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6
Concluding remarks

We conclude this thesis by tersely summarising the results of each research chap-
ter and discussing them in the context of recent literature and ongoing develop-
ments. Weaknesses in the current data are pointed out and reflected upon, natu-
rally introducing proposals for future extensions of the studies contained in this
volume.
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We set out work on this thesis with the goal of clarifying the influence of increas-
ing quark content on the gauge dynamics and phase diagram of QCD-like theories.
While this rich topic has of course not been exhaustively solved in the preceding
pages, it is our hope that they may form a useful contribution to the scientific dis-
course on this topic, one that has become considerably more extensive over the past
few years and that may yet branch out in currently unforeseeable directions. The
material has been arranged in such a way that successive chapters deal with theories
with increasing flavour content. This takes us from phenomenologically oriented
simulations of twisted mass lattice QCD with dynamical strange and charm quarks
to measurements of the suspected quasi-conformal phase at twelve flavour QCD. In
this conclusive chapter, we critically summarize their content and highlight future
perspectives.

The results of chapter 2 could be considered a sanity check on a new simulation
setup designed by the European Twisted Mass Collaboration (ETMC). Presented are
measurements of the light meson mass spectrum, coming from the first simulations
using an N f = 2 + 1 + 1 action with Wilson-like fermions. These simulations are the
result of a large collective effort by lattice theorists all over the continent, putting to
use the rapidly developing European supercomputing infrastructure. The inclusion
of a dynamical charm quark is technical challenging and it is currently worked on
by only two collaborations world-wide. The promise of these simulations lies in the
possibility accurate simulations to answer open questions in flavour physics. The
main results of this chapter include the adequate description of the mass dependence
of the light mesons by SU(2) chiral perturbation theory. Scale setting by means of the
pion decay constant gives results consistent with the gluonic length scale determined
from the Sommer parameter r0. As they stand, these results are incomplete. One
important missing component is an extrapolation to the continuum limit. This was
not yet possible, due to the availability of full ensembles at only two values of the
lattice coupling β. On top of that, those values – β = 1.90 and 1.95 – are fairly
similar. The situation is set to improve in the near future, as simulations are under
way to produce an ensemble at β = 2.10 and even weaker further values of the
coupling. A proper continuum extrapolation will also require a determination of the
renormalisation constants and they are currently being calculated.

Once a continuum extrapolation can be performed reliably, we can address the
open question of the influence of isospin breaking induced by the twisted mass for-
mulation. Frezzotti and Rossi have shown [210] that the isospin breaking at finite
lattice spacing is an O(a2) discretisation artefact when the simulation is tuned to
maximal twist and it should therefore be possible to control it in principle. At cur-
rent lattice spacings, however, it is important to take into account the presence of an
anomalously light pion in the chiral dynamics. Calculations of the effect of isospin
breaking on the chiral logs and finite volume effects have been recently performed
autonomously [280, 353]. Those can be put to the test once ensembles at additional
lattice spacings are available. A good quantitative description of the lattice spacing
artefacts would indicate these systematic errors are well understood at least for this
sector, though the influence on other observables may need to be established sepa-
rately.
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With the good match of simulation results to chiral perturbation theory, a second
natural extension of the results of chapter 2 is a full analysis of the heavier mesons,
in particular particles such as the kaon and the D meson that will be particularly
sensitive to the impact of the dynamical strange and charm quark. What framework
is most appropriate for that analysis is still an open question. While SU(3) chiral per-
turbation would seem a natural match, it has proven disappointing in describing the
dynamics of other recent large scale simulation [354, 355]. A heavy quark extended
SU(2) chiral perturbation theory seems more promising [356], but the framework of
this analysis is not quite as well developed yet. Specifically, expressions for the finite
volume effects of many of the observables have not yet been obtained, though they
could be probably be adapted from recent work, such as [357]. The presence of non-
negligible isospin breaking lattice artefacts should be accounted for in this analysis,
as well. These will be the first steps towards exploring several unsolved puzzles of
weak interactions, such as the mechanism behind the ∆ = 1/2 rule and the value of
ε′/ε, where the charm is expected to play a crucial role. But the interest in lattice con-
figurations without potential quenching artefacts lies also in broader applications of
lattice QCD, such as the proposed program for the analysis of B-physics [225].

Chapter 3 shifts the focus of simulations from phenomenology to the fundamen-
tal question of the possible appearance of a non-trivial IR fixed point in Yang-Mills
theories with a certain massless flavour content. It reports on simulations of the the-
ory with eight quark flavours, by means of which a chiral phase transition is located.
The observation of hysteresis shows this transition to be of first order at sufficiently
high temperatures, but it starts to wash out as the temperature is lowered. This
temperature is determined through the temporal lattice extent Nta, with the lattice
spacing denoted a and Nt the number of lattice spacings. Applying perturbative
scaling formulae to connect a change in bare coupling to a rescaling of the lattice
spacing reveals that the temporal lattice extent at the transition is almost constant,
indicating that there is a well defined transition temperature Tc. Such a thermal tran-
sition cannot exist in the presence of an IR fixed point, so QCD with eight flavours
should be in the regular hadronic phase.

At the time of publishing, the conclusions of chapter 3 contributed to the resolu-
tion of the open question of lattice results conflicting with analytical predictions. The
papers by Iwasaki and collaborators [166–168] had drawn surprising conclusions –
putting the opening of the conformal window as low as N f = 6 – while the large
study by the Columbia group [165] had unfortunately remained inconclusive. With
contemporary and later papers corroborating the results of chapter 3 (see chapter 1)
our understanding of this theory has improved dramatically. All recent reports on
simulations with N f = 8 fundamental fermions have been in broad agreement with
each other and the general trend of analytical papers as described in chapter 1. Re-
ception of the publication of chapter 3 has been rather positive accordingly. One
weaker point in the results is the weakening of the transition at lower temperatures.
This is a factor complicating the scaling analysis and the conclusions drawn could
be strengthened by extending the data set. Two paths would appear to be open for
doing so effectively. A simple approach would be to investigate the theory at inter-
mediate values of Nt = 8 and 10, where the transition should still be sharper. An
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alternative would be to lower the quark masses involved, which should increase the
sensitivity to temperature and push the phase transition away from the crossover
regime. If a sufficient range of quark masses would be sampled, this would also
allow for studying the extrapolation of the theory towards the chiral limit.

Regardless of possible improvements, however, the conclusions drawn in chap-
ter 3 should be solid. A phase transition is clearly identified at both temperatures.
The observation of thermal scaling of this phase transition is definite, and unam-
biguously incompatible with the presence of a conformal phase. This fact, combined
with the broad consensus that has now emerged in the lattice community on this
topic, makes further investigations of the nature of the phase transition in N f = 8
for purposes of excluding a conformal phase a low priority. Additional investiga-
tions are probably more productively performed in the broader context of a study of
SU(3) Yang-Mills with fundamental fermions in the walking regime. This broaden-
ing of scope would first of all mandate a full study of the spectrum of these theories
in the chiral and continuum limit, in a regime where the regular tools of QCD for
obtaining those data are not fully applicable. Potentially more problematic even, a
direct quantitative assessment of the influence of different fermion flavours on the
gauge dynamics require the introduction of some scale setting scheme to mediate be-
tween essentially different theories. It seems inescapable that this would introduce
a certain level of arbitrariness, such as the rather arbitrary equation of the interac-
tion strength at energy scales of the τ lepton in [56]. One might therefore conclude
that advances on the results of chapter 3 will be first and foremost challenging on a
conceptual level.

Unlike the case of eight flavours, no general consensus can be said to have been
reached for QCD with twelve fermion flavours. As this value lies close to the lower
bound of the conformal window predicted by many of the analytical approaches,
it stands to reason that the analysis would be less straightforward here. Chapter 4
presents evidence of this theory possessing a quasi-conformal phase. A chiral phase
transition was found, the location of which was shown to be insensitive to the phys-
ical temperature. This implies a bulk nature of the transition, branding it a lattice
artefact the importance of which lies in the fact that it would exclude the existence
of a thermal transition. Approximate lines of constant physics were defined as tra-
jectories in bare parameter space that keep the ratio of the pseudo-scalar and vector
meson masses fixed. The change in lattice spacing along these trajectories provides
a measurement of the sign of the beta function. In the region to the weakly coupling
side of the chiral transition, this sign was found to be positive and therefore con-
sistent with the Coulomb phase expected to the strong coupling side of an IR fixed
point. As a direct test of the restoration of chiral symmetry, the extrapolation of the
chiral condensate and pseudo-scalar mass to the chiral limit was studied. Curvature
was found to be present in both, allowing for an extrapolated value compatible with
zero and demonstrating the effective dynamical nature of quarks at the masses used
in the study.

The results of chapter 4 are in full agreement with the earlier results based on an
Schrödinger functional approach in [171, 172]. However, preliminary reports from
other groups, notably those of [176,178,182], have challenged these conclusions. The
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approaches of [176, 178] are somewhat similar to those presented here, but with a
different choice of action and parameters. Finding a particular combination of lattice
action and parameters that approaches the continuum limit sufficiently but is still
practically manageable is no easy task, and requires a certain amount of serendip-
ity. As chapter 4 testifies, finite volume effects tend to increase rapidly for this the-
ory as the quark mass is lowered. Simulations should in principle be performed
as close to the chiral limit as possible, because mass effects interfere directly with
quasi-conformal dynamics. But the volumes required to do so can quickly become
very unwieldy, while correlation times grow rapidly at the same time. In the course
of obtaining the results presented in this thesis, we found our lowest bare quark
masses pushing the limits of feasibility. The parameters chosen in [176, 178] may
consequently be too ambitious to obtain data of sufficient quality.

Conversely, of course, concerns over the current results have been voiced in terms
of the possible presence of finite size artefacts and the extent to which the chiral
regime is probed by the quark masses used. For the former, the argument was al-
ready made in chapter 4 that the requirements for suppressed final volume effects in
the regular hadronic phase of QCD have been satisfied, excluding a false positive on
the appearance of a conformal phase due to finite size systematics. Explicit checks
by varying the simulation volumes have been included in addition, demonstrating
that finite volume effects are indeed under control even in this non-hadronic phase.
Though some have concluded that this indicates the masses used are too heavy, the
chiral extrapolation of the meson spectrum demonstrates directly that the fermions
are dynamical and influencing the gauge dynamics. It should also be noted that
there is no clear scenario in which quark masses being too heavy would lead to a
restoration of chiral symmetry at intermediate masses if this symmetry is sponta-
neously broken in the chiral limit, as the opposite limit of a fully quenched theory
(with infinite quark masses) will break this symmetry as well. In this sense, the fact
that a phase transition is observed in the first place implies that fermion dynamics
are influencing the phase structure. Quite independently of our results, [184] gives
a numerical range of masses considered safe, for a quark action similar to the one
used in this thesis. The quark masses upon which our results are based overlap
with that region comfortably. It is interesting, in this context, to note that the con-
clusions of [184] on the N f = 12 theory differ markedly from the earlier preliminary
report [182] and now agree with ours. This demonstrates how crucial it is to await
the final results also for other groups.

Additional observables for the simulations of chapter 4 are studied in chapter 5,
to be discussed below. But other useful extensions of chapter 4 would include mea-
surements at lower masses, which should magnify the difference in quality between
a linear and a power-law fit. This should strengthen the indications of a chirally
symmetric ground state and might constrain the fit sufficiently to isolate the linear
and curvature terms that are both expected to be present in the chiral extrapolation
of the condensate but can currently not be disentangled. With a more accurate de-
termination of the exponent in the curvature term and information on its evolution
with varying coupling, its origin could be established and the arguments of [314]
for the absence of an anomalous dimension at the IR fixed point tested. Increasing
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curvature when moving away from the bulk transition would imply an origin in
the fixed point, while the opposite trend would point to a crossover exponent. The
former would be exciting, since the trend of the exponent with coupling would be
different on both sides of the fixed point and could therefore allow one to bracket its
location. A study of the spectrum at slightly lower quark masses would also increase
the overlap between our results and those of [176], allowing for a direct comparison
and hopefully a convergence of results.

The final chapter 5 presents results of work in progress on N f = 12 QCD. It is
shown that a qualitative change occurs in the phase transition as the quark mass is
lowered, as a crossover transition turns into a sequence of sharp first order transi-
tions. Of these transitions, the one occurring at the weakest coupling is again shown
to be of bulk nature and connected to the bulk transition at higher masses. No signals
in the Polyakov loop are found at zero temperature either above or below the transi-
tion. However, a measurement of the static quark potential reveals a small residual
string tension that vanishes in the chiral limit, in accordance with the expected be-
haviour for the quasi-conformal phase. Fits of plaquette measurements and numer-
ical derivatives to a perturbative expression give indications of a sign change in the
expansion coefficients that one would expect for a Coulomb phase. But a discrep-
ancy between the fitting result to the direct plaquette data and its derivative implies
the truncation of the perturbative series does not give an accurate description of the
data.

One clear way in which these results can be improved upon is by adding mea-
surements at weaker coupling. Though finite volume effects appear to increase
strongly as one moves away from the region after the bulk transition and such ad-
ditional simulations may be expensive as a result, it is important to connect to the
perturbative regime. Such simulations should be combined with a set of perturba-
tive coefficients computed directly for the current action, a calculation that is cur-
rently under way using stochastic perturbative techniques. Since the fermions are
the critical component of the mechanism that triggers the appearance of the IR fixed
point, it will be crucial as well to take into account explicitly the bare quark masses
in these predictions. The hope is, that a change of sign in one of the coefficients
would be triggered at the IR fixed point that could be observed even away from the
massless limit. More generally, a precise quantitative comparison with perturbative
coefficients may clarify the influence of the regularisation scheme on the various ob-
servables. This could be instrumental in understanding the relationship between
results obtained in different settings.

The string tension component of the static potential does look like a most inter-
esting probe of conformal physics as well and some results on smaller quark masses
could allow for a more precise extrapolation towards the continuum limit. But the
weakness of those measurements in the current setup will always be the numerical
extrapolation towards a vanishing value, for which one can fundamentally never
obtain more than an upper bound.

It is expected that the near future will show a convergence of results and a clari-
fication of the extent of the conformal window. The real challenge in the future will
be to find access to the quasi-conformal phase numerically and obtain quantitative
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information on the behaviour of the spectrum. To achieve this, it is important that
an effective description of the conformal phase is developed, in which the effects of
the different scales distorting conformal dynamics, specifically the finite volume and
non-zero quark mass, can be systematically estimated. The main problem plaguing
the current programs for lattice simulations with many flavours is the absence of
such a generally accepted framework, which tends to muddy the comparison and
discussion of the various results and complicates the choice of parameters in the
planning of further simulations.

It is a promising development that studies with a more direct focus on the phys-
ical application of theories in the walking regime are appearing [119, 358]. Whether
each of the separate efforts is ultimately successful or not, this shift marks a move of
large-N f lattice simulations away from the realm of physical curiosity, towards direct
utility in the construction of technicolour(-like) extensions of the Standard Model.
One would hope that this will open up a new frontier where the lattice community
can contribute essential qualitative and quantitative insights on physics beyond the
Standard Model to the larger particle physics community. The latest generation of
particle colliders is set to provide experimental data at unprecedented levels of quan-
tity and precision. It will be up to theorists to provide similarly accurate predictions
of experimental signatures for the many theoretical proposals that have been floated
in recent years. As a mature field, providing the only known systematic option for
dealing with non-perturbative field theory, the lattice should carve out a central role
for itself in this process. The precise numerical analysis of the influence of flavour
physics on gauge dynamics will be an important part of these efforts. Of course, this
implies the need for the continued development of current lattice methods, prob-
ably including a move towards different actions and fermion formulations, novel
observables and a consistent framework of analysis that provides non-ambiguous
and quantitative control over systematics. In this sense, the quest to discover all the
different flavours of gauge theories has only just gotten under way.
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