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Chapter 7

Conclusions and future work

ABSTRACT
Measuring the CDM substructure mass function represents a key test of the CDM paradigm
and provides an important step forward in understanding the physical properties of dark matter.
Because of the predicted large total mass-to-light ratio of the missing substructures, gravita-
tional lensing provides a unique opportunity to detect them. In this Thesis we have presented a
new adaptive-grid method that based on a Bayesian analysis of the surface brightness distribu-
tion of highly magnified Einstein rings and arcs allows to identify and precisely quantify mass
substructure in gravitational lens galaxies. We have also developed a Bayesian formalism to sta-
tistically interpret mass substructure detections and obtain constraints on the major properties
of galaxy subhaloes such as the dark matter mass fraction in subhaloes and the subhalo mass
function. This is of particular importance when addressing the missing satellite problem. We
have then applied our technique to the analysis of the SLACS lens SDSS J0946+1006. This has
led to the discovery of a very high mass-to-light ratio mass substructure at redshift z = 0.222.
With the lens system SDSS J120602.09+514229.5 we have shown that the method can indeed
detect substructure in lens galaxies and measure important properties such as the substructure
mass and tidal radius, none of which can be obtained other than through gravitational lens-
ing. Finally, we have demonstrated that high-quality infrared images from Keck laser guide
star adaptive optics observations are equally sensitive to substructure and can recover the main
lens and the substructure parameters equally well as optical data sets from HST ACS and HST
NICMOS under certain conditions. Future applications of the method here presented involve
addressing the missing satellite problem in a unique manner in lens galaxies and galaxy clusters
and other projects related to the structure of gravitational lens galaxies, and lensed sources.

7.1 Summary of main results
In this Section we provide a review of the most important results of this Thesis:

1. Bayesian analysis of gravitational lens systems
In Chapter 2 we developed a new lensing modelling technique of direct gravitational imag-
ing of the lens potential to detect dark and luminous substructures in early-type lens galaxies
(Vegetti & Koopmans, 2009a). This technique does not depend on the nature of dark mat-
ter, on the shape of the main galaxy halo, strongly on the density profile of the substructure,
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nor on the dynamical state of the system. It can be applied to local galaxies as well as to
high redshift ones, as long as the lensed images are highly magnified, extended and have
a good signal-to-noise ratio. The key idea behind the method is that effects related to the
presence of dwarf satellites and/or CDM substructures in a lens galaxy can be modelled
as local perturbations of the lens potential and that the total potential can be described as
the sum of a smooth parametric component with linear corrections defined on a grid. For a
given form of the lensing potential the relation between the lensed image surface brightness,
the lens potential corrections and the background source surface brightness distribution can
be expressed as a set of linear equations, that can be efficiently solved. The regularized
inversion of these equations leads to the simultaneous detection of eventual mass substruc-
ture in the lens potential (as positive density corrections) and to the reconstruction of the
pixelized source surface brightness distribution. In particular, the source is reconstructed on
an adaptive grid (Delaunay tessellation), where the pixel size is smaller in higher magnifi-
cation regions. This not only makes the method particularly efficient and accurate but also
ensures the conservation of the number of degrees of freedom, which is relevant for consis-
tent statistical comparison between different lens potential models. The procedure is fully
and consistently embedded in the framework of Bayesian statistics. Therefore, models with
and without substructures can be objectively ranked in terms of their Bayesian evidence, a
generalisation of the maximum likelihood, which quantitatively includes the Occam’s razor
and penalises overly-complex models.

2. Statistics of mass substructure
In Chapter 3, we introduced a statistical formalism for the interpretation and the general-
isation of subhalo detection in gravitational lens galaxies, that allows one to quantify the
mass fraction and the mass function of CDM substructures (Vegetti & Koopmans, 2009b).
Given mock sets of lenses, with properties typical of a CDM cosmology, we analysed how
well the true parameters can be recovered. The formalism depends on several parameters,
such as e.g. the number of lenses, the mass detection threshold and the measurement errors.
At the moment with a number of arc/ring lens systems ≤ 100 it is possible to constrain the
substructure mass fraction down to a level well below 1.0% with a 95% confidence level.
In the near future a sample of 200 lenses, equivalent in data-quality to the Sloan Lens ACS
Survey and a detection threshold for the substructure mass of 108M�, could allow one to
determine f = 0.5± 0.1% (68% CL) and α = 1.90± 0.2 (68% CL) and thus test the ΛCDM
predictions.

3. SDSS J0946+1006
In Chapter 4, as first application to HST data, the method was used to model the gravita-
tional SLACS lens galaxy SDSS J0946+1006 (Vegetti et al. 2009). This system is charac-
terised by a relative large dark matter fraction, which makes this lens particularly interesting
in terms of CDM substructure. Through a careful modelling of this data including either
lens-potential corrections or an additional (low-mass) simply parametrized mass compo-
nent, we find that the massive early-type lens galaxy of SLACS SDSS J0946+1006 hosts
a large mass-to-light ratio ( (M/L)V,� ≥ 120 M�/LV,�, 3-σ) substructure with a mass of
Msub ∼ 3.5 × 109M�, situated on one of the lensed images. The Bayesian evidence is in
favour of a model that includes a substructure versus a smooth elliptical power-law only, by
∆ log(E) = −128.2. This is approximately equivalent to a 16-σ detection. A careful statisti-
cal analysis of the image residuals, as well as a number of robustness tests (e.g. changing the
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PSF, pixel number and scale, regularization level and form, galaxy subtraction and image
rotation), confirm and support this detection. Using the statistical formalism of Chapter 3,
we derive a projected CDM substructure mass fraction of ∼ 2.2+2.05

−1.25% for the inner regions
of the galaxy. This fraction is high, but still consistent with Dalal & Kochanek (2002) and
also with expectations from numerical simulations, which predict fractions between 0.3 and
0.5 percent (Diemand et al., 2008; Springel et al., 2008).

4. Luminous satellites: SDSS J120602.09+514229.5
SDSS J120602.09+514229.5 is a gravitational lens system formed by a group of galax-
ies at redshift zFG = 0.422 lensing a bright background galaxy at redshift zBG = 2.001.
The main peculiarity of this system is the presence of a luminous satellite near the Ein-
stein radius of the lensed images that slightly deforms the giant arc. This makes SDSS
J120602.09+514229.5 the ideal system to test our grid-based Bayesian lens modelling
method, designed to detect galactic satellites independently from their mass-to-light ratio,
and to measure the mass of this dwarf galaxy despite its relative high redshift. We showed
that the pixelized source and potential reconstruction technique of Vegetti & Koopmans
(2009a) is able to detect the luminous satellite as a local positive surface density correc-
tion to the overall smooth potential. We then showed, the satellite has a mass Msub =

(2.75 ± 0.04) × 1010M� inside its tidal radius of rt = 0.68′′. This result is robust against
changes in the lens model, with a fractional change in the substructure mass from one
model to the other of 0.1 percent. We determined for the satellite a luminosity of LB =

(1.6±0.8)×109 L�, leading to a total mass-to-light ratio within the tidal radius of (M/L)B =

(17.2 ± 8.5)M�/L�. The central galaxy has a sub-isothermal density profile as in general is
expected for group members. From the SDSS spectrum we derive for the central galaxy a
velocity dispersion of σkinem = 380 ± 60 km s−1 within the SDSS aperture of diameter 3′′.
The logarithmic density slope of γ = 1.7+0.25

−0.30 (68% CL), derived from this measurement, is
consistent within 1-σwith the density slope of the dominant lens galaxy γ ≈ 1.6 determined
from the lens model.

5. Detecting substructure with ground based observations
Finally, in Chapter 6 we analysed optical HST ACS and HST NICMOS, and Infrared Keck
laser guide star adaptive optics observations of the lens system SDSS J0737+3216. The
main goal of this chapter was to compare the two data sets in terms of capability in con-
straining the main lens parameters and in terms of sensitivity to mass substructure. By
modelling both data sets using the Bayesian method of Chapter 2 we found that the lens
mass profile is well described by a power-law with a slope close to isothermal and that all
the lens parameters are consistent between the two observations. This supports the results of
Marshall et al. (2007) obtained with a parametric source modelling technique. Using mock
data realisations of SDSS J0737+3216 we also concluded that HST and Keck-LGSAO are
equally sensitive to mass substructure in the lens galaxy and can equally well recover the
substructure parameters. Moreover Keck-LGSAO with improved resolution can lower the
detection threshold of mass substructure.
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7.2 Future work
In this section I present future applications and extensions of the method to a wide range of mass
scales and wavelengths:

1. Apply the method to a large sample of gravitational lens galaxies, in order to constrain
the projected dark matter mass fraction in substructure and the substructure mass function.
The existing sample of nearly 100 SLACS lenses allows one to constrain the substructure
mass fraction down to a level well below 1.0% with a 95% confidence level (Chapter 3),
which is the level currently predicted from N-body simulations. The method is very versa-
tile and allows one not only to detect mass substructure in the lens galaxy (Chapter 4), but
also to reconstruct general features departing from a simple smooth symmetric power-law
model (Barnabè et al., 2009). The method here developed can therefore be used to quan-
tify the average power-spectrum of the mass surface density of early-type lens galaxies and
for the first time assess whether their structure agrees with what is predicted by numerical
simulations.

2. Extend the current search for mass substructure to clusters and groups of galaxies us-
ing gravitationally lensed giant arcs. A substantial number of similar CDM substructures
are expected in cluster of galaxies. CDM simulations are nearly invariant when scaled from
galaxies to clusters. Hence the CDM substructures with masses larger than 104 solar mass,
as currently predicted in galaxies, corresponds to more than 106−7 solar mass substructure
in clusters. Hence, clusters should be abound with CDM substructure, just as much as
galaxies. Exactly as for lens galaxies, the presence of a mass substructure, in front of one or
more of the lensed images, will modify the surface brightness structure of those lensed im-
ages over a characteristic region ∆θ ∼ µlens × θE,pert, where µlens is the magnification of the
arc due to the main lens and θE,pert is the scale over which the substructure would normally
lens (in absence of the main lens). The large magnification of these arcs µlens ∼ 50 makes
them particularly sensitive to substructure masses around 108M�, right in the middle of the
range predicted by CDM simulations for dark substructures.

3. Constraining the properties of the source galaxy. To date, pixelized lensing techniques
have been mostly used to infer the structure of the lens galaxy and have essentially neglected
the details of the background source galaxy, beyond its level of smoothness. However, these
techniques represent the only possibility to study the properties of distant faint galaxies
which could not be observed otherwise. Rigourous testing is therefore needed in order to
understand which effects may play a crucial role in the analysis of background sources and
which properties of the latter can be confidently reconstructed and with which accuracy. In
particular, the presence of strong degeneracies between the source structure and the lens
potential, which may hinder a correct understanding of the source properties, still need to
be fully understood and quantified. The Bayesian formalism and in particular the Bayesian
evidence, makes this quantification possible.

4. Apply the method to adaptive-optics observations of strong lens systems on galaxy,
group as well as galaxy cluster scales in order to assess the feasibility of these ground-
based studies. Ground-based Adaptive Optics with super-HST resolution can improve the
sensitivity to substructure (e.g. with the new generation large telescopes). Tests on real
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and mock data are, therefore, required in order to quantify the substructure mass detection
threshold as a function of the sensitivity and angular resolution.

5. Further extend the method to handle multi-wavelength data-sets. A combined multi-
wavelength analysis of arcs and Einstein rings can provide stronger constraints both on the
lensing potential and the background source galaxy. However, so far most of the work has
been focused on optical data. These extensions are particularly relevant in prospect of large
multi-wavelength surveys, with planned instruments, such as the Square Kilometre Array,
Large Synoptic Survey Telescope and Joint Dark Energy Mission telescopes.
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