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CHAPTER

TWO

Theoretical models

2.1 Introduction

In order to get a full quantum-mechanical view of collisions between ions and atoms,
one needs to solve the time-dependent Schrödinger equation for a given initial state:

i
∂Ψ(t)

∂t
= HΨ(t), Ψ(t0) = Ψ0, (2.1)

where the Hamiltonian H = T + V takes into account the kinetic and potential en-
ergies of all particles. The probability of finding the system after a collision in state
f , represented by the wave function ψ f (t) is given by |c f (t)|2, where c f (t) can be
determined from the projection of the wave function Ψ(t) on ψ f (t)

c f (t) = 〈ψ f (t)|Ψ(t)〉, (2.2)

At a time t long after the collision, at which the particles do not interact anymore, this
coefficient becomes time independent: Such an ab initio approach is in practice hardly
possible. Even for the simplest one-electron systems consequently approximations
have to be made.

Already more than eighty years ago, a model based on classical mechanics was
constructed by Thomas [37]. The capture of a bound electron by a fast projectile
was described as a double scattering event whereby the electron is first scattered off
the projectile and then scattered elastically off the target nucleus. An electron which
finally moves with the same velocity and in the same direction as the projectile is
considered to be captured. This model predicts a velocity dependence of v−11

p of
the capture cross section, with vp the velocity of the projectile ion. The Thomas
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6 Theoretical models

scattering mechanism was observed experimentally by e.g. Horsdal-Pedersen etal.
[38] and Vogt etal. [39].

Another simple classical model valid for one-electron capture in a broad energy
range (keV to MeV) was introduced by Bohr and Lindhard [40]. According to this
model an electron can only be transferred, if the Coulomb force exerted by the pro-
jectile exceeds the initial binding force and if the electron’s kinetic energy in the pro-
jectile frame is smaller than its potential energy. The model predicts an energy inde-
pendent cross section at low impact energies and a v−7

p decrease at higher energies,
in good agreement with experimental data [41].

The occurrence of multiple electron capture processes in collisions of highly
charged ions on neutrals led to the classical over-the-barrier model (CBM) devel-
oped by Ryufuku et al. [42], Mann et al. [43], Bárány et al. [44] and Niehaus [45].
According to this model the electron can transit from the target to the projectile at
internuclear distances at which the height of the potential barrier between the two
nuclei is lower than the Stark shifted binding energy of the electrons.

A more complete classical description is provided by the classical trajectory Monte
Carlo model. The Hamilton equations of motion are solved numerically for all par-
ticles, while the Coulomb interactions between all of them are included. This model
has proven to be very useful for the study of (multi-) electron capture and (multiple-)
ionization processes in keV ion-atom collisions [46, 47].

In this chapter theoretical models applicable to keV ion-atom collisions are dis-
cussed. First the classical over-the-barrier model is treated followed by the close-
coupling model and the classical trajectory Monte Carlo model.

2.2 Classical over-the-barrier model

A simple classical model used to describe ion-atom collisions was introduced by
Bohr and Lindhard [40] and was developed further by Ryufuku et al. [42], Mann et
al. [43], Bárány et al. [44] and Niehaus [45].

When an ion A in charge state q approaches a target B, the potential experienced
by the i’th electron of the target is given by the formula (in atomic units1):

Vi(r) = − q∣∣∣~R−~r
∣∣∣
− i
|~r| (2.3)

for 0 < |~r| < |~R|, where ~R is the internuclear distance between A and B and~r is the
coordinate of the i’th electron with respect to its parent nucleus.

In the CBM it is assumed that the electron can transit from the target to the pro-
jectile at an internuclear distance at which the height of the potential barrier is lower

1Atomic units are used throughout this chapter, unless stated otherwise.
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than the binding energy of the electron. The binding energy of the electron, Stark-
shifted due to the Coulomb field of the ion, is larger (in absolute value):

Ei(R) = −Ii − q
R

= Eb,i − q
R

(2.4)

where Eb,i is the binding energy of the i’th target electron2.
The height of the potential barrier between the ion and the atom depends on the

internuclear distance and has a maximum given by the condition dVi(r)/dr = 0. The
maximum of the potential barrier is located at the internuclear distance:

rmax =
√

iR
√

q +
√

i
. (2.5)

When the height of the potential barrier is equal to the Stark-shifted binding en-
ergy , the electron can escape the potential well of the target

Vi(rmax) = − (√q +
√

i)2

R
= Eb,i −

q
R

(2.6)

For the i’th electron the capture radius is then:

Rin
i =

i + 2
√

iq
Eb,i

(2.7)

At this distance the electron is "free" to cross the barrier and it is moving in the joint
potential well of both target and ion thereby becoming quasi-molecular.

On the way in the electron stays quasi-molecular until the distance of closest
approach is reached. After this the potential barrier increases again. When the po-
tential barrier between the projectile and the target is equal to the binding energy of
the quasi-molecular electrons, the electrons have to "choose" between being captured
by the ion or recaptured by the target. The distances at which (re)capture occurs are
given by

Rout
i = Rin

i

(√
q− ri +

√
i + ri√

q +
√

i

)2

(2.8)

in which ri is the number of the electrons already captured at the moment that the i’th
electrons is (re)captured. If the i’th electron is captured by the projectile, its binding
energy at infinite internuclear distance is:

Efinal
b,i = Eb,i −

q
Rin

i
+

i + ri

Rout
i

= Eb,i [1 + δ(q, i, ri)] (2.9)

where the function δ(q, i, ri) is defined as:

2Here we switch from ionization potential I to binding energy Eb, defined to be negative, i.e. Eb = −I.
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δ(q, i, ri) ≡ 1
i + 2

√
iq


q−



√

q +
√

i

1 +
√

q−ri
i+ri




2

 . (2.10)

If the electron is transferred to the projectile then the CBM predicts that it is captured
in a more strongly bound state than initially (because δ > 0).

The different stages of the CBM description are shown in Fig. 2.1 for one-electron
capture in O6++Na(3s) collisions.
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Figure 2.1: Representation of the classical over-the-barrier model applied to one-electron cap-
ture in O6++Na(3s) collisions. On the way-in the approaching projectile ion lowers the po-
tential barrier between the target and projectile (a). At a certain internuclear distance (here
Rin

1 = 31 a.u.) the potential barrier is lower than the binding energy of the outermost target
electron (b), after which (c) it moves in the combined potential of the transient molecule. On
the way-out after the point of closest approach the barrier increases after which at a certain
internuclear distance (here Rout

1 = 31 a.u.) the quasi-molecular electron is either captured by
the projectile – as depicted in (d) – or recaptured by the target.
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The Q-value defined as the difference in electronic energy after and before the
collision can be obtained:

Q = ∑
i

(
Efinal

b,i − Eb,i

)
= ∑

i
Eb,iδ(q, i, ci). (2.11)

The cross section for capture of one electron is given by the simple geometrical
form:

σc = f π(Rin
i )2 (2.12)

where f is a probability factor between 0 and 1 related to the probabilities of capture
or recapture which themselves are related to the density of states in projectile and
target. The value of f is given by the product of the probabilities ∏r

i Wi, where the
probability Wi for capture of the i’th electron is obtained using a hydrogenic approx-
imation

Wi =
n2

i
n2

i + m2
i

. (2.13)

ni and mi correspond to the principal quantum numbers of the atomic shells of pro-
jectile and target, respectively, most likely to be populated.

So far the model is "static" in the sense that the predicted quantities are velocity
independent. It is known that the states which are populated have binding energies
within a certain range while the model predicts a sharp energy (equation 2.9). The
width of this so-called reaction window is determined by equating the change in
the potential barrier height caused by the radial velocity of the projectile vrad =
dR/dt and the quantum-mechanical uncertainty, which according to the Heisenberg
uncertainty principle is given by:

∆Vqm∆t ' 1 (2.14)

According to Niehaus [45] the minimum uncertainty in the potential barrier ∆Vmin

is the value taken where the quantum-mechanical and the classical uncertainty are
equal. The change in the potential barrier height can be written as:

∆Vcl =
dV
dt

∆t =
∣∣∣∣
dV
dR

∣∣∣∣
dR
dt

∆t =
∣∣∣∣

dv
dR

∣∣∣∣ vrad∆t. (2.15)
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Figure 2.2: CBM reaction windows for capture of the least bound target electron in collisions
of O6+ projectile ions on Na(3s) (—) and Na∗(3p) (– –) atoms. The binding energies of the
relevant capture channels are indicated by their principal quantum numbers.

From equations 2.14 and 2.15 one can derive a "minimum uncertainty" ∆Vmin [45]

∆Vmin =
(∣∣∣∣

dV
dR

∣∣∣∣ vrad

)1/2
(2.16)

by taking

∆Vqm = ∆Vcl (2.17)

Assuming a Gaussian distribution of binding energies Eb around the most probable
value ECBM

b defined in 2.9, the following expression is obtained for the probability
that a specific binding energy is realized

W(Eb) =
1√

π∆Eb
exp


−

(
Eb − ECBM

b
∆Eb

)2

 (2.18)

The uncertainties of all the transferred electrons lead to a total energy width ∆Eb
proportional to √vp. Similarly the reaction window for the Q value is defined by a
Gaussian distribution around the predicted QCBM:
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W(Q) =
1√

π∆Q
exp

(
−

(
Q−QCBM

∆Q

)2)
(2.19)

In Fig. 2.2 the reaction windows for one-electron capture in collision of O6+ on
Na(3s) and Na(3p) at two different energies, are shown.

The classical over-the-barrier model give us a simple equation describing the en-
ergy balance of a reaction and the reaction width for the Q-value, but can also be
used to estimate the scattering angle and the transverse momenta.

The Coulomb repulsion between the projectile and the target can be calculated
along the trajectory, if the charge state of the two nuclei is known at each part of the
projectile trajectory. If we consider the two particles as point charges, the Coulomb
force between them is:

~F =
q1q2

R2 ~eR. (2.20)

b
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Figure 2.3: Schematics of the (projectile, target) charge state distributions along the projec-
tile path for two-electron capture by a q-fold charged ion. Rin/out

i are the CBM capture radii
(equations 2.7 and 2.8).

If we assume that the projectile trajectory is a straight line characterized by the
projectile velocity vp and the impact parameter b (Fig. 2.3), the integral force be-
tween projectile and target can be calculated. The momentum transfer to the target
is small enough to assume that during the interaction the target doesn’t change its
position significantly, thus taking the origin of the cartesian system at the target the
component of the Coulomb force perpendicular to the projectile trajectory is:

Fy =
q1q2b

(x2 + b2)3/2 . (2.21)

The transverse momentum is obtained by integrating the perpendicular component
of the force over time

ptrans =
∫

Fydt =
1

vp

∫
Fydx. (2.22)
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Most of the transverse momentum is produced at the distance of closest approach
(R ' b) and therefore the transverse momentum depends mainly on the impact
parameter.
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Figure 2.4: Transverse momentum and scattering angle distributions according to CBM, for
one-electron capture in He2+ (—), O6+ (– –) and Xe18+ (– · –) collisions on Na(3s) at vp = 0.5
a.u..

Applying equation 2.22 to every distinct segment of the trajectory and adding
the results we obtain for one-electron capture of the least bound target electron:

ptrans(b) =
1

vpb

[
(q + 1)

√
1− (b/R1)

2 + (q− 1)
]

. (2.23)

where Rin
1 = Rout

1 ≡ R1.
The differential cross section, i.e., the projectile scattering angle dependent cross

section, can be obtained via the relation ptrans = mpvpθ, where θ is the projectile
scattering angle and mp is the projectile mass.

In Fig. 2.4 transverse momentum and scattering angle distributions according
to CBM for one-electron capture in He2+, O6+ and Xe18+ collisions on Na(3s) at
vp = 0.5 a.u. are plotted. Two effects have to be taken into account in comparing
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the dependence of the transverse momentum on the projectile charge state. With
higher charge state the repulsion is increased, however, also the distances at which
charge transfer can take place increase, thereby reducing the repulsion. For the scat-
tering angle distribution an opposite effect is observed. This is due to the different
projectile masses , the heavier the projectile, the smaller its scattering angle. For the
highly charged ions the scattering angles are very small, too small to be accurately
measured. This impediment can be overcome by measuring instead the transverse
momentum of the target.

2.3 Close-coupling calculations

The close-coupling method starts from the realization that in not-too-fast collisions
the initial configuration of the collision system is considerably depleted in the course
of the collision. In a fully non-perturbative quantum-mechanical framework the key
assumption of the close-coupling method is that during an atomic collision, the elec-
tronic wave function can be expanded in a limited number of configurations which
form the basis of the process. Various close-coupling methods differ in the type of
the basis set used in calculations.

Ideally a collision problem is formulated in a fully quantum-mechanical way, but
the number of functions in the basis set becomes too large when the initial velocity
is larger than a few tenths of an atomic unit. When highly charged ions which have
numerously excited states are involved, the coupled equations can not be solved
with a reasonable amount of computing power due to the fact that the number of
couplings is increasing quadratically with the number of functions.

The close-coupling method addresses directly this computational problem by
using a semi-classical approach in which the nuclear motion is described by clas-
sical trajectories and only the electronic behavior is treated quantum-mechanically
[48–50].

The time-dependent wavefunction of the electron moving in a configuration space
given by a finite set of basis functions. Ψ(~r, t), k = 1, ..., N is approximated by:

Ψ(~r, t) =
N

∑
k=1

ak(t)ψk(~r, t), (2.24)

where ak(t) are the time-dependent, complex amplitudes for the occupation of states
ψk(~r, t).

In order to have an adequate basis of finite size hence reducing the number of
coupled equations, a common set of requirements is demanded. Firstly, the basis
set should include the initial state of the electron and the final states most likely to
be populated. The basis should be easily generated and should also include some
intermediate states which may interact appreciably with the initial and final states.



14 Theoretical models

Within the semi-classical approximation, the time-dependent Schrödinger equa-
tion in the space of basis functions is:

i
∂Ψ(~r, t)

∂t
− H(~R,~r, t)Ψ(~r, t) = 0, j = 1, . . . , N, (2.25)

where H is the Hamiltonian for an electron moving in the field of two ions and~r is
the electron coordinate with respect to an coordinate system whose origin is on the
internuclear axis defined by the vector ~R.

The N conditions lead to a system of N coupled equations

i
N

∑
k=1

Njk(t)
dak(t)

dt
=

N

∑
k−1

Mj,k(t)ak(t), j = 1, . . . , N, (2.26)

with Njk the time-dependent overlap matrix elements

Njk = 〈ψj|ψk〉, (2.27)

and Mjk the coupling matrix elements

Mjk = 〈ψj

∣∣∣∣H(t)− i
∂

∂t

∣∣∣∣ ψk〉. (2.28)

From equation 2.26 the amplitudes ak(t) can be determined at all times, starting
from the initial condition.

In most cases the construction of the basis set starts with the definition of the
classical internuclear trajectory ~R = ~R(v,~b, t) which is often taken to be a straight-
line trajectory followed by the separation of the active electrons whose dynamics are
explicitly included in the model from the passive electrons which remain confined to
their initial state throughout the collision.

Traditionally the basis set consist of molecular orbitals (MO), atomic orbitals
(AO), Sturmian pseudo-states or analytical functions.

One approach in choosing the basis set is to consider that during slow collisions
of ions or atoms a molecule is formed transient with time varying interatomic separa-
tions. This assumptions have been used first in the field of inner-shell excitations, al-
lowing to find the dominant collision channels and the transition cross-section with-
out major computational power. The MO model closely reflects the physics of slow
atomic collisions.

At higher collision velocities the formation of transient molecular orbitals during
the collision is no longer plausible. Instead, close-coupling methods are used with
one-center expansions restricted to atomic orbitals centered around either the pro-
jectile or the target, and close-coupling methods with two-center expansions with
atomic orbitals centered around both projectile and target.
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As soon as the collision velocity approaches the orbital velocity of the electron
v ' ve, the transition probabilities are too large and instead of transition between
atomic orbitals, two travelling atomic orbitals in a close-coupling description are
used. The atomic orbitals expansions are suitable in distant collisions for the deter-
mination of total transfer cross sections.

In close-coupling methods the size of the basis set is very important, being lim-
ited by the computational power. Thus this method has been mainly applied to
low-energy low-charge states processes.

In order to reduce the basis set size Lüdde and Kirchner developed a close-
coupling scheme designed to treat charge transfer and ionization processes in multi-
electron systems [51, 52]. This method based on the concepts of time-dependent
density functional theory was called the basis generator method (BGM).

The BGM is based on the idea that convergence can be achieved without using
a very large basis set if the functions set is dynamically adapted to the actual prob-
lem. In the BGM method the Schrödinger equation 2.1 is projected onto a finite set
of basis states. By repeatedly applying a Coulombic projectile potential to atomic
target eigenfunctions, an appropriate dynamical representation of the wave func-
tions ψi(~r, t) can be constructed. This one-center version of BGM has been applied
successfully to several one- and multi-electron problems, its applicability to electron
transfer processes being limited by the fact that the projectile states are not included
explicitly in the basis.

2.4 Classical trajectory Monte Carlo

Collision processes involving highly charged ions, where numerous excited states
are involved, require large-scale numerical computation in order to perform fully
quantum and semi-classical calculations. Therefore the interest was always high in
models for ion-atom collisions based on classical mechanics, which can be evaluated
rapidly.

The classical trajectory Monte Carlo (CTMC) method introduced in 1966 by
Abrines and Percival [53] and applied extensively by Olson [54] and Salop [55] re-
lies on the classical calculation of the trajectories off all particles, i.e. projectile ion,
target nucleus and electrons, taking into account the (screened) Coulomb interaction
between them.

The key ingredient of this approach is finding an adequate classical representa-
tion of the initial wavefunctions of the active target electrons [56]. The initial bound
state can be represented by a microcanonical distribution of classical Kepler orbits.
The initial classical orbit of the valence electron is determined by randomly picking
members of this ensemble by a Monte Carlo technique, see Reinhold and Falcon [57].

After completion of each trajectory the classical results have to be transformed
to states characterized by discrete quantum numbers. For this purpose a classical
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principal quantum number is defined according to:

nc =
q√−2Eb

. (2.29)

where q is the charge of the projectile ionic core. The classical value of nc is then
related to the principal quantum number n of the final state via

[
n(n− 1

2
)(n− 1)

]1/3
≤ nc ≤

[
n(n +

1
2
)(n + 1)

]1/3
. (2.30)

The normalized classical angular momentum lc = n
nc

(~rx~p), where ~r and ~p are the
position and momentum vectors of the electron relative to the projectile core, can be
binned into orbital quantum numbers l via:

l ≤ lc ≤ l + 1. (2.31)

In the same manner the magnetic quantum number mc of the final state can be de-
fined as

m ≤ mc ≤ m + 1. (2.32)

The CTMC method is especially useful at intermediate velocities, comparable to the
orbital electron velocities of the target atom, where quantum theories are difficult to
apply. The advantage of CTMC is that it provides a complete momentum picture
of the collision products and that in the same calculation both the ionization and
electron capture cross sections can be obtained.

CTMC calculations have been successfully applied to one-electron capture and
ionization in keV collisions with Na [24, 31, 32, 58–62].

Olson developed the method further in order to address multi-electron capture
and multiple-ionization arriving at the so-called n-body classical trajectory Monte
Carlo (nCTMC) method [63, 64]. The forces between the target nucleus and all its
active electrons are included in this method besides the forces between the projectile
ion and target nucleus. The electron-electron interactions are excluded in this model
being approximated by using effective charges for the parent nucleus. For the Na-
target 11-body CTMC calculations, which take into account the nine electrons of the
Na L and M shells, have been performed for O6++Na(3s) [46] and He2++Na(3s) [47]
collisions.




