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2. Elements of the nuclear potential

The main objective of this chapter is to give a guideline on how to study the three-nucleon
(3N) systems. Many aspects of the nuclear force can be investigated using scattering exper-
iments. Scattering observables such as: cross sections, analyzing powers, spin-correlations,
and polarization-transfer coefficients, contain different information about the nuclear force.

One of the successful mathematical procedures which provides an exact solution of
the 3N scattering problem is the Faddeev formalism. It presents the 3-body scattering
problem in the relative center-of-mass frame of the 3 particles without depending on the
details of the nuclear potential. In fact, the Faddeev equations can be solved exactly for
any given potential.

Before discussing 3N systems, the general nucleon-nucleon (NN) scattering formalism
is outlined. Then, the Faddeev equations for 3N-systems are explained with the help of
Feynman diagrams.

In this thesis, the different theoretical approaches to study the few-nucleon systems
are classified logically as:

1. partial wave analysis, a first digestion of experimental two-nucleon data,

2. the description of few-nucleon systems in terms of two-nucleon and many-nucleon
potentials, and

3. chiral perturbation theory.

The second item concerns nuclear potentials. Nowadays, realistic potentials describe the
scattering observables in two-nucleon systems with an impressive accuracy. We give a short
introduction of the most commonly used NN potential models. In addition, different 3N
potentials are discussed. These potentials are based on the ideas used in the developments
of the NN potentials together with additional features which try to describe the 3N system.

Finally, expressions for the cross section and analyzing power are introduced for the
elastic and break-up reactions, which relate the experimental observables to the underlying
theoretical framework. These relations will be used very often throughout this thesis.

2.1 Scattering theory

In this section, the prerequisites to study nuclear potentials are discussed. First, the
Nucleon-Nucleon (NN) scattering problem is described for a given potential V , with the
aim to solve the Lippmann-Schwinger equation. Then, it is shown how we can express
the cross section for a given potential. Eventually, the 3-nucleon scattering problem is
discussed in detail and the corresponding Lippmann-Schwinger equations for a 3-nucleon
system are derived. The nucleon-nucleon scattering problem is discussed just to show
how results of the two-body scattering problem can be generalized to the three-body
scattering problem and the similarities are pointed out. In the following, we follow closely
the formalism as presented in Ref. [7].
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10 Chapter 2: Elements of the nuclear potential

2.1.1 Nucleon-Nucleon scattering

In general, the scattering of two particles is simplified as an interaction of a wave packet
with a local potential. The behavior of the wave packet before and after the interaction is
constrained by boundary conditions. We start with a simple wave packet which is moving
toward a localized potential V . The dynamics of the wave packet before the interaction is
given by:

H0ψ0(~x, t) = i
∂ψ0(~x, t)

∂t
, (2.1)

where H0 = − 1
2m∇2 is the free Hamiltonian operator; natural units ~ = c = 1 are used. In

general, the wave function can be written as a superposition of the momentum eigenstates,
f0(q):

ψ0(~x, t) =
1

(2π)
3

2

∫

d~q ei(~q·~x−Eqt) f0(~q), (2.2)

where Eq is the eigenvalue for the state f0(q) in the momentum space. As the wave packet
approaches the potential region, it feels the potential V and its evolution in time will be
given by the time-dependent Schrödinger equation,

HΨ(~x, t) = i
∂Ψ(~x, t)

∂t
, (2.3)

with the Hamiltonian operator, H = H0 + V .

The question is how Ψ(~x, t) is linked to ψ0(~x, t) or, in other words, how can we select
out of the many solutions of Eq. 2.3, those specific ones which develop out of the initial
state ψ0(~x, t). For a first guess, we take,

lim
t→−∞

‖Ψ(t) − ψ0(t)‖ → 0. (2.4)

Replacing the time-dependent solutions of Eqs. 2.1, |ψ0(t)〉 = e−iH0(t−t0)|ψ0(t0)〉, and 2.3,
|Ψ(t)〉 = e−iH(t−t0)|Ψ(t0)〉, in relation 2.4, leads to:

|Ψ(t0)〉 = lim
τ→−∞

eiHτ e−iH0τ |ψ0(t0)〉, (2.5)

with τ = t − t0. Equation 2.5 describes the general relation between the initial and final
wave functions in a scattering experiment. We can reformulate Eq. 2.5 using the lemma
shown in Eq. 2.6,

lim
t→−∞

f(t) = lim
ε→0

ε

∫ 0

−∞
dt eεtf(t). (2.6)

where f(t) is a general function. Then we rewrite Eq. 2.5 as:

|Ψ(t0 = 0)〉 = lim
ε→0

ε

∫ 0

−∞
dt eεteiHte−iH0t|ψ0(t0 = 0)〉

= lim
ε→0

ε

∫ 0

−∞
dt eεteiHt

∫

d~q e−iEqt|ψ0
q 〉f0(~q)

= lim
ε→0

∫

d~q
iε

Eq + iε−H
|ψ0

q 〉f0(~q), (2.7)
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where |ψ0
q 〉 = 1

(2π)3/2
ei~q.~x. This leads us to the central operator, the Green’s function, in

the scattering theory, the resolvent operator to the Hamiltonian,

G(z) ≡ 1

z −H
. (2.8)

Here, z = Eq + iε is a complex value which is not in the spectrum of H (a real value).
We can approach the spectrum of H from G(+)(E), and G(−)(E) [7] by taking the proper
limit of ε→ 0.

It should be mentioned that G(z) operates only on the momentum eigenstate in which
|Ψ+

q 〉 = limε→0
iε

Eq+iε−H |ψ0
q 〉 is the Fourier transform of |Ψ(t)〉. The resolvent operators

G(z) can be derived using H, H0, and G0(z),

G(z) = G0(z) +G0(z)V G(z), (2.9)

where G0(z) ≡ 1
z−H0

. This operator indicates an iterative behavior between the initial and
the final wave functions. It can be shown that this resolvent operator is the momentum
space counterpart of the Green’s function in the coordinate space [7]. The Green’s function
in coordinate space is given by:

(

−∇2
x

2m
− z

)

G0(~x, ~x′, z) = −δ3(~x− ~x′), (2.10)

which, in the momentum space, transforms to (H0 − z)G0 = −1.
The full Green’s function G(~x, ~x′, z) describes the propagation of the particle under the
influence of potential V from ~x→ ~x′. Using relation 2.9, |Ψ+

q 〉 can be split into a free part
corresponding to a freely moving particle and a scattering part:

|Ψ+
q 〉 = |ψ0

q 〉 + lim
ε→0

1

Eq + iε−H0
V |Ψ0

q〉. (2.11)

This integral equation is called the Lippmann-Schwinger equation (LSE).

2.1.2 Evaluating the cross section from scattering theory

In a scattering process the initial and final probabilities are experimentally accessible. The
probability amplitude Aqf

for a transition from qi → qf in the case of scattering from a
potential is the central quantity of interest,

Aqf
(t) = 〈ψ0

qf
|Ψ(t)〉. (2.12)

In momentum space we can express this relation as:

〈ψ0
qf
|Ψq〉 = δ3(qf − q) + lim

ε→0

〈ψ0
qf
|V |Ψq〉

Eq + iε−Eqf

. (2.13)

Here, we encounter the central matrix element of scattering:

Tqfq ≡ 〈ψ0
qf
|V |Ψq〉, (2.14)
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by multiplying by V from the left side of the LSE (Eq. 2.11), the recursive relation for T
can be written as:

T = V + V GT. (2.15)

After a few iterations, the T operator can be represented by the series of diagrams that
are shown in Fig. 2.1, where the dashed lines represent the potential V . The cross section

Figure 2.1: The T operator is represented by the series of diagrams.

is proportional to the probability that the incoming particle scatters to a final state qf ,
described by the transition amplitude, |Aqf

(t)|2. Therefore, for a given potential V , the
cross section is proportional to |T |2:

dσ

dqf
∝ |Tqf q|2, (2.16)

and the total cross section is the sum over all the final states.

2.1.3 Three-Nucleon (3N) scattering

Possible scattering channels in three-body systems

In a three-body system, particles can interact with each other through different arrange-
ments. Let us assume that all interactions are of finite range. Then, beyond a certain
distance away from the center-of-mass, the forces between all three particles drop to zero.
Two particles can also be in a bound state with the third particle well separated from the
pair. This is called a two-body rearrangement channel. In general, there are three types
of two-body rearrangement channels indicated as:

(1, 23), (2, 31), (3, 12). (2.17)

For example, the channel (1,23) indicates that particle 1 is well separated from the bound
state between particles 2 and 3. The remaining arrangement is called the three-body
break-up channel, for which there is no bound state between particles:

(1, 2, 3). (2.18)

It is customary to write a two-body rearrangement channel by a single channel number,
e.g. channel 1 denotes the arrangement, (1, 23) etc.. We represent the pair interaction,
V23, by V1. For channel α, the pair interaction, Vα, binds two particles, while the αth

particle is far away and does not interact. The wave function is described by

|φqα〉 = |ϕα〉|qα〉, (2.19)
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in which |ϕα〉 is the bound state of the pair wave function, and |qα〉 is the state of the
free particle α with respect to the bound pair. The state, φqα , is an eigenstate of the
Hamiltonian,

Hα ≡ H0 + Vα, Hα|φqα〉 ≡ Eqα |φqα〉. (2.20)

with the energy eigenvalues Eqα . The total Hamiltonian includes the interaction terms
from all pairs and all possible configurations:

H = H0 + Vα + V α = Hα + V α (2.21)

where V α ≡ Vβ + Vγ + V4, β 6= α 6= γ. An additional three-body force term, V4, is added
to the bound terms, V α.

The Lippmann-Schwinger equations for a 3-body system

In a 3-body system, the scattering process can start through each of the 4 channels de-
scribed in the last section. Using the same approach as was discussed in the two-body
scattering process, the resolvent operator in the three-body system is given by:

Gα(z) ≡ 1

z −Hα
, G(z) ≡ 1

z −H
, (2.22)

which fulfills the identities,

G(z) = Gα(z) +G(z)V αGα(z). (2.23)

Using Eq. 2.23, one obtains the Lippmann-Schwinger equation

|Ψ(+)
α 〉 = φα +Gα(z)V α|Ψ(+)

α 〉. (2.24)

It is possible to expand G versus the other indices, Gβ , β 6= α.

|Ψ(+)
α 〉 = GβV

β|Ψ(+)
α 〉, β 6= α. (2.25)

From Eq. 2.25, one can conclude that the Lippmann-Schwinger equation, Eq. 2.24, does

not define |Ψ(+)
α 〉 uniquely [7]. By combining Eqs. 2.24, and 2.25, we obtain a set of

equations which gives a unique definition for |Ψ(+)
α 〉,

|Ψ(+)
α 〉 = |φα〉 +GαV

α|Ψ(+)
α 〉,

|Ψ(+)
α 〉 = GβV

β|Ψ(+)
α 〉,

|Ψ(+)
α 〉 = GγV

γ |Ψ(+)
α 〉. (2.26)

In contrast to the two-body scattering process, in which one Lippmann-Schwinger equation
was sufficient to fix the asymptotic behavior, we need, in the three-body system, three
Lippmann-Schwinger equations of which two are homogeneous. This set of equations

defines the state |Ψ(+)
α 〉 uniquely.
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2.1.4 Faddeev equations for a three-body system without a 3N
potential

Equations 2.26 define the scattering state |Ψ(+)
α 〉 uniquely. The next step is to find a

practical algorithm on how to solve the 3-body scattering problem. The total state can
be decomposed into 3 parts:

|Ψ(+)
α 〉 =

3∑

µ=1

G0Vµ|Ψ(+)
α 〉 =

3∑

µ=1

|ψ(+)
αµ 〉. (2.27)

By multiplying Eqs. 2.26 from left side by G0Vα, G0Vβ, and G0Vγ one obtains:

|ψα,α〉 = |φα〉 +GαVα(|ψα,β〉 + |ψα,γ〉),
|ψα,β〉 = GβVβ(|ψα,γ〉 + |ψα,α〉),
|ψα,γ〉 = GγVγ(|ψα,α〉 + |ψα,β〉), (2.28)

where |ψα,µ〉 ≡ G0Vµ|Ψ(+)
α 〉. The sum of the amplitudes |ψα,µ〉, with µ = 1, 2, 3 gives

the total |Ψ(+)
α 〉. These are the Faddeev equations for a three-body system [7, 8]. Using

Eq. 2.27, the resolvent operator can, therefore, be written as:

G = G0 +G0

∑

µ

VµG, (2.29)

which is an integral equation for the full resolvent operator G in a 3-body system. It is
possible to get more insight into Eq. 2.29 by expanding it in terms of the Neumann series,

G = G0 +G0

∑

µ

VµG0 +G0

∑

µ

VµG0

∑

γ

VγG0 + .... (2.30)

It is very useful to represent the series in Eq. 2.30 graphically. This is shown in Fig. 2.2
together with the corresponding ingredients of the interaction.

In the graphical representation of the resolvent operator, Fig. 2.2, we can recognize
three types of diagrams which can be sorted out in different groups. In the momentum
space, the diagrams in which one particle does not interact are called disconnected di-
agrams and are equivalent to the δ-function. In the remaining diagrams, all particles
interact and they are called connected diagrams. Therefore, we can reorder Fig. 2.2 as
shown in Fig. 2.3. The term Gα in the resolvent operator sums up all the infinite sub-series
in which only two particles interact.
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Figure 2.2: The graphical representation of the full resolvent operator, Eq. 2.30.

Figure 2.3: Ordering the interaction terms as a function of the number of contacts.
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2.2 Partial Wave Analysis, PWA

In principle, models based on a potential do not use experimental data directly. Instead,
they compare their outputs with phase shifts from partial wave analysis (PWA). A PWA
tries to take a general approach to the nuclear potential which fits the experimental ob-
servables with high accuracy. Therefore, a PWA may serve as an interface between the
data and the potential models. The results of the models based on potentials can be
compared with the generated phase shifts from the PWA.

The older PWAs (like SAID [33]) were fitted to a limited amount of data with a
moderate precision and presented as χ2/Ndata ∼ 2. For the presently available NN data,
the Nijmegen group has published the most accurate and widely used PWA, which we call
Nijm-PWA. In the following, we briefly discuss the Nijmegen PWA. Then, we discuss the
main topics of this chapter which are different models for the NN and 3N potentials.

2.2.1 Nijmegen partial wave analysis (Nijm-PWA)

The Nijmegen group presented a multi-energy partial-wave analysis of all NN scattering
data in the energy range of Tlab = 0−350 MeV [3, 34]. In the Nijm-PWA, the NN interac-
tion is divided into two parts: a long-range part, VL, which is well-known and essentially
model independent, and a short-range part, VS, which is treated phenomenologically,

VNN = VL + VS . (2.31)

The short-range part is represented by an energy-dependent boundary condition at r = b =
1.4 fm which is allowed to be different for each partial wave [3, 34]. To describe the short-
range interaction in the lower partial waves, they use a parameterization that depends on
the phenomenology of the given problem, and is chosen in such a way as to generate the
necessary phase shifts. The long-range potential, VL, consists of an electromagnetic part,
VEM , and a nuclear part VN :

VL = VEM + VN . (2.32)

The electromagnetic interaction for pp scattering consists of the Coulomb potential, VC1
,

with relativistic and two-photon exchange corrections, VC2
, the magnetic moment interac-

tion, VMM , and the vacuum-polarization potential, VV P . In the case of np scattering, the
electromagnetic interaction consists of the magnetic moment interaction only. In short:

VEM (pp) = VC1
+ VC2

+ VV P + VMM (pp),

VEM (np) = VMM (np).

The long-range part of the nuclear potential, VN , is given by a one-pion exchange (OPE).
For pp and np scattering, the OPE potential can be written as:

VOPE(pp) = f 2
pV (mπ0),

VOPE(np) = −f 2
0V (mπ0) + (−1)I+12f2

c V (mπ±),

V (mi) =
1

3

(
mi

ms

)2 e−mir

r

[

( ~σ1. ~σ2) + S12

(

1 +
3

(mir)
+

3

(mir)2

)]

,

with i = π0, π±. (2.33)
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Here, I denotes the total isospin, and fp, f0, fc are different pseudo-vector coupling con-
stants. The symbols ~σ1, ~σ2 represent the spin operators and S12 is the tensor operator
of the two nucleons. A scaling mass, ms, is chosen to make the pseudo-vector coupling
constant, f , dimensionless. By convention, it is chosen to be the charged pion mass. The
nuclear interaction also contains contributions of intermediate range due to the exchange
of heavier mesons (like ρ, ω, η, ε). So, the nuclear part of the potential tail is given by,
VN = VOPE + VHBE (Heavy-Boson Exchange). Later, the Nijmegen group showed that
the contribution of heavy bosons is equivalent to the two-pion exchange (TPE) which is
compatible with chiral-perturbation theory [35].

We briefly summarize the expressions for the various parts of the scattering amplitude.
The wave function of the NN scattering process can be written asymptotically as:

ψr
m ∼ eikzξs

m +
eikr

r

∑

s′,m′

ξs′

m′M s′s
m′m(θ, φ), (2.34)

where ξs
m denotes the spin state and M s′s

m′m(θ, φ) are the matrix elements of the spin 1
2 -

spin1
2 scattering amplitude with θ, φ as the polar and azimuthal angles, respectively. The

partial wave decomposition of the M -matrix is given by:

M s′s
m′m(θ, φ) =

∑

l,J,l′

√

4π(2π + l)Y l′

m−m′(θ, φ) × C l′s′J
(m−m′)m′mi

l−l′ 〈l′, s′|SJ − 1|l, s〉
2ik

×C lsJ
0mm,

(2.35)
where C lsJ

mlmsM is the Clebsch-Gordon coefficient and Y l
m(θ, φ) is the spherical harmonics.

The total scattering amplitude, Mtot, can, therefore, be written as a function of partial
amplitudes:

Mtot = MEM +MOPE +

lmax∑

l=0

(Mpar,l −MOPE,l). (2.36)

For pp scattering, MEM (pp) = Mc1 +Mc2 +MMM +MV P . All experimental NN scattering
observables can be expressed in terms of the M -matrix elements.

2.3 Nucleon-Nucleon potentials

Presently, existing 2NF models provide an excellent description of the high-quality database
of proton-proton and neutron-proton scattering and of the properties of the deuteron, such
as the binding energy. In this thesis, a short introduction of the most commonly used NN
potential models is given and their assumptions are discussed.

2.3.1 Nijmegen potential

The Nijmegen group has presented three high-quality NN potentials [4, 36]. These three
potentials have a nearly optimum χ2/Ndata ∼1. These are OBE potentials with momentum-
dependent central terms and exponential form factors. They are the non-local Reid-like
Nijmegen potential (Nijm I), the local version (Nijm II), and an updated regularized ver-
sion of the 1968 Reid potential (Reid93). The potentials are invariant under rotation,
reflection, and time reversal, and are written as a sum of six one-boson-exchange potential
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terms,

V =

6∑

i=1

ViPi. (2.37)

A common choice for the six operators Pi in the momentum space is given in Eq. 2.38.

Pcentral = 1,

Pspin−spin = σ̂1 · σ̂2,

Ptensor = (σ̂1 · ~k)(σ̂2 · ~k) − 1

3
k2(σ̂1 · σ̂2),

Pspin−orbit =
i

2
(σ̂1 + σ̂2) · ~n,

Pquad−spin−orbit = (σ̂1 · ~n)(σ̂2 · ~n),

PAntisym−spin−orbit =
i

2
(σ̂1 − σ̂2) · ~n. (2.38)

where ~k = ~pf − ~pi, ~q = 1
2(~pf + ~pi), ~n = ~q×~k, and ~pf , ~pi are the final and initial momenta,

respectively.

By using the Schrödinger equation with a potential of form 2.37, the phase shifts can
be calculated. By comparing the predicted phase shifts with the results of the PWA up
to 350 MeV, values of the free parameters are obtained by performing a minimum χ2 fit.

2.3.2 Argonne potential

The Argonne potential (AV18) is one of the conventional realistic potentials [37, 38]. This
potential is made of three parts: the long-range part, vp

π(r), which is the sum of electro-
magnetic and the One-Pion-Exchange (OPE) parts, the intermediate-range part, vp

I (r),
which is assumed to come from Two-Pion-Exchange (TPE), and finally the short-range
part, vp

S(rij), which is given by a Woods-Saxon shape whose parameters are determined
by the fit.

The AV18 is an updated version of the AV14 potential and it takes into account the
explicit charge dependences and charge asymmetries. The potential is written as a sum
of 18 operator components, Op

ij
1,

v18,ij =
∑

p=1,18

[vp
π(rij) + vp

I (rij) + vp
S(rij)]Op

ij , (2.39)

where,

Op=1,14
ij = 1, ~τi · ~τj, ~σi · ~σj , (~τi · ~τj)(~σi · ~σj), Sij , Sij(~τi · ~τj), (~L · ~S), (~L · ~S)(~τi · ~τj), ~L2, ~L2(~τi · ~τj),

~L2(~σi · ~σj), ~L
2(~τi · ~τj)(~σi · ~σj), (~L · ~S)2, (~L · ~S)2(~τi · ~τj). (2.40)

Here, Sij = 3(~σi · r̂ij)( ~σj · r̂ij) − ~σi · ~σj is the well-known tensor operator, ~L is the relative

orbital angular momentum, ~S is the total spin of the pair, ~σ is the spin operator, and ~τ

1 In the configuration space, the operators P of Eq. 2.38 and O in Eq. 2.39 are similar.
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is the isospin operator. The last four operators break charge independence and are given
by:

Op=15,18
ij = Tij , (~σi · ~σj)Tij , SijTij , τzi + τzj, (2.41)

where Tij = 3τziτzj − τ̂i · τ̂j is the isotensor operator, defined similarly to the Sij operator.

The long-range part, vp
π(r), is treated the same as in the Nijmegen potential and the

intermediate-range part, vp
I (r) is expressed as a sum of central, L2, S, L ·S, (L ·S)2 terms.

2.3.3 Bonn potential

The Bonn potential is a potential based on exchange of mesons for the nucleon-nucleon
interactions below the pion-production threshold. Apart from one-pion and omega ex-
changes, this potential contains an explicit 2π-exchange contribution. In addition, dia-
grams involving heavy-meson exchanges are included, especially the combinations of π-
meson and ρ-meson which are crucial for a quantitative description of phase shifts at low
angular momentum [39].

The first-order contributions are the one-pion and one-omega exchanges (see Fig. 2.4).
The π-meson provides the long-range (essentially tensor) force; the ω-meson is responsible
for the short-range repulsion and the spin-orbit interactions. The first-order contributions,
essentially π-, and ω-meson exchanges, explain the important features of the two-nucleon
force: namely the long-range tensor force and the short-range repulsion.

Figure 2.4: Single-meson exchange included in the Bonn potential.

In the next orders, this model contains the contributions from the nucleon resonances
as well as a direct ππ interaction, as shown in Fig. 2.5. The 2π-exchange contributions
provide a realistic description of the long- and the intermediate-range parts of the NN
potential which correspond to phase shifts at higher angular momenta. The theoretical
phase shifts obtained from the Bonn potential for higher angular momenta describe the
empirical NN-scattering phase shifts very well [39].

We proceed to states with lower angular momenta. From one-boson exchange, it is
known that the π and ρ-mesons counteract each other because their tensor forces have op-
posite signs. Therefore, the ρ and π two-boson-exchange diagrams are included, expecting
them to counter-balance the 2π contributions, as illustrated in Fig. 2.6.

The last step is to include the 3π, 4π, and higher processes to guarantee that all
possible channels are covered. Figure 2.7 shows all diagrams in the Bonn potential as well
as their order and group.

The updated version of the Bonn potential which is called the charge-dependent Bonn
potential is derived in the spirit of the Bonn model, developed for the use in many-nucleon
systems. It is a one-boson exchange potential and includes mesons below the nucleon mass,
π, ρ, η, and ω, and two scaler-isoscaler σ bosons, see Fig. 2.8. Charge dependence of the
strong NN interaction means that, in the isospin T = 1 state, proton-proton (Tz = +1),
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Figure 2.5: The 2π-exchange contribution in the Bonn potential. The second line from the bottom

represents the correlated S-wave contribution. Figure taken from Ref. [39].

Figure 2.6: The πρ contribution to the NN interaction in the Bonn potential. Figure taken from

Ref. [39].

neutron-neutron (Tz = −1), and neutron-proton (Tz = 0) interactions are different, after
electromagnetic effects have been removed [40].

2.4 Three-Nucleon Potentials

Most of the present-day three-nucleon forces (3NFs) are based on a refined version of
the Fujita-Miyazawa force [14] in which a 2π-exchange mechanism is incorporated by an
intermediate ∆ excitation of one of the nucleons. Later, more refined ingredients have been
added such as in Urbana IX [15] and Tucson-Melbourne (TM’) 3NFs [16, 41] allowing for
additional processes contributing to the re-scattering of the mesons on an intermediate
excited nucleon. A different approach is provided by the Hannover-Lisbon theory group,
where the ∆-isobar is treated on the same basis as the nucleon, resulting in a coupled-
channel potential CD-Bonn+∆ [17, 42] with pair-wise nucleon-nucleon and nucleon-∆
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Figure 2.7: Diagrams of the meson-exchange NN interaction. Arrows point to terms that should

be grouped together. The Bonn potential consists of the diagrams above and to the left of the

dashed line. The addition of the diagrams between the dashed line and the solid line leads to more

consistent values for the πNN and πN∆ cutoff masses. Figure taken from Ref. [39].

Figure 2.8: One-boson exchange Feynman diagrams that define the CDB-Bonn NN potential.

interactions mediated through the exchange of π, ρ, ω, and σ mesons.

In this section we give a brief overview of the current 3NF models and compare their
main ingredients.

2.4.1 Hannover-Lisbon model of the ∆

In the classical picture, the nucleus is viewed as a system of non-composite nucleons
which move non-relativistically and interact via instantaneous two-body potentials. In
this picture, mesonic and internal degrees of freedom are frozen. Corrections emerge when
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these degrees of freedom are taken explicitly into account.
The Hannover-Lisbon group investigates the correction mechanisms of the microscopic

nuclear structure which arise from the internal nucleonic degree of freedom seen in the
∆-isobar excitation [17, 42, 43, 44]. They apply the ∆-degree of freedom in the three-body
system by adding the ∆-isobar explicitly to the nucleonic Hilbert space. The excitation
of a nucleon into a single ∆-isobar is described in an extended force model through the
coupling of the nucleon-nucleon (NN) isospin triplet partial waves to nucleon-isobar (N∆)
channels as illustrated in Fig. 2.9.

Figure 2.9: The interaction model in isospin-triplet partial waves, which couples NN and N∆

channels.

The characteristic processes contributing to the three-nucleon force are shown in
Fig. 2.10. Here, the ∆-mediated contributions play an important role in all possible

Figure 2.10: Some examples of 3NF arising in the interaction model of Fig. 2.9 for the 3N system.

mechanisms of the three-nucleon force. In this model, consistency between 2N and 3N
forces is achieved by the coupled-channel approach. The alternative approach, for mod-
eling three-nucleon forces, adds a three-nucleon potential to a Hamiltonian with given
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two-nucleon interactions. Such a three-nucleon force may then account for a wider range
of physics phenomena than just the virtual ∆-excitation, but lacks the self-consistency.

The coupled-channel approach has technical advantages such as:

1. It includes π-meson and ρ-meson contributions to the three-nucleon force and to the
exchange currents on the same footing as the two-nucleon interaction.

2. It decomposes the complicated three-nucleon force into simpler two-body pieces and
the many-nucleon exchange currents into simpler one-body pieces.

3. It accounts for ring-type diagrams as shown in Fig. 2.12.

The Hannover-Lisbon model uses the CD-Bonn NN potential as the two-body force. This
model, therefore, is labeled as CDB+∆ throughout the thesis.

2.4.2 Tucson-Melbourne, three-nucleon force (TM’)

The Tucson-Melbourne (TM) potential is the complete three-nucleon potential of the two-
pion-exchange type, suitable for nuclear structure calculations [45]. In this treatment, the
dominant three-nucleon potential has strong components from both s-wave and p-wave
πN scattering. In this potential, all three nucleons are allowed to move freely, unlike the
Fujita-Miyazawa (FM) potential which assumes the “middle” nucleon to be at rest [46].

Calculations of the triton binding energy with the inclusion of the TM 2π-exchange
potential yield over-binding and strong dependence on the πNN form factor regulator
mass [47]. The calculations have been to include the ρ−π and ρ− ρ forces, to cancel part
of the π−π force effects, in a fashion similar to what has been done for two-nucleon inter-
actions. Figure 2.11 shows the different meson-exchange contributions that are involved
in this model [48]. The latest version of TM model was introduced by Coon and Han [16].

Figure 2.11: Diagrams for π − π, π − ρ and ρ− ρ forces.

They modified the definition of the old parameters, reduced the number of constants, and
introduced a new terminology. This new version is called TM99 or TM’ which is consistent
with chiral symmetry.

2.4.3 Urbana-Illinois three-nucleon force

It has been shown [6] that the AV18 two-nucleon potential alone predicts some key features
of nuclear structure correctly, such as the proper ordering of excited states and the rapid
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saturation of the binding energy for nuclei with masses, A, larger than 4He. But with
increasing A, it underestimates the nuclear binding energies. The addition of the Urbana-
Illinois X (UIX) three-nucleon potential, Vijk, fixes the binding energy of 3H and 4He and
significantly improves the predicted binding energies of the p−shell nuclei.

The UIX potential is a realistic model based on pion-exchange three-nucleon inter-
actions and is obtained by fitting the energies of all 17 bound or narrow states of 3 6

A 6 8 nuclei, calculated with less than 2% error using the Green’s function Monte-Carlo
method [6]. The models contain two-pion-exchange terms from πN scattering in the s-
and p-waves, three-pion-exchange terms from ring diagrams with one ∆ in the intermedi-
ate states, and a phenomenological repulsive term to take into account relativistic effects.
In the following, we closely follow the formalism given in Ref. [6].

In this model, the general Hamiltonian is written as:

H =
∑

i

− ~
2

2mi
∇2

i +
∑

i<j

vij +
∑

i<j<k

Vijk, (2.42)

which contains the kinetic energy, two nucleon vij , and three nucleon, Vijk, potential terms.
The AV18 vij, two-nucleon potential, contains,

vij = vπ
ij + vR

ij + vγ
ij, (2.43)

where vπ is the one-pion-exchange potential with a short-range cut-off, vR represents all
other strong interaction terms, and vγ is a very complete treatment of the electromagnetic
interaction.

Figure 2.12: The constituents of the Urbana-Illinois X 3N potential are shown as Feynman dia-

grams: (a) the Fujita-Miyazawa, (b) the two-pion s-wave, (c) and (d) is three-pion rings with one

∆ in the intermediate state.

The UIX three-nucleon potential, Vijk, is expressed as Eq. 2.44 and the graphical
representation of the terms are shown in Fig. 2.12.

Vijk = APW
2π O2π,PW

ijk +ASW
2π O2π,SW

ijk +A∆R
3π O3π,∆R

ijk +ARO
R
ijk. (2.44)
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These four terms represent the V 2π,PW , V 2π,SW , V 3π,∆R, and V R interactions with strengths
APW

2π , ASW
2π , A∆R

3π , and AR, in which:

1. V 2π,PW : The earliest model of V 2π,PW is entirely due to the excitation of the ∆
resonance as shown in Fig. 2.12(a), consistent with the idea of Fujita and Miyazawa.

2. V 2π,SW : The form of the V 2π,SW , due to πN s-wave scattering, is illustrated in
Fig. 2.12(b).

3. V 3π,∆R: The present model of O3π,∆R
ijk is based on the three-pion-exchange ring

diagrams shown in Fig. 2.12(c)-(d) having only one ∆ at a time in the intermediate
states.

4. V R: The pion-exchange three-nucleon interactions are attractive, and lead to signif-
icant over-binding and large equilibrium density of nuclear matter. The V R term in
the Urbana models of Vijk was designed to approximate the repulsive effects.

This model is used in combination with the Argonne vij (AV18) potential.

2.4.4 Other three-nucleon potentials (3NP)

There are other 3NPs on the market such as the Brazil 3NP. The Brazilian group derived
a Two-Pion-Exchange (TPE) 3NP using an effective Lagrangian [49]. They considered
the s-wave and p-wave potentials and their relative importance. The 3NP of the Brazil
potential model in momentum space is quite similar to the TM’ potential.

2.5 Chiral perturbation theory (χPT)

The chiral perturbation theory is based on the chiral symmetry of quantum chromody-
namics (QCD) and is derived from an expansion of the potential among any number of
low energy nucleons in powers of the nucleon momenta [50]. It provides the most general
Lagrangian involving pions and low-energy nucleons consistent with a spontaneously bro-
ken symmetry. Nucleons with momenta greater than a scale, Q, are integrated out, which
makes this Lagrangian Q dependent. For the moment, it will be enough to specify that Q
is a low-energy scale such as the momenta of the external particles or light masses and is
substantially less than the mass of proton, mp [51].

Two scales that set the strength of the building blocks of the Lagrangian are the pion
decay constant, fπ ∼ 93 MeV, and the large-mass QCD scale, Λ ∼ 1 GeV [41]. The
low-energy observables are expanded in powers of the small parameter Q/Λ << 1. It has
been shown that, at a given order in the Q/Λ expansion, only a finite number of terms
will contribute [51]. The interaction in the Lagrangian is organized in powers of ν (chiral
order), L(Λ−ν), and is written as a sum of contributions from different orders [41],

Leff = Lν=0 + Lν=1 + Lν=2 + ... (2.45)

The chiral NN force has the general form [52]:

VNN = Vπ + Vcont, (2.46)
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where Vcont denotes the short-range terms represented by NN contact interactions and Vπ

corresponds to the long-range part associated with the pion-exchange contributions. The
potential Vπ can be written as contributions from one-, two-, and three-pion exchange in
the low-momentum expansion:

Vπ = V1π + V2π + V3π + · · · ,
V1π = V

(0)
1π + V

(2)
1π + V

(3)
1π + · · · ,

V2π = V
(2)
2π + V

(3)
2π + · · · ,

V3π = V
(4)
3π + · · · . (2.47)

Here, ν = 1 does not contribute due to parity conservation. The short-range part of the
potential is represented by a series:

Vcont = V
(0)
cont + V

(2)
cont + V

(3)
cont + · · · . (2.48)

Table 2.1 shows the hierarchy of the different potential terms:

Table 2.1: Isospin-symmetric nuclear forces up to ν = 4.

Chiral order NN force 3N force 4N force

LO ν = 0 V1π + Vcont - -
ν = 1 - - -

NLO ν = 2 V1π + V2π + Vcont - -
N2LO ν = 3 V1π + V2π V2π + V1π,const + Vcont -
N3LO ν = 4 V1π + V2π + V3π + Vcont in progress in progress

It has been shown that few-nucleon forces arise at the same level in which some impor-
tant features of the NN forces, such as the short-range tensor force and the spin-isospin
independent central attraction, are presented and are, therefore, expected to play a non-
negligible role in few-nucleon systems. Therefore, a framework such as χPT in which all
nuclear forces such as NN and 3N are included simultaneously and consistently, is pre-
ferred [51, 53]. Figure 2.13 shows the ordering and the hierarchy of all diagrams in the
chiral perturbation Lagrangian. According to power counting rules, three-nucleon force
starts to contribute at the order ν = 3. Hence, the first non-vanishing 3NF appears at
N2LO.

At the moment, the convergence of the χPT-based predictions depends on the max-
imum order (ν) that is taken into account, and also the cut-off parameter (Λ). The
dependence on the cut-off parameter (Λ) is used to estimate the uncertainty of the pre-
dictions [5].

Even though this field is very promising, but, for the energies used in this thesis,
the higher orders of the perturbation are necessary to produce predictions that can be
compared with data. These higher order perturbations are not available at the moment
and, therefore, we will not compare this theory with our data in this thesis.
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2N force 3N force 4N force

N LO2

N LO3

LO

NLO

Figure 2.13: A schematic representation of the hierarchy of the nuclear forces in the χPT ap-

proach. Solid (dashed) lines represents nucleons (pions). Solid dots, filled/open squares and filled

circles depict vertices from Leff .

2.6 Observables of the elastic-scattering process

In this section, the polarization observables of the elastic scattering of a polarized beam
from an unpolarized target are discussed. Before going into the details of the formalism,
we define the reference frame in which the interaction will be analyzed.

The scattering cross section is the most commonly used observable which gives in-
formation about the interaction of the target nuclei and the projectile beam. For an
unpolarized beam, the cross section is usually sensitive to the polar scattering angle and is
independent of the azimuthal direction. In other words, it has an axial symmetry around
the direction of the incoming beam. But, for a polarized beam, the spins of the projectile
particles (beam) are aligned in a given direction which imposes a preferred azimuthal di-
rection in the system. Usually, the scattering observables are studied in a reference frame
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that is called the projectile helicity frame. In this coordinate system, the ẑ axis is taken
along the direction of the projectile motion, k̂in, the ŷ axis is taken along k̂in × k̂out, where
k̂out represents the direction of the scattered particle, and the x̂ axis is chosen to form a
right-handed coordinate system (see Fig. 2.14). In the following, we use the formalism
given in Ref. [54].

Figure 2.14: The projectile helicity frame is used to study the scattering observables. In this

coordinate system, the ẑ axis is taken along the direction of the projectile motion, k̂in, the ŷ axis

is taken along k̂in × k̂out, where k̂out represents the direction of the scattered particle, and x̂ axis

is chosen to form a right-handed coordinate system. The scattering angle, θ, is the angle between

the direction of the incoming beam, k̂in, and the outgoing particle, cos θ = k̂in · k̂out.

2.6.1 Scattering with spin- 1
2

particles

If the incident beam is made up of spin- 1
2 particles with a transverse polarization ~p, the

cross-section relation is written as:

σ(θ, φ) = σ0(θ)[1 +A(θ)~p · n̂], (2.49)

where σ0(θ) is the cross section for scattering of an unpolarized beam at scattering angle
θ, A(θ) is the analyzing power of the reaction, and n̂ is a unit vector along ŷ = k̂in × k̂out

in the helicity frame. We use the symbol φ to denote the angle between ~p and n̂; that is
~p · n̂ = |p| cosφ. If φ = 0◦, p̂ is along n̂ and for φ = 180◦, p̂ is opposite to n̂. With this,
the cross section can be written as:

σ(θ, φ) = σ0(θ) (1 +A(θ)p cosφ) , (2.50)

where p represents the magnitude of the polarization. We denote the cross section for the
scattering to the left by φ = 0◦ and to the right by φ = π. It is common to normalize the
cross section of the reaction for the polarized beam to that of the unpolarized beam to
eliminate geometrical and detector asymmetries and then calculate the analyzing power
according to,

(φ = 0◦) → σL = σ0(θ)(1 + pA),

(φ = π) → σR = σ0(θ)(1 − pA),

A =
1

p

(
σL − σR

σL + σR

)

. (2.51)
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Figure 2.15: Relation between the projectile helicity frame (x, y, z) and the polarized beam is

shown. We define β as the angle between the quantization axis and the beam direction, and φ is

the angle between the projection of ~S on the x−y plane and the ŷ axis. This is called the Madison

convention and the left, right, up, and down scattering angles are denoted by φ = 0◦, φ = 180◦,

φ = 270◦, and φ = 90◦, respectively.

2.6.2 Scattering with spin-1 particles

The expression for the cross section of a spin-1 particle is more complicated than for a spin-
1
2 particle. A spin-1 particle has a tensor polarization as well as a vector polarization. In
contrast to a spin- 1

2 particle, which has only two spin projections along quantization axes
(1
2 , −1

2 or up and down), a spin-1 particle has three projections (+1, 0,−1). The most
general form for the cross section of a parity-conserving reaction induced by polarized
spin-1 particles is,

σ(θ, φ) = σ0(θ)[1 +
3

2
pyAy(θ) +

2

3
pxzAxz(θ) +

1

3
pxxAxx(θ)

+
1

3
pyyAyy(θ) +

1

3
pzzAzz(θ)], (2.52)

where py is the vector polarization, pxz, pxx, pyy, pzz are tensor polarizations, Ay is the
vector analyzing power, and Axz, Axx, Ayy , Azz are the tensor analyzing powers.

The polarization of a spin-1 beam from a polarized ion source with a magnetic field is
axially symmetric with respect to the magnetic field direction. This makes it convenient
to take the axis of quantization along this direction. The corresponding coordinate system
is denoted by X,Y,Z, where the Z axis is along the quantization axis and the X,Y axes
are arbitrary. Thus, four quantities are needed to describe such a beam: two angles to
determine the direction of the quantization axis in space, the rank-one polarization, pZ ,
and the rank-two polarization, pZZ.

For a general case (see Fig. 2.15), we define β by the angle between the quantization
axis and the beam direction, and φ by the angle between the projection of ~S on the x− y
plane and the ŷ axis (in the helicity frame). This is called the Madison convention and the
left, right, up, and down scattering angles are denoted as φ = 0◦, φ = 180◦, φ = 270◦, and
φ = 90◦, respectively. We can write the vector components of the beam polarization in the
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projectile helicity frame by projecting ~S on x̂, ŷ and ẑ and multiplying by the magnitude
of the vector polarization, pZ :

px = −pZ sinβ sinφ,

py = pZ sinβ cosφ,

pz = pZ cos β. (2.53)

The corresponding second-rank quantities are more complex. By using the rotation matrix
to rotate the helicity frame to the quantization axis frame, we can obtain the tensor-
polarization components [54]:

pxx =
1

2
(3 sin2 β sin2 φ− 1) pZZ ,

pyy =
1

2
(3 sin2 β cos2 φ− 1) pZZ ,

pzz =
1

2
(3 cos2 β − 1) pZZ ,

pxy = −3

2
sin2 β cosφ sinφ pZZ ,

pyz =
3

2
sinβ cos β cosφ pZZ ,

pxz = −3

2
sinβ cosβ sinφ pZZ . (2.54)

Up until now, the decompositions have been expressed in Cartesian coordinates. For
practical purposes, the analyzing powers are often written in spherical coordinate system
and are given by:

iT11 =

√
3

2
Ay,

T20 =
1√
2
Azz,

T21 = − 1√
3
Axz,

T22 =
1

2
√

3
(Axx −Ayy), (2.55)

where iT11 is the vector-analyzing power, and T20, T21, T22 are the tensor-analyzing pow-
ers. Using relations 2.53, 2.54, and 2.55, the cross section is expressed in the spherical
coordinates as:

σ = σ0[1 +
√

3iT11(θ)pZ sinβ cosφ+
T20(θ)√

8
pZZ(3 cos2 β − 1)

+
√

3T21(θ)pZZ cos β sinφ−
√

3

2
T22(θ)pZZ sin2 β cos 2φ], (2.56)

where σ0 is the cross section for an unpolarized spin-1 beam. Similar to Eq.2.51, analyzing
powers can be obtained by various combinations of cross sections at different azimuthal
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angles.

2.7 Break-up observables

In this section, we discuss the kinematics of the break-up reaction and introduce the break-
up analyzing power and cross section. We are particularly interested in the D(~p, pp)n
reaction, since this reaction has been studied for this thesis.

Figure 2.16: The two forward-scattered particles are shown in the break-up reaction. The energy

of the particles, E1, E2; the scattering angles, θ1, θ2; and the relative azimuthal angle between the

two particles, φ12, are shown.

For a system of three particles (two protons (p1, p2) and a neutron (n)) in the exit
channel, there are in total 9 parameters: (E1, θ1, φ1)p1

, (E2, θ2, φ2)p2
, and (E3, θ3, φ3)n;

see Fig. 2.16. Here, E is the energy of the particle, θ is the scattering angle, and φ is
the azimuthal angle in the helicity frame, respectively. From the energy and momen-
tum conservation laws, there are 4 inhomogeneous equations. Therefore, by measuring at
least 5 of these parameters in an experiment, we can obtain the rest of the parameters
uniquely. In our break-up experiments, we have identified two forward-scattering protons.
We measured the energies and scattering angles, (E, θ, φ), of both of these particles un-
ambiguously. Therefore, we have measured 6 parameters. In the following chapters, the
analysis of the break-up reaction are performed in the relativistic framework. Here, we
explain the correlation between the observables for the simpler case of the non-relativistic
frame. Using the non-relativistic expressions for the energy and momentum conservation,
we obtain the relation [55, 56]:

(m1 +m3)E1 + (m2 +m3)E2 − 2
√

mpm1EpE1 × cos θ1

− 2
√

mpm2EpE2 × cos θ2

+ 2
√

m1m2E1E2 × cos θ12

− m3Q+Ep(mp −m3) = 0. (2.57)

where m1,m2 are the masses of the first and second detected particles, m3 is mass of
the undetected particle, mp is the projectile mass (here, proton), Q is the Q-value of
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the reaction, E1, E2, Ep are the energies of the first, second, and the projectile particles,
and θ12 is the opening angle between the first and second protons, so that cos θ12 =
cos θ1 cos θ2+sin θ1 sin θ2 cos(φ1−φ2). From Eq. 2.57 one can derive a relation between the
energies of the protons (E1, E2). This relation has been graphically presented in Fig 2.17
and is referred to as the S-curve. The S-curve contains all the kinematically allowed
combinations of E1 and E2. The corresponding kinematical variable, S, represents the
length along the S-curve with the starting point, S = 0, defined by the proton with the
minimum value for E2. The parameter S, therefore, represents the energy correlation
between the two protons and it is expressed in units of energy.
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Figure 2.17: The energy of the second proton as a function of the energy of the first proton is

represented as the S-curve. A few S-curves are shown for different kinematics, (θ1, θ2, φ12). Angles

are given in degrees.

The general expression for the cross section of the break-up reaction for a spin- 1
2

projectile particle is similar to the elastic reaction. For a projectile proton with spin- 1
2

and β = 90◦, the differential cross section σ(ξ) is given as [57]:

σ(ξ) = σ0(ξ)[1 + pZAy(ξ) cosφ], (2.58)

where σ0(ξ) is the break-up cross section for the unpolarized beam, φ is the azimuthal
angle of one of the particles which by definition is the first particle, and ξ represents any
appropriate set of kinematical variables. For a three-particle final state, the kinematical
variables may be taken as ξ(E1, E2, θ1, θ2, φ1 − φ2).

The break-up cross section is presented for every configuration in which two pro-
tons are found in coincidence at fixed coordinates (θ1, θ2, φ12), within a small range
(∆θ1,∆θ2,∆φ12). The cross section is obtained by counting the number of break-up
events and will be presented as a function of S. For a given kinematical configuration,
ξ(E1, E2, θ1, θ2, φ12), the break-up cross section is defined as:

d5σ

dΩ1 dΩ2 dS
=

N

Q/Z
· 1

t · ε · 1

∆Ω1∆Ω2∆S
, (2.59)

where N is the number of break-up events, Q is the total integrated charge, Z is the
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charge per projectile, t is the number of scattering centers, ε accounts for all inefficiencies
in the system, ∆Ω1,∆Ω2 are the solid angles for the two protons, and ∆S is the size of
the energy window placed on the S-curve.
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