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A
Ferrenberg-Swendsen Reweighting

For the observables studied in this chapter, the functional dependence on the cou-
pling is an important result. Unfortunately, scanning such a dependency by means
of lattice simulations is in general an expensive affair. Each data point represents a
separate run, requiring CPU time to both thermalise and gather statistics. Frankly, it
would appear rather wasteful to expend these resources for the benefit of obtaining a
single average. In addition, the limited prior information on the required resolution
in the coupling can make this method time consuming.

This observation led Ferrenberg and Swendsen to propose a reanalysis technique
on the partition function [347], now often referred to as Ferrenberg-Swendsen reweight-
ing (FSR). As detailed in chapter 1, the Markov chain, by imposing detailed balance,
produces configurations according to the Boltzmann distribution. A stochastic es-
timation of the thermodynamically weighted observables is then produced by the
unweighted average over the measurements on the configurations. This distribu-
tion will be peaked around the values of the action appropriate to the parameters
at which the simulation was run, but the produced configurations will have a non-
vanishing probability of appearing within a small region around the original values
in parameter space. From the distribution of the action, the shifts in the Boltzmann
weight as a consequence of a small change in parameters can be calculated, pro-
viding the relative weights by which the given configurations would appear in a
simulation at those new parameters.

In their original article, Ferrenberg and Swendsen propose it as a method for
obtaining a smooth line of measurements passing through a phase transitions, the
feasibility of which is demonstrated by means of simulations of two dimensional
Ising and Potts models. The crucial difference between those models, each with a
large but finite number of potential states, and full SU(3) lattice QCD, however, is the
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sheer size of the phase space under consideration. This implies the spacing between
subsequent values of the parameters that still allow for substantial overlap between
the produced samples of phase space, a necessary condition for fully determining
the expected value of the observations between the input parameters, will be far
more restricted. In fact, this problem becomes larger as the volume of the simulation
increases, as the obviously extensive nature of action reflects the associated increase
of the phase space.

But even for those cases where overlap exists, concerns about the validity of the
results remain. First of all, ergodicity remains a lingering issue. Unlike the case
of a direct Monte Carlo integration, to which FSR could be compared otherwise, the
Markov chain procedure can introduce a strong bias on the stochastic input to the in-
tegrand. Unless the space phase happens to have a very trivial structure at the point
towards which one is reweighting – in which case the interest in doing FSR would be
limited anyway – one is likely to sample only a small subset of the thermodynami-
cally relevant regions in it by using only configurations compatible with parameters
some distance to one side of the current one and from a strongly correlated source.
This effect can be suppressed somewhat by simulating close to the desired param-
eters and accumulating a large amount of statistics, but this would largely defeat
the purpose of introducing FSR in the first place. A second issue comes into play
once the action used requires tuning. To obtain the correct results of macroscopic
changes in the parameters, one would now have to trace the physical curve. This
one would probably have to approximate linearly, introducing an additional source
of systematic errors.

It might seem then that FSR can contribute little to the analysis of a data set the
scale of those considered in this chapter. However, even with the limited range over
which the FSR procedure is valid, it can produce valuable additional information.
The original consideration of extracting additional information present in the en-
semble distribution of the observable is valid, and it is important to realize this is in
fact extra information that is lost when only a statistical reduction of the distribution
is taken into consideration. Specifically, knowledge of the change in the observable
as a function of a single parameter can be used to obtain partial derivatives. For a
crude implementation, this could be done according to

〈∂xiO[x]〉 =
O[x + δxi ]−O[x− δx]

2δxi

=
〈O[x]〉S(δxi )

+ 〈O[x]〉S(−δxi )

2δxi

, (A.1)

where 〈O[x]〉 denotes the ensemble average for the observable O as a function of the
parameter set x, δxi represents a small variation in the ith parameter of such a set and
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the notation

〈O[x]〉S(δxi )
=

∑
n

exp [− (S (x + δxi , Gn)− S (x, Gn))] On

∑
n

exp [− (S (x + δxi , Gn)− S (x, Gn))]

≡
∑
n

(
W

δxi
n On

)
Wδxi

(A.2)

was introduced for the ensemble average reweighted towards the shifted parame-
ter set x + δxi , labelling the configurations in the ensemble by the index n. Here the
scalar value of the action S is written to stress its dependence on both the parame-
ter set x and the generated gauge configuration Gn. The reweighting factor for the

nth configuration in the ensemble is denoted by W
δxi
n , while Wδxi is introduced as a

convenient shorthand notation for the sum over all weighting factors.
Whether the simple form of equation A.1 suffices depends mainly on the compu-

tational complexity of calculating the induced change in the action by a small shift
in the parameter δxi . If one attempts to reweight in one of the quark masses, inver-
sions of the Dirac matrix will be required for each of the masses, though one may
gain some efficiency by using multi-mass inverters. A straightforward symmetric
difference approximation to the partial derivative may then be satisfactory, espe-
cially given the existence of an inverse proportionality between the size of δxi and
the statistical accuracy of the reweighted observable 〈O[x]〉S(δxi )

that stems from the
roughly exponential decay in the number of significant observations On. Because
of this, smaller shifts that produce numerically and statistically appreciable change
between 〈O[x]〉 and 〈O[x]〉S(δxi )

will tend to give more accurate end results. And as

there is no pressing reason to push for large values of δxi , the error of O
(

δ2
xi

)
can be

kept under control.
If, on the other hand, the dependence of the action on a parameter is particularly

straightforward, one may choose to extend upon the approximation of equation A.1
in order to more fully exploit the available data. Such a relatively simple depen-
dence is found for the Symanzik improved action used in these simulations for the
coupling. Recapitulating from earlier chapters, this action has the form

Sgauge = ∑
i=p,r

βi(g2) ∑
C∈Si

Re(1−U(C)) ,

where the couplings for this particular case, without tadpole improvement factor u0,
was given by

βp ≡ β = 10/g2
0,

βr = − β

20
. (A.3)

While the particular combination of generalized plaquette factors and multiplicities
that make up the gauge contribution to the action are themselves not trivial, the de-
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pendence on the coupling constant β as an external parameter is through an overall
multiplication. Because of this, the gauge component of the action can be extracted
a single scalar factor for each configuration and a straightforward weighting func-
tion constructed from these. Since now the whole FSR procedure can be executed
at the level of the measured averages per configuration, making it computationally
fairly trivial, there is no need to restrict the number of reweighted measurements
extracted. One could decide to move towards successively more accurate finite dif-
ference approximations to the derivative operator, but a different approach may be
more efficient at this point.

First of all, boundaries can be set beyond which no further reweighting is done.
These will always be slightly arbitrary, but should take into account the fact that at
some finite distance from the original parameters, a single configuration will domi-
nate the reweighted ensemble completely and the sampling will be exceedingly poor.
A good quantifier of the ensemble size is given by the factor Wδxi as defined in
equation A.2. If the maximum weight is normalized to one, the integration over

the weighting factors W
δxi
n will produce the effective number of observations for the

reweighted quantity. In order not to pollute the set of FSR samples, we set these
to a particular minimum fraction of the original number of observations, usually
0.5. This generated two bounds βRW

min and βRW
max, not necessarily symmetric, for the

reweighting interval. Within this range, a certain number of reweighted ensembles
were produced at regular intervals. Again, the sampling rate here was rather arbi-
trary, but in general 40 samples were generated.

In order to determine the moments of the distribution, a Taylor expansion was
introduced for the observable around the original value of the coupling constant β0
as

O[x, β] = O[x, β0] +
∂O[x, β]

∂β
(β− β0) +

∂2O[x, β]

2∂β2 (β− β0)
2 + . . . (A.4)

After performing a linear fit in the parameter β − β0, the coefficients allow for an
immediate determination of the partial derivative to any order. Obviously, the relia-
bility of the determination will decrease rapidly if too many terms are fit to a small
region of β. The stability of each of the coefficients under inclusion of additional
terms should therefore be carefully checked. In addition, the strong correlation be-
tween the different reweighted ensembles can potentially lead to a severe underes-
timation of the errors. To counter this effect, one could perform a bootstrap analysis
using independent samples for each point. As long as Wδxi is sufficiently large, the
FSR will act to magnify the differences between the different samplings, thereby in-
creasing the variability of fits to subsequent bootstrap samples and giving a better
estimate of the uncertainties involved.


