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5
Further signatures of the conformal

window 1

Having demonstrated the likely presence of a fermion induced fixed point of
SU(3) Yang-Mills with twelve degenerate light quark flavours in the previous
chapter, the question to its properties poses itself. It is important to remember
that the scale invariance that characterizes the fixed point in the continuum the-
ory cannot be directly observed in the setup that we have chosen. The mandatory
explicit quark mass means conformal symmetry is always broken and a truly
conformal phase will never be produced.

This does not imply that no further information on the conformal phase can be
obtained from lattice simulations. In this chapter, we study the behaviour of
the bulk transition with varying mass and determine its order. The nature of
this transition is important, as it carries information on the potential existence
of a UV fixed point. Complementary to the chiral dynamics, we examine the
indicators of confinement, the Polyakov loop and static potential, for signs of the
presence of the IR fixed point. Finally, a preparatory study of the perturbative
expansion of the plaquette is presented, testing the approach of the perturbative
regime.

The data reported here are largely preliminary and part of an ongoing research
effort. We will therefore have to content ourselves with presenting first indi-
cations for physical properties of the theory, that will function to guide future
studies into the curious case of QCD with twelve massless quarks.

1Manuscript in preparation.
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The bulk transition reported upon in chapter 4 was determined at a single value
of the bare quark mass am. Of course, no true conformal limit is in fact expected
to develop away from the chiral limit and it is therefore crucial to determine the be-
haviour of the theory under changes in the quark mass. In fact, without any physical
reference scale or well established results from chiral perturbation theory to guide
us, it is not clear what range of finite quark masses can be considered small. Had
we attempted an extrapolation to the continuum limit or assumed cut-off indepen-
dence, no region of finite quark masses could be described as safe. In an RG sense,
the quark mass is the only relevant operator in the system and it would be pushed
towards infinity. This process would destabilize the original conformal fixed point
and the theory should enter a phase resembling regular QCD. But even though no
cut-off independent results can be obtained away from the asymptotically free limit,
what is given as the bare coupling to the theory could be seen purely as an effective
coupling at the given scale. Since they remain finite, it is implied our description will
not be valid to arbitrarily high energies. However, though RG curves may not span
the full range of lattice spacings, they can still be locally well defined.

This does not change the fact that no finite value of the mass will approach the
continuum chiral limit of the theory. As such, the fixed point cannot be reached
precisely within any of the simulations in their current setup. Fortunately, this does
not imply they cannot be approached to a reasonable degree. The crucial realization
in these is the connection the RG flow constructs between the measurement scale of
the theory and the coupling. A vanishing beta function implies a coupling constant
that is largely unchanged under large changes in that measurement scale. When
simulating at a particular scale, as we approach the region of the IR fixed point,
large changes in the physical scale are to be expected. That implies that, even at a
small distance of the transition coupling, a well defined hierarchy of scales may be
present on the lattice. Were the IR fixed point to be determined from a step scaling
function, which is a natural translation of RG reasoning to lattice measurement, those
scales would not immediately collapse in on each other. Rather, it is the continuing
presence of the gluon induced lattice scale that will protect the gauge dynamics from
large variations over sizeable scaling variations. A recent publication taking this
approach in fact demonstrates this explicitly [184] for a range of quark masses similar
to the ones used in our simulations.

The fact that a small mass regime exists does not by itself imply this regime is
approached by the current simulations. In order to see if it is, we return to the bulk
transition reported in chapter 4. We extend those data, obtained for a single bare
quark mass, by measurements at a range of masses. This allows us to examine the
behaviour of the order parameter and susceptibilities around the transition, under
changes in both the bare quark mass and the volume of the lattice. From this, one
can attempt to determine the order of the phase transition. As was pointed out in
chapter 1, the nature of the transition can provide important information on the con-
tinuum limit of the theory. If the transition is associated with a UV fixed point, as
predicted in [99], it should be second order. Observation of a first order phase tran-
sition, instead, would in principle exclude UV fixed point dynamics.

The presence of a conformal window could also, and complementary, be detected
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from the gluon dynamics. In the final part of this chapter, we will first focus on the
Polyakov loop, as an indicator and approximate order parameter of deconfinement.
We will show that the Polyakov loop shows no signal, except for in runs at high
temperature. The plaquette, which was previously shown to be very sensitive to the
first order phase transition at low mass, is then examined in terms of a perturbative
expansion. From this we will draw some preliminary conclusions on the approach to
the perturbative regime. A connection to the latter would strengthen our conclusions
on the beta function reached in chapter 4, as it would make the definition of lines
of constant physics universal. Finally, we will examine the static potential on the
weak coupling side of the bulk transition. As proposed in [184], its behaviour with
the quark mass is predicted by the location of our theory inside or outside of the
conformal window.

5.1 Mass dependence of the bulk transition
As the shielding effect provided by dynamical quarks should be the main trigger of
the transition, there should be a direct relation between the bare quark mass and the
strength of the coupling. Since the shielding effect increases in strength as the quark
mass lowers, chiral symmetry should be restored at stronger coupling towards the
chiral limit. Figure 5.1 demonstrates that this is in fact the case and shows the direct
relation between the dynamical quarks and the restoration of chiral symmetry at zero
temperature. This vindicates our dismissal of chiral dependencies at those values of
β showing opposite curvature in chapter 4 (figure 4.4). Those were clearly present
for the values β = 3.5 and 3.6, which figure 5.1 shows are within the broad transition
region of the am = 0.070 system.

A peculiar feature of the figure 5.1, however, is the apparent appearance of a dou-
ble transition at the two lowest value of the quark mass and the qualitative change in
the transition associated with these. To fully understand the reason for this curious
pattern, further analysis will be needed. In particular, there are strong indications
of an as of yet not fully explored hysteresis cycle in the chiral condensate (shown
later in this chapter) that complicate the determination of the transition location and
might eventually connect what appear to be two separate transitions. Measurements
in the region around β = 3.0 do, however, not show any two-state behaviour and a
double transition remains a possibility. Unexpected as that might be, there are sev-
eral scenarios in which it could occur. We will now discuss several such scenarios
and assess their feasibility.

5.1.1 Scenarios for a double transition
A first possibility that needs to be considered, is the existence of a thermal transi-
tion that is masked by a bulk transition at higher masses. A strong coupling bulk
transition – a lattice artefact – would take place at some βB

c , separating two chirally
broken phases. It would then be followed by a thermal transition, restoring chi-
ral symmetry at some β

χ
c . Upon increasing the mass, we enter a crossover region

and both transitions merge. This scenario would directly undermine the conclusion
drawn from the bulk transition in chapter 4. It draws upon one of the weaknesses
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Figure 5.1 The chiral condensate in the transition region measured on volumes of 244 for
several values for the bare quark mass am=0.020 (purple), 0.025 (green), 0.040 (orange),
0.050 (blue) and 0.070 (red). The transition coupling was determined from a the position
of the peak in a finite difference approximation to the derivative of the condensate and is
indicated by a vertical line of the appropriate colour for each value of the quark mass. Data for
am = 0.040 are preliminary, but appear to share traits of both the higher and lower masses:
They currently show no clear discontinuity, but do sport a double peak in the derivative.
All the data shown here were obtained from ordered starting configurations. Close to the
transitions and as indicated by dashed lines, preliminary results from disordered starting
configurations do not readily converge to the same value. This implies that the assignment of
these values to a particular state is in fact somewhat arbitrary.

of the determination of the bulk transition in that chapter, in that we cannot exclude
the occurrence of a thermal transition at an extremely low temperature, occurring
immediately after the bulk transition itself and giving the appearance of a chirally
symmetric zero temperature vacuum. As this is a matter of limiting behaviour that
can always be pushed far enough to be just out of reach of the lattice simulation
under consideration, it is in principle impossible to exclude it completely, though
it can be made very unlikely by obtaining results at large volumes. However, once
a clear transition is present, as there would then certainly be for am = 0.02 and
0.025, it should present a thermal signature. Fortunately, since a signal is found at
the relatively large volume of 244 used in these simulations, there is much room to
examine thermal scaling. Such a study is of course only relevant for the transition at
the weakest coupling, as a physically relevant thermal transition should connect to
a chirally symmetric phase having a locally free continuum limit and this is the only
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place where that could occur. As figure 5.2 shows, for small values of Nτ , between
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Figure 5.2 The chiral condensate for a constant bare quark mass of am = 0.025 at different
values of the temporal extent Nτ : 6 (green), 8 (red), 10 (blue) and 24 (black). The location of
the transition is sensitive to Nτ at small values, but then settles for Nτ >= 10.

Nτ = 6 and 10, the critical coupling indeed moves. This might be partially a thermal
effect, though no perturbative scaling curve can be associated with the Nτ − βc tra-
jectory (figure 5.3). Within the resolution of ∆βc = 0.025 obtained for the scan, there
is no remaining sensitivity to Nτ once it reaches a value of 10. With the transition as
sharply defined as it is for the large volumes, a thermal signal could not be lost here
– if anything, perturbative scaling should be more clearly approached. We therefore
conclude that either small values of Nτ induce lattice artefacts that drive the system
to chiral symmetry, or a UV driven bulk transition present in the zero temperature
range is overtaken by thermal effects for very high temperatures. The latter would
not be unexpected, as the dimensionally reduced infinite temperature limit of the
theory does not break chiral symmetry.

Having established that a thermal transition is absent at lower masses as well –
corroborating the conclusions from chapter 4 – the question remains as to the nature
of both transitions and the mechanism that could trigger the appearance of a dou-
ble transition as a function of the mass. A hypothesis would be that quark masses
am >= 0.05 are too heavy to be truly dynamic, which implies they decouple and
we observe an effectively quenched action dominated by a Yang-Mills confinement
transition. At some critical value of the mass 0.025 < am < 0.05, a cross-over region
would then be entered that induces the appearance of the second transition. Obvi-
ously, this scenario would be particularly damning for the results of chapter 4, but it
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Figure 5.3 Transition coupling for a constant bare quark mass of am = 0.025 at different
values of the temporal extent Nτ , as determined from a cold start. As the temperature is
lowered, the transition coupling approaches a definite value and becomes insensitive to Nτ .

is exactly those results that exclude it. First of all, in the context of a pure Yang-Mills
theory, a deconfining transition can only be triggered thermally, as we know bulk
transitions are absent from the quenched theory. The absence of a thermal signature
is therefore the first indication that the heaviest quark masses are not decoupling
from the theory yet. An additional argument is found in the sensitivity of the value
of βc to the quark mass. As one would expect the dynamics around a critical point
to be dominated by the phase transition itself, no effect of this magnitude should be
expected from a degree of freedom that is essentially frozen out of those dynamics.
Thirdly, features originating in pure gauge dynamics would be expected to become
more prominent as the erosive effect of the shielding quark masses is tuned down by
increasing the bare quark mass. What we observe instead, is a flattening and widen-
ing of the transition as we increase the quark mass from am = 0.04 to 0.07. Finally,
we know an intermediate crossover region would have to be present due to results
on the mass dependence in regular QCD [59]. Because in the limit of heavy quarks
the number of flavours N f is not relevant to dynamics, we should not expect large
deviations from the behaviour observed there for values of N f = 2 or 3. Instead,
we find that it is in fact the heavy masses that produce a signature appropriate to
crossover, in their extended transition region. Additionally, the eroding effect of an
increase in the bare quark masses suggests that we would rather be at a region of
relatively low quark mass in the crossover region.

Another interesting possibility is a separation between transitions associated with
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chiral symmetry and confinement at low masses. As discussed already in chapter 3,
for the regular phase of QCD and in the presence of massless fundamental fermions,
confinement is lost the moment chiral symmetry is restored. Currently, there is no
known compelling reason why this should be so, though explanations in terms of a
transfer of criticality due to mixing between the glue ball and σ channels have been
proffered [315–317]. The arguments are more stringent for a weaker formulation
of the conjunction of chiral symmetry breaking and confinement, in that a confined
theory can be shown to break chiral symmetry. A formal argument for this, in the
setting of the large-N expansion, was given in landmark paper by Coleman and Wit-
ten [86]. A physically more intuitive argument was presented earlier by Casher [84].
Here it is argued that a force with the generic properties of the strong interaction in a
confining Hamiltonian cannot produce bound states while preserving chiral symme-
try. Each eigenstate of the Hamiltonian will have to be localized and will therefore
have to contain a superposition of field modes of opposite helicity. In the context of
confining QCD, this implies a current quark mass will have to be induced, as each
physical state will break conservation of the local chiral current. Because this argu-
ment is based on the properties of the colour charge interaction and the concept of
confinement alone, it will carry over to a theory with any number of flavours. In the
light of the above, if a separation of confinement and chiral transition were to occur
by some mechanism – be it physical or pure lattice artefact – these transitions would
have to appear such that the intermediate phase would be deconfined, but chirally
asymmetric. The transition at the lowest value of β should therefore be associated
with deconfinement and checks should be made for the appearance of a non-zero
Polyakov loop or string tension in the chiral limit of the intermediate region. These
observables will be discussed later in this chapter, but the salient point is that the
analysis of the bulk transition as performed in chapter 4 is not affected.

The scenario that will be the basis for our subsequent analysis assumes the pres-
ence of two bulk transitions at low masses, both of which are essentially lattice arte-
facts. One would connect a chirally symmetric to an asymmetric phase and is the es-
sential observation, as it excludes a thermal transition. The second transition would
be a strong coupling transition connecting two chirally broken phases. For higher
values of the bare quark mass, either the strong coupling transition vanishes alto-
gether, or the two merge into one extended crossover transition. As for the mech-
anism causing either the splitting or appearance of the second transition, it is not
possible to draw a definite conclusion with the data currently available and one can
only speculate. An important feature of the data presented is the continuity between
the simulations at weak coupling, as evidenced for example by the smooth scaling
towards the chiral limit reported upon in chapter 4. Towards the strong coupling
limit, we again observe a rough convergence between the results at all values of the
bare quark mass. This is completely consistent with the argument of [169] for the ex-
istence of a bulk transition, already presented in 3, that points out that in the β → 0
(infinite coupling) limit the quarks are no longer good degrees of freedom for any
finite value of the bare quark mass. This can be reformulated in terms of a lattice
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hierarchy of scales. Lattice simulations should satisfy

a < (m̄q)
−1 < aNs (5.1)

where m̄q represents the dressed quark mass, for which one could generally state

m̄q ∝ 〈ψ̄ψ〉. (5.2)

In the infinite coupling limit, the current mass for a quark over any finite distance
should diverge and by necessity

(m̄q)
−1 � a, (5.3)

implying that the discretised equations should no longer contain dynamical quarks
as degrees of freedom. While this transition may in principle occur arbitrarily close
to the β→ 0 limit, it does not seem unreasonable to assume the inversion of scales in
fact occurs for the heavier bare quark masses. The chiral transition causes a sudden
increase in the bare quark mass, which may be enhanced by an associated increase
in the amount of taste breaking. This could lead to the newly formed bound states
becoming sufficiently heavy to decouple as dynamic degrees of freedom from the
theory. Since the processes of the development of a chiral quark condensate and the
decoupling of the bound states would be mutually interfering, the transition thus
found could be washed out. By lowering the bare quark mass, we also lower the
mass of the bound states. By dropping below an as of now undetermined critical
mass value, this mass could actually be lowered sufficiently to satisfy equation 5.1
even in the broken phase, at least initially. Of course, especially when remaining
close to the critical bare quark mass, moving towards even stronger coupling should
at some point trigger a similar hierarchy inversion as observed for the heavier masses
and one arrives at a uniform infinite coupling limit. But because there is now a clear
separation between both transitions, no interference takes place. Instead, we find
the two sharply defined transitions of figure 5.2, which are much more similar to the
thermal transitions observed for N f = 8 in chapter 3.

To reiterate this point, the data presented here do not provide the evidence needed
to verify this scenario. That could only be constructed from a far more detailed study
of the separate phases observed, preferably around the critical value of the mass. It
does provide us with a coherent setting for the interpretation of results, however,
and we will take it as heuristic guidance in the continuation of this chapter. We will
assume no separation between the confining and chiral transitions – and will indeed
find no particular indications of this being the case – but the ordering of transitions
indicated above would render such a phenomenon inconsequential to our further
analysis.

5.1.2 Identification of the transitions
It is our intention to determine the order of the transition, for which we will need
to examine its properties under variations of the parameters. Given the dissimilar-
ities of the structure of transitions at low and high masses, care should be taken
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in demonstrating the common origin of transitions. From our guiding scenario de-
scribed above, it is natural to identify the transitions at high masses with the weak
coupling transitions at low masses. In fact, our interest is in the onset of either
confinement or chiral symmetry breaking, one of which will have to occur at the
weak coupling transition. Nevertheless, a quantitative analysis of both high and low
masses requires a continuous line of transitions. While the data are not currently suf-
ficient for a definite proof, we here demonstrate that the assumption of the existence
of such a line connecting these transitions is natural.

We plot the critical couplings for each of the transitions as a function of the bare
quark masses in figure 5.4, from the numerical values reported in 5.1. In this double
logarithmic plot, we in fact observe a natural power law for the critical coupling at
low beta. That power law is largely meaningless and we do not want to imply any
particular behaviour in the asymptotic strong coupling limit. What it does show,
is a consistent tendency of the strong coupling transition to move towards lower β
for the values measured. The inflection points of the crossover transitions found
for higher masses group naturally with the weak coupling transitions at low masses
instead. Here the curvature in the log-log plot shows the absence of a power law
here. Theoretically, a linear behaviour with potentially (depending on the order of
the transition) an anomalous dimension would be expected. The superimposed fits,
that we will return to shortly, demonstrate the possibility of such a fit.

An alternative way of identifying the appropriate transitions is by examining the
chiral cumulant

Rχ =
χσ

χπ
=

χconn + χdisc
〈ψ̄ψ〉/m

, (5.4)

which is a measurement of the second derivative of the free energy F with respect to
the mass divided by the first derivative. The behaviour of the free energy of a second
order phase transition near the critical point is determined by the scaling length t and
the critical exponents. Any mass dependence of this function will be given by the
generic scaling form [318]

F(t, m) ≡ F(t mω), (5.5)

with ω the relevant combination of critical exponents. As a consequence, the mass
dependence of the cumulant around the critical point is described completely by the
scaling functions. In the limit

t→ 0, (5.6)

i.e. at the critical point itself, the mass dependence of the chiral cumulant will vanish
and it will assume a universal value that is determined solely by the anomalous
dimension δ

Rχ(m, t)|βc ≡ Rχ(m, 0) =
1
δ

. (5.7)
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Figure 5.4 Critical couplings determined from a finite difference approximation to the deriva-
tive of the chiral condensate and the plaquette as a function of the bare quark mass. Simu-
lations were performed at a volume of 244 and errors defined from the narrowness of the
bracketing of the transition by separate runs. A certain amount of hysteresis would occur at
small quark masses, but locations were defined consistently from ordered starts. Superim-
posed are fits to a pure power law (low beta values) and to a power law with intercept (high
and single beta values). Results at am = 0.04 should be considered preliminary.

The cumulant will assume an identical value exactly at the location of the critical β,
independent of any corrections coming from explicit chiral symmetry breaking. For
a second order phase transition, this is the most accurate form of determining the
position of the critical coupling of a chiral phase transition in the presence of explicit
chiral symmetry breaking. It also serves as a consistency check on the critical value
of β determined by means of the power law extrapolation, the validity of which is of
course based on similar considerations.

For the case of a first order transition, the constraints on the behaviour of the
free energy around the critical coupling are less. By analogy to the first order de-
confining transition in Yang-Mills theory [319], in the continuum we should find a
discontinuity described by

∆ (F (β, m)) = 2∆(〈ψ̄ψ〉) ·m. (5.8)

The presence of a discontinuity in the free energy necessarily carries over to the chiral
cumulant, which implies a crossing of the curves cannot be defined any more. In
addition, since there is no critical scaling near the transition, no vanishing of the
sensitivity to the external field, in this case the bare quark mass, would be expected
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to occur a priori. Of course, the measurements on the bulk transition presented here
and in chapter 4 are indicative of a crossover transition instead. Once a first order
transition is broken down to a crossover transition, renormalization group analysis
shows scaling behaviour in the relevant operator should be introduced [320, 321].
Now the critical exponent is replaced by a system dependent crossover exponent,
which has limited physical meaning. But the core argument of [318] will once again
be valid and the cumulant should assume a unique value at the critical coupling.
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Figure 5.5 The chiral cumulant Rχ, defined in equation 5.4, calculated for all zero temper-
ature volumes of 164 at which simulations were available. Chiral symmetry restoration is
signalled by the approaching the value 1 (identical masses for the π and σ), while the broken
phase produces a value approaching (identifying the π as a Goldstone boson). Different bare
quark masses are indicated by different colours: am = 0.020 (purple), 0.025 (green), 0.040
(orange), 0.050 (blue) and 0.07 (red). Where smooth, curves are expected to cross at the value
of the critical coupling, which was determined to be around β = 3.00(1) from an extrapola-
tion of the critical couplings (see below). This behaviour is indeed found for the cumulants
for the higher masses (and am = 0.04, in spite of its double peaks), while the cumulant at
lower masses appears to converge to that value up until the discontinuity (dashed lines are
added purely as guides to the eye, connecting the last measurement before the transition to
the crossing point).

Generally then, the crossing of chiral cumulants from continuous transitions at a
single critical coupling allows for their attribution to a single true chiral transition.
Figure 5.5 shows that the cumulants determined over smooth transitions at heavy
quark masses cross just below β = 3, at a value of Rχ = 0.086(2). The apparent
discontinuities at lower masses are preceded by a similar curvature as the weak cou-
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pling transition is approached coming from the free limit. We find it extrapolates
towards the same critical values of Rχ, implying similar dynamics for the transition
in both cases. No clear connection is apparent for the trend in the chiral cumulant on
either side of discontinuities. The intermediate region appears to share no properties
with the measurements from heavy masses. In the strong coupling limit, we again
find similar trends for all masses. This supports the conjecture of a merging of both
transitions into a single crossover.

5.2 Order of the transition
To establish the order of the transition terminating the pseudo-conformal region,
we need to take the different nature of the transition at high and low masses into
account. We will focus on the low mass transition first and demonstrate it shows the
hallmarks of a first order transition. Since our interest lies, eventually, in the chiral
limit of the theory, these results alone are physically highly relevant. We will then
provide an analysis of the mass dependence of the critical coupling, already alluded
to in figure 5.4, connecting the crossover transition at higher masses to the low mass
transitions and showing a natural interpretation in terms of a first order crossover.
Finally, the order of the crossover transition will be determined directly from the
high mass data alone.

5.2.1 Towards the chiral limit
It would seem a straightforward conclusion could be drawn directly from the ap-
pearance of the phase transition for am = 0.02 and 0.025. The sharp change in value
observed would be expected for a first order phase transition. Nevertheless, a sharp
second order transition cannot be excluded. To corroborate our intuition here, we
would hope to actually observe a bistable phase, producing in a single MC history
values of the order parameter associated with the phase on both sides of the dis-
continuity. The smoothing of the crossover transition at higher values of the bare
quark mass would prevent such a signal for am = 0.05 and 0.07, but the sharpness of
the signal at low quark masses may provide us with these. Though, as stated before,
any fully ergodic Markov chain in a finite region around the pseudo-critical coupling
should produce a bi-stability to some extent, its observation can be difficult in prac-
tice. The relatively large volumes used in this section would complicate this further,
but even runs at small lattices of 12× 4 around the transition did not produce any
double peak structures in histograms of the Monte Carlo history.

An alternative to the direct observation of a double peak structure is the observa-
tion of hysteresis, as was done in the case of the thermal transition for N f = 8. Fig-
ure 5.7 shows a comparison between a hot and cold start for a run with am = 0.025
at β = 3.175, just inside the critical region. We find a separation between states that
remains stable for at least 2000 thermalized trajectories.

The pseudo-critical values of β plotted in figure 5.4 were, for consistency, mea-
sured from cold starts and should therefore present the lower bounds of the hystere-
sis loops, at least for the lower range of the quark masses. Below these values, no
true bi-stabilities were observed yet. In the case of a first order phase transition, the
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Figure 5.6 The plaquette measured as a function of the bare lattice coupling β, in the region
around the double transition observed for the bare quark masses am = 0.020 (dark squares)
and 0.025 (light circles). Measurements were all on lattices of size 244, with runs initialized
consistently from cold starts to reduce potential ambiguity due to hysteresis effects. Vertical
lines are guides indicating the location of the discontinuities observed for the order param-
eter. Discontinuities are observed for both masses at both locations, indicating that both
transitions are in all likelihood of first order.

approach these towards this region could be characterized by the appearance of an
island of metastability, located in a region in phase space separated from the ground
state by a potential barrier. This landscape of the partition function may cause the
Markov chain to get temporarily stuck in this metastable region, before tunnelling
into the true ground state.

Further confirmation of the first order nature of the transition can be found from
the measured susceptibility. The clearest signal is here found in the connected chiral
susceptibility, which is not measured as the variance of the order parameter, but
rather as the expectation value of a double propagator. As a primary expectation
value, the noise in the measurements is of the order of that of the order parameter
itself. And while the connected susceptibility is only one of the two contributions
to the total chiral susceptibility, it dominates the disconnected contribution by an
order of magnitude away from the critical region. For this reason, the connected
susceptibility provides a good qualitative approximation to the total susceptibility.
The appearance of similar discontinuities in the susceptibilities is another indicator
of a first order transition [322].
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Figure 5.7 The chiral condensate measured for a coupling of β = 3.175 with a bare quark
mass of am = 0.025 and for a volume of 244. The lower data set results from a cold start,
while the upper data set stems from a hot start. Results are plotted versus an equivalent of
the trajectory number, calculated as the measurement number divided 4, which is equivalent
to dividing by the number of measurements per configuration (20) and multiplying by the
sampling interval (every 5 configurations). The trajectory length was fixed to 0.4, whereas
the integration step-size was adjusted at intervals to maintain an acceptance rate close to 0.8.
Counting from a rough thermalization in both cases from about 500 trajectories, this shows
stability of both states over at least 2000 trajectories.

5.2.2 Connecting to the crossover regime
For the results presented above to connect physically to the transition observed at
higher masses, the theory would need to have entered a crossover regime due to the
heavier quark masses. Alternatively, we could be observing a different, second order
phase transition hinting at a far more complicated phase diagram. Direct evidence
for a true crossover nature can be obtained from the scaling behaviour of the system
close to the pseudo-critical point. Let us use the definition

χm =
V
N f

[〈
(ψ̄ψ)2

〉
− 〈ψ̄ψ〉2

]
=

V
N f

var [〈ψ̄ψ〉] . (5.9)

This underestimates the connected component, but is a good approximation to the
total susceptibility in the critical region where this contribution is expected to re-
main analytical [323]. In the absence of long range ordering, the variance will scale
inversely with the volume as it is effectively controlled by an increase in statistics.
Because of the compensating volume factor, we find a scale invariant susceptibility.
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Figure 5.8 The chiral condensate measured for a coupling of β = 3.150 with a bare quark
mass of am = 0.025 and for a volume of 244. Results shown are produced from a cold start
and plotted versus an equivalent of the trajectory number as defined for figure 5.7.

Near the critical coupling, however, the diverging correlation length associated with
a second order phase transition implies a variance of the order parameter that scales
sub-linearly with the volume. In this way, the scaling regime introduces a peak in
the susceptibility, the height and width of which are dictated by a scaling function
measuring the anomalous dimensions. For a first order transition at finite volume,
the two state dynamics will produce a variance that is independent of the volume.
A similar divergence should occur, but here the scaling of the peak width and height
should be linear. For a crossover transition, however, neither mechanism would
come into play. Even if a crossover exponent appeared as suggested in 5.1.2, the
associated correlation lengths would not diverge and be irrelevant for all but very
small lattices. The susceptibility should therefore be approximately invariant under
changes in the volume, as argued in [43]. Figure 5.10 demonstrates a lack of scal-
ing of the supposedly singular part of susceptibility. Even if the data over the critical
region appear to be rather noisy, the difference in volume by almost an order of mag-
nitude should lead to an observable signal. What is observed instead appears to be
an opposite trend if anything, much like the continuum extrapolated data of [43].

Having found a true crossover regime at high masses, we would connect to our
measurements at low masses through a fit to the mass dependence critical coupling.
In a study of the finite temperature transition in QCD with two flavours in [323],
which by current consensus seems to be of second order [41]2, an expansion in the

2Apparently this issue is still somewhat contended, given the results of [324, 325].
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Figure 5.9 The connected susceptibility measured for bare quark masses of am = 0.020
(dark squares) and 0.025 (light circles), for volumes of 163 × 24 and 244. Discontinuities,
associated with first order phase transitions, are found in locations corresponding to those
found for the order parameter.

quark mass of the divergent part of the free energy was provided giving

βc(am) = β0
c + c1(am)βδ. (5.10)

The exponent βδ of the bare quark mass would be governed by that a universality
class and one could therefore attempt to extract information on the critical exponents
directly from this scaling behaviour. To do so, however, one needs to be aware of the
contribution of the non-divergent remainder of the free energy, which at leading
order would come in as a linear contribution to equation 5.10. On the other hand,
if the chiral transition is of first order, such as has been found to be the case for
N f = 3, the scaling of the critical coupling with the mass is completely analytical.
It is found again by expanding the divergent part of the free energy, as was done
for the first order thermal deconfinement transition of pure Yang-Mills in [319], and
given by [60]

βc(am) = β0
c +

∆(ψ̄ψ)

∆SG
am, (5.11)

which is in fact the form proposed in chapter 3. As stated there, the quantities ∆(ψ̄ψ)
and ∆SG refer to the discontinuity in the chiral condensate and the plaquette action
at the critical point, respectively. While it would be interesting to have an estimate of
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Figure 5.10 The disconnected susceptibility for a bare quark mass of am = 0.05 at volumes
of 123 × 24 (red), 163 × 24 (green) and 244 (blue). A first or second order phase transition
at finite volume should produce a peak scaling with some power of the volume. With vol-
umes differing by almost an order of magnitude, no clear volume dependence is observed, as
would be expected for a crossover transition. A vertical line was added for orientation at the
value of the pseudo-critical coupling as determined from the numerical derivative of the order
parameter.

these quantities, our data are not sufficient to perform such an extrapolation and we
have no obvious way to fix the renormalization constant required to find physical
predictions. Instead, we simply look for the appearance of critical exponents ap-
propriate for a second order transition. A fit to equation 5.10 of the pseudo-critical
couplings is displayed in figure 5.1, the numerical values of which are given in ta-
ble 5.1 for reference.

An error-weighted fit of the pseudo-critical couplings labelled β
high
c to equa-

tion 5.10 produces a prediction of the critical coupling of β0
c = 2.8(2), with an as-

sociated exponent βδ equal to 0.6(3) and a residual error
√

χ2/d.o.f. of 0.51. Since
the errors in table 5.1 are derived from bracketing the transition, they cannot be in-
terpreted as regular standard deviations. The alternative, unweighted fit results in
β0

c = 2.91) and βδ = 0.7(2). Both fits are compatible with linear behaviour and re-
produce the critical coupling found from the crossing of cumulants in figure 5.5, but
within rather large errors. Constraining the fit to a linear form increases the residual
error only slightly to 0.67 and puts the critical coupling at β0

c = 3.00(1).
Using instead the values for βlow

c for a fit to the same equation results in a residual
error of 1.46, for β0

c = 0.6(4.7) and an exponent of 0.2(4). The relatively poor quality
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am β
high
c βlow

c
0.020 3.106(06) 2.787(13)
0.025 3.163(13) 2.875(13)
0.040 3.250(50) 3.050(50)
0.050 3.313(13) –
0.070 3.425(25) –

Table 5.1 Pseudo-critical couplings determined from a finite difference approxima-
tion to the derivative of the chiral condensate for several values of the bare quark
mass am. Where a double peak in the derivative is present, the lower value of the
pseudo-critical coupling is listed as βlow

c .

of the fit, in spite of the comparatively large errors, combined with the non-physical
central values for the parameters, indicate a strained fit. Figure 5.4 shows that the
pseudo-critical values of the strong coupling transitions line up separately in a log-
log plot. This would indicate their mass dependence might be described well by a
power law. Such a functional dependence would imply the strong coupling transi-
tion moves towards β = 0 as the chiral limit is approached. Since this limit is in fact a
(trivial) fixed point of the theory, the appearance of a scaling law would not be fully
unexpected. A fit to such a power law gives an exponent of 0.132(4) with a small
residual error of 0.18, though the diminutive error is of course partly due to the lack
of precision on the result for am = 0.04. To bolster this analysis, more precise data
would be required at the existing points, in addition to observations of the strong
coupling transition closer to the chiral limit. But a confirmation of the behaviour of
βc at different masses would provide further support for the interpretation of the
double transition set forth in 5.1.1.

5.3 The Polyakov loop
For a pure SU(3) Yang-Mills theory, the Polyakov loop is an order parameter sig-
nalling confinement, as at the critical coupling βc, the U(1) symmetry is broken down
to its discrete Z(3) centre. In chapter 3, it was already observed that the presence
of dynamical fermions pushes the distribution towards the real root of this centre
group, simplifying our observable to the real part of the Polyakov loop. But while it
may exhibit pseudo-critical behaviour in the presence of fermions, there is no phys-
ical necessity for its occurrence. In addition to this, a signal in the Polyakov loop is
not all that easily observed in large volumes. One classical alternative for the de-
termination of the confining nature of a gauge theory is found in the string tension,
but this observable needs both large statistics and volume and even then would be
expected to be a relatively small quantity for the case of N f = 12. Alternatively,
one may examine the perturbative expansion of the plaquette. A confining theory is
characterized by the presence of a non-perturbative gluon condensate [326] on top
of a regular perturbative expansion starting at O(1/β). Fits to such a perturbative
expansion on top of a constant term can be performed, such that the offset, which
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represents the β → ∞ free limit of such an expansion, gives an estimate of the mag-
nitude of the gluon condensate. Both the Polyakov loop and gluon condensate are of
limited utility in the determination of the nature of the theory. This is partly due to a
limitation on the clarity of their observation, but mainly because confinement is not
strictly a well defined property of the system. Nevertheless, we will discuss these
two observables because of their usefulness in terms of observing positive signals,
providing, if nothing else, a consistency check on our data.

Figure 5.11 displays measurements runs at volumes of 244 for various values of
the bare quark mass, at a range of values of β including the observed chiral tran-
sitions for each of the masses. Note that, in spite of the marked change in the or-
der parameter at these volumes, no signal is observed in the real component of the
Polyakov loop. An inspection of the distribution of the measurement in imaginary
space shows no deviations from full U(1) symmetry, showing the characteristic pat-
tern of a confined system at each value of β studied. The absence of a signal of
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Figure 5.11 The real part of the Polyakov loop as a function of the bare lattice coupling gL,
measured at different values of the bare quark mass am and at a lattice volume N3

s × Nτ =
243 × 24. The critical region is included for each of the masses in plotted and a clear rapid
change in the chiral order parameter is observed for all of the systems.

deconfinement marks a difference from the system described in chapter 3. As stated
above, this does not necessarily imply the presence of confinement, but could also
be due to measurement insufficiencies. For that reason, it is instructive to examine
results at smaller values of Nτ . From the limiting behaviour of the bulk transition for
am = 0.020 and 0.025, it was concluded that finite volume effects strongly influenced
these systems. Nevertheless, the existence of a smooth limit for the chiral transition
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towards the large volume limit would indicate the a certain amount of continuity for
these systems, allowing for the inferring of properties from the small volume limit.

For the bare quark mass of am = 0.050, used for the study of the bulk transi-
tion in chapter 4, measured values of the Polyakov loop are displayed in figure 5.12
A signal appears for small values of the temporal extent Nτ , rapidly decaying for
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Figure 5.12 The real part of the Polyakov loop as a function of the bare lattice coupling gL,
measured for the bare quark mass am = 0.05 at a spatial volume of 123 and four different
values of the temporal lattice extent: Nτ = 4 (purple), 6 (green) and 8 (red) and 24 (blue).

lower temperatures associated to larger values of the temporal period. One possible
explanation of this behaviour, which was also observed in [176], would be the pres-
ence of a phase with very weakly broken chiral symmetry. The breaking down of the
full U(1) symmetry of the Polyakov loop at what would amount to a second order
phase transition at high temperatures should then be attributable to a regular ther-
mal transition. Further support for this hypothesis could be found in the small shift
in the value of βc obtained from the slope of the Polyakov loop expectation value in
the broken regime.

Several other properties of the data in figure 5.12 make this explanation unlikely,
however. Note first of all the systematic differences in the curves for Nτ = 4 on
the one hand and Nτ = 6 and 8 on the other. In particular, the presence of the of a
non-zero expectation value of the Polyakov loop below what would be identified by
the critical temperature is indicative of the presence of strong finite volume effects,
rather than dynamics controlled by a physical critical temperature. The rapid decay
in the signal as the value of Nτ is increased is then conceivable attributable to the
same effect. It could, of course, also be associated to the vanishing of thermal signals
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for larger values of the lattice. This can only be judged against the backdrop of other
observables, however. The most prominent of those is undeniably the transition
in the chiral condensate, but its extension over a range of couplings complicates
the definite association of the rise of the Polyakov with a critical coupling definitely
before, after or at the chiral transition.

Such complications do not arise when going to lower masses. We previously saw
the much sharper localization of the chiral transition at masses smaller then or equal
to am = 0.025 and the presence of finite volume effects at lower values of Nτ . Those
are identified by the persistence and temperature insensitivity of the associated ob-
servable for larger volumes. One is tempted to attempt finding a similar correlation
for the Polyakov loop. A comparison of the relative positions of the Polyakov loop
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Figure 5.13 The real part of the Polyakov loop as a function of the bare lattice coupling gL,
measured for the bare quark mass am = 0.02 at a spatial volume of 243 and three different
values of the temporal lattice extent: Nτ = 6 (green), 8 (red) and 24 (blue).

transitions and their chiral counterparts indeed shows a strong correlation between
the two. In particular, for those small values of Nτ where the Polyakov loop devel-
ops an expectation value, the location where this starts to happen shifts. These shifts
in fact mirror the changing position of the discontinuity (at weakest coupling) in the
chiral condensate. Since the behaviour of the latter at small Nτ was attributed to lat-
tice artefacts, we conclude that the non-zero expectation value of the Polykov loop
for those particular runs is in all likelihood a lattice artefact itself.
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5.4 The static potential

Finding no signal in the Polyakov loop at zero temperature, a natural alternative ex-
ists in the static potential. The binding energy between a heavy quark pair Vqq̄(r)
as a function of the spatial separation aR between them can be defined in several
equivalent ways. One possibility is to extract the R dependence from the correlation
between Polyakov loops, which allows for an efficient measurement of the poten-
tial in a time coordinate independent manner [327,328], which is especially useful at
finite temperature [329]. In the zero temperature limit, however, the most common
method for extracting this quantity is through the dependence of the Wilson loop ex-
pectation value which has been extensively used both in a quenched and dynamical
fermion setting [277, 330–335].

An intuitive argument for the connection between the gauge invariant expecta-
tion of the Wilson loop and the potential between to heavy quarks can be painted
as follows [260, 328]. We start from the non-relativistic Schrödinger equation, which
should be an accurate description in the limit of heavy quark fields. A propagator
can be derived from it by requiring(

Dt −
~D2

2m

)
G(x) = δ4(x). (5.12)

The covariant derivative operators Dt and ~D include the gauge fields in the regular
manner, through

Dµ ≡ ∂µ − igAµ(x). (5.13)

Equation 5.12 reduces to a much simpler form in the limit of infinite mass, as the
dependence on the spatial coordinates drops out of the left hand side of the equation
altogether. The remaining simple differential equation admits the solution

G∞(x) ≡ lim
m→∞

G(x) =

exp

−i
t∫

0

gA0(x)dt

†

P

δ3(~x), (5.14)

where the subscript P denotes path ordering. It is straightforward to see that the
discretised equivalent of this propagator is given by a Wilson line

Glat
∞ (x) =

T−1

∏
t′=0

U†
0 (~x, t′), (5.15)

where T denotes the discretised time coordinate with T = a−1t. A quark-antiquark
pair created at time t = 0 will therefore pick up an SU(3) phase factor up until its an-
nihilation at a subsequent time t = a ∗ T without further dynamics. To complete our
description of the heavy quark pair interaction, let us now fix the gauge by enforcing
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the condition

~∇ · ~A = 0, (5.16)

which will bring us to the Coulomb gauge. This gauge breaks the manifestly gauge
invariant form of our field equations, but is very natural for any non-relativistic de-
scription of quark interactions as it guarantees the satisfaction of Gauss’ law and al-
lows for the definition of an instantaneous quark potential that is itself an RG invari-
ant quantity [336]. Immediate relevance to the current reasoning, however, lies in the
implication of equation 5.16 that separate time-slices on the lattice will have constant
gauge links, which are conveniently fixed numerically to unity in the regular gauge
fixing procedure [327, 337]. The Wilson lines describing the propagation of heavy
quarks can therefore be trivially connected at the initial and final time-slices and
produce a Wilson loop, which as an observable is in fact a gauge invariant. At this
point, the reasoning can be reversed and the Coulomb gauge fixing step in principle
skipped. The gauge invariant expectation value of a Wilson loop can apparently, at a
fundamental level, be identified with the correlation function of two infinitely heavy
quarks in the Coulomb gauge, which is therefore itself a well defined quantity on the
lattice in spite of its apparent non-relativistic and gauge dependent nature.

In the context of this chapter, the heavy quark potential holds an interest in two
ways. First of all, one might attempt to use it in order to establish equivalent scales
between different simulations. If one wishes, physical units could be assigned to the
measurements as well, though this is mainly of cosmetic value as there is little merit
in using the phenomenological models mentioned with theories that are ostensibly
not QCD. However, this assumes the presence of a string tension – which should
be absent for the deconfined theory we find for N f = 12. A second, more directly
interesting aspect of this observable lies in the dependence on distances introduced.

The shape of the potential can be described analytically by merging a non-perturbative
phenomenologically known component with regular perturbative contributions [338].
A string tension σ, following from a string model of quark interactions, is introduced
as a component linear in the separation R. A perturbative calculation of Wilson loops
on the lattice produces a Coulomb potential εR−1 and constant background V0 for
the potential at small values of R [338, 339]. For a continuum analysis, we therefore
end up with a parametrisation according to

Vqq̄(R) = V0 −
ρ

R
+ σR. (5.17)

Naively, when approaching a conformal fixed point, the potential should flatten out
and become constant. The dynamical appearance of a conformal phase therefore
requires

lim
R→∞

∂Vqq̄(R)
∂R

= 0, (5.18)

at any value of the coupling in the basin of attraction of the fixed point. This con-
strains the string tension term σR to a vanishing value. The presence of light, dy-



146 CHAPTER 5 FURTHER SIGNATURES

namical quarks will tend to weaken the string tension, so at this high number of
flavours we should find a small result under any circumstances. With sufficiently
high statistics, it may however be possible to demonstrate the existence of a small re-
maining string tension, which in the absence of systematics would indicate we find
ourselves outside of the conformal window. Given the radically different setup, this
observable is the closest we can come to the type of measurement done in [171, 172].
A crucial difference with our results lies in the the employment of the Schrödinger
functional [340] in those investigations. This specific setup for measuring the scal-
ing of the gauge coupling uses fixed boundary conditions that allow for simulating
quarks in the massless limit [341]. Because of the explicit quark mass term being a
relevant parameter under RG flow, our potential cannot be expected to show similar
fully conformal behaviour over large distances. Instead, we will explicitly examine
the behaviour of our potential towards the chiral limit.

5.4.1 Lattice considerations

The non-dynamical quarks are of course not eigenstates of the full lattice Hamilto-
nian, but will instead have overlap with a tower of excited states, as is generically the
case for correlation functions measured on the lattice. And as usual in the Euclidean
formulation, these will start to decay exponentially until only the ground state E0
survives and it is exactly the dependence of this ground state on the spatial separa-
tion between the quarks that we identify with the static potential Vqq̄(R). Concretely,
we have

lim
T→∞
〈W(R, T)〉 ∝ C(R)e−βVqq̄(R)T , (5.19)

from which we conclude that the observable of interest is in fact given by the limit

Vqq̄(R) = lim
T→∞

ln
[

W(R, T − 1)
W(R, T)

]
. (5.20)

The practicality of taking the limit in equation 5.20 might be questioned. Its conver-
gence can be greatly improved by some form of averaging links over a local neigh-
bourhood, known as smearing. This smoothens out short range fluctuations and
increases overlap of creation and annihilation operators with the ground state, at the
expense of information on the short distance behaviour of the potential. An alter-
native method of improving converge, that provides similar benefits of smoothing
out short range volatility but does so in a manner that is well defined even away
from the continuum limit, is the explicit numerical fixing of the Coulomb gauge.
This method is commonly used by MILC [333] and the RBC/UKQCD collabora-
tions [334], where the latter combined it with some smearing according to the APE
smearing algorithm [342]. It is this technique that was adapted for the generation of
the results reported on in this chapter, where gauge fixing was done according to the
algorithm described in [337]. Results from the mentioned collaborations show that
a stable results tend to be found for values of T as manageable as 4. Whether this
property carries over to our simulations needs to be checked explicitly and results to
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this end will be presented below.
At small values of R, discretisation artefacts show up and cause a breaking of

rotational symmetry [330]. With the improved staggered action used to obtain the
results in this chapter, those artefacts are commonly observed [333] and our mea-
surements provide no exception. These deviations from the continuum form can
be attributed to the difference with the lattice one gluon exchange term that should
approximate it. The explicit form of the latter is given by [331]

G(~R) = 4π

π∫
−π

d3k
8π3

ei~k·~R

∑
i

sin2( ki
2 )

. (5.21)

Above expression might be used to account for the breaking of rotational invariance
explicitly, if it is introduced numerically into equation 5.17. To do so, we note that
the imaginary part of equation 5.21 is given by an odd integrand and therefore van-
ishes because of symmetry constraints. We have assumed an infinite volume lattice,
which should have no consequences as we are interested in the effects near the UV
cut-off. This does, however, introduce an artificial IR divergence that has to be reg-
ulated. The direct equivalent of the finite lattice size regulation would be to take the
approximation

GPV(~R) = lim
ε→0

8π

π∫
ε

d3k
8π3

cos(~k · ~R)
∑
i

sin2( ki
2 )

 , (5.22)

leaving residual O(ε−2) contributions that can be absorbed by both normalization
and the constant V0 contribution to equation 5.17. Not only is the constant a mere
shift in energy levels and therefore physically irrelevant, it is also divergent in the
continuum limit and should therefore be cancelled in physically relevant quanti-
ties. The divergence does pose a numerical problem however and a more conve-
nient scheme is found by additionally introducing a small gluon mass contribution
η according to

GM(~R) = lim
η→0

lim
ε→0

8π

π∫
ε

d3k
8π3

cos(~k · ~R)
η2 + ∑

i
sin2( ki

2 )

 . (5.23)

The limit in η is smooth at any given small value of ε and kills off the O(ε2) de-
pendence efficiently. In practice, the value of the numerical integral stabilizes at the
sub-percent level for η ≈ 10−3 for ε = 10−6. The result of equation 5.23 was tabu-
lated for each of the discrete vectors R for which the static potential was measured.
These values were plotted in figure 5.14. For the potential at large distances, the dif-
ference in shape between both forms of the potential becomes insignificant. In this
limit there is some ambiguity in the relative normalizations of the continuum and
lattice Coulomb potentials, but this has no practical consequences as the normaliza-
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tion can be absorbed in the fit coefficients.

Figure 5.14 Result of the numerical integration of GM as defined in equation 5.23 for all dis-
crete vectors in an 83 volume. To facilitate the comparison with a regular Coulomb potential,
values were multiplied by −R. The breaking of rotational symmetry is clearly seen in the
significant deviations between coaxial and off-axis contributions.

Replacing the Coulomb term in equation 5.17 by g2
LGM(R) would introduce the

lattice Coulomb potential at tree level. Higher orders in lattice perturbation theory
can be effectively absorbed in a redefinition of the coupling constant g2

L [296,339,343],
suggesting that this form with a fitted coefficient should be essentially a full descrip-
tion of the perturbative regime. This does, however, not take into account the effects
of improvement and smearing, that will drive the potential towards its smooth con-
tinuum form. In addition, emerging non-perturbative components of the potential
may introduce rotational symmetry breaking cross terms not properly captured by
the lattice Coulomb potential. It is therefore more appropriate to add a lattice cor-
rection term to the continuum Coulomb potential in equation 5.17, with a separate
coefficient. In the absence of (strong) non-perturbative effects, as we expect is the
case here, the magnitude of this coefficient will give an indication of the residual
O(a) effects.

The modified form of the potential from equation 5.17 used for performing fits to
the lattice data is therefore

VL
qq̄(~R) = V0 −

ρ

|~R|
+ σ|~R| − ρLCPGM(~R), (5.24)

where the breaking of rotational symmetry makes VL
qq̄ dependent on ~R rather than
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its magnitude. To clarify the presentation we will remove this controlled source of
systematics by adding

∆(~R) = −ρLCP

(
1
|~R|
− GM(~R)

)
(5.25)

to the data, in principle restoring rotational symmetry artificially and introducing
the effective Coulomb potential contribution ρeff = ρ + ρLCP.

As a direct test of the effectiveness of the lattice Coulomb potential corrections,
we can examine data measured for a typical run and compensate with the fitted
correction term. Figure 5.15 shows how a large part of short range deviations from
the continuum Coulomb form are corrected for by taking into account a contribu-
tion proportional to GM as shown displayed in figure 5.14. In this plot the other-
wise irrelevant constant contribution V0 was subtracted, as well as the fitted string
tension contribution σR. The remainder should contain both the continuum and
discretised Coulomb potential, as well as additional lattice artefacts and statistical
noise. To show deviations more clearly, we multiply by the distance R to obtain
what should be a constant. At short range there are significant deviations from con-
tinuum Coulomb behaviour, but those are largely compensated for by the explicit
addition of equation 5.23. The aforementioned normalization ambiguity, while of no
consequence in the fits themselves, leads to ta small shift in the overall strength of
the Coulomb potential after correction. Since the magnitude of this parameter is of
no direct interest here, this is a purely cosmetic effect. For these fits, the magnitude
of these lattice artefacts relative to the continuum Coulomb term was found to be of
O(0.1). It should be noted that the short range heavy quark potential, as an observ-
able, is expected to be particularly sensitive to lattice artefacts. Comparing the value
of the reduced χ2 goodness of fit parameter confirms the improvement in the fit com-
ing from the addition of this term, even if the naive fits to equation 5.17 can provide
acceptable fits if a sufficient amount of data at large R – where both formulations
agree – is available.

5.4.2 The static potential for N f = 12
Wishing to observe long range dynamics that is potentially quite sensitive to finite
volume effects, there is need for simulations at reasonably large volumes. Because
the potential is a noisy observable and signal quality should be sufficient up to dis-
tances large enough to probe the string tension as a dominant term, these large vol-
umes need to be available with reasonably high statistics as well. We decided to
exploit the availability of thermalized configurations at sizeable volumes due to the
chiral extrapolation of the chiral condensate of chapter 4. We examined the conver-
gence towards the T → ∞ limit, the dependence of the potential on the bare quark
mass and coupling and the effect of changes in the volume.

Our first concern was the identification of a plateau in the potential data. To ob-
tain a good signal-to-noise ratio, it is useful to employ large volumes, where the in-
trinsic suppression of noise due to volume averaging of the Wilson loops is strongest.
In figure 5.16 (and table 5.2), we therefore compare data obtained from different ra-
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Figure 5.15 The effect of adding an explicit correction for leading order short range dis-
cretisation artefacts by including a contribution from the discretised one gluon exchange
(figure 5.14). Displayed is the short range static potential measured on a volume of 324 with
a quark mass of am = 0.025 at β = 3.9. The result of fitting the data to equation 5.24
(see table 5.2) was used to eliminate the constant and linear contributions. The upper points
give the remainder without further corrections – the component of the potential that would
be identified with the continuum Coulomb potential naively – while the lower points show
the effect of the correction of equation 5.25. Dashed lines indicate the respective averages.

tios of time-slices on a 324 at a relatively low bare quark mass of am = 0.025 and
starting at a distance T = 4, which MILC find works for their N f = 2 + 1 ensem-
bles [293]. Even for these large volume simulations, there is a rapid deterioration of
the signal for higher values of T. This is of little consequence at shorter distances,
where we find an identical effective Coulomb contribution ρeff for all ratios. At larger
distances, the values deviate and we find a shifting string tension σ for each of the
ratios. There is a downward trend for the three ratios, but one that appears to be
convergent with the difference between T = 5 and 6 being close to negligible. As
the statistical noise at smaller volumes is considerably larger, effectively killing the
signal at T = 6 for the available ensembles, we decided to use the T = 5 data as the
basis of our analysis.

One source of deviations that needs be accounted for is the finite volume. Of
special interest here is also a report by the RBC and UKQCD collaborations [334]
on a comparison of methods of measuring the static potential. They find that the
Coulomb gauge fixing method, implemented the way it is for the results reported
here, shows enhanced finite volume effects as compared to the alternative Bresen-
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β a m V T V0 ρ ρLCP σ
√

χ2/dof
3.90 0.020 244 5 1.0426(13) 0.4323(22) 0.0450(31) 0.0049(2) 0.79

324 5 1.0408(18) 0.4328(30) 0.0481(18) 0.0051(1) 0.70
0.025 244 5 1.0216(26) 0.4211(26) 0.0523(38) 0.0109(2) 0.82

324 4 1.0333(06) 0.4302(06) 0.0503(08) 0.0083(1) 0.85
5 1.0476(08) 0.4025(09) – 0.0060(1) 1.22

1.0370(06) 0.4298(11) 0.0473(16) 0.0070(1) 0.82
6 1.0369(16) 0.4300(20) 0.0481(38) 0.0069(2) 0.90

0.040 244 5 1.0276(29) 0.4214(43) 0.0446(62) 0.0147(3) 0.87
0.050 244 5 1.0243(18) 0.4261(24) 0.0515(35) 0.0202(3) 0.87

4.00 0.025 244 5 1.0192(12) 0.4245(21) 0.0411(29) 0.0046(2) 0.58
324 4 1.0153(03) 0.4253(04) 0.0458(06) 0.0051(0) 0.46

5 1.0281(07) 0.3998(08) – 0.0034(1) 0.91
1.0173(05) 0.4256(08) 0.0453(11) 0.0044(1) 0.50

6 1.0195(13) 0.4252(21) 0.0427(32) 0.0040(2) 0.72
0.050 244 5 0.9968(37) 0.4206(53) 0.0571(77) 0.0168(5) 0.88

Table 5.2 Results of fitting the static potential measured for several ensembles to equa-
tion 5.24. Time-slice number T refers to the particular ratio of time-slices the potential was
determined from was measured on (notation as established in equations 5.20 and 5.24. The
absence of a result for ρLCP implies a fit without explicit lattice artefact correction (equa-
tion 5.17). Errors given are uncertainties produced by the fits.

ham method [344]. The explanation suggested for this by the author lies in the sup-
pression of lattice mirror copy interference for the Bresenham method by the explicit
connecting of points in the spatial volume. It is not quite clear why this should be
so, as for the full ensemble gauge invariance should ensure no such physical effect
should result from a gauge fixing procedure. On a per configuration basis, though,
there might be an effect on the distribution of the errors though, possible creating
an upwards bias on the large distance potential. The error suppression caused by
a larger volume would then give the appearance of large finite volume effects, that
should of course eventually vanish for very high statistics. As a side effect, the ad-
ditional control over smearing introduced by alternatives, such as the Bresenham
method, could reduce the amount of noise in the separate configurations. To be fully
certain of control over this source of systematics, additional measurements would
have to be gathered, replacing the Coulomb gauge fixing by some alternative rou-
tine. But even according to the results of [344], the smallest volume of 244 considered
here should be large enough to negate strong finite volume effects. Table 5.2 shows
the influence on the string tension of a change in volume from 244 to 324 for several
ensembles with otherwise identical parameters. We find stable results for am = 0.025
at β = 4.0 and am = 0.020 at β = 3.9, but a drop in the string tension by a significant
30% for am = 0.025 at β = 3.9. There is no clear indication why this should be so,
but the latter result would appear to be an outlier in the context of the dataset as a
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Figure 5.16 Approach to the T → ∞ limit in equation 5.20. Data displayed are for
T = 4 (red), 5 (blue) and 6 (purple) and measured on a 324 volume for am = 0.025. The
lattice Coulomb potential component was replaced by its continuum equivalent according
to equation 5.25 to smoothen the presentation of the data, and a constant potential term was
subtracted (see table 5.2). The data are shown multiplied by R, to provide a simple linear form
as a function of R2. The intercept is determined by the effective Coulomb potential coefficient
−ρeff = −(ρ + ρLCP), while the slope is proportional to the string tension σ.

whole. To avoid the issue, we will mirror the setup for the chiral extrapolation of
meson masses in chapter 4 and use the largest volume available at each mass for our
analysis.

A crucial result observable related to the static potential is the mass dependence
of the string tension. A recent paper [184] uses this relationship and its chiral limit to
determine the nature of the vacuum for ensembles at different flavour numbers. The
reasoning in that paper is based upon the appearance of confinement at heavy quark
masses, where the effect of any potential infrared fixed point would be negated as
the effectiveness of shielding is diminished. That particular limit is smoothly con-
nected to the broken phase and the bulk transition, however, so this would not justify
the assumption of a smooth extrapolation to the chiral limit. Perhaps a more natu-
ral setting is found when the residual string tension is connected to explicit chiral
symmetry breaking. Like the Polyakov loop to which it is closely related, σ is not an
order parameter in the presence of light fermions. As mentioned before, it instead
displays pseudo-critical behaviour triggered by the chiral dynamics. The explicit
chiral symmetry breaking caused by the bare quark mass could therefore allow for
a small string tension away from the chiral limit. Figure 5.17 shows the measured



5.4 The static potential 153

Figure 5.17 Mass dependence of the static potential, with mapping of the data following that
of figure 5.16. Plotted are the potentials for am = 0.020 (green), 0.025 (blue), 0.040 (purple)
and 0.050 (red). All measurements were performed at β = 3.9, on a volume of 324 for the
smaller two and 244 for the larger two masses. Fit results can be found in table 5.2.

potential for four different values of the bare quark mass at β = 3.9. At short range
measurements agree, in accordance with the gluon domination of the potential here,
resulting in a very comparable Coulomb structure of the data. The value of the string
tension, however, is significantly impacted by the quark mass. We will attempt to ex-
trapolate it to the chiral limit.

In [184], the chiral extrapolation is performed in terms of the bare quark mass. If
the string tension is a consequence of the incomplete restoration of chiral symmetry,
it is actually more appropriate to examine the behaviour of the string tension as the
chiral condensate vanishes. Having found a power law description of the explicit
chiral symmetry breaking at these values of the coupling in chapter 4, we would
expect a similar form for this derived quantity. Fits should therefore be attempted to
the general form

a2√σ = A
(

a3ψ̄ψ
)ξ

+ C, (5.26)

where ξ can be fixed to 1 or C to 0 for a linear of pure power law fit, respectively.
Figure 5.18 displays both limits of the fit to equation 5.26. The goodness of fit found
in table 5.3 indicates the most natural fit to the data is in fact a power law with a van-
ishing chiral limit, appropriate for a deconfining phase close to a crossover transition
and fully consistent with the chiral symmetry restoration observed in chapter 4. At
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Figure 5.18 Chiral extrapolation of the string tension
√

σ, measured at β = 3.9 on a volume
of 324 for the two lighter masses, 244 for the larger two masses. Fit results can be found in
table 5.3.

this point, the quality of the data are not yet sufficient to rule out a confining phase
completely.

A ξ C
√

χ2/dof
0.80(01) 1.00(F) 0.022(02) 0.95
0.63(01) 0.76(01) 0.000(F) 0.58
0.64(13) 0.81(20) -0.001(26) 0.81

Table 5.3 Results of several fits of the string tension to equation 5.26. Errors are
uncertainties in the fit.

At β = 4.0, table 5.2 insufficient data are available to repeat the above analysis
in full. Moving away from the bulk transition towards the weak coupling limit does
a produce a weakening of the string tension, beyond what would be expected from
approaching the free limit of the theory or the effect of a change in lattice spacing.
This can be seen by rescaling the string tension to obtain its strength relative to the
potential at short distances. The coefficient of the Coulomb potential is dimension-
less, so while it indicates the relative strength of the short range interaction, it will
not cancel the change in lattice spacing. Instead, we turn to dimensionful constant
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contribution V0 to the potential to obtain the dimensionless ratio

σR =
σ

V2
0

. (5.27)

For the lighter am = 0.025 data available at both values of β, we obtain a value of
σR = 0.0065 for β = 3.9, versus σR = 0.0042 for β = 4.0. Even if we found the
differences between the two lattice spacings to be limited for other observables in
chapter 4, we here conclude that the string tension decays rapidly. With only two
different masses measured so far, a chiral extrapolation will have to be postponed at
the weaker coupling. It is interesting to notice, however, that a linear extrapolation
on the two known data points versus the bare quark mass produces a negative inter-
cept of −0.250. Turning to the chiral condensate as a more natural independent for
this linear extrapolation gives an intercept of 10−4, hinting at direct proportionality
and a pure power law in the bare quark mass.

5.5 Plaquette

The plaquette, measure of the gluonic field strength, was shown earlier to display
a discontinuity at both critical values of the coupling for the measured low quark
masses (figure 5.6). Where the Polyakov loop does not present a signal, the plaque-
tte can be used as a secondary observable, be it of a more indirect type. Given a
confining vacuum, the plaquette (which we will denote here as the smallest Wilson
loop W11) should contain contributions given by a perturbative expansion on top of
a non-perturbative gluon condensate G [345]

a4W11 = a4Wpert
11 − a3 π

36

[
−b0g3

β(g)

]
G. (5.28)

This expansion can be used on our data in two ways. First, the existence of the gluon
condensate is a property of a confining medium [346]. One possible check of con-
finement, then, is given by fitting a perturbative expansion function and observing
the presence of a non-vanishing intercept. Unfortunately, the gluon condensate is
notoriously difficult to observe, so the lack of an observed value can only be con-
sidered a sign of consistency, rather than proof of deconfinement. A second, more
intricate approach would compare with results from a (semi-)analytical perturbative
expansion. Since the coefficients of the expansion are scheme dependent, one would
ideally compare to coefficients calculated directly using our lattice action. We will
address this point below, but given such a set of coefficients, we would have a very
powerful test of both confinement and the connection of our measurements to the
weak coupling limit. The influence of the fermionic sector on a purely gluonic ob-
servable such as the plaquette is indirect. Because of this, the weak coupling limit of
the plaquette should be stable under small changes in the bare quark mass, even if
these fields exert a dominant influence of the chiral dynamics. Figure 5.19 confirms
this, showing the results for different datasets agreeing at weak coupling, up until
the region in which the approach of the pseudo-critical coupling causes the onset of
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Figure 5.19 The plaquette expectation value, calculated as ln(a4W−0.25
11 ) from the average of

a4W11 over all directions and plotted versus the inverse of the bare lattice coupling β. Mea-
surements are for a range of quark masses: am = 0.020 (red), 0.025 (blue), 0.050 (green) and
0.070 (orange). The black line is the result of a linear fit (up to third order in β−1, but with-
out intercept), performed to the am = 0.020 data below the weak coupling transition. Data
for different masses converge in the weak coupling limit and are apparently well described by
the perturbative description for a deconfined phase.

transition behaviour. A fit without intercept term turns out to provide a good de-
scription of the data towards the weak coupling limit and the data in fact appear
to be smooth up to the value found from a measurement at β = 10.0 where decon-
finement should have occurred. A clearly difference in signal is found above the
transition. For both of the heavier masses, this does seem to introduce the need for
a non-zero intercept, implying the onset of confinement. It would be of particular
interest to observe a similar pattern for the intermediate region at the lower quark
masses. There is an obvious difference in slope above and below the transition, the
result of a sudden change in dynamics, but this in itself does not imply the presence
of a non-zero gluon condensate term. The limited extent of this region unfortunately
means that an extrapolation towards the free coupling limit is very unconstrained.
The results of figure 5.19 are encouraging, but a second look raises some questions.
A perturbative description seems to be able to describe the data right up to the first
bulk transition for am = 0.020. This is particularly surprising due to the absence
of tadpole improvement, which was introduced specifically to improve convergence
towards the perturbative limit. It leads one to suspect the straightforward expansion
fit manages to account for curvature mainly due to the limited range of the coupling.
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We can extract more information from the available measurements by using Ferrenberg-
Swendsen reweighting [347]. Appendix A provides details on this technique that
exploits the availability of a stochastic sampling of the full action, which means
that estimates of observables for small deviations of the input parameters can be
determined. Though the method has its limitations, which are also discussed in ap-
pendix A, it in principle allows us to obtain independent, non-perturbative estimates
of the derivatives with respect to the coupling constant. Those can then be used in
a simultaneous fit to both the plaquette expansion series and the derivative of this
series, which should work well if we are in a perturbative regime.

One practical issue with this approach for our current dataset is the limited in-
formation we can extract on the errors associated with the derivatives. Not only will
there be the usual correlation between successive configurations, but the assigning
of weights will have the overall effect of lowering the amount of statistics. It also
means a regular blocking analysis will not be appropriate to get an estimate of the
decorrelated errors. On top of this, the calculation of the derivatives will introduce
a systematic error due to the correlation between reweighted values calculated from
a single distribution. While it is not immediately clear how to estimate the size of
these effects, it is clear that the results of an uncorrelated bootstrapping analysis on
the data will underestimate the errors on the data. A plot of the derivatives clearly
demonstrates this, as the data are decidedly more noisy than the associated errors
would suggest. Examining figure 5.20, it seems a peak structure appears around

Figure 5.20 Derivatives of the plaquette with respect to the lattice coupling constant β,
measured by means of reweighting. Zero temperature measurements for runs with Ns >=
24 are plotted, for a range of masses covering am = 0.020 (red), 0.025 (green), 0.050 (blue)
and 0.070 (purple).
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β = 3, which would resonate with the value of the critical coupling extracted from
the linear chiral extrapolation of the pseudo-critical couplings. However, the data
are obviously not normally distributed around this peak. Instead, errors seem to
almost exclusively diminish the measured values. This can be explained by con-
sidering the effect of limited statistics on the reweighting measurement of a deriva-
tive. The configurations providing the main contribution to the corrections in the
Taylor expansion of equation A.4 are those located in the tails of the Gaussian dis-
tribution of the action of the configuration making up the ensemble. Mapping out
those tails smoothly requires high statistics studies, as even with 10 thermalized kilo-
trajectories, we would only expect about 200 measured configurations at a distance
of two standard deviations or more. The much better defined shape of the distri-
bution around the central value, instead, will mainly contribute to the leading or-
der term in equation A.4. Given limited statistics, we might happen to have an
over-representation of eccentric values of the action, but we are much more likely
to find an overly flat curve when approximating the Taylor expansion. The latter
will always result in an underestimated value of the derivative, explaining the non-
Gaussian deviations of figure 5.20.

When introducing derivatives to a fitting procedure based on minimizing χ2, it
makes no sense to introduce errors that are both underestimated and not normally
distributed. Instead of using the calculated errors, we introduce a homogeneous
weighting factor λ and only include the central values. The fitting procedure then
consists of minimising

χ2 = ∑
i

((
µmeas

i − µ
pred
i

)
σ−2

i +
(

∂βµmeas
i − ∂βµ

pred
i

)
λ−2

)
. (5.29)

This definition of χ2 changes the interpretation of the goodness of fit parameter and
the choice of λ introduces a certain level of arbitrariness to the procedure. We will
therefore examine the effect of varying λ aroundO(σ̄), realising that the bare fit will
be recovered for λ� σ̄.

There have been only limited attempts to study the perturbative expansion of the
plaquette at generic values for N f , especially in the context of a staggered fermion
lattice action. Because of the scheme dependence referred to earlier, this prohibits
a fit of the lattice results to perturbation theory to a given order. Some results are
available in literature. Of particular interest are calculations on the weak coupling
expansion [335], providing results on the perturbation expansion for both the naive
and Asqtad improved staggered fermion action. These, however, apply to an ex-
pansion in a renormalized coupling αV(q), defined at a typical momentum scale q
as

V(q) ≡ −4
3

4παV(q)
q2 . (5.30)
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Figure 5.21 Fits to the plaquette data for am = 0.020 using equation 5.29 for the range β >
3.5, using λ = 10−1 (red line), λ = 10−3 (black line) and 10−5 (blue line), for an average
value of the standard deviation on the plaquette of σ̄ = 2.6× 10−5. While the plaquette can
be described by an expansion to O(α3

L) up to the location of the bulk transition, the effect
of the addition of data on the first derivative indicates a breaking down of the perturbative
expansion at much weaker coupling.

In [335], the conversion from the bare lattice coupling

αL(q′) =
6

4πβ
, (5.31)

defined at an intrinsic, β dependent scale q′, to the renormalized coupling αV at
scale q∗ is done through a perturbative expansion of the R× T Wilson loop WRT in
terms of αV , the plaquette obviously being the special case W11. By matching the
measured value of plaquette for a given value of αL and solving, one obtains a result
for αV(q∗). Note that the momentum dependence is introduced by moving from the
full non-perturbative measurement to the perturbative expansion and is contained
explicitly in the perturbative coefficients [348]. As such, the value of q∗ associated
with the plaquette is extrinsic to our lattice simulations, but needs to be compensated
for between perturbative expansions of different quantities.

This approach would obviously need to be amended for our current investiga-
tion. To obtain information on the validity of the perturbative expansion of the pla-
quette, an alternate conversion between αL(q′) and αV(q∗) is needed. One possibility
is the direct determination of αV(q∗) from measurements of the static potential as a
function of the momentum q, but this would require computationally very intensive
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large volume studies with high statistics for a large range of couplings. Alternatively,
a matching between αV(q) and the coupling αM̄S defined in the minimal subtraction
scheme can be calculated using the perturbative expansion of the static potential pre-
sented in [349]. Separately, one can convert between αL and αM̄S using long standing
results from, e.g [350]. After a perturbative renormalization step, using the expan-
sion in [335], to move towards the energy scale q∗ we have obtained an independent,
if slightly involved, determination of αV(q′).

Unfortunately, the action used in our simulations – Symanzik improved, but
without tadpole improvement – does not correspond to either of the cases covered
in [335]. While a report on the calculation of the plaquette expansion for a range
of actions was to appear as a separate paper originally, this was apparently never
published. Requests for this data to the authors were not responded to and so far
this crucial and highly non-trivial component in the above approach is missing.
An alternative and much more direct approach is the one employed by the authors
of [351, 352]. They employ stochastic perturbation theory to derive the plaquette ex-
pansion in terms of αL directly, in principle bypassing the need for additional pertur-
bative conversion steps. Such calculations were not yet done for staggered fermions,
but an effort to this end is under way at the time of writing. Results here will provide
a direct check of the approach to the perturbative regime.

With only the literature results on the naive and Asqtad actions at our disposal,
our capacity for analysing the measured plaquette expansion coefficients is limited.
Table 5.4 reproduces the expansion coefficients given in [335]. While the coefficients

coefficient naive Asqtad
c1 1.047(0) 0.767(0)
c2 -2.084(1) -1.481(1)
c3 4.48 (3) 7.73 (5)
q∗ 3.40 3.33

Table 5.4 Perturbative predictions for the plaquette expansion for staggered fermions to two
loops in the presence of 12 flavours of fermions, as given in [335]. Predictions are in terms of
the renormalized coupling αV(q∗) (where the energy scale q∗ is calculated from perturbation
theory but not reproduced) and for both the naive and Asqtad actions.

are very significantly different between the naive and staggered action, there is a
clear pattern. Because the action employed in the simulations includes part of the
improvement of the Asqtad scheme and one would therefore expect the actual co-
efficients to lie between the values given in table 5.4. The increased flavour content
induces a sign change in coefficient c3, reflecting the behaviour of the perturbative
beta function. Alternative actions might modify this signature, but the pattern will
survive any change in perturbative scheme since no physical scheme can introduce a
mapping to negative couplings. We can therefore attempt a check on the consistency
of our data, even when expanding in the αL scheme.

The results given in table 5.5 show remarkable deviations from the predictions in
table 5.4. Moving away from the bulk transition gives us a rather consistent set of
values for the three coefficients, with a clear positive sign for c2. Since the result with
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βmin = 3 βmin = 3.5 βmin = 4.0
λ = 10−1 c1 1.9077 1.2380 1.2285

c2 -8.8045 3.5050 3.6810
c3 45.001 -10.973 -11.780

λ = 10−3 c1 1.9070 1.2377 1.2284
c2 -8.7904 3.5102 3.6842
c3 44.937 -10.999 -11.799

λ = 10−5 c1 2.1990 1.4074 1.4380
c2 -12.877 1.1142 0.5911
c3 58.006 -3.2418 -1.3175

Table 5.5 Results for a fit of the measured plaquette value, in the form − 1
4 ln(W11), to the

expansion of equation 5.29. Fits were performed on all zero temperature data available for
am = 0.05 with spatial volumes at least equal to 123 with couplings weaker than a specified
limit βmin and with three values of the scaling factor λ that should be seen as relative to the
average standard deviation on the plaquette measurements σ̄ ≈ 4 × 10−5. No statistical
errors are displayed, as they are meaningless in the absence of control over the systematical
error.

generic N f for this quantity given in [335] for the unimproved action is in fact

c2 = −1.2467(2)− 0.06981(5)N f , (5.32)

the sign cannot be readily attributed to an effect of the dynamical quarks. While it
is not excluded that the sign inversion is a feature of our particular action, it is in
fact more likely that we should interpret these results as a breakdown of the pertur-
bative expansion. The inclusion of larger values of β is therefore essential and such
an extended dataset will be the basis of our comparison to the results of stochastic
perturbation theory.

5.6 Conclusion
In this chapter, we have elaborated on our simulations using twelve quark flavours.
In chapter 4, we established the existence of a bulk transition separating a chirally
symmetric phase from a broken one. As this placed twelve flavour QCD within
the conformal window, the natural follow up was to question the properties of this
new phase of QCD. A study of the properties of the bulk transition under changes
in the bare quark mass revealed the smooth transition observed in 4 as a crossover.
Moving towards the chiral limit revealed a sharpening into a bona-fide first order
phase transition and revealed the presence of an additional transition at strong cou-
pling. We speculated that this transition is an artefact of discretisation and found
indications of it moving towards the infinite coupling limit as the chiral limit is ap-
proached, though further simulations will certainly be needed to confirm this. A fit
to the pseudo-critical couplings at finite mass revealed a connection between first
order phase transition and the crossover transition observed at higher masses and
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suggested a first order nature of the transition throughout. This would exclude the
presence of a UV fixed point in addition to an IR fixed point, as was suggested in [99],
at least at finite mass. However, the line of first order phase transitions at finite mass
might terminate in a second order chiral limit, possibly leaving the AdS/CFT in-
spired scenario of [99] intact.

We subsequently examined the properties of the gauge sector, first turning to the
Polyakov loop as an approximate order parameter for the deconfinement transition.
No signal was found at zero temperature, confirming the results of [176]. It was
indicated that this is most likely a property of the zero temperature phase, as was in
fact already suggested in [98]. Instead, we examined the static potential and found
a small remaining string tension that was very sensitive to the mass. Numerical
evidence was presented that the string tension should vanish identically in the chiral
limit, though further data will be required to build this case convincingly.

Finally, preparing for a further study using stochastic perturbation theory, the
validity of the perturbative regime was tested. From a reweighting procedure, in-
dependent estimates were found for the derivative of the plaquette. No consistent
perturbative expansion could be constructed in the region where data were avail-
able, though a missing prediction for the scheme dependent plaquette coefficients
will be needed for a full numerical analysis. Nevertheless, preliminary results in-
dicate a need for runs at weaker coupling to explicitly connect to the perturbation
theory and the asymptotically free limit.




