Dense Matter in Urbana to suggest
a simple potential (the Yukawa repulsive core of the 1S0 Reid soft-core potential). This
”Bethe homework” potential could be calculated with all available calculation methods. It
had also the advantage that more or less exact results could be obtained from Monte Carlo
calculations. These should all give the same result, deficiencies in calculation methods
should be easier to single out. So the focus shifted from the potential to the calculation
methods. Nowadays there are much better potentials. These modern potentials have a
more complex structure and are therefore not suitable for all calculation methods. Gen-
erally speaking the more involved the calculation method the simpler the used potential
model and vice versa.

1.3.1 Many-body calculation methods

The nuclear matter problem starts with the pioneering work of Brueckner and collabo-
rators [24]. Goldstone provided a more formal basis for the theory with a linked-cluster
perturbation series for the ground state energy of a many-body system the so-called Gold-
stone expansion [25]. After some refining the Brueckner-Bethe(BB) hole-line expansion
theory was born. The BB hole-line expansion is achieved by doing massive resummations
of the Goldstone linked cluster series expansion. The basic ideas are reviewed in [26]. In
leading order two-hole-line expansion BB(2) or lowest order Bethe-Brueckner one has to
solve a two-body problem in medium. In general one has to solve an n-body problem
in medium for nth order BB. So in practice limiting BB to third order. The four-body
problem has no exact solution. The convergence parameter of the hole-line expansion
depends strongly on the density, limiting BB(2) up to the saturation density. BB(3) is
only reliable for low density, may be up to two times nuclear density. One big advantage
of the BB theory is that there are no difficulties in using the complete state-dependent
nucleon-nucleon potential. More modern reviews of Bethe-Brueckner theory are given in
[27, 28, 29, 30]. Results of modern nuclear matter calculations using Bethe-Brueckner
can be found in [31, 32, 33].

Another well-known approach towards solving the many-body problem is the variational
approach. It starts with a trial wavefunction for which the ground state energy is an upper
bound to the true ground state. This trial wave function is then inserted in a cluster expan-
sion of the expectation value of the energy. This expansion is then truncated at a certain
order and the trial wave function is then varied to minimize the energy expectation value
thus approaching the true ground state energy from above.
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Blindly varying a trial wave function without constraints leads to small low order contri-
bution to the energy but at the expense of increasing high orders terms thus loosing the
upper bound property of the calculation. This so-called ”Emery difficulty” [34] led to the
development of constrained variational calculations. Here one used a constraint, which
ensured that higher order terms in the cluster expansion remained small. The successes
of constrained variation in helium liquids encouraged the use of constrained variation in
nuclear matter calculations. Especially when the lowest-order BB theory ran into difficul-
ties.
One of the best known constrained variational calculations is the pioneering work of Vijay
Pandharipande [35, 36, 37]. In these articles he developed his Lowest Order Constrained
Variation (LOCV) calculation. The starting point is a Jastrow trial wave function. This
wave function is inserted in the van Kampen cluster expansion [38]. The expansion is then
truncated at the twobody-cluster. The resulting expression is minimized which a healing
constraint which ensures that only nearest neighbour correlations are important.
Earlier on it was already tried to go beyond second order. Using diagrammatic schemes
for representing individual contributions in the cluster expansion it was possible to resum
infinite classes of terms. This lead tot the so-called (Fermi)Hypernetted-Chain methods.
Results for various Bosonic systems are given in [39] and results for simple Fermionic
systems are given in [40]. Although these are quite sophisticated calculation techniques
they suffer from one major flaw, the used correlation function is completely state in-
dependent, it depends only on the radial distance between two particles. Any realistic
nucleon-nucleon potential contains not only central but also spin-orbit and tensor compo-
nents. These components are completely ignored when using state independent Jastrow
wavefunctions. Results of present variational calculations using realistic interactions and
state-dependent correlation functions for neutron matter and symmetric nuclear matter
can be found in [41, 42].

1.3.2 Nuclear matter experimental data

For symmetric nuclear matter (a Fermi liquid consisting of a equal amount of neutrons
and protons) only a few experimental data are known. First of all the saturation data which
give the binding per nucleon B and the density ρ at equilibrium.

B0 = 15.7MeV, ρ0 = 0.17fm−3 . (1.3)

Where B0 is the coefficient of the volume term in the semi-empirical mass formula. The
ρ0 can be taken from the central density of heavy nuclei. The compressibility of nuclear
matter K is less well known. From heavy ion studies it is deduced that K ≈ 200MeV.
Any theoretical calculation should at least be able to reproduce B0, ρ0. Moreover the
calculation should give the complete equation of state (E = E(ρ)) at zero temperature. E
is the ground state energy of the nuclear system.
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1.4 Outline

In this thesis the goal is to outline the complete formalism needed to calculate the prop-
erties of a neutron star. Special attention is given to the used many-body calculation
method, the used Baryon-Baryon potential and the role of the hyperons. In Chapter 2
the thermodynamics of dense nuclear matter will be introduced. Followed by a complete
calculation of the EoS of nuclear matter where one assumes complete degenerate Fermi
gasses for the different baryons species. Finally the TOV will be solved for this simple
EoS and the influence of the Λ and Σ on the resulting Mass and Radius of the neutron
star will be shown. This nicely illustrates the formalism without the added complications
of the strong interaction. In Chapter 3 the LOCV calculation will be described in detail
and differences with Panharipandes original method will be explained. In Chapter 4 the
Baryon-Baryon potential will be described with special attention for the Nijmegen Poten-
tials. In Chapter 5 all pieces of the puzzle will be put together. The LOCV calculation
method will be tested by calculating a few test systems and comparing the results with
experimental results. Finally the properties of a neutron star will be presented. The in-
fluence of the hyperons on these properties is discussed. In Chapter 6 the results will
be summarized. Just short of the 75th anniversary of their discovery, neutron stars still
contain many mysteries waiting to be solved.
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