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Some applications of the

Gibbsian formalism

This chapter is devoted to an application of the Gibbsian formalism to some
problems of Information Theory. We address a speci�c type of problems
and overview approaches of Information Theory to this kind of problems and
explain why the Gibbsian formalism might be useful there. As an illustration
we run a series of experiments where we compare the approach based on the
Gibbs approach and the more traditional one from Information theory.

5.1 Historical remarks

Markov chains of variable length memory �rst appeared in information the-
ory in Rissannen's paper in 1983 [51]. That article addressed a problem of
compressing a string of symbols. His idea was to model such a string as a
realization of a stochastic chain with variable-length memory, that is when
the length of the memory needed to predict the next symbol is not �xed,
but is a deterministic function of the past symbols. Allowing a memory
to be of variable length captures long-range dependence, but also to track
�pasts� only to relevant depth. Consider a simple example, let {Xt} be a
stochastic chain de�ned on a binary alphabet {0, 1} obeying the following
rules: P(X0 = 0|X−1 = 0) = 1

2
and P(X0 = 0|X−1 = 1, X−2 = 0) = 1. Clearly,

it is not a Markov chain, though it may be viewed as a Markov chain with
memory 2. With a bigger dependence range such an analogy is ine�cient
for practical purposes. The algorithm �Context� developed in [51] is able to
reconstruct conditional distributions of the same nature as in our example
from a random sample. As an output the algorithm provides a tree, encoding
all information on the estimated conditional distributions. Each leaf (a node
without children) is uniquely associated with a shortest memory one has to
look at in order to have a �correct� conditional distribution for a given past
and with a corresponding conditional distribution.

This discussion gives the basic description of, as we will abbreviate them,
VLMC (also known as g-measures, random Markov chains) and describes an
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e�cient way to store such an object. VLMC's extensively employ the idea
that conditional distributions of a stochastic chain are functions of the past
values of that chain. Moreover, the length into the past which in�uences the
conditional distribution of the variable at present itself depends on the past
con�guration. In 1990 Kalikow showed that a chain with complete connec-
tions (or, equivalently, in�nite memory) under certain continuity assumptions
on transition kernels can be decomposed as a countable mixture of Markov
transition laws [34], more on this equivalence could be found in Fern�andez
et al. [21, Chap. 7]

Rissannen's paper drew a lot of attention and became a foundation for
later work both in theoretical science, e.g. [6, 20], and in applied research. A
good example of applied research is the study of protein families in [4]. The
idea of VLMC was applied to identify signi�cant patterns in a set of related
protein sequences. The developed method based on the �Context� singles out
signi�cant patterns of variable length surprisingly well without assuming any
preliminary biological information. That implementation is publicly available
[3]. We will be using it during our comparison analysis. Another interest-
ing example occurs in linguistic studies. In [24] the application of VLMC was
motivated by the linguistic challenge of retrieving rhythmic features from writ-
ten texts (a set of daily newspapers). As a result an illustration compatible
with the long standing conjecture that Brazilian Portuguese and European
Portuguese belong to di�erent rhythmic classes was provided.

More recently, a strong interest in two-sided models appeared. The source
of this interest lies in Information Theory, more precisely in problems related
to universal denoising. That is rather than considering distributions condi-
tioned on the past, conditional distributions with two-sided conditioning �
on past and future � are considered. In practice, a one-sided approach can
relatively easily be extended to a two-sided point of view in two ways � either
utilizing the knowledge of conditional distributions estimated with the one-
sided approach or via a direct generalization, although mathematically both
approaches are equivalent [20]. Practical di�erences come from the �niteness
of any sample. We will review both of the approaches.

It is important to stress that dealing with two-(one-)sided conditional prob-
abilities is rather common for the theory of Gibbs measures. Traditionally, in
the Gibbsian formalism information about conditional distributions is encoded
with a potential � a family of functions describing the interactions between
random variables. Therefore, the information about a stochastic chain en-
coded in the aforementioned tree could be written in terms of a potential.
A maximal memory needed to �correctly� describe a conditional distribution
may be associated to a range of a potential. The idea of Rissanen and its
further developments so successfully used in Information Theory are Gibbs in
nature. The question we address in this chapter is whether a direct applica-



80 5.2 Theory

tion of Gibbsian formalism might improve the solution of some Information
Theory problems. In other words, we aim to reconstruct a potential from
a sample of random process and see whether it shows any superiority w.r.t.
the one-sided approach while both are applied some problems of Information
Theory (not yet denoising, however).

5.2 Theory

5.2.1 General set-up

We add to the general notation of Chapter 2 some new de�nitions. Denote
by G = {Λ : |Λ| <∞} the set of all �nite subsets of G. We shall refer to the
single-site space S also as an alphabet. Realizations of con�gurations σ ∈ Ω
will be denoted by lower-case Latin letters b, s, i.e. the realization of σΛ is sΛ.
We denote by 〈SΛ〉 the set of all possible realizations of a con�guration σΛ

and de�ne

S∗ =
⋃
|Λ|≥1
Λ⊂V

〈SΛ〉

De�nition 5.2.1. Let µ be a probability measure on (Ω,A), then µ is called
a variable neighbourhood random �eld if for any Λ ∈ G and for µ-almost all
ωΛc there exists a function l : S∗ 7→ 〈SΛ〉, Λ ∈ G, such that

µ(σΛ|ωΛc = bΛc) = µ(σΛ|ωl(bΛc ) = bl(bΛc )) (5.1)

We will be concerned with reconstructing the original distribution µ when
a realization b ∈ S∗ is known.

As a special case we treat G being a one-dimensional lattice, i.e. integer
sites of the real line, G = Z. The general notation keeps its meaning, but has
to be thought in connection with the chosen graph.

Adopting the general notation for the one-dimensional case we write σnm =
σΛ for con�gurations and bnm = bΛ for their realizations, where Λ = (m,m +
1, . . . , n − 1, n). The state-space of σ+∞

−∞ is Ω = SZ. Realizations of length j
belong to the set 〈Sj〉, the set of all realizations on Z is S∗ =

⋃∞
j=1〈Sj〉. Let

| · | be the length function of a string, i.e. |b| = j for b ∈ 〈Sj〉. We shall refer
to one-dimensional realizations also as strings.

We say that a sequence s−1
−j ∈ 〈Sj〉 is a su�x of a sequence b−1

−k ∈ 〈Sj〉 if
j ≤ k and s−i = b−i for all i = 1, . . . , j. We denote it as s−1

−j � b−1
−k. If j < k,

then it is said that s is a proper su�x of b and written as s ≺ b.
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5.2.2 Overview: One-sided modelling

Due to the one-dimensionality of the set-up, we shall call a string b−1
−j ∈ 〈Sj〉

for any j a past for a random variable σ0. Moreover, the same term �past�
will refer to a family of random variables σ−1

−j ∈ Sj.
The relevant de�nition of variable-neighbourhood random �eld (5.2.1) in

the case of one-sided models transforms into the following.

De�nition 5.2.2. Let µ be a probability measure on (Ω,A), then µ is called
a variable length Markov chain if there exists a function l : S∗ 7→ 〈Sj〉, j is
�nite, such that

µ(σ0|σ−1
−∞ = b−1

−∞) = µ(σ0|σ−1

−l(b−1
−∞)

= b−1

−l(b−1
−∞)

) (5.2)

De�nition 5.2.3. A �nite subset T of S∗ is called a tree if it satis�es a su�x
property, that is for no b−1

−k ∈ T we have that b−1
−k+j ∈ T for j = 1, . . . , k − 1.

Here we explain the reference to T as a tree. The relation �≺� induces
a natural order for any sequence b−1

−k in the following manner: b−1 ≺ b−1
−2 ≺

b−1
−3 · · · ≺ b−1

−k. Therefore, given a set T , satisfying the su�x property, all its
elements might be represented as leaves of a certain tree rooted at the empty
string e. Nodes of such a tree in generation l are marked with su�xes s−1

−l of
b−1
−k ∈ T , l < k. Each node has possibly as many o�spring as the cardinality
of the set S which di�er from the ancestor only by one symbol from S.

De�nition 5.2.4. A probabilistic context tree over S is an ordered pair (T ,p)
such that

(i) Irreducibility. No string in T may be replaced by its su�x without viol-
ating the su�x property.

(i) p = {p(·|b) : b ∈ T } is a family of transition probabilities over S.

De�nition 5.2.5. A realization bi−1
−j ∈ 〈Si+j〉 is a one-sided context for σi, i ∈

Z if µ(σi−1
−j = bi−1

−j ) > 0 and if bi−1
−j is a su�x for a semi-in�nite string si−1

−∞
such that

µ(σi = a|σi−1
−∞ = bi−1

−∞) = p(a|bi−1
−j ), for all a ∈ S, (5.3)

and no su�x of bi−1
−j satis�es this equality.

De�nition 5.2.6. The conditional distribution µ of a single σi is compatible
with the probabilistic context tree (T ,p) if the following conditions are satis�ed

(i) b ∈ T if and only if b is a context for σi;

(ii) for any b ∈ T and any a ∈ S, p(a|b) = µ(σi = a|σi−1
i−1−|b| = b).

In the light of the last de�nition, the set T will also be referred to as a
uni-directional contexts set.
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5.2.3 Overview: Two-sided modelling

Let each of T1 and T2 be a �nite subset of S∗. Given a couple of strings
(b−1
−k, b

l
1) ∈ T1 × T2 we keep calling b−1

−k a past for a random variable σ0 and a
string bl1 a future for σ0, for any integer l and k.

The relevant de�nition of variable-neighbourhood random �eld (5.2.1) in
the case of two-sided models transforms into the following.

De�nition 5.2.7. Let µ be a probability measure on (Ω,A), then µ is called
a variable length Markov �eld if there exists a function l : S∗ 7→ 〈Sj〉, j is
�nite, such that

µ(σ0|σ−1
−∞ = b−1

−∞,σ
+∞
1 = b+∞

1 ) =

µ(σ0|σ−1

−l(b−1
−∞)

= b−1

−l(b−1
−∞)

, σ
l(b+∞1 )
1 = b

l(b+∞1 )
1 )

(5.4)

De�nition 5.2.8. A product T1×T2 satis�es a su�x property if for no couple
of strings (b−1

−k, b
l
1) we have that (b−1

−k′ , b
l′
1 ) belongs to T1 × T2 for k′ ≤ k, l′ ≤

l, k′ + l′ < k + l.

As before, given T1 × T2 satisfying the su�x property, let p(·|b, c) be a
family of transition probabilities over S with conditioning (b, c) ∈ T1 × T2.

De�nition 5.2.9. A pair of strings (b−1
−k, b

l
1) ∈ T1×T2 for some �nite integers

k, l such that k ≥ 1, l ≥ 1, such that b−1
−k is a su�x of a semi-in�nite realization

s−1
−∞ and bl1 is a su�x of a semi-in�nite realization s+∞

1 is called a bidirectional
context, if for any a ∈ S

µ(σ0 = a|σ−1
−∞ = s−1

−∞, σ
+∞
1 = s+∞

1 ) = p(a|b−1
−k, b

t
1) (5.5)

The set T1 × T2 is, therefore, called a bi-directional contexts set.

Two-sided modelling as an extension of one-sided modelling

We now concentrate on how studying of the set of bi-directional contexts
could be reduced to studying of the sets of uni-directional contexts and how
the corresponding distributions p(a|b−1

−k, b
t
1) and p(a|b−1

−k) and p(a|bt1) could be
related. In the process we repeat arguments of Yu and Verd�u [58] pointing
out the disadvantages of this approach.

1) Backward-Forward product [58]. A conditional distribution of σ0 with
given past and future is proportional to the product of two one-sided condi-
tional distributions with a given future and past, respectively. The disadvant-
age of the Backward-Forward product lies in its ability to describe a rather
small set of two-sided distributions.
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2) Generalized Markov scheme [58]. Yu and Verd�u [58] make an assump-
tion that σ is a 2m+1-Markov �eld. The Markovian nature then implies that
there exists an integer m (in case of a �nite sub-graph of Z, m < 1

2
n, where

n is the number of vertices in the sub-graph) such that for any given σj+mj−m,

the families σj−m−1
−∞ and σ+∞

j+m+1 are conditionally independent given σj+mj−m,
∀j. Under this assumption the two-sided conditional distribution is shown
to be proportional to an expression involving only uni-directional conditional
probabilities as follows

µ(σj = a|σj−1
−∞ = bj−1

−∞, σ
+∞
j+1 = b∞j+1) ∝

µ(σj+mj−m = bj−1
j−mab

j+m
j+1 |σ

j−m−1
−∞ = bj−m−1

−∞ )

µ(σj+mj−m = bj−1
j−mab

j+m
j+1 )

×

µ(σj+mj−m = bj−1
j−mab

j+m
j+1 |σ+∞

j+m+1 = b+∞
j+m+1)

(5.6)

The distributions conditioned either on a past or a future involved in (5.6)
at the right-hand side are well described by uni-directional probabilistic con-
text trees. The unconditioned distribution at the right-hand side is a measure
of a cylinder and can also be computed using uni-directional conditional dis-
tributions.

This approach is inaccurate if variables in the con�gurations σ have a
relatively short-range dependence, therefore either, for big m � σj+mj−m starts

being independent of σj−m−1
−∞ and σ+∞

j+m+1, � or, for small m � long memory
is not captured,� the aforementioned approach fails.

3) Forward and Backward One-sided Generalized Markov schemes [58].
The family σ+∞

−∞ is assumed to be Markovian of k-th order. The reversed
family σ−∞+∞ also possesses the k-th order Markovian nature. This knowledge
allows one to observe that

µ(σj = a|σj−1
−∞ = bj−1

−∞, σ
+∞
j+1 = b+∞

j+1) =

µ(σj = a|σj−1
j−k = bj−1

j−k, σ
j+k
j+1 = bj+kj+1)

(5.7)

The equation (5.7) allows us to write the following expressions for the
two-sided model:

µ(σj = a|σj−1
−∞ = bj−1

−∞, σ
+∞
j+1 = b+∞

j+1) ∝
µ(σj = a|σj−1

j−k = bj−1
j−k)× µ(σj+1 = bj+1|σjj−k+1 = bjj−k+1)×

j+k∏
t=j+2

µ(σt = bt|σt−1
t−k = bj−1

t−kab
t−1
j+1)

(5.8)
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µ(σj = a|σj−1
−∞ = bj−1

−∞, σ
+∞
j+1 = b+∞

j+1) ∝
µ(σj = a|σj+kj+1 = bj+kj+1)× µ(σj−1 = bj−1|σj+k−1

j = bj−k+1
j )×

j−2∏
t=j−k

µ(σt = bt|σt+kt+1 = bj−1
t+1ab

t+k
j+1)

(5.9)

The equation (5.8) is referred as forward one-sided generalized Markov
scheme (or f-OGM) and the equation (5.9) � as b-OGM, in [58]. The pre-
viously discussed GM scheme is related with the f(b)-OGM scheme and with
the correct choice of the order k they coincide up to normalizing constant.
However, the GM-scheme combines the uni-directional probabilities from the
two sides, whereas the f(b)-OGM scheme utilizes only one-sided conditional
probabilities. Computationally the f(b)-OGM scheme is less complex.

4) The adaptive bi-directional model based on CTW [58]. The idea behind
the CTW (context-tree weighting) method is slightly di�erent than the idea of
one-sided probability su�x trees. Instead of dealing with conditional probab-
ilities µ(σj = a|·), CTW employs distributions of block probabilities (i.e. joint
probabilities) µ(σnm),m < n. The CTW method is well studied in [56, 57].
The de�nition of conditional probability together with the total probability
law help to �nd a link between ideas of the CTW method and bi-directional
conditional distributions.

µ(σj = a|σj−1
−∞ = bj−1

−∞, σ
+∞
j+1 = b+∞

j+1) =
µ(σ+∞

−∞ = bj−1
−∞ab

+∞
j+1)∑

c∈A µ(σ+∞
−∞ = bj−1

−∞cb
+∞
j+1)

(5.10)

In reality dealing with distributions of in�nite blocks is an unreasonable
aim, therefore a condition on the length of a block is put. This condition poses
no problem in the case of an in�nite string s ∈ S∗ where µ is reconstructed
from, on the other hand , if s ∈ Sk with k �nite, a block bj−1

1 abnj+1 might not
exist for all a ∈ A in s ∈ Sk. Let 2d+1 be the maximum length of each block,
then µ(σj = a|σj−1

j−d = bj−1
j−d, σ

j+d
j+1 = bj+dj+1) is given as a sum of probabilities of all

blocks of form σj+dj−d, where the j-th symbol is perturbed. The corresponding
probabilities could be found in CTW built from a given realization.

Often the realization is �nite, therefore this method might lack some of
the blocks, making the estimation imprecise.

Direct two-sided modelling

Another approach is to directly construct a bi-directional conditional distri-
bution instead of estimating it from uni-directional distributions. Doing this
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poses additional representation problems. The lack of natural order in the set
of T1 × T2 implies non-uniqueness of a bi-directional context for conditional
distributions of µ. Moreover, representation of such contexts as leaves of a
tree is only possible under additional requirements on a way a tree grows.

1) Bi-directional contexts trees of Yu and Verd�u [58]. To preserve the
desired tree structure for representation of context set, a simple rule was
suggested in [58]. Recall that |bmn | is the length function for a string, e is the
empty string, |e| = 0. Consider a bi-directional context (v, w) with past v and
future w. Each of (aw, ve), (ew, vb), and (aw, vb) for some a, b ∈ A will be
called a (left-, right-, left-right-) child-node (or extension) of (w, v). For each
node (v, w) in the bi-directional tree rooted at (e, e) the following growing
rule is applied:

� |w| = |v|, add three possible kinds of child-nodes with the forms (aw, ve),
(ew, vb), and (aw, vb) for some a, b ∈ A,

� |w| < |v|, add one possible kind of child-node with the form (ew, vb) for
some b ∈ A,

� |w| > |v|, add one possible kind of child-node with the form (aw, ve) for
some a ∈ A.

This rule ensures that the constructed graph is connected and no o�spring-
node has several ancestor-nodes, therefore the tree structure is preserved and
bi-directional contexts may be represented as leaves of such a tree.

An optimal choice of the context for (bj−1
−∞, b

+∞
j+1) is a harder problem. Let

H(bj−1
−∞, b

+∞
j+1) be the set of all contexts for the given bi-directional condition-

ing (bj−1
−∞, b

+∞
j+1) (clearly, the cardinality of this set in the uni-directional case,

b+∞
j+1 = e, is 1). To resolve the ambiguity in �nding a bi-directional context

for (bj−1
−∞, b

+∞
j+1), an exponential weighting scheme is used. This is motivated

by noticing the similarity of the problem under discussion with that of estim-
ating an unknown distribution P from a collection of distributions (Pi)

k
i=1 on

a �nite alphabet A. A natural method is to minimize the divergence between
the mixture of (Pi)

k
i=1 and P . An optimization problem can be formulated as

minimize D(
k∑
i=1

αiPi‖P )

with constraint
k∑
i=1

αi = 1, αi ≥ 0, i = 1, . . . , k

(5.11)
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Solving (5.11) (for the details we refer to [58]) allows to write the following
estimator for the conditional distribution µ:

µ̂(σj = a|σj−1
−∞ = bj−1

−∞, σ
+∞
j+1 = b+∞

j+1) =∑
(w,v)∈H(bj−1

−∞,b
+∞
j+1)

αw,v(b
j−1
−∞, b

+∞
j+1)µ(σj = a|bj−1

j−|w|, b
j+|v|
j+1 ),

where

αw,v(b
j−1
−∞, b

+∞
j+1) =

eβl(w,v)∑
(x,y)∈H(bj−1

−∞,b
+∞
j+1)

eβl(x,y)
,

(5.12)

where β is some positive pre-speci�ed constant.
2) Bi-directional contexts trees of Ordentlich et al.[49] In general, the rule

(5.2.3) is not satis�ed, so the representation of the contexts sets is not a tree
anymore, but a graph. This is due to the fact that two di�erent bi-directional
context might have the same extension. It is suggested in Ordentlich et al. [49]
to �rst construct a directed graph where nodes having no outgoing edges are
associated with bi-directional contexts. Nodes having both incoming and out-
going edges are marked with su�xes of bi-directional contexts. An algorithm
of pruning such a graph in order to delete all �doubling� nodes and get as an
output a tree was proposed in Ordentlich et al. [49]. Having a tree with each
node having necessarily exactly one ancestor automatically solves the problem
of non-uniqueness of bi-directional context for a given conditioning.

3) Bi-directional contexts trees of Fern�andez et al.[18] The authors of [18]
also pursue the idea of constructing a bi-directional contexts tree without a
special rule obeyed during construction. In the set of two-sided contexts of
(b−1
−∞, b

+∞
1 ) �representative� contexts (satisfying a certain property [18]) are

proven to be doubly-branching, that is past- and future- conditionings have
equal length. A corresponding bi-directional tree is constructed as a product
of two uni-directional context trees.

5.2.4 Gibbs potentials: Vacuum and telescoping

formulas

As De�nition 2.2.1 suggests the form of a potential is far from being unique.
Non-uniqueness can be shown by a simple rearrangement of terms in Hamilto-
nian, nevertheless such potentials are physically equivalent. Potentials are
equivalent if they assign the same amount of energy up to constants and
boundary terms [11] to corresponding regions. Among physically equivalent
interactions there are interactions satisfying the vacuum property. The relev-
ant de�nition is as follows [19].
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De�nition 5.2.10. An interaction Φ in Ω has vacuum θ if

φA(ω) = 0, if ωi = θi for some i ∈ A (5.13)

for all A b V

The vacuum property was used to reconstruct the form of the potential in
the course of proving the Kozlov theorem [35], from the speci�cation Γ.

Theorem 5.2.11. Let Γ = {γΛ,Λ b V} be a speci�cation with a certain po-
tential such that γΛ(σΛ|ω∆\Λθ∆c) > 0,Λ ⊂ ∆, then the θ-vacuum potential for
Γ veri�es

HΛ(σΛ|θΛc) = − ln
γΛ(σΛ|θΛc)

γΛ(θΛ|θΛc)
(5.14)

for each Λ b V and each σ ∈ Ω.

For the Hamiltonian write

HΛ(σΛ|θΛc) =
∑
A⊂Λ

vA(σΛθΛc) (5.15)

The last formula can be inverted with the M�obius transform and we get

vA(σθΛc) = −
∑
Λ⊂A
Λ6=∅

(−1)|A\Λ|HΛ(σΛ|θΛc) (5.16)

Such a potential satis�es the vacuum property. A possible problem with the
vacuum potential is that it may not be absolutely convergent. In [35] Kozlov
introduces another type of potential. Here we present a simpli�ed deriva-
tions (in the spirit of [47]) and, for the occasion, we will call it a telescoping
potential. Recall (5.14)

exp {−HΛ(σΛ|θΛc)} =
γΛ(σΛ|θΛc)

γΛ(θΛ|θΛc)
(5.17)

The last formula yields the following decomposition

γΛ(σΛ|θΛc)

γΛ(θΛ|θΛc)
=

n∏
k=1

exp {Fk(σi1 . . . σik)} , (5.18)

where we lexicographically ordered n = |Λ| sites in Λ so that i1 < i2 < . . . < in
and

Fk(σi1 , . . . , σik) = ln
γΛ(σi1 . . . σik−1

σikθ . . . θ|θΛc)

γΛ(σi1 . . . σik−1
θ θ . . . θ|θΛc)

(5.19)
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Each of Fk(σi1 , . . . , σik) obeys a bar displacement property, i.e.

ln
γΛ(σi1 . . . σik−1

σikθ . . . θ|θΛc)

γΛ(σi1 . . . σik−1
θ θ . . . θ|θΛc)

= ln
γΛ(σi1 . . . σik−1

σik |θΛc)

γΛ(σi1 . . . σik−1
θ |θΛc)

(5.20)

Note the following property of Fk(σi1 , . . . , σik)

−Fk(σi1 , . . . , σik ) = − ln
γΛ(σi1 . . . σik−1 θ |θΛc)

γΛ(σi1 . . . σik−1σik |θΛc)

= − ln
γΛ(σi1 . . . σik−1 θ |θΛc)

γΛ(σi1 . . . σik−1σik |θΛc)

γΛ(θσi2 . . . σik−1σik |θΛc)

γΛ(θσi2 . . . σik−1 θ |θΛc)
− ln

γΛ(θσi2 . . . σik−1 θ |θΛc)

γΛ(θσi2 . . . σik−1σik |θΛc)

= − ln
γΛ(σi1 . . . σik−1 θ |θΛc)

γΛ(σi1 . . . σik−1σik |θΛc)

γΛ(θσi2 . . . σik−1σik |θΛc)

γΛ(θσi2 . . . σik−1 θ |θΛc)
− Fk−1(σi2 , . . . , σik ),

(5.21)

where the bar displacement property was used at the second equality sign.
This observation allows to telescope functions Fk into

Fk(σi1 , . . . , σik) = −
k∑

m=0

Um(σ{im,...ik}|θ{im,...ik}c), (5.22)

where

Um(σ{im,...ik}|θ{im,...ik}c) =

= ln
γ{im,...is}(θσ{im+1,...ik}|θ)γ{im,...ik}(σ{im,...ik−1}θ|θ)
γ{im,...ik}(σ{im,...ik}|θ)γ{im,...ik}(θσ{im+1,...ik−1}θ|θ)

(5.23)

As a consequence, the Hamiltonian (5.14) is telescoped to

HΛ(σΛ|θΛc) =
∑

A∩Λ6=∅

UA(σΛ|θΛc) (5.24)

As before, to match our purposes we set the graph G to be a one-dimen-
sional lattice Z and explicitly write the telescoping potential

U[i,j](σ[i,j]) = ln
γ[i,j](θσ(i,j]|θ[i,j]c)γ[i,j](σ[i,j)θ|θ[i,j]c)

γ[i,j](σ[i,j]|θ[i,j]c)γ[i,j](θσ[(i,j)θ|θ[i,j]c)
(5.25)

5.3 Applications

5.3.1 The general problem and our approach

Given two realizations sP ∈ Sl1 and sQ ∈ Sl2 with l1, l2 �nite, of random �elds
corresponding to di�erent Gibbs measures P and Q, one is asked to identify



Some applications of the Gibbsian formalism 89

whether a third realization b ∈ Sl3 , l3 �nite, of unknown nature is more typical
for P or for Q or for neither of them. In general, l1 6= l2 6= l3. Moreover, we do
not exclude the situation when some pieces of the concerned realization are
more likely generated by P and some by Q. For that purpose we build two
measure-estimators P̂ and Q̂ and consider a map Υ : Sl3 7→ {tn}l3n=1, that is
for any symbol bn ∈ S part of b we treat a number

tn = ln
P̂(bn|bn−1

1 , bl3n+1)

Q̂(bn|bn−1
1 , bl3n+1)

. (5.26)

In particular, the ability to distinguish pieces of di�erent nature is expected
to become apparent via sharp transitions between consecutive sub-sequences
having mostly negative terms and consecutive sub-sequences having mostly
positive terms. For practical reasons the sequence {xn}l3n=1 should also be

viewed as a sequence of points {(n, xn)}l3n=1. If plotted, the graph of the
sequence of points is expected to perform sudden jumps at certain values of
1 < n < l3 which are meaningfully interpreted as transitions between pieces
in b ∈ Sl3 typical for di�erent measures.

5.3.2 Statistical procedure

Given a realization s ∈ S∗ of the random �eld σ ∈ Ω, let #(·) : Sj 7→ N, for
any j, be the function mapping a string of length j into the number of its
occurrences in the realization s. In the case of uni-directional modelling the
relevant estimator for p(a|b−1

−j) in (5.2.5) with a ∈ S and j integer is

p̂(a|b−1
−j) =

#(b−1
−ja)∑

a∈S #(b−1
−ja)

Analogously to uni-directional case, the estimator for p(a|b−1
−k, b

t
1) in (5.2.9),

a ∈ S, integer k and t, is

p̂(a|b−1
−k, b

t
1) =

#(b−1
−kab

t
1)∑

a∈S #(b−1
−kab

t
1)

The estimation of Gibbs distributions requires more computations that just
simply collecting occurrence-statistics. This is heavily related to estimating
the Hamiltonian associated to the measure and its corresponding terms, that
is functions U[i,j] of the form (5.25). We suppose that a true potential has
�nite range, that is functions U[i,j] are take the following form

U�n
[i,j](σ[i,j]) = ln

γ[i,j](θσ(i,j])γ[i,j](σ[i,j)θ)

γ[i,j](σ[i,j])γ[i,j](θσ(i,j)θ)
(5.27)
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Given a vacuum O ∈ S, we choose the estimator Û[i,j] for U
�n
[i,j] to be

Û[i,j](s[i,j]) = ln
(ε+ #(Os(i,j]))(ε+ #(s[i,j)O))

(ε+ #(s[i,j]))(ε+ #(Os(i,j)O))
, (5.28)

where ε is a small positive constant.

5.3.3 Algorithmic implication

We aim to build a Gibbs potential from a given sample. The algorithm estim-
ating the Gibbs potential could be roughly divided in two parts: 1) collecting
statistics and 2) approximating a weight of each sub-string of the sample via
the formula (5.28). See Appendix C for pseudo-code. A distribution of b0

given past and future bp and bf , respectively then is nothing but a normalized
exponent of a negative sum over all sub-strings of a string bp b0 bf containing
b0.

The advantage of our approach is that instead of a tree structure having
many leaves at di�erent levels, where each of them describes (generically)
di�erent distributions, we encode all the information just in potential. The
height of the tree is directly associated to the range of potential, in our case
the approximation to a potential of �nite range will weigh either with low
weight or with no weight strings longer than its range.

5.3.4 Examples

We present the output of two programs, where the �rst one utilizes a uni-
directional approach and the second one uses the above described algorithm.
The output set of points {(n, xn)}l3n=1 is drawn: gray dots are the points
themselves, solid line is a moving average taken in a �xed neighbourhood of
each of xn. For complicated examples we enlarge plots to make jumps in
{(n, xn)}l3n=1 more visible. Obviously the set of parameters for the smoothing
procedure is �xed in every example. For each of the examples we allowed the
maximal memory to be 4 in the one-sided case and 2 to the left and 2 to the
right in the two-sided one.

1-Markovian chain

Take S = {0, 1}. We generate two samples of di�erent Markov chains: 1) the
�rst one jumps between di�erent states with a small probability, 2) the second
one prefers to switch states as often as possible. The sample to classify is a
mixture of them containing several equally long pieces of each of them . The
result of classi�cation is drawn in Figure 5.1.
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Figure 5.1: One-sided (left) vs two-sided (right) approach: Markov chains

Languages with common alphabet

Take S = {a, . . . , z, � �}. Initial samples are: 1) an article from Wikipedia
about the Netherlands in English, 2) the same article but in Dutch. The
sample to classify is two articles in English and in Dutch about the city of
Antwerpen copy-pasted one after another. The result is presented in Figure 5.2
and an enlarged version in Figure 5.3.

Figure 5.2: One-sided (left) vs two-sided (right) approach: Languages

Figure 5.3: One-sided (left) vs two-sided (right): Languages, enlarged
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Example: di�erent authors

Take S = {a, . . . , z, 0, . . . , 9, � �, punctuation marks}. We extract only inform-
ation according to a chosen set S from �Alice's Adventures in Wonderland�
by Charles Lutwidge Dodgson (commonly know as Lewis Caroll) and �Mans-
�eld Park� by Jane Austen and take 4000 symbols of each of them as initial
samples. The mixture is combined as follows: 1) 4000 symbols of �Alice's
Adventures in Wonderland� used to build an estimator, 2) 4000 symbols of
�Mans�eld Park� used to build an estimator, too, 3) 4000 symbols of �Alice's
Adventures in Wonderland� previously not used, 4) 4000 symbols of �Mans�eld
Park� previously not used either, 5) 4000 symbols of �Through the Looking-
Glass, and What Alice Found There� by Lewis Caroll, and 6) 4000 symbols
of �Pride and Prejudice� by Jane Austen.

Figure 5.4: One-sided (left) vs two-sided (right): Literature

Figure 5.5: One-sided (left) vs two-sided (right): Literature, enlarged

5.3.5 Conclusions and remarks

The �gures above show that the one-sided approach and the Gibbs two-sided
approach work equally well for simple Markov chains. On the other hand
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the Gibbs bi-directional approach shows a better ability to distinguish more
realizations of di�erent random �eld having more complex dependence. In
the example with languages, the one-sided approach performed worse that the
Gibbs two-sided approach showing a jump of a smaller height when a piece
of text in Dutch switches to one in English. The third example showed most
clearly the superiority of the Gibbs approach: the uni-directional approach
was not able to distinguish between the di�erent works of the same authors,
i.e. �Pride and Prejudice' was not distinguished as a work of Jane Austen
by the conditional distributions built upon �Mans�eld Park�. The two-sided
model successfully managed to do this.

∗ ∗ ∗






