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1
Introduction

How do planets form? It is a simple question but the answer involves an array
of diverse physical processes — complex as well as fascinating. It requires, first of
all, to realize what planets really are. For centuries, humans were mystified by the
‘wandering stars,’ moving relative to a sky composed of thousands of fixed stars
that could be seen in full glory on dark nights— as nights undoubtedly were in pre-
industrial ages. The movement of the six known planets was explained in the most
compelling way by the Ptolemaic (geocentric) model, in which Earth occupied the
center of the universe, and where the planets and the sun revolved around it on
perfect circular orbits within the celestial sphere composing the stars. To explain
peculiarities as retrograde motion secondary circular orbits (epicycles) were super-
imposed on top of the primary orbit. By the Middle Ages the ∼80 epicycles made
the Ptolemaic model very elaborate, but also very precise and successful: being fash-
ionable for more than a thousand years, it clearly stood the test of time.

It is only for reasons of simplicity that Nicolaus Copernicus brought up his he-
liocentric model: putting the sun in the center and letting the planets, including
Earth, revolve around it in circular orbits. However, the Copernican model was far
short of an accurate explanation of reality— because of its simplicity we would say
nowadays — and was only reluctantly put forward by its founder. The tide, how-
ever, could not be turned, especially not after the invention of the telescope in the
Netherlands in 1608. Exported to Italy, Galileo Galilei used the instrument in per-
haps the first series of dedicated pointing observations of the solar system, observ-
ing the sunspots, the craters of the Moon, the phases of Venus, and — most impor-
tantly — the satellites of Jupiter. His results clearly vindicated the validity of the
Copernican model, reducing the status of Earth to that of a mere satellite.
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Fg. 1.1: A scatter plot of ex-
oplanet properties as of July
18, 2008 taken from the ‘The
Extrasolar Planets Encyclopae-
dia’ (see footnote 1). Circles
show the semimajor axis vs.
the mass of the planets. Most
planets are of Jupiter mass
or larger and orbit their star
at relatively close heliocentric
radii. The observed distribu-
tion, however, is affected by
selection effects. Dashed lines
show the mass-radius relation
a planet should have in or-
der to induce a motion of, re-
spectively, 1 and 10 m s−1 to a
star of solar mass. The posi-
tions of the Earth and the Jo-
vian planets are indicated with
open circles.

In the last ∼15 years the discoveries of planets outside the solar system marks
another milestone in planetary science exploration.1 In Fg. 1.1 the masses and the
semimajor axes of the exoplanets are plotted. Most of the planets are found indi-
rectly, by measuring the motion of the star induced by the presence of a planet. Both
the planet as well as the star rotate around their common center of gravity; and al-
though the stellar velocity is much less than the orbital motion of the planet, the
resulting Doppler shift in the stellar spectral lines is tiny but detectable. Since re-
cently, extra-solar planets are also found by transit methods, where a tiny dip in
luminosity is measured as the planet moves in front of the star. Both methods have a
bias towards large, massive objects that orbit the star at short distance, i.e., towards
the upper-left side of Fg. 1.1: the ‘hot Jupiters.’ Notwithstanding these selection ef-
fects, Fg. 1.1 shows that at least some planetary systems are quite unlike our solar
system, in which the inner rocky planets are separated from the outer gas giants and
all move on almost circular orbits. Questions like whether or not the solar system
is typical certainly provide a strong motivation to understand the origin of the solar
system, and that of planets in particular.

The nebula theory for the origin of the solar system is one of the oldest scientific
theories still fashionable today. First proposed in the 18th century by the philoso-
phers Emanuel Swedenborg and Immanuel Kant, and refined later that century by
Pierre-Simon Laplace, the nebula theory states that the sun and the planets both con-
densed out of the same material: a gaseous nebula. The collapse of the nebula caused
most of the material to end up in the sun, but conservation of angular momentum

1The tally is kept up-to-date at http://exoplanet.eu/ and http://exoplanets.org/.
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Fg. 1.2: (curves) The opacity in-

dex β as in κ ∝ λ−β as func-
tion of the upper cut-off of the
power-law size distribution of
dust grains, amax. Different
curves correspond to differ-
ent exponents q of the power-
law distribution; in all cases
amin ≪ 1 mm. (histogram)
Measured opacity index from
millimeter observations. Expo-
nents β . 1 can only be ex-
plained by a high upper cut-off
of the grain size distribution,
indicating the presence of large
particles (Natta & Testi 2004).

also resulted in the formation of a disk. Over the centuries the low specific rotation
of the sun compared to that of the planets was an argument against a nebula ori-
gin of the planets.2 In the previous century, however, the nebular theory has seen
a re-emergence, with the Soviet scientist Viktor Safronov particularly influential in
outlining many features of the current paradigm (Safronov 1969).

The pre-planetary nebula (also: protoplanetary disk) is therefore the place to look
for the planet formation process and these disks have indeed been found since the
early 80s of the preceding century by the Infra-Red Astronomy Satellite. However,
detecting evidence for planet formation is quite a different matter. Because of their
reduced surface area-to-mass ratio, larger objects are not favored radiatively and are
often only indirectly detected (as with the exoplanets). Moreover, in the disk the
macroscopic objects are eclipsed by the many small dust particles, obscuring a direct
view of what is going on. Also, planet formation takes place at similar locations as in
our solar system; i.e., on AU-scales, small compared to the interstellar scale (parsecs)
and even to the initial size of the disk (∼100 AU). Adding, finally, that the process
must proceed fast on astronomical timescales (at most millions of years rather than
the Gyr lifetime of the average star), it is clear that in situ observations of planet
formation are quite challenging indeed.

However, as of today there is solid observational evidence that the dust com-
ponent in the protoplanetary disk is being transformed into bigger bodies. For ex-
ample, mid-IR studies of the 10 µm silicate absorption line have shown that this

2The slowdown of the sun’s rotation is now attributed to angular momentum transfer due to stellar
winds or jets.
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feature in disks differs from the interstellar medium, clearly indicating processing—
growth, crystallization, or both — has taken place (van Boekel et al. 2005; Kessler-
Silacci et al. 2006; Bouwman et al. 2008). Also, high-resolution imaging with the
Hubble Space Telescope have likewise shown that the dust component is changing
(Watson et al. 2007; Duchêne 2008). To probe larger particles, observations at longer
wavelengths (millimeters) have to be performed. These wavelengths, furthermore,
penetrate through the outer layers of the disk; it are observations at mm-wavelength
that reveal dust particles have grown in size to millimeter, perhaps centimeter sizes
(Natta et al. 2007; Lommen et al. 2007; see Fg. 1.2).

Most scientist agree that the growth of dust grains driven by intermolecular
forces is the first step of the planet formation process. Through this process dust
grains cluster together in aggregates that grow larger and larger. Numerical and
laboratory studies, furthermore, have shown collisions between dust grains to result
in growth, provided that the impact energy is sufficiently low (Blum & Wurm 2008).
But how benign is the protoplanetary disk really for dust coagulation? The high den-
sities in the disk ensure that initially direct sticking of dust particles by van der Waals
forces is effective for small particles; however its effectiveness decreases for macro-
scopic (&cm size) particles. Moreover, velocities induced by turbulence and other
sources also increase with particle size. Is the growth assumption still probable for
these larger particles?

To combine these different physical processes— i.e., the efficiency of particle stick-
ing and the particle relative motions between the particles—into a coherent picture is
challenging, especially when this picture should be translated into a model that com-
putes the particle coagulation with time: a collisional evolution model. These ques-
tions form a central theme of this thesis, in which we will investigate the feasibility
of the dust accumulation processes. This thesis therefore focuses on the early stages
of planet formation — the primary accretion process — before the stage where big,
km-size bodies (planetesimals) will perturb each other through gravitational forces.
In § 1.3 we outline the several topics of this theses (Chapters 2–6). This chapter con-
tinues to sketch a general overview of planet formation (§ 1.1) and also provides an
introduction into a few concepts that serve as a background to the specialized topics
of this thesis (§ 1.2).

1.1 Chronology of the planet formation process

The journey towards a planet starts with a dense cloud of gas and dust in the in-
terstellar medium (ISM). There are many dense clouds in the galaxy, usually held
together in huge complexes, giant molecular clouds, in which individual clouds (or
cores) are embedded. Thermal pressure equilibrium between the cold, dense cloud
and the diffuse, warm surroundings suffices to hold this cloud together (see Tielens
2005 for a review on the phases of the ISM). A special case forms the so called Bonnor-
Ebert sphere: these are isothermal spheres in which external pressure balances the
thermal pressure of the core. A limited amount of self-gravity can be included, with
the sphere shrinking with increasing density. However, when the cloud becomes
massive enough such that its mass exceeds a critical mass, referred to as the critical
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Bonner Ebert mass or, more generally, the Jeans mass MJ, gravity starts to dominate
the force balance and the cloud collapses. The Jeans mass can be found by equating
the gravitational and thermal energy of the cloud (which follows from the virial the-
orem), i.e., MJ ∼ (kBT/G)3/2ρ−1/2

g , where T is the kinetic temperature of the cloud,

ρg the density, kB Boltzmann’s constant and G Newton’s gravitational constant.3 In
astronomers units

MJ ≈ 2.9 M⊙

(

T

10 K

)3/2 ( n

104 cm−3

)−1/2
, (1.1)

where n = ρ/µmH is the particle density with µ ≈ 2.34 the mean molecular mass and
mH the hydrogen mass. The Jeans mass is the fundamental mass scale: it explains
why stars are of the order of a solar mass. If the core becomes unstable, the collapse
occurs on a free-fall (or dynamical) timescale tff, i.e.,

tff ∼
1

√

Gρ
∼ 105 yr

( n

104 cm−3

)−1/2
, (1.2)

which is, from an astronomical perspective, a relatively short timescale. During the
collapse, gravitational energy is converted into thermal energy and, when cooling
agents are insufficient, the temperature increases, halting further fragmentation be-
cause MJ increases. Assuming spherical symmetry, the collapse of the cloud can be
modeled as inside-out: i.e., the shells near the center of the cloud collapse first (Shu
1977). However, the spherical geometry is quickly broken by the excess rotation of
the cloud— rotation that is mainly present in the outer layers and is amplified due
to conservation of angular momentum. Due to this angular momentum these shells
do not collapse to the central point but end up in the disk.

From an observational point of view the collapse phase is usually identified as
‘class 0’4 (see Fg. 1.3), in which temperatures are still relatively low (T . 30 K). This
stage evolves to class I when the central object contracts — forming a protostar —
and heats the surrounding envelope and disk to temperatures T ∼ 100 K. The disk
accretion creates an outflow, opening a gap through which stellar photons can es-
cape unhindered. The classical disk+outflow situation so common in astronomical
settings is now in place. Initially, the disk is very massive and outflows can be very
energetic, especially during so called ‘FU-Orionis’ outbursts where the accretion rate
is much enhanced. After t ∼ 105 yr, when most of the envelope has been blown away
and the disk has been reduced to a few percent of the stellar mass, a more steady sit-
uation is achieved: the T-Tauri stage for stars of mass less than 2 M⊙ and the Herbig
Ae/Be stage for stellar masses of 2 − 8 M⊙. This is the environment in which planet
formation takes place.

Accretion5 is caused by the viscosity of the gas— either molecular or turbulent—

3A list of symbols is provided on page 239.
4There is some ambiguity in this classification as the ‘class’ designation is mainly based on observa-

tional tracers. Therefore, a new classification scheme, stage 0, 1, 2, etc., based on physical characteristics is
occasionally used. For simplicity I will stick here to the more frequently-used ‘class’ terminology.

5Somewhat confusingly the process of dust coagulation— from micron size grains to planets— is also
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Fg. 1.3: Illustration of the evolving state of the star+disk system for low-mass stars. (upper
left) Cores form inside a dark cloud and collapse under their gravity. (upper right) A central
condensation forms; excess angular momentum causes core mass to accrete on a disk. (middle
left) Heavy disk accretion and removal of angular momentum by an outflow, clearing up the
envelope. (middle right) Onset of planet formation as disk accretion slows down: the T-Tauri
stage; envelope disappears. (lower left) Gas disk dissipates away; giant planet formation com-
pleted and a debris disk remains. (lower right) Possible re-arrangement of the planetary bodies
and clean-up. Figure courtesy: Wilfred Frieswijk.
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and taps the potential energy in the disk: by moving gas inwards, enormous quan-
tities of gravitational energy are released. Because the gradient in the (Keplerian)
gravitational potential Φ is steepest near the inner cut-off, the energies released are
determined by the inner radius of the disk, with the stellar radius R0 being the ex-
treme limit. Thus, the accretion luminosity is

LA ∼ −
1

2
Φ(R0)Ṁ ≃ 1.6 × 102 L⊙

(

Ṁ

10−5M⊙ yr−1

)(

M⋆

M⊙

)(

R0

R⊙

)−1

, (1.3)

where the value of Ṁ = 10−5 M⊙ yr−1 for the accretion rate is motivated by the
timescale in Eq. (1.2). However, for T-Tauri stars the accretion rate will have sub-
sided significantly and usually values on the order of 10−8 M⊙ yr−1 are observed
(Calvet et al. 2004). Since angular momentum is a conserved quantity the disk will
also spread to possibly hundreds of AU in radii. Near the protostar (∼0.1 AU) the
accretion couples to the stellar magnetic field, which is a complex and probably time-
variable state (Hartmann 2005). In short, diverse physical processes operate— grav-
ity, viscosity, magnetic fields— that shape the developing features (disk composition
and structure, outflow, stellar properties) of the stellar-disk system.

Once the infall and heavy accretion subside the star becomes a class II object —
a classical T-Tauri star for low mass stars. During this stage the star obtains most of
its luminosity from gravitational contraction and evolution therefore proceeds on a
Kelvin-Helmholtz timescale

tKH ∼
GM2

R⋆L⋆
= 3 × 107 yr

(

M⋆

M⊙

)2 ( L⋆
L⊙

)−1 ( R⋆
R⊙

)−1

(1.4)

During the T-Tauri phase the star moves from the stellar birthline to the zero-age
mean sequence (Palla & Stahler 1999). For stars of low mass this evolution proceeds
down along the Hayashi track in the HR-diagram (∼4 000 K), while stars of mass
larger than solar develop a radiative core and also move to the left (higher temper-
atures). Meanwhile, the disk will loose its gas. Several gas dispersal mechanisms
may operate (Hollenbach et al. 2000): viscous evolution, stellar encounters, stellar
winds or photo-evaporation. Especially photo-evaporation is of importance, where
the required number of UV-photons is delivered by accretion. Observations with
Spitzer in a sample of T-Tauri stars of age &5 Myr did not detect any gas (Pascucci
et al. 2006), consistent with the result of photo-evaporation models which suggest
that the gas dissipates on timescales of ∼Myr (Alexander et al. 2006). This timescale
is a key constraint on the planet-formation process: i.e., to form the gas giants of our
solar system and extra-planetary systems, objects capable of binding hydrogen must
be present.

The T-Tauri phase is also the stage where the grains in the disk coagulate and
a planetary system is formed. From an observational perspective, grain growth is
equivalent to the removal of the dust component. Grain growth therefore manifest
itself in a decreasing (and disappearing) IR-excess of the spectral energy distribution

referred to as accretion.
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Fg. 1.4: (left) Fraction of disks that show near-IR excess with time, binned by cluster or as-
sociation (Hillenbrand 2005). Near-IR wavelengths only probe the inner disks (. 0.1 AU).
The decay of the Near-IR excess occurs on timescales of ∼106 yr, similar to the accretion and
gas-dissipation timescale. (right) Total disk mass as inferred from sub-mm measurements
(Carpenter et al. 2005). Points denoted FEPS results from Spitzer’s formation and evolution
of planetary systems program. Sub-mm data probe the outer cold dust, and the evolution
timescales therefore extend into the debris disks stage.

(SED). The timescales of the decay of the IR-excess depend on wavelength, i.e., on
location in the disk. In the inner disk the decay seems to be tied to that of the gas,
∼Myr, while the removal of all the (cold) dust takes much longer than that of the gas
(see Fg. 1.4).

The high densities in the protoplanetary disks are a prerequisite for coagulation.
A key quantity to consider is the collision (or coagulation) timescale

tcoag =
1

ndσ∆v
∼

a

∆v

ρs

ρd
, (1.5)

where a monodisperse — i.e., all particles have the same size — dust population is
assumed with nd the dust number density, σ = 4πa2 the collisional cross section, ∆v
the relative velocity, a the size of a dust particle, ρs the internal density and ρd the
dust spatial density. Inserting canonical values of a = 1 µm, ρs ≈ 3 g cm−3, and ∆v =
10 cm s−1 the timescale for coagulation becomes tcoag ∼ 10−12/ρd yr with ρd in units

of g cm−3. The prime difference between a molecular cloud and a protoplanetary
disk is the density. Whereas for a n = 104 cm−3 molecular cloud (ρg ∼ 10−20 g cm−3)
coagulation timescales are millions of years, this is merely on the order of years in
disks where gas densities can easily approach 10−10 g cm−3 (note that the dust mass
density ρd is lower by a factor ∼102). While coagulation is already of importance in
the molecular cloud phase or the collapse phase (Ossenkopf 1993; Weidenschilling
& Ruzmaikina 1994; Suttner & Yorke 2001), significant acceleration takes place in
the dense environment of the protoplanetary disk. From Eq. (1.5) it is clear that in
protoplanetary disks dust can easily grow very fast to sizes ≫meters— but whether
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Fg. 1.5: Core-accretion paradigm of planet formation: (i) micron-size dust particles coagulate
together into km-size planetesimals: the primary accretion process. (ii) Assisted by mutual
gravitational attraction, planetesimals grow into protoplanets during the runaway and the
oligarchic stages. Dynamical friction ensures protoplanets remain in circular orbits. (iii) Plan-
ets acquire a gaseous envelope from the disk and may migrate through disk-planet interac-
tions. (iv) Long-term chaos due to gravitational interaction between planets push planets onto
eccentric orbits or possible ejection out of the solar system.

it does depends on the sticking properties of aggregates.

The transition of the dust component from ISM-grains to planets can be divided
in four stages (see Fg. 1.5). In the first phase (which is the topic of this thesis) dust
grains coagulate into km-size bodies, the planetesimals. In stage II, gravitational
forces between the planetesimals dominate their accretion and also act as a natural
sticking mechanism: growth proceeds to from protoplanets of size ∼103 km, capa-
ble of binding gas. In stage III the massive protoplanets bind gas. Moreover, the
protoplanets may interact gravitationally with the gas disk, resulting in their mi-
gration. On long timescales (stage IV) the protoplanets will dynamically perturb
themselves — resulting in a chaotic accretion phase and ejection. These stages con-
stitute the core-accretion scenario of planet formation, in which a solid core is built
first before gas is bound. The alternative paradigm for giant planet formation is the
disk instability scenario, in which the gaseous disk becomes gravitationally unstable
(see § 1.2.1).

Dust particles stick together through intermolecular forces, a process which is rel-
atively easy for small particles in dense environments like the protoplanetary disk.
However, with growth several processes make this scenario more difficult. First,
sticking is a surface area against mass effect, and favors small particles. Second, im-
pact velocities will increase as the particles start to decouple. Turbulence is probably
most important in providing particles with a relative motion (see chapter 3) but even
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in its absence will dust particles develop a large relative motion at the point where
the particles start to decouple from the gas. This decoupling results in a headwind
through which meter-size particles at 1 AU obtain a relative velocity of ∼10 m s−1

(see § 1.2.1)— hence, the meter size barrier. Additionally, the headwind removes an-
gular momentum from the particles, causing it to spiral into the star in a matter of a
few hundred years.

Therefore, for an incremental sticking scenario to be viable, the m-size barrier6

has to be overcome quickly, requiring efficient sticking mechanisms. It is not clear
whether this scenario can materialize, i.e., whether the effectiveness of ‘ordinary’
sticking forces also holds for macroscopic particles, until at a size of ∼km gravity can
take over. Alternatively, the m-size barrier can be overcome through a gravitational
instability of the dust component. This requires one to concentrate particles, perhaps
in combination with growth to an intermediate size (see § 1.2.1). Presently, these
are all open questions. This lack of understanding is of course a consequence of
the aforementioned mentioned observational constraints, although important clues
can be obtained from the fossil record of our solar system in the form of chondritic
meteorites (see § 1.2.3).

Leaving aside the questions how the dust coagulates and which timescales are
involved, a new stage in the accretion process is reached when the particles have
grown to sizes of kilometers (planetesimals). This is the size at which gravity drives
the accretion and gas-friction may, to first order, be ignored. Due to their mutual
gravitational attraction, the collisional cross section, which for small particles is just
the geometrical cross section, π(a1 + a2)

2 = πa2
s , is now increases, i.e.,

σGF
ij = πa2

s



1 +

(

vesc

∆vij

)2


 , (1.6)

with vesc the escape velocity,

vesc =

√

2G(mi + mj)

as
. (1.7)

Assuming that ∆v > vesc and a ∝ m1/3, the gravitationally-enhanced collisional
cross section starts to scale with the 4/3 power of mass, i.e., σ ∝ m4/3, instead of the
usual 2/3 power. Besides, if ∆v < vesc any fragmentation debris will be re-accreted.
Gravitationally enhanced growth (∆v < vesc) therefore occurs in a runaway fashion,
in which the most massive particles move away in mass from the lighter ones. The
condition for runaway growth may be stated as

d(m1/m2)

dt
> 0, (1.8)

i.e., the most massive particle (m1) moves away from the second-most-massive par-

6in fact the particle size where the dust-gas friction leads to the largest relative velocities depends on
position in the disk, see § 1.2.1.
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ticle m2. If β determines the mass accretion rate, dm/dt ∝ mβ then β > 1 is required
for runaway growth. Conversely, if β < 1 the growth is called ‘ordinary’ and when
β = 1 the growth mode is ‘neutral’ (Lee 2000).

The condition β > 1 requires a dynamically cold disk (∆v < vesc such that
σ ∝ m4/3), meaning that the eccentricity and inclination of the planetesimals must
be kept low. The runaway body must then transfer its energy through dynamical
friction to the lower mass planetesimals and they must ultimately loose it by in-
elastic (non-catastrophic) collisions among themselves or by gas damping (Rafikov
2003; Goldreich et al. 2004b). Many works have simulated this growth stage using
N-body simulations and other numerical methods (e.g., Greenberg et al. 1978; Wei-
denschilling 1997; Inaba et al. 2001; Bromley & Kenyon 2006; Glaschke 2006; Kokubo
& Ida 1996, 1998, 2000, 2002). Important concepts during the planetesimal accre-
tion stage are oligarchy and isolation mass. Assuming that the protoplanets are cooled
efficiently and stay in circular orbits, how big can they become? The gravitational
sphere of influence of the planetary embryo is given by the Hill radius RH. Material
within the embryo’s Hill sphere is subject to its influence and will be accreted. The
Hill radius can be found by equating the local angular velocity around the sun, Ω,
with the rotational frequency around the big body, i.e., GM⋆/R3 = GM/R3

H, or

RH ∼

(

M

M⋆

)1/3

R. (1.9)

The total amount of mass is then easily found and is called the isolation mass, i.e.,
Miso ∼ 2πRΣd2RH with Σd the surface density in planetesimals. Inserting Eq. (1.9)
for RH with M = Miso and solving for Miso by eliminating RH gives

Miso ∼
(4π)3/2Σ3/2

d R3

M1/2
⋆

= 5.6× 10−4 M⊕

(

Σd

1 g cm−2

)3/2 ( R

1 AU

)3 ( M⋆

M⊙

)−1/2

.

(1.10)

(this estimate may be on the low side by a factor of a few; cf. Lissauer 1993.) In
the Earth’s accretion zone Σd ≈ 10 g cm−3 and Miso is comparable to a lunar body,
whereas in Jupiter’s region Σd ∼ 3 g cm−3 (including ices) and Miso ∼ M⊕. The gen-
eral nomenclature for this system of runaway bodies accreting planetesimals from
separate ‘feeding zones’ is oligarchy. Note the strong dependence on Σd and, es-
pecially, R, indicating that the runaway process in the outer solar system produces
larger bodies.

Oligarchy ends when the protoplanets have grown large enough such that dy-
namical friction and subsequent energy dissipation among small bodies cannot keep
pace with viscous heating between the larger bodies. This turning point is roughly
reached if the mass in the oligarchs exceeds the mass in the small bodies. Interactions
between oligarchs speed up their random motions until they become comparable to
the escape speed, vesc. Then, the orbits of the oligarchs will cross, plunging the ac-
cretion process in utter chaos. Coagulation takes place on the timescale of Eq. (1.5)
where ρd = Σd/h with h = ∆v/Ω the thickness of the layer in which the bodies
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reside. Thus,

tcoag ∼
ρsa

ΣdΩ
(1.11)

which is on the order of ∼108 yr for conditions at 1 AU. Of course, for gas giants
to form, the time required to produce a ∼0.1 M⊕ ‘seed body’ able to accrete gas
from the nebula must be shorter than the dissipation time of the gas itself! In the
outer solar system Miso is larger and here runaway accretion—happening on a much
shorter timescale— may be sufficient. However, Pollack et al. (1996) found that gas
is only accreted from the disk in significant quantities when its mass is ∼10 M⊕

or larger; before this time, solids still dominated the accretion. For these reasons,
Jupiter formation may be a lengthy process, taking several 106 yr—a timescale which
competes with the gas removal timescale. Moreover, in the outer solar system the
escape velocity of the protoplanets may exceed the orbital escape velocity ΩR and
much material may be ejected from the planetary system or end up in the Oort cloud.

This relatively long accretion timescale required to produce a ∼10 M⊕ core pro-
vide motivations to pursue a scenario in which the gas collapses due to a gravita-
tional instability (Durisen et al. 2007, see § 1.2). Another way to speed-up accretion
is by migration of the planetary embryo in a radial direction, such that multiple feed-
ing zones of planetesimals are encountered (Alibert et al. 2005). Several migration
mechanisms are possible. In type I migration the gravitational potential of plane-
tary embryos exerts an asymmetric torque on the disk, which causes the embryo to
migrate inwards. Tanaka et al. (2002), using detailed hydrodynamical calculations,
estimate the migration timescale to be a mere 105 yr for earth-like planets. A more
massive planet will clear a gap from the disk (which happens when its Hill radius
is on the order of the scaleheight of the disk, Hg); the planet in this type II migra-

tion mechanism then moves inwards on a viscous timescale (∼105 yr). Thus, disk-
planet interactions are potentially responsible for fast, large-scale re-arrangement
processes, which can severely ‘shake-up’ the planetary system.

In the inner solar system the embryos cannot easily be ejected from the solar
system as vesc is less than the Keplerian speed and will merge on the timescale of
Eq. (1.11). The stochasticity in this phase determines the final outcome of a planetary
system: the planet’s masses and eccentricities but also their composition (e.g., the
presence of water, Chambers 2001). However, at this stage a lot of remaining ‘small-
stuff’ material — quite significant because it will damp the orbits of the protoplan-
ets— will remain, which ultimately must be accreted by the planets or ejected out of
the solar system: the clean-up stage (Goldreich et al. 2004a). Second-generation dust
(debris) is created out of fragmenting collisions between the remaining material. On
these timescales (107 yr) gas will quickly dissipate from the debris disk. Then, frag-
mentation is the dominant collisional process and the resulting collisional cascade
gives rise to a power-law size distribution. The smallest grains (micron-sizes) are
removed either through Poynting-Robertson drag (loss of angular momentum due
to asymmetric irradiation by the sun) or, for even smaller sizes, through blowout
(Meyer et al. 2007).

However, as any N ≥ 3 body system is unstable, the dynamical evolution of a
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planetary system essentially never finishes. Long-term dynamics may ultimately de-
termine the final outcome of planetary systems (Juric & Tremaine 2007). Of particu-
lar importance for the solar system may have been the ‘late heavy bombardment’, re-
sponsible for many of the impact craters observed on the moon, that occurred 3.6 Gyr
ago. It has been hypothesized that the crossing of the 1:2 resonance between Jupiter
and Saturn triggered this event (Tsiganis et al. 2005)— the so called NICE model. At
the expense of a certain degree of fine-tuning it explains many of the orbital charac-
teristics of the outer solar system (position and eccentricities of the Kuiper Belt and
the major planets).

1.2 Important Concepts

1.2.1 The protoplanetary disk: structure

The gas-rich protoplanetary disk— sometimes also referred to as primordial disk—
is the birthplace of planets. During its lifetime many diverse astrophysical processes
operate. I will briefly review a few that are important in the context of this thesis,
and focus in particular on the way dust particles interact with the gas. The first few
paragraphs concern the gas disk and focus on the physical structure of the disk, i.e.,
the density and temperature distribution and the relevance of turbulent processes.
The later paragraphs address the role of the dust component: mechanisms through
which particles obtain relative velocities, particle settling, and particle concentration
mechanisms.

The gas disk

Clouds have (tiny) amounts of rotation and the instability that sheds the parent cloud
of its support, creating the protostar, little affects the angular momentum. Thus,
the gas from the outer shells does not fall onto the protostar but, rather, ends up
in the disk. Although the amount of matter that ends up in the disk depends on
the initial amount of angular momentum present in the core (e.g., Hueso & Guillot
2005), the picture is clear: the large scale geometry of the protostar+disk system is
axisymmetric. But what are the physical parameters of the disk, i.e., its temperature
and density structure? This requires us to solve the continuity and Navier-Stokes
equations for a fluid:

∂ρg

∂t
+ ∇ · (vρg) = 0; (1.12a)

∂v

∂t
+ (v · ∇)v = −

1

ρg
∇P +

1

ρg
∇ · Π + ∇Φ, (1.12b)

where ρg is the (gas) density, P the pressure, Π the viscous stress tensor and Φ the
gravitational potential. In the vertical (z) direction a stationary, isothermal structure
(vz, Π, ∂ρ/∂t and ∂T/∂z are all zero) may be assumed as a zeroth-order approxi-
mation. Then, if self-gravity can be neglected, the residual vertical force due to the
stellar gravity, ∂Φ/∂z = gz = (GM⋆/r2)z/r = Ω2z with G Newton’s constant, M⋆

the stellar mass and Ω the local Keplerian orbital frequency, is balanced by the pres-
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sure force (∂P/∂z)/ρg = c2
g(∂ρ/∂z)/ρg, where cg is the isothermal sound speed

cg =

√

kBT

µmH
≈ 1.0 × 105 cm s−1

(

T

300 K

)1/2

. (1.13)

Solving the hydrostatic equation for the density gives a Gaussian distribution

ρg(z) =
Σg

Hg

√
2π

exp

[

−
1

2

(

z

Hg

)2
]

, (1.14)

where Σg is the surface density (ρg(z) integrated over the z-direction) and the disk
scaleheight, Hg, is defined as

Hg(R) =
cg

Ω
. (1.15)

If an optically thin disk is assumed, irradiated by the parent star as is the case in the
solar system, the received flux at a distance R is F ∝ L/R2. Then, because F ∝ T4,
the temperature scales as T ∝ R−1/2 and the sound speed as cg ∝ R−1/4. For Keple-

rian disks, furthermore, Ω ∝ R−3/2 results in a disk that is flared, i.e., H/R ∝ R1/4

increases with radius (see Fg. 1.6). In reality, however, disks are not at all passive: a
superheated surface layer is exposed to the most energetic stellar radiation and the
midplane regions are only irradiated indirectly. The temperature of the disk mid-
plane is, therefore, lower than 300 K at 1 AU. For a consistent description of the dust
temperature and flaring structure the radiation and hydrodynamics must be calcu-
lated simultaneously (Chiang & Goldreich 1997; D’Alessio et al. 1998). These calcu-
lations nonetheless result in a flared disk and, although the isothermal assumption
is strictly invalid, the relations above are useful first order estimates.

For the radial structure the radial velocity component vR cannot be neglected be-
cause the disk evolves viscously. We thus express the viscous stress in terms of a vis-
cosity, e.g., Π = (ρgν)∇ · v where ν is the kinematic viscosity (in units of cm2 s−1).
Moreover, under the thin disk approximation Eq. (1.12) can be integrated in the z-
direction and expressed in terms of Σg rather than ρg. A straightforward, but some-
what tedious number of manipulations of the Euler and continuity equations then
leads to (Pringle 1981)

∂Σg

∂t
=

3

R

∂

∂R

(

1

RΩ

∂

∂R
(R2ΣgνΩ)

)

. (1.16)

For a Keplerian disk (Ω ∝ R−3/2) this equation shows that under steady-state con-
ditions Σgν = cnst, which reflects the mass flux, Ṁ = 3πΣgν. From these consid-
erations it is clear that the viscosity is a key parameter; the question only is which
physical processes drive it. The problem is that the molecular viscosity, νm ∼ cgℓmfp

with ℓmfp the mean free path of a gas molecule, is much too low to be responsible for

the observed accretion rate Ṁ. For example, a 1 AU surface density of 103 g cm−2
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results by Eq. (1.15) in a density ρg ∼ Σg/2Hg ∼ 10−9 g cm−3. This translates into

a mean free path of ℓmfp ∼ (2 × 10−15 cm2ρg/µmH)−1 ∼ 2 cm where the prefac-

tor of 2 × 10−15 cm2 is the molecular cross section. Thus, the molecular viscosity
is roughly νm ∼ 105 cm2 s−1, which would correspond to an accretion rate of only
Ṁ ∼ 10−17 M⊙ yr−1. Another way to see that the molecular viscosity cannot drive
the accretion, is to consider the viscous timescale,

tvisc =
R2

νm
, (1.17)

which for R = 1 AU results in a value of tvisc > 1013 yr.

MRI turbulence

The astonishing low molecular viscosity led to the understanding that large scale, i.e.,
turbulent, processes govern the dynamics of accretion disks. This turbulent viscosity,
νT, must arise from large-scale (L) input of energy, which, in a fashion described by
Kolmogorov, cascades down to the smallest scale ℓs ≪ L, at which dissipation by
the molecular viscosity takes over. This energy transport is often characterized in
term of fluctuations— referred to as eddies— where an eddy of scale ℓ is associated
with a (random) velocity vℓ and turn-over time of tℓ. According to Kolmogorov, the
rate of energy dissipation ε is constant across the inertial range (ℓs ≪ ℓ ≪ L) . Thus,
as ε ∼ v2

ℓ/tℓ = v3
ℓ/ℓ is constant, vℓ ∝ l1/3. A common parameterization for the

turbulence is, after Shakura & Sunyaev (1973),

νT = αcgHg = αc2
g/Ω ≈ LvL, (1.18)

where α is a dimensionless constant, and L and vL are respectively the large eddy
size and velocity scale. Thus, if cg ∝ R−1/4 the viscosity is proportional to the radial
distance R and a steady-state solution should have a surface density that scales as
Σg ∝ R−1. An accretion rate of 10−8 M⊙ yr−1 results in an α-value of α ∼ 10−2.

Most numerical simulations (Cuzzi et al. 1993; Dubrulle et al. 1995) fix the turn-
over timescale of the largest eddies at tL = Ω−1. Since L = vLtL we thus get a large
eddy velocity of vL ≈ α1/2cg. The properties of the small eddies — ℓs, vs and ts —
follow from the Reynolds number, Re = νT/νm, which is typically ≫1. For example,
vsℓs = νm = vLL/Re combined with the Kolmogorov scaling, vℓ ∝ ℓ1/3, results in

ℓs = Re−3/4L. Similarly, ts = Re−1/2tL and vs = Re−1/4vL.

The disk turbulent structure is of immense importance for the velocity field of
the dust particles (see chapter 3). However, the question remains which physical
processes generate the turbulence? Several instabilities are suggested, ranging from
convection to gravitational instabilities, but one— the Magneto-Rotational Instabil-
ity (MRI)— is perhaps the most likely candidate (Balbus & Hawley 1991; Hawley &
Balbus 1991). The MRI requires a weakly magnetized, ionized disk. Numerical cal-
culations indicate that the ensuing turbulence corresponds to α ∼ 10−2. Thus, there
is ample evidence — from these arguments on accretion rates and timescales, but
also from meteorites (Cuzzi et al. 2005; Brownlee et al. 2006) — that protoplanetary
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nebulae are turbulent.

There is an important caveat, however. MRI-turbulence requires at least low lev-
els of ionization. Although this may be evident in disk surface layers, where copious
EUV and X-rays penetrate, the dense midplane regions are probably too dense, too
well shielded, i.e., too neutral for MRI to be operational. How far turbulence perme-
ates the disk is uncertain. Sano & Stone (2002) find that the MRI operates when the
magnetic Reynolds number, defined as ReM = v2

A/η̂Ω where vA is the Alfven speed
and η̂ the magnetic diffusivity, becomes larger than ReM & 1 − 30. Regions where
this criterion is not reached, i.e., the midplane, are commonly referred to as the ‘dead
zone’ (Gammie 1996) and will have a much reduced turbulence. The α-prescription
offers some flexibility to deal with this uncertain quantity: just lower the value of the
dimensionless constant α. Even then, turbulent motions will dominate the velocity
field of small µm-size particles, until, for α as low as 10−6 − 10−5, systematic or ther-
mal motions take over (see below). Another consequence of the disk stratification,
i.e., a dead zone amid accreting surface layers, is that the disk can no longer maintain
steady state (Fleming & Stone 2003; Gammie & Johnson 2005). In this thesis, how-
ever, we always consider the simplifying assumption of a local environment that is
characterized by one fixed but uncertain α-value.

Minimum Mass Solar Nebula

How is the surface density of the disk determined? From the arguments above sim-
ple estimates can be made. Assuming the gas disk is a few percent of the star’s mass,
extends over distances of 30 AU, and has a surface density structure that scales as
Σg ∝ R−1 (giving a constant Ṁ in the turbulent α model) we end up with a surface

density of Σg ∼ 102 g cm−2 at 1 AU. Another way to estimate the disk mass and den-
sity distribution is from the mass and positions of the planets in the solar system. If
one adds up the masses of the inner planets and the rocky cores of the gas giants



1.2: Important Concepts 25

(these are the most uncertain) and account for the gas-dust mass ratio of ∼100, a
disk mass of ∼0.013 M⊙ is obtained. This is referred to as the Minimum Mass Solar
Nebula (MMSN): the minimum amount of mass needed to form the planets. More-
over, a density distribution can be obtained by spreading out the mass in solids over
annuli centered on the planets radius. These studies show that the surface density
can best be approximated by a power-law of exponent −3/2 (Weidenschilling 1977b;
Hayashi 1981), which translates into a surface density of ρg = 1.7 × 103 g cm−2 at 1

AU and ρg = 10 g cm−2 at 30 AU. However, one must acknowledge that these are all
minimum-mass models; the disk mass could have been much higher during planet
formation with solids being thrown into the sun or ejected from the solar system by
later processes. Furthermore, the current distribution will not reflect the initial distri-
bution if large-scale re-arrangement processes (e.g., planetary migration) were active
in between. Therefore, MMSN models with different power-law exponents are con-
sidered; e.g., Σ ∝ R−1 from the steady-state viscosity model (Takeuchi & Lin 2002) or
Σ ∝ R−2.2 on the basis of the distribution of solids in the NICE model (Desch 2007).
For these reasons MMSN models should be regarded with some caution, but they
do serve as a useful beacon outlining the starting conditions of, e.g., a coagulation
model.

Gravitational instability

Are disks gravitationally stable? This can be assessed from the Toomre instability
criterion, which asserts that instability sets in when the Toomre stability parameter
Q . 1, where Q is given by

Q =
cgΩ

πGΣ
∼ 102

(

T

100 K

)1/2 ( Σg

103 g cm−2

)−1 ( R

1 AU

)−3/2

, (1.19)

which is roughly the ratio of stabilizing forces (pressure and rotation) vs. gravita-
tional forces. Thus, it seems that the inner regions of the disk are gravitationally
stable, unless an unusual amount of material can be compressed. In the outer re-
gions the disk is somewhat more susceptible to become gravitationally-unstable but
again it must be massive and also quite cool. However, there are many studies that
suggest gaseous disks are, at least initially, (marginally) unstable, and simulations
do result in the appearance of gravitationally-bound clumps — the proto-Jupiters
(see e.g., Boss 2000 for a classic example of this). This is the disk-instability model
for (giant) planet formation and the main alternative to the core-accretion model, in
which a rocky core is created first before the accretion of the gas (e.g., Pollack et al.
1996; Hubickyj et al. 2005).

However, to form a planet this way more obstacles have to be overcome; in or-
der to form a clump it has to cool on a timescale less than the orbital period; and,
second, the clumps should be able to survive. It is unclear whether giant planets
really do form via the disk-instability model; numerical simulations are sometimes
ambiguous, i.e., heavily dependent on the chosen assumptions (Durisen et al. 2007).
Besides, observations of exoplanets and of the solar system show a strong correlation
of planet formation with stellar metallicity (see Lissauer & Stevenson 2007), vindi-



26 Introduction

cating the core-accretion model. However, the disk instability hypothesis has some
attractive features (e.g., it makes gas planets fast) and does produce sound, testable
predictions.

Particle-gas interaction, Brownian motion

How do dust and other solid particles interact with the gas? One of the key concepts
is the friction time, i.e., the time required to slow down the motions of a particle by
friction with the gas

τf =
mvpg

FD
, (1.20)

where FD is the drag force and vpg the (averaged) particle velocity with respect to
the gas. Equation (1.21) is merely the time required for the particle’s momentum to
be slowed down due to friction with the gas, i.e., it is the time required to ‘align’
both motions. If a < 9ℓmfp/4, particles are in the free molecular regime in which

the Epstein drag law is applicable, FD = 4πa2ρgcgvpg/3, whereas for larger particle
sizes a continuum approach applies and the Stokes drag law reads

FD =
π

2
CDa2ρgv2

pg. (1.21)

Here CD is a drag coefficient that in turn depends on the Reynolds number of the
particle Rep = 2avpg/νm (see, e.g., Weidenschilling 1977a). However, in the proto-
planetary disk small, micron size particles are always in the Epstein regime for which
the friction time is

τf =
3

4cgρg

m

πa2
(a ≤

9

4
ℓmfp). (1.22)

For example, solid spheres with ρs = 3 g cm−3 at a location of 1 AU in the MMSN

model have friction times of 3 s for micron size particles and ∼1 h for mm-size par-

ticles. For a > 4ℓmfp/9 and Rep < 1 the drag coefficient CD is proportional to Re−1
p ;

friction times are then enhanced by a factor 4a/9ℓmfp with respect to Eq. (1.22) but
are still independent of the particle-gas velocity. In the protoplanetary disk, only
very massive particles will have Rep > 1 for which the friction time becomes depen-
dent on the particle-gas velocity.

In turbulence, it means that particles interact differently to eddies of different
scales (or, rather, different turn-over times), which cumulatively contribute to pro-
viding the particles with a relative velocity with respect to the gas and with respect
to each other solid particles. Computation of these turbulence-induced relative ve-
locities is the subject of chapter 3. Here we discuss two other sources for relative
velocities between particles: Brownian motion and radial drift.

Brownian motion is caused by the momentum transfer due to collisions with
gas particles (Einstein 1905). As the gas molecules collide stochastically the particle
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trajectory resembles a random walk, leading to an averaged relative velocity of

∆vBM =

√

8kBT

πmµ
, (1.23)

with mµ the reduced mass of the particles, mµ = m1m2/(m1 + m2). Thus, Brownian
motions are important only if one of the masses is small: micron size (for which
∆vBM ∼ mm s−1) or smaller. Since velocities decrease with the −3/2 power of the
size (of the smallest particle) Brownian motion is negligible for macroscopic par-
ticles. Another feature of Brownian motion is that relative velocities are indepen-
dent of the gas density. Because relative velocities of small particles usually decrease
with gas density — e.g., in the case of turbulence and radial drift — the relative im-
portance of Brownian motion increases with increasing density. For protoplanetary
disks Brownian motion therefore initiates dust coagulation (Dullemond & Dominik
2005). For molecular clouds, on the other hand, Brownian motion is completely neg-
ligible.

Radial drift

Another source of relative motions emerges from the different nature of the gas and
solids: whereas gas is (partially) pressure-supported, solids are not. The gas, there-
fore, rotates at velocities slightly below the Kepler velocity, i.e., because pressure
gradients are negative, force balance, RΩ2

g = (∂P/∂r)/ρg + RΩ2
K, results in a gas

velocity v = ΩgR that lags the Keplerian velocity vK = ΩR by an amount ηvK, i.e.,
ΩgR = ΩR − ηvK, with η a dimensionless parameter (Nakagawa et al. 1986)

η =
1

2ρgRΩ2

∂P

∂R
=

1

2

c2
g

v2
K

∂ ln ρg

∂ ln r
≈

c2
g

v2
K

, (1.24)

For example, at 1 AU where vK ≈ 30 km s−1 and η ≈ 10−3 the lag amounts to a
velocity of ∆v ≈ 33 m s−1. Solid particles, due to their inertia, are not influenced by
these pressure forces and tend to move at Keplerian velocities, faster than the gas.
The ensuing headwind then removes angular momentum from the particles, causing
them to spiral into the sun. How much particles are affected depends on their size,
or rather, the surface area-to-mass ratio. Particles that are very well coupled to the
gas (i.e., low τf) this effect is minimal. The same holds for large particles which, due
to their large inertia, do not feel the gas at all. It is only in the intermediate regime
for Ωτf ∼ 1 particles that radial drift is important, i.e.,

vrd =
2Ωτf

1 + (Ωτf)2
ηvK, (1.25)

(Weidenschilling 1977a) which peaks for particles that have Ωτf = 1 at vrd = ηvK.
At 1 AU this corresponds to a velocity of ≈ 30 m s−1 or a consumption timescale
(by the sun) of a little more than 100 yr! Assuming the particles can be modeled

as solid spheres with ρ(s) the internal density of the particle, the condition Ωτf = 1
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corresponds to a size of a ∼ Σg/ρ(s) cm, i.e., meter-sizes at 1 AU and cm-sizes in
the outer solar system for a MMSN model. These timescale and velocity constraints
are an enormous problem for any coagulation theory that involves incremental ac-
cretion. However, the other side of the medal is that radial drift motions also concen-
trate particles, since particles merely follow the pressure gradient; i.e., particles will
concentrate at any local pressure maximum (Kretke & Lin 2007). Applying this prin-
ciple to the ice-line where the evaporation will create a pressure maximum, Brauer
et al. (2008b) found a small ‘window of opportunity’ at which radial drift rates will
disappear.

Dust settling and particle concentration

Apart from moving radially, particles of any size will feel the star’s gravitational
pull in the vertical direction, gz = GM⋆/R2 = Ω2R, and settle to the midplane. By
balancing gz with the drag force one finds a terminal velocity of vz = gzτf = Ω2zτf

and a settling timescale of tsettl = (Ω2τf)
−1, which at 1 AU is a few times 105 yr

for a 1 µm particle and ∼102 yr for a mm-size particle. However, particle diffusion
will halt the settling for small particles. The timescale for particles to diffuse over
a scaleheight Hg is tdiff ∼ H2

g/Dp, where Dp is the particle diffusion viscosity. For
small particles well coupled to the gas Dp ∼ νT and the diffusion timescale can be
written as tdiff = 1/αΩ. Thus, particles of friction times τf < α/Ω do not settle,
while larger particles settle into a disk of scaleheight (Dubrulle et al. 1995)

hp

Hg
∼

√

α

τfΩ
; if τf >

( α

Ω

)

(1.26)

where hp ≤ Hg is the particle scaleheight. For very heavy particles, τf > tL, the
particle diffusion coefficient Dp is reduced with respect to νT (the exact amount and
dependence on τf are somewhat debated, see Youdin & Lithwick 2007; Carballido
et al. 2008) and these particles settle into an even thinner disk.

A dust-dominated disk (ρd > ρg) forms when hp/Hg > R−1
gd , where Rgd = 102

is the cosmic gas-to-dust ratio by mass and where a monodisperse population of
particles is assumed . Thus, ρd > ρg requires τfΩ > 104α. For example, for α = 10−6

(very weak turbulence) particles must have grown to cm-size before they settle into
a dust-dominated layer. Alternatively, a dust-dominated layer is obtained (more
easily) if the gas is removed, e.g., by photoevaporation (Throop & Bally 2005). In a
dust-dominated layer particles will again rotate at Keplerian velocities, preventing
radial drift and being more susceptible for gravitational instabilities. However, with
increasing stratification a new instability develops: the Kelvin-Helmholtz instability.
This competition between mixing and buoyancy (which stabilizes mixing) is given
mathematically by the Richardson number Ri ∝ z/(∂ρp/∂z) (Youdin & Shu 2002).
When Ri drops below a certain threshold, shear turbulence ensues. Shear turbulence
prevents the particle layer from becoming gravitationally unstable, until particles are
tens to hundreds of meters in size (Cuzzi et al. 1993). Although several instability
mechanisms have been proposed they often require very specific conditions (Cuzzi
& Weidenschilling 2006); turbulence (either global or shear), together with radial
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drift motions prevent (small) particles from concentrating effectively.

Yet another particle concentration mechanism is the turbulence itself. Although
throughout this thesis we implicitly assume that turbulence mixes particles effec-
tively, this is only a zeroth-order approximation of the turbulent process. Instead,
turbulence is capable of concentrating particles of a specific size. In this way Jo-
hansen et al. (2007) find that particles of τf ∼ tL (i.e., m-sizes) become gravitationally-
unstable in MRI-turbulence. However, it is unclear whether these boulders would
not fragment under these conditions, because radial drift (relative) velocities peak at
τf/tL = τfΩ = 1 (Eq. (1.25)). Likewise, much smaller particles (τf ∼ ts: mm-sizes)
can be concentrated (Cuzzi et al. 2001); these clumps may then slowly contract under
the influence of gravity on a free-fall timescale (Cuzzi et al. 2008). This is an inter-
esting scenario because the mm-scale corresponds to the sizes of the particles that
dominate early meteorites: the chondrules (see § 1.2.3).

1.2.2 Dust microphysics: sticking, restructuring and fragmentation

Two material constants — the surface energy, γ, and the modulus of elasticity, E —
determine the sticking behavior of solids. A brief overview of the microphysical
processes involved in the collision of dust particles (or aggregates) is given below.

Surface tension is a well-known phenomenon in liquids, e.g., water. The intra-
molecular forces (in water caused by the strong H-bonds) are responsible for keeping
the liquid together. At the surface, however, the symmetry is broken and a tension
is created. Energetically, the surface is in a higher energy state than the interior,
because it lacks an (attractive) layer above the surface. Since the natural state is a
state of lowest energy, surface tension thus the effect of reducing the surface area
to a minimum. Therefore, rain drops tend to be spherical, only modified by the
influence of gravity. To increase the area of a surface by an amount δA requires an
amount of energy of γδA, where γ is a measure of the surface tension, or the surface
energy density.

In solid particles, too, molecular forces are present and they are likewise char-
acterized by a surface energy density, γ. For example, if two (identical) bodies are
connected by a surface area A, this requires an energy 2Aγ to separate them to in-
finity. (The factor of two is because two bodies are involved.) The force required to
separate two particles can then be estimated as F ∼ 2Aγ/δ, where δ is the distance
over which the bodies are in contact (see Fg. 1.7). For spheres δ ∼ r2/2a (δ ≪ a)
where r is the radius of the contact region and F ∼ 4πγa.

A detailed study of contact breaking and formation requires another material
property: the elasticity of the material, quantified by the elastic modulus E . It gives
the resistance of a material against compression. That is, to compress an object by a
relative amount ∆x/x0, where x0 is the length of the object and ∆x the compression,
requires a pressure P = E∆x/x0. Given a certain load (attractive force) the modulus
of elasticity then determines the size of the contact area. In the case of two touching
spheres the relevant displacement is δ/r and

δ

r
=

δ1 + δ2

r
=

r

2a1
+

r

2a2
; (δ ≪ r ≪ a1,2). (1.27)
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Fg. 1.7: Geometry of
the contact area. a:
radius of the aggre-
gate; r: contact ra-
dius; δ: amount of
compression.

From this expression it can be estimated that, in order to produce a contact area of
πr2, a pressure of P ∼ Eδ/r ∼ Er/a, or a force of F ∼ πEr3/a, must be applied.

Because the deformation of the material is not one dimensional, the elastic modu-
lus must be corrected by Poisson’s ratio ν— the ratio of the transverse to axial strain
of the material. The effective elastic modulus E∗ follows from 1/E∗ = (1− ν1)

2/E1 +
(1 − ν2)

2/E2. In the presence of an attractive force, furthermore, the force balance
equation, which relates the external force F to the contact area r0, becomes (Johnson
1987)

F =
4E∗r3

3aµ
− 4
√

πγE∗r3, (1.28)

where aµ = a1a2/(a1 + a2) is the reduced radius. The last term in Eq. (1.28) is zero
for the case without an adhesive force (γ = 0), for which F corresponds within a
factor of unity to the expression we previously obtained. For the case of a vanishing
force the equilibrium contact radius becomes

r = re =

(

9πγa2
µ

E∗

)1/3

. (1.29)

In the tensile case (negative F), the contact radius r first decreases with respect to
re. However, after a critical pulling force −F > Fc = 3πγaµ at a contact radius of
r = rc, no equilibrium is possible anymore. The particles then separate. Chokshi
et al. (1993) calculate that the corresponding energy to break a contact is

Ebr ≃ 1.8Fcδc = 43

(

γ5a4
µ

(E∗)4

)1/3

, (1.30)

where δc is the displacement at the critical contact radius. The expression in Eq. (1.30)
is the energy required to break an existing contact, and also includes energy dissipa-
tion due to excitation of electric waves.

Apart from tensile motions, the grains can also move along the plane of the con-
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COLLISIONAL REGIMES

Energy threshold Collisional outcome Growth stage
(1) (2) (3)

E < 5Eroll no restructuring (hit-and stick) fractal growth
E > 5Eroll start of visible restructuring compaction+growth
E ≃ NcEroll maximum compression compaction+bouncing
E ≃ 3NcEbr start loosing monomers erosion
E & 10NcEbr catastrophic destruction of aggregates fragmentation

Table 1.1: Results of the Dominik & Tielens (1997) numerical collision experiments for aggre-
gates. (1) Collisional energy E in comparison to the critical energy thresholds Ebr and Eroll. (2)
Outcome of collisions. (3) Corresponding growth regime (indicative). The number of contact
areas of an aggregate is denoted by Nc.

tact surface. In this case, the grains are involved in rolling. Like contact breaking,
a critical force is needed to initiate irreversible rolling (in contrast to elastic rolling).
Dominik & Tielens (1997) derive the energy required to roll a contact over a distance
πaµ (i.e., 90 ◦ for equal size grains)

Eroll = 6πξcritaµγ, (1.31)

where ξcrit is the critical distance required to initiate the rolling motion, which Do-
minik & Tielens (1997) estimated to be on the order of the intra-atomic distance,
ξcrit ∼ 1 Å.

A qualitative picture for collisions involving aggregates then emerges from these
critical energies in relation to the collision energy (see Table 1.1)

E =
1

2
mµ (∆v)2 , (1.32)

where mµ is the reduced mass. Collisions at energies that are both below E < Eroll

and E < Ebr are fully in the elastic regime: the contacts are not displaced. At higher
energies, restructuring of the aggregate will occur. Porous aggregates can restruc-
ture by rolling of the constituent monomers, provided that the individual grains—
monomers — are loosely bound. Thus, porous aggregates will restructure until a
more compact and more stiff state is reached. In compact aggregates, on the other
hand, the monomers have more neighbors and rolling is inhibited. Because the
sound travel time for aggregates is often much shorter than the collisional timescale
(Paszun & Dominik 2008b), the collisional energy is generally well distributed over
the entire grain, which prevents breaking. However, at higher energies E > NcEbr

(with Nc the total number of contacts) the particles will be disrupted.

Dominik & Tielens (1997) and, recently, Wada et al. (2007) have performed nu-
merical experiments for aggregate collisions and confirmed this qualitative picture
(see Table 1.1). However, the values for the critical energies derived by the theoreti-
cal study of Dominik & Tielens (1997) were not matched by collisional experiments
(Poppe et al. 1999; Heim et al. 1999). In these, it was found that critical collisional
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Fg. 1.8: Example of fractal aggregates
produced by differential sedimenta-
tion in a laboratory experiment (Blum
2000). The fractal dimension is Df =
1.8 ± 0.1. The size of the individual
grains is 0.95 µm in radius.

thresholds are higher than the theoretical predictions. Clearly, Dominik & Tielens
(1997) presents an idealized picture, i.e., the monomers are perfect smooth spheres,
whereas, in reality surface roughness and asperities will complicate the picture. For
example, plastic deformation of these irregular features may explain the high stick-
ing velocity measured experimentally (Paszun & Dominik 2008b). However, Blum
& Wurm (2000) showed that their collision experiments are still in agreement with
the framework outlined in Table 1.1 by re-adjusting the critical energy thresholds
Ebr and Eroll — several factors of 10 larger than the theoretical values. Over the last
decade laboratory experiments have contributed significantly to the present physical
picture of dust aggregation (see Blum & Wurm 2008 for a review). In this work we
will use the results of these laboratory experiments for the two critical energies.

Fractal growth

In the regime where the collisional energy is less than a few times the rolling energy,
i.e., E < 5Eroll, the colliding dust particles will stick at the point where they meet:
‘hit-and-stick’ growth. In many cases this growth represents fractal properties, i.e.,
the relation between the number of grains in an aggregate N and the size aout is then
given by

N = kf

(

aout

a0

)Df

(1 ≤ DF ≤ 3), (1.33)

where Df is the fractal exponent, a0 the monomer size and kf a prefactor of order
unity. Linear strings have Df = 1, Df = 2 for planar structures (e.g., PAH molecules),
and Df = 3 for homogeneous (compact) particles. However, in general the fractal ex-
ponent will have non-integer values (see Fg. 1.8 for a typical example of an aggregate
formed by laboratory experiments). The fractal dimension of an aggregate depends
on its growth history. Two specific modes are usually distinguished (see Fg. 1.9):
growth by similar size particles (cluster-cluster coagulation or CCA) and growth by
monomers (particle-cluster coagulation or PCA). The latter case leads to a fractal di-
mension of 3 in the limit of N ≫ 1, whereas CCA typically has fractal dimensions
of around two. Therefore, hit-and-stick growth of equal-size aggregates will lead to
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Fg. 1.9: Schematic illustration
of cluster-cluster coagulation
(CCA, top) vs. particle-cluster
coagulation (PCA, bottom) in
two dimensions. In PCA the
incoming grains (black) collide
with the cluster (grey) individ-
ually, whereas in CCA the in-
coming grains are also clus-
tered, resulting in an overall
more open (fluffy) structure.

PCA

CCA

very open (fluffy) structures.

Another concept related to the porosity of these fluffy aggregates is their geomet-
rical size a. It is defined in terms of the angularly-averaged projected surface area
of the aggregate A, i.e., A = πa2. It is this quantity that is of importance in the
calculation of the drag force. Therefore, the size that must be used in expressions
like Eq. (1.22) is a, and not the extremal or outer radius, aout. Similarly, A can be
expressed as a fractal law like Eq. (1.33), A ∝ Nδ. Meakin & Donn (1988) find that δ
approaches unity for large N; whereas the CCA calculation of Ossenkopf (1993) re-
sult in δ = 0.95 (note that δ cannot be larger than unity as this would indicate that
the geometrical area grows faster than mass).

1.2.3 The solar system: meteorites

Complementary to (high-resolution) observations of protoplanetary disks, the rem-
nant solid bodies of our our planetary system provide valuable clues on the con-
ditions of the solar system during planet formation, which could be applicable for
other systems as well. Most interesting are the bodies that preserved their internal
structure, i.e., the ones that did not melt or were not involved in large-scale differ-
entiation processes (like the Earth where the most dense material — iron — sunk to
the core). From time-to-time meteorites fall on Earth and, if they remain intact, can
be studied using modern laboratory equipment (see Fg. 1.10). Meteorites, especially
chondritic meteorites, are therefore a means to provide observational constraints on
scenarios regarding primary accretion: having formed within the first few million
years after the origin of the solar system, in a disk that was still gas-rich, they are
the real fossils of the solar system. The dominant component of these chondrites are
chondrules: ∼100 µm to mm-size stony spherules composed primarily of the sili-
cate minerals olivine and pyroxene. Here, I briefly sketch the background regarding
chondrule and chondrite properties, mainly focusing on the physical picture. How-
ever, meteorites are renowned for their rich chemical complexity and for a more
complete introduction readers are encouraged to browse more thorough works (e.g.,
Lauretta & McSween 2006).

First of all, chondrites are very diverse. One of the reasons why this diversity
appears is that they can be meticulously studied in laboratories. Thus, instead of
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Fg. 1.10: The Allende carbona-
ceous chondrite which fell on
Mexico, 1969. Most of the
fragments seen here are chon-
drules: several 100 µm-size
spherules embedded in a dark
dusty matrix. The big white
spot in the center of the image
is a Calcium Aluminum Inclu-
sion (CAI) of size ∼1 cm. It
can be seen that the chondrules
are mostly separated from each
other, and are sometimes en-
shrouded by a rim of fine-
grained dust material.

a single property like the size of a dust grain, or perhaps its porosity, laboratory
measurements provide the full chemical state (e.g., relative abundance of volatiles
or isotopes). A cause for the diversity in chondrite properties are the variety of so
called ‘parent body processes’ that the chondrules and matrix material endured after
asteroid formation but which did not lead to its complete melting. Examples of these
(geological) processes include: aqueous alteration (chemical reactions including wa-
ter), abrasion (shaking up the asteroid), and metamorphism (change in mineralogy
of the meteorite due to heating). Some chondrites endured more of these alteration
effects than others, which explains part of their diversity. However, chondrites also
show an intrinsic diversity in physical properties; e.g., the relative proportion and
mean size of chondrules varies between meteorite classes.

There are many different theories regarding the formation of chondrules. Chon-
drules show evidence of being melted, requiring temperatures of ∼1500 K for only
a brief period of time (minutes or hours) . This seems best reconcilable with a ‘shock
heating’ scenario in which the chondrule precursors could be dust particles (or ag-
gregates of dust particles). In another class of theories chondrules are produced near
the sun, and then transported throughout the solar system by an X-wind (Shu et al.
1994). One remarkable property of chondrules is that their sizes distribution within a
given meteorite (class) is quite narrow, commonly within a factor of 10 and centered
at ∼300 µm. This could reflect the property of their dusty precursors or was per-
haps intrinsic to the shock-formation event. However, the (mean) size and chemical
makeup of chondrules varies from meteorite to meteorite, which perhaps indicates
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that the chondrule-producing processes that operated in the protoplanetary disks
were different in space and time (Wood 2005). The question how chondrules formed
is still vividly debated.

Calcium aluminum inclusions (CAIs) are another conspicuous component of chon-
drites that formed even earlier. Although much rarer, they are typically a factor of
10 larger than chondrules. Radio dating put their formation date at 4.5672 Gyr ago,
which is conveniently referred to as the ‘zero-time’ of the solar system. After this
point chondrites formed over a time span of a few million years. As chondrites
formed out of these chondrules and CAIs, this would also indicate that planetesimal
formation (or chondrite formation) was a relatively prolonged process, i.e., happen-
ing over much of the life-span of the solar nebula.

Chondrites consist of another physical component in the form of micron size (sil-
icate) dust particles. These are present throughout the chondrite in a matrix com-
ponent or are found surrounding chondrules in the form of fine-grained rims (see
Fg. 1.10). This configuration suggests that chondrules and dust are accreted together
into the chondrites which implies that the matrix and rim material reflects condi-
tions during the nebula phase, i.e., when chondrules were still freely floating objects,
(Metzler et al. 1992), although the precise interpretation is disputed (Trigo-Rodriguez
et al. 2006). For instance, a positive correlation between the rim thickness and chon-
drule size is observed, which is in agreement with a scenario of sweep-up of dust in
a turbulent nebula (Cuzzi 2004).

1.2.4 Coagulation: modeling

In the previous sections various physical processes have been discussed that are of
importance for dust growth: the various sources of relative velocities, particle con-
centration, the nature and compositions of the particles and their relation to sticking
forces; particle fragmentation. The challenge is to combine all these processes into
one coherent evolution model. These models are referred to as coagulation models
and it is instructive to provide a brief outline here.

In the case where a (gravitational) potential affects the particle motions — like,
e.g., in many cosmological simulations — N-body integration techniques may be
used to calculate the temporal evolution of the system. However, if no potential is
present the particles may be assumed to be ideally mixed and the distribution does
not depend on spatial coordinates. The distribution function is then given by f (m):
the number density of particles in the interval m, m + dm. To generalize, one may
further sub-divide f (m), adding other properties of the population. For example,
f (m, φ) includes the filling factor φ of dust aggregates such that f (m, φ)dmdφ is the
number density of particles of mass [m, m + dm] and filling factor [φ, φ + dφ]. Using
only the mass to characterize the particles, the collisional evolution of the distribu-
tion function f (m) is given by the Smoluchowski equation

∂ f

∂m
= − f (m)

∫

K(m, m′) f (m′) dm′ +
1

2

∫

K(m′, m−m′) f (m−m′) f (m′) dm′, (1.34)

where the first term denotes the removal of particles of mass m due to coagulation
with any other particles, and the second term represents the particles of mass m
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created by collisions of a particle pair whose masses end up to be m (the factor of
1/2 prevents double counting). The rate coefficient, K(m, m′), gives the probability
of collision between a particle of mass m and m′. Equation (1.34) only considers
sticking as a collisional outcome but a generalization to other physical processes
(bouncing, fragmentation) is straightforward.

To calculate the collisional evolution, Eq. (1.34) has to be solved. Except for three
very symmetric cases of the collision kernel — (i) K = cnst., (ii) K ∝ mi + mj, and
(iii) K ∝ mimj — this cannot be done analytically. Equation (1.34) is in fact a rather
complex integro-differential equation, which is notoriously difficult to solve, even
numerically. For example, mass conservation is easily violated when Eq. (1.34) is
integrated directly. For this reason, most works involving dust coagulation do not
explicitly solve the Smoluchowski equation but instead calculate the interaction rate
K(mi, mj) f (mi) f (mj) between the bins and then transfer this mass to the receiving
bin (e.g., Spaute et al. 1991).

In this thesis, however, we will take into account the internal structure as a sec-
ond— and independent— parameter. Then, the Smoluchowski equation should be
extended to a second dimension and it is less straightforward to calculate. This
holds, in essence, for all grid-dependent techniques: more dimensions require more
connections between the grid points. Although in two dimensions a successful inte-
gration of the Smoluchowski equation has been performed (Ossenkopf 1993), in this
thesis we do not use the distribution function f to calculate the collisional evolution.
Instead, a ‘direct simulation Monte Carlo’ (DSMC) technique is developed to follow
the collisions between the particles individually. The distribution function is then
obtained indirectly, after binning the particles, but is not used in the code itself.

The Monte Carlo method is a quite intuitive tool to solve coagulation problems
as the probability of an event (a collision) is simply given through K. More specifi-
cally, the collision rate is Cij = Kij/V where V is the volume of the simulation and
Cij∆t is the probability of a collision between the particles i and j in the (infinitesi-
mal) time-interval ∆t. Random numbers then determine which of the N(N − 1)/2
(where N is the total number of particles involved in the simulation) collision events
is the next. A more thorough introduction to the applied Monte Carlo technique is
provided in § 2.3 or can be found in, e.g., Gillespie (1975). The great advantage of the
MC-simulation technique is that the collisional part of the model is naturally sep-
arated from the time-evolution part, contrary to the bin-techniques in which both
parts are intertwined in the mass transfer. The main drawback of Monte Carlo mod-
els, however, are the limited numbers of particles that can be included, since the cal-
culation and adjustment of the collision rates would otherwise strain computational
resources. This will especially apply to distributions that are very broad or skewed,
e.g., where the massive particles dominate the total mass, whereas the smaller ones
dominate the number. Suitable approximations in these cases should be sought.

1.3 This thesis

The emphasis of this thesis lies on coagulation of dust, either in the environment
of protoplanetary disks (chapters 2, 4) or of molecular clouds (chapter 6). Here, the
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challenge — and a major theme of the thesis — is to combine a physical model like
that of § 1.2.2 with an accurate calculation of the collisional evolution of the system
with time. In chapter 2 the framework of this model is outlined. Concepts of poros-
ity, rephrased in terms of an enlargement factor, and Monte Carlo coagulation are
introduced. The internal structure is included self-consistently, i.e., not only are the
outcomes of collisions determined by the internal structure but the internal structure
is likewise affected by the collisions themselves. The results are then applied to the
upper layers of the protoplanetary disks, with the primary aim of illustrating the
new approach compared to conventional approaches.

As outlined in the preceding sections, turbulence is an important phenomenon
in protoplanetary disks. It is the driving force behind the relative velocities of par-
ticles; therefore, an accurate description is of key importance for dust coagulation
models. However, most models of dust coagulation are statistical — a full-blown
hydrodynamic simulation would be too time consuming — and the effects of tur-
bulence are included indirectly, usually with an analytic prescription of the relative
velocities. Völk et al. (1980), in a pioneering work, presented a framework for the
calculation of these velocity expressions, subsequently refined by Markiewicz et al.
(1991). However, apart from specialized cases (Cuzzi & Hogan 2003) the expressions
for the relative velocity, although analytic, were not cast in closed-form. It is the aim
of chapter 3 to present such (approximate) closed-form expressions that can be easily
implemented in coagulation models.

Being the dominant component of chondritic meteorites, chondrules must have
played an important role in the primary accretion process. However, how were these
tiny stony particles incorporated into big asteroids? In chapter 4 we look at the im-
portance of the dust component of meteorites: are these µm-size particles responsi-
ble for sticking chondrule-size particles together? It is an appealing idea because the
meteorite record shows that the dust component is scattered throughout the mete-
orite—in most cases the chondrules do not touch— i.e., we may naturally expect that
chondrules have swept up the dust (Cuzzi 2004). Could these chondrule-rimmed
dust particles have facilitated the accretion process? In chapter 4 the feasibility of
this model is thoroughly investigated.

Planet formation is above all a problem of scales. Models tracing the collisional
evolution must therefore be able to handle a very large size-range: the journey from
a 0.1 µm grain to planet Earth covers over 40 orders of magnitude in mass! In chap-
ters 2, 4 and 6 we present Monte Carlo models that incorporate the internal structure
in the collisional evolution. However, one drawback of MC-models is that particle
collisions are usually treated one-by-one and is therefore best suited to situations
where the size-distribution remains narrow. On the other hand, a wide size distri-
bution, which may be obtained if fragmentation processes operate, is characterized
by a multitude of collisions and is much harder to model. The aim of chapter 5 is
to develop a solution to this problem, which we found in (physically) grouping the
particles. The advantage of such an approach is that MC-simulations are no longer
constrained to a physical limit in, e.g., mass, and become applicable for runaway ker-
nels as well. Chapter 5 is therefore predominantly a theoretical treatise which will
find its way to future applications.
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The final chapter forms the culmination of the new approach to the collisional
evolution. Its collision model features many of the elements of the preceding chap-
ters—the formulation of hit-and-stick growth and the grouping method—but is also
based on the outcomes of state-of-the art numerical simulations (Paszun & Dominik
2008a), in which collisions between (small) aggregates are simulated. Collisional
fragmentation is an integral part of the model. Here, we have decided to apply the
model to the environment of molecular clouds, or rather, cores of molecular clouds,
because the average size of dust aggregates in these environments is more compa-
rable to the sizes studied in the numerical collision experiments. However, if dust
particles are coated with ice— a more formidable sticking agent— orders of magni-
tude growth may again be expected. Within the context of this thesis, it is of special
importance to contrast the collisional evolution in the pre-collapse phase with that
of the protoplanetary disk.




