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4
Evidence for a conformal phase in

SU(N) gauge theories 1

Having established that N f = 8 is still in the hadronic QCD-like phase, we
shift our attention to larger numbers of fundamental flavours, in particular the
interesting case of N f = 12, in search of the conformal window. Many of the
recent analytical studies predict a critical flavour number close to this integral
value. That makes the investigation of the theory with twelve dynamical flavours
highly relevant and possibly difficult at the same time, since a close proximity to
the lower end of the conformal window makes it hard to discern between quasi-
conformal behaviour and the regular phase of weakly interacting QCD near the
end-point.
We observe a chiral phase transition and study the dependence of the transition
coupling βc on the lattice temperature scale Nt, finding that it persists in the
limit of zero temperature, with no observable shift in the location of the tran-
sition coupling, in marked contrast to the behaviour found for the case with
eight flavours described in chapter 3. Because a thermal transition occurring
at low temperatures may be hard to discern, additional analysis is performed of
the chiral extrapolation of the chiral condensate to establish restoration of chiral
symmetry. As a final piece of evidence, the mass spectrum of the theory is used
to deduce the behaviour of the non-perturbative beta function.
All evidence presented here points to a restoration of chiral symmetry at zero
temperature and the presence of a Coulomb phase, implying the existence and
onset of the conformal window for QCD-like theories having less than, but pre-
sumably close to twelve dynamical quark flavours.

1Based on A. Deuzeman, M.P. Lombardo and E. Pallante, Physical Review D 82, 074503 (2010).
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This chapter is organized as follows. In section 4.1 we review previous theoret-
ical work, in particular the scenario for conformality originally proposed in [82, 96],
and define our strategy. Section 4.2 presents results on the chiral order parameter. It
demonstrates the presence of a bulk transition and discusses the different systemat-
ics that may affect its measurement. These results are then used in section 4.3, that
describes various theoretically motivated models for the a chiral extrapolation of the
chiral condensate and the related fits. Section 4.4 addresses the spectrum, and it is
organized in two subsections. The first one discusses the interrelation between the
spectrum results and the pattern of chiral symmetry. The second subsection, similar
in spirit to [169], argues that the lattice spacing increases when decreasing the cou-
pling, as expected of a negative beta function; finally, it uses the numerical results
combined with the perturbative input to argue in favour of the existence of a zero of
the beta function. In section 4.5 we summarize the results, draw our conclusions.

4.1 A strategy for lattice conformality
A recent study of the SU(3) running coupling [171,172] by use of the lattice Schrödinger
functional has concluded that N f = 12 should already be in the conformal window.
Other numerical studies, however, challenged this conclusion [176, 178, 182]. This is
hardly surprising, given that N f = 12 should be very close to the critical number
of flavours [56, 127, 299, 300], making a numerical study particularly delicate. The
strategy adopted in this thesis, complementary to that of [171,172], is inspired by the
physics of phase transitions; it allows for the exploration of multiple aspects of the
theory in different regimes and regions of the phase diagram, in order to probe the
existence and properties of an IRFP inside and outside its basin of attraction.

The strategy of this study has received heuristic guidance by the scenario de-
picted in [82, 96] and sketched in figure 4.1. We will implicitly assume the validity
of that scenario. Following figure 4.1, at a given N f > N∗f and increasing the cou-
pling from g = 0, one crosses the conformal line, location of the IRFP’s, going from
a chirally symmetric (S) and asymptotically free phase (quasi-conformal phase) to a
symmetric, but not asymptotically free one (Coulomb or QED-like phase). A phase
transition need not be associated with the line of IRFP’s, differently from what was
originally speculated in [80]. At even larger couplings, a transition to a strongly
coupled chirally asymmetric (A) phase will always occur in the lattice regularised
theory. The latter is referred to as a bulk phase transition. In the symmetric phases at
non-zero coupling the conformal symmetry is still broken by ordinary perturbative
contributions. They generate the running of the coupling constant which is differ-
ent on the two sides of the symmetric phase. See [96] for a detailed discussion of this
point. We emphasize that in the region considered in this paper conformal symmetry
would still be broken by Coulombic forces.

A theory in the hadronic phase, N f < N∗f , has a thermal phase transition in the
continuum from a low temperature chirally broken phase to a high temperature chi-
rally symmetric – quark gluon plasma – phase. Thus, as argued in chapter 3, the
observation of a thermal transition in the continuum limit is incompatible with the
existence of a conformal fixed point. It is also clear from figure 4.1 that the presence
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Figure 4.1 Phase diagram of an SU(3) gauge theory with fundamental fermions in the N f -
g plane after [96]. Theories for N f < N∗f are QCD-like in the continuum, while for N∗f <

N f < Nc
f develop a conformal phase. S and A refer to chirally symmetric and asymmetric,

respectively. The dashed line qualitatively indicates the location of the Banks-Zaks IRFP [80].
The dot-dashed line indicates a lattice bulk transition, which has been observed at N f = 12
and N f = 16. It stops at some small N f value. The line at N f = N∗f represents the
conformal phase transition [82,96], which is absent in the original Banks-Zaks scenario. The
beta function on the conformal side is also sketched.



96 CHAPTER 4 EVIDENCE FOR A CONFORMAL PHASE

of a Coulomb phase next to the bulk transition at weaker coupling is a distinguishing
feature of the conformal window. Here the non-perturbative beta function should be
positive, implying a weakening of the effective coupling over increasing distances.
The appearance of such a region is, in principle, a sufficient condition for the exis-
tence of an IRFP, since the perturbative beta function of SU(3) with N f < 16 1

2 in the
extreme weak coupling regime is known to be negative. Note, however, that the beta
function is not universal away from fixed points with diverging correlation lengths
and one can therefore not exclude a priori the appearance of spurious fixed points at
intermediate values of the coupling constant [169].

The evidence presented here thus consists of a few components. First, it will be
demonstrated that the location of the transition from the chirally symmetric to the
broken phase is not sensitive to the physical temperature and is therefore compatible
with a bulk nature. Subsequently, we will present a detailed study of the mass de-
pendence of the chiral condensate on the weak coupling side of the bulk transition,
which clearly favours exact chiral symmetry. Finally, the behaviour of the mass spec-
trum close to the bulk transition will be studied, and found to be compatible with
a positive beta function, similarly to the observations of [169] for N f = 16. These
results are consistent with the scenario for conformality of figure 4.1.

We have simulated an SU(3) gauge theory with twelve flavours of staggered
fermions in the fundamental representation. We used a tree level Symanzik im-
proved gauge action to suppress lattice artefacts, and Kogut-Susskind (staggered)
fermions with the Naik improvement scheme, similarly to the action without tad-
pole improvement described in chapter 3. High statistics runs were performed at
fixed bare quark mass am = 0.05 over an extended range of bare lattice couplings,
on 163 × 8 and 164 lattices. At two selected couplings, 6/g2

L = 3.9 and 6/g2
L =

4.0 we have performed runs on lattices 203 × 32, 244, 324 and five masses am =
0.025, 0.04, 0.05, 0.06, 0.07. The thermalisation of all runs was extensively verified by
monitoring the stability of averages and uncertainties as a function of the discarded
number of sweeps, and bin size. In addition, we have verified the decorrelation
from initial conditions by performing simulations with ordered and random starts
for a few selected couplings and masses. Runs were performed on the Huygens IBM
Power6+ system at Sara supercomputing centre in Amsterdam and the IBM BG/P
at the Rekencentrum of the University of Groningen. The largest volumes of 324,
needed for the bare quark mass of am = 0.025, were run on 512 nodes of the BG/P,
corresponding to 2048 cores running at 850 MHz each. Obtaining sufficient statistics
at those parameters required around 450 kCPU-hour. A more typical run, using a
volume of 244 for a bare quark mass of am = 0.050, would come in at around 100
kCPU-hour.

We have measured gauge and fermionic observables including the average pla-
quette, the Polyakov loop, the inter-quark potential, the chiral condensate and its
susceptibility, the meson spectrum. We report here on our results for the chiral con-
densate and the meson spectrum. We underscore that staggered fermions have a
remnant of exact chiral symmetry which allows a precise definition of the chiral or-
der parameter – the condensate 〈ψ̄ψ〉 – also on a coarse lattice.
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4.2 The order parameter
Figure 4.2 shows our results for the chiral condensate at a fixed value of the bare
quark mass am = 0.05 and for two volumes 163 × 8 and 164, differing by a factor of
two in their temporal extent Nt. The results display a sudden variation of the chiral
order parameter as a function of the bare lattice coupling constant gL, for both Nt.
At this point one notices that the temperature of the system is related to the lattice
temporal extent as T = 1/a(gL)Nt, with a(gL) the lattice spacing for a given lattice
coupling. From figure 4.2 one infers that the phase transition – or rapid crossover
– happens at identical values of the transition coupling gc

L = 1.35(3), thus imply-
ing they occur at vastly different physical temperatures. Hence, one concludes that
the observed transition (or crossover) is driven purely by the bare coupling constant
itself and is therefore of bulk nature. Further information on this behaviour, with
a refined scaling study, might shed light on the occurrence of a conjectured ultra-
violet fixed point at strong coupling in the continuum theory [99]. The results of

Figure 4.2 The bulk transition in the chiral condensate for am = 0.05 on lattices of 163 × 8
(circles), and 164 (crosses) as a function of the bare lattice coupling gL. Data are shown in
the range 6/g2

L = 2.5 to 4.7. The location of the transition is identical, while the curves
describe physics at temperatures differing by a factor of two. Simulation errors are within
symbol size.

figure 4.2 beg for a detailed analysis of the behaviour of the chiral condensate at
weaker couplings, in order to discriminate between a genuine phase transition to a
chirally symmetric phase, and a rapid crossover to a phase where chiral symmetry
is still broken.
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In order to be able to extract information on the symmetry of the vacuum –
chiral symmetry broken or restored – by extrapolating the condensate to the chi-
ral limit, we need to measure it at infinite volume and at sufficiently light values
of the quark masses. Light here means that the dynamics of the system is not yet
dominated by the amount of explicit chiral symmetry breaking. This study, being
of course extremely demanding from the point of view of numerical resources, was
performed for two relevant selected couplings. We will first address the issue of sys-
tematic errors, then we will consider and compare several theoretically motivated
parametrizations, appropriate for chirally broken or symmetric phases.

4.2.1 Finite volume effects
One major systematic effect potentially affecting analysis of the chiral order param-
eter and interpretation of the results is the finite volume at which simulations have
been run. The reason for this can be ultimately found in the discretisation of the
spectrum of eigenvalues that will necessarily occur at finite volume. One can write
the chiral condensate in terms of the quark propagator S(x, y) as

〈ψ̄ψ〉 = lim
V→∞

 1
V

∫
V

dx S(x, x)

 . (4.1)

One can write the propagator as a sum of eigenfunctions of the Dirac operator and
integrate out the eigenvalues, to obtain [301]

〈ψ̄ψ〉 = lim
V→∞

[
2m
V ∑

n

1
m2 + λ2

n

]
. (4.2)

In the limit of infinite volume, the eigenvalues will become dense and the sum can
be replaced by an integration

〈ψ̄ψ〉 = 2m
∞∫

0

dλ
ρ(λ, m)

m2 + λ2 , (4.3)

where ρ(λ, m) is the density of eigenvalues within an infinitesimal range dλ around
the eigenvalue λ. A factor of the bare quark mass m multiplies the integral of equa-
tion 4.3, so only the IR divergent part of it will contribute to the condensate in the chi-
ral limit. When the integral is regularised, one obtains from this the famous Banks-
Casher relation [85]

lim
m→0

lim
V→∞
〈ψ̄ψ〉 = πρ(0, 0). (4.4)

But finite volume corrections will lift the low lying eigenvalues, as the lowest eigen-
value is proportional to V−1 6= 0. This removes the IR divergence and gives ρ(0, 0)→
0. An exactly chiral action will therefore give 〈ψ̄ψ〉 → 0 for any finite size V of the
lattice. Even away from the chiral limit, the contributions from the IR eigenmodes
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may be so suppressed by a small lattice volume that all effects of spontaneous chiral
symmetry breaking vanish. Generalizing, at any fixed volume, there exists a regime
of finite masses that will go towards a chirally symmetric massless limit [302]. In
fact, several groups have reported observing this regime at lattice sizes similar to
ours [176,178,179], though using actions and bare quark masses different to the ones
presented here. It is therefore necessary to explicitly exclude dominant finite volume
effects.

When working at a particular finite quark mass, what volumes can be considered
large enough? From the above derivation, we know the effects of spontaneous chiral
symmetry breaking can be measured, provided that the integral of equation 4.3 can
be introduced. The latter is sensible when the denominator in equation 4.2 varies
slowly, in spite of the discretised values of λ. Because the spacing of eigenvalues is
inversely proportional to the volume, one can write

∆λ ≈ 1
Vρ(λ, m)

=
π

V〈ψ̄ψ〉 . (4.5)

The last step is arrived at trivially by substituting in equation 4.4. When m is much
larger than ∆λ, the term m2 + λ2

n will be a slowly changing quantity, and the form of
equation 4.3 will be appropriate. Using equation 4.5, this gives us a condition

Vm〈ψ̄ψ〉 � 1. (4.6)

Lattice results have been shown to reproduce the analytically expected behaviour ac-
curately when this condition is satisfied [303,304]. Since this derivation only uses the
form of the propagator, it is valid for each fermion flavour separately and therefore
independent of the number of flavours altogether. Should the theory with N f = 12
possess a phase resembling regular QCD, in which case finite volume effects could
interfere with observing spontaneous chiral symmetry breaking, then equation 4.6
should describe a range of safe parameters. It is easily seen from the numerical
results in table 4.1, that there is no problem in satisfying this inequality for the re-
sults we obtained. The smallest value found is Vm〈ψ̄ψ〉 = 7.28 for am = 0.025 and
Ns = 16 – a simulation that was excluded from further analysis.

We performed simulations for a succession of spatial lattice sizes and compared
the value of the chiral condensate measured at each volume (see table 4.1). Finite
volume effects are evident mainly for the smallest quark mass of am = 0.025, and
table 4.1 shows they follow the expected pattern. The effect shows up as a deviation
of just over a percent between the smallest and largest volume and has not vanished
completely even at Ns = 20.

For each of the masses in table 4.1, the difference between the largest two volumes
is smaller than both the difference between the smallest volumes and the combined
statistical uncertainty, as graphically demonstrated in figure 4.3. The former ties in
to the smoothness and monotony of the finite volume correction term of [303], in
the sense that additional corrections would be expected to be even smaller in this
declining series. The latter meant we could consider our largest volumes to be at
infinite volume within their errors. The data set used for the extrapolation to the
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am Ns 〈ψ̄ψ〉, β=3.9 〈ψ̄ψ〉, β=4.0
0.025 16 0.07592(22) 0.07113(11)

20 0.07638(22) 0.07212(13)
24 0.07693(07) 0.07202(10)
32 0.07697(07) 0.07206(05)

0.040 16 0.12143(37) 0.11434(24)
20 0.12106(10) 0.11366(90)
24 0.12092(17) 0.11360(10)

0.050 16 0.15004(26) 0.14090(52)
20 0.15018(17) 0.14093(19)
24 0.15018(10) 0.14079(07)

0.060 16 0.17895(15) 0.16766(39)
20 0.17918(17) 0.16775(16)
24 0.17897(14) 0.16787(11)

0.070 16 0.20705(65) 0.19469(42)
20 0.20776(19) 0.19476(11)
24 0.20768(10) 0.19470(13)

Table 4.1 The volume dependence of the measured chiral condensate for 6
g2 ≡ β = 3.9 4.0,

for all masses used in the chiral approximation.

chiral limit consists therefore of the measurements at Ns×Nt = 243× 24 and should
allow for the observation of spontaneous chiral symmetry breaking, if present.

4.2.2 Mass effects
Evidence that we are considering sufficiently light quark masses is provided by the
mass dependence of the condensate itself, and by our results for the spectrum in
section 4.4, where we further elucidate this aspect. As for the issue of the contin-
uum limit, we remind the reader that all the measurements are performed at a fixed
value of the lattice spacing and no extrapolation to the continuum limit is consid-
ered. On the other hand, in the scenario of figure 1, there is only one symmetric
phase at large N f . Hence, once chiral symmetry is restored, it should stay so till
the continuum. A preliminary study towards weak coupling has revealed no sign
of further phase transitions, thus confirming this scenario. Being notoriously diffi-
cult to directly probe the IRFP with a lattice study, we are collecting precisely those
measurements at finite lattice spacing and varying lattice coupling that can provide a
combined evidence for the restoration of chiral symmetry and for the existence of the
peculiar non asymptotically free regime that precedes the IRFP for decreasing cou-
pling, a feature proper to non-Abelian gauge theories with a conformal phase. As we
already noticed, if the bulk transition turns out to be a second order phase transition,
this would signal the presence of an UVFP at strong coupling and the existence of a
continuum limit for the strongly coupled theory, distinct from the ordinary contin-
uum limit 6/g2

L → ∞ of the asymptotically free theory at weak coupling, see [99] for
recent discussions on this point.
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Figure 4.3 Observed finite volume effects in the chiral condensate, displayed as the difference
∆FV between the measurements at the two largest available volumes (243 × 24 and 323 × 32
for the lowest mass, 203 × 32 and 243 × 24 for the other masses) divided by their combined
standard deviation σ. Triangles indicate results for 6/g2

L = 3.9, circles those for 6/g2
L = 4.0.

A value of less than unity (within the band) implies that finite volume effects are within a
single standard deviation of each other and therefore statistically irrelevant.

An indirect, but important influence of the finite bare quark mass on the chiral fit-
ting procedure is the shifting of the transition coupling of the chiral transition. From
an intuitive point of view, the effectiveness of the fermionic shielding is reduced
with increasing bare mass as quantum contributions should be suppressed by m−2

factors in the infrared. Spontaneous chiral symmetry breaking and the associated
confinement will therefore set in at lower coupling. This intuition is corroborated by
analytical approximations [305] for regular QCD and showing a large sensitivity in
the limit of fairly small masses. On the lattice, the effect has been confirmed for finite
temperature transitions [60]. The increased number of flavours present will work to
enhance this effect [169].

The chiral extrapolation of the condensate close to a transition will be affected by
this mass effect, with the measured condensate possibly showing an upwards devia-
tion as a function of the mass. With increasing distance from the transition coupling,
this upwards deviating trend will decay rapidly. Close to the transition coupling,
however, it may be dominant. Fortunately, as such a deviation would be the only
physically expected effect to introduce what appears like a negative exponent, it can
be told apart. figure 4.4 compares the mass dependence of the chiral condensate
for a range of values of the coupling, starting at 6/g2 = 3.5, taken from figure 4.2
as the end point of the chiral transition for am = 0.05. With the mass effect shift-
ing the transition towards weaker coupling, the condensates for am = 0.06 and 0.07
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Figure 4.4 Extrapolation of the chiral condensate for different values of the coupling with a
pure linear form 〈ψ̄ψ〉 ∝ am. From top to bottom, measurements are given for 6/g2 equals
3.5, 3.6, 3.7, 3.8, 3.9 and 4.0. A concave curvature is clearly present for the higher values of
the coupling, giving way to a slight convex deviation at the weak end of the range.

are expected to be raised considerably as 6/g2 = 3.5 should fall into the tail of the
transition and the results confirm this. The effect disappears rapidly as the coupling
decreases and seems to have all but vanished at this level once 6/g2 reaches a value
of 3.7. At the level of accuracy needed for precision fits, however, the mass effect
remains discernible. Allowing for an arbitrary power of the mass for the data in fig-
ure 4.4, i.e. 〈ψ̄ψ〉 ∝ amγ, gives a best fit of γ = 1.004(6) for 6/g2 = 3.7, dropping
to γ = 0.976(4) only for 6/g2 = 3.8, with the quality of fit χ2 being 1.40 and 1.17,
respectively. One might be tempted to stress the relevance of the measurements at
6/g2 = 3.7 as a consequence and assume large finite volume effects to be present
at larger values of the coupling, as was done in [175, 176]. But an additional mea-
surement at am = 0.025 shows a deviation from the linear trend for lighter masses –
finding 0.0892(2) for a predicted result of 0.0883. A fit of the full dataset will now find
an optimal exponent γ of 0.99(1). While not incompatible with the previous result
as such, the qualitative change cautions against the assumption of a ‘sweet spot’, as
the mass effect competing against other trends (anomalous dimension, finite volume
effects) and rapidly decaying with the coupling will inevitably produce a region of
the coupling in which something close to linear behaviour occurs. The shrinking of
the usable range of the coupling due to the onset of dominant finite volume effects
that is reported in [176] is therefore problematic, in that no separation of the differ-
ent effects will be possible when remaining too close to the transition. For this study,
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data sets at 6/g2 = 3.9 and 4.0 were selected, far enough from the transition region
for mass effects to be strongly suppressed.

4.2.3 Correlation and thermalisation
An additional factor to take into account when safeguarding against the erroneous
exclusion of spontaneous chiral symmetry breaking is the potential for underestima-
tion of the errors because of the presence of correlations. The standard technique
for removing these is the application of a blocking procedure to the date prior to its
analysis. For a normally distributed observable in the absence of correlation, such
blocking will leave the error essentially unchanged. If the original data were corre-
lated however, the blocks will be increasingly less so, but the standard error in the
mean (SEM) will increase as the influence of superfluous measurements declines.
This procedure will work excellently for the type of correlations introduced by the
Markov chain procedure used in generating configurations – the main property of
these being a power law decline over a certain number of configuration. Inspecting
the correlations for a thermalised large volume run at am = 0.025 in figure 4.5 shows
the expected behaviour over short range. The autocorrelation should be integrated

Figure 4.5 Autocorrelation R as a function of the lag τ for the Monte Carlo history at a
volume of 323 × 32 and a quark mass am = 0.025. The local autocorrelation drops sharply
over short distances, but weak correlations appear over long range.

over to find an effective blocking size for the decorrelation of our data. Integrating
over the local (i.e. lags up to 100) autocorrelation gives a result of 10.97 for the run
depicted in figure 4.5, or 14.93 if the absolute autocorrelation is taken instead. From
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this, one concludes a blocking of twenty configurations suffices for local decorrela-
tion. However, the weak autocorrelations over longer lags provide a less immediate
problem for accurately determining the appropriate error budget. Once a sufficient
number of domains has been found, a coarse enough blocking will provide a good
estimate of the standard errors even here. However, at feasible simulation lengths,
the total number of thermalised large fluctuations, that will span over 150 measured
correlations or 750 updates, will be of the order of 10.

At the level of accuracy needed to distinguish between fits and for practical en-
semble sizes, however, there may be an appreciable effect of the large scale correla-
tions on the determination of the end of the thermalisation process. The criteria for
deciding whether or not a particular Markov chain has reached a stable equilibrium
are not always very sharp. Fortunately, with increasing statistics, the influence of
any arbitrariness in the particular cut put on the ensemble of configurations should
vanish. It is customary to apply a straightforward cut at a conservatively fixed num-
ber of trajectories and consider the data thermalised afterwards. With the compar-
atively large strides in parameter space taken in the simulation setup used for this
study, such a construction would not produce optimal results, as the thermalisation
process may slow considerably with lowering mass and increasing volume. As a
consequence, one is forced to consider the Monte Carlo histories separately and look
for stability of the measurements on observables.

The latter becomes complicated in the presence of the correlations observed ear-
lier. While their amplitudes are relatively small, the combined effect of a fluctuation
can shift the measured average by amounts of the order of a standard deviation for
the numbers of trajectories that can reasonably be attained. These shifts can mimic
thermalisation behaviour, such that a naive application of the stability criterion for
the placing of a cut would lead to the incremental cutting of more and more data. In
turn, this would successively diminish the available statistics, reinforcing the desta-
bilizing effect of the remaining fluctuations. An ideal solution to this problem would
be to enhance the available statistics by an order of magnitude and only then attempt
the procedure, as none of these problems can occur in the limit of infinite statistics
should. But it would be too conservative to assume nothing could be said about the
observables – the fluctuations that do occur are within a very narrow band around
a stable mean. An alternative view, and the one taken here, is that the error on the
observable is underestimated. The cut dependence, and through it the fluctuations,
could be quantified as a systematic error. When including such a systematic error,
a realistic measurement of the chiral condensate can be given. Even with a slightly
larger error, it might provide us with sufficient discriminatory power already.

To account for this systematic effect numerically, the data were in fact analysed
with a range of cuts, starting from the first region of the Monte Carlo history dubbed
stable and ending such that a statistically sufficient body of data would be present for
each analysis. This fixed body of data entering every analysis we dub Of and, as the
final part of the Markov chain, it should consist of fully thermalised data. This would
be considered an extremely conservative choice of the thermalisation limit. From
these analyses, we obtained a set of measured averages µi and associated standard
errors σi. From these, a weighted global average µ̄i was calculated, with the inverse
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squares of σi functioning as weights. In the absence of systematic effects, this average
would slightly overweight the data in Of, but the increasing error would partially
compensate for this. In general, µ̄i would be within equal within errors to the value
found from a regular analysis. More crucial, however, was the determination of the
error in this quantity. This was set to

σ̄i = max [max [µi + σi]− µ̄i, µ̄i −min [µi − σi]] . (4.7)

By construction, the range (µ̄− σ̄, µ̄ + σ̄) will cover µi and its associated error. In the
limit of very high statistics, any cut dependence should vanish. This limiting prop-
erty is guaranteed for the above procedure, as this would imply a dominant contri-
bution to every average of Of limiting the spread of µi and, as a consequence, the
amplitudes of σi. In addition, because of the clean Gaussian distribution appearing
in this limit, the errors should be dominated by

√
N behaviour and therefore deter-

mined by Of as the smallest data set in the analysis. Denoting the measurements
associated with this set by µ f and σf , one finds

lim
N→∞

µi = µ f , lim
N→∞

µ̄i = µ f , lim
N→∞

σ̄i = σf . (4.8)

Away from this limit, a conservative bound to the standard deviation from system-
atics is produced, that should decrease normally with added statistics.

4.3 Chiral extrapolation

Having obtained measurements of the bare quark mass dependence of the chiral con-
densate, one can attempt a chiral extrapolation. The appropriate way of doing this
itself depends on the physical properties of the theory at the point of measurement,
such as the phase of the theory and the proximity of a fixed point. To discriminate
between the different scenarios, one therefore has to compare the extent to which
different forms of the chiral extrapolation describe the data.

4.3.1 Fits assuming the presence of a Goldstone boson

The functional forms discussed first would be appropriate if the bulk behaviour were
not to be associated to a true chiral transition. For instance, it might just be due to
a generic rapid crossover, or to a genuinely lattice transition between two phases
with different ordering. In this case the range of couplings between 6/g2

L = 3.9 and
6/g2

L = 4.0 would still belong to the phase with broken chiral symmetry. We have
thus considered the following functional form:

〈ψ̄ψ〉 = Am + Bm log(m) + 〈ψ̄ψ〉0 , (4.9)

where the parameters were all left free, giving fits with two degrees of freedom, or
in turn constrained to zero. The logarithmic mass dependence is typical of a chirally
broken phase for a QCD-like theory in four dimensions at zero temperature.

The results of the fits to equation 4.9 are summarized in table 4.2. The linear
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fits – case B = 0 also used in [176] – produce an intercept different from zero, but
are highly disfavoured by their large χ2. The inclusion of the term m log(m) con-
siderably improves the quality of the fits. Those with free intercept 〈ψ̄ψ〉0 gave an
extrapolated value consistent with zero, and in agreement with the fit obtained by
constraining 〈ψ̄ψ〉0 = 0. Both fits are satisfactory, and imply that the chiral conden-
sate in the chiral limit is zero within errors. In conclusion, a conventional picture of
the Goldstone phase seems not to be supported by our data.

6/g2
L A B 〈ψ̄ψ〉0

√
χ2/dof

3.9 2.70(3) -0.103(13) 0.00013(54) 0.68
3.12(3) 0 (F) 0.0043(3) 3.12

2.682(5) -0.107(2) 0 (F) 0.56
4.0 2.48(2) -0.120(10) -0.00091(42) 0.51

2.73(1) 0 (F) 0.0041(5) 3.74
2.519(8) -0.099(3) 0 (F) 0.56

Table 4.2 Fits to 〈ψ̄ψ〉 = Am + Bm log m + 〈ψ̄ψ〉0

4.3.2 Fits with an anomalous dimension
We considered the functional form

〈ψ̄ψ〉 = Am1/δ + Bm + 〈ψ̄ψ〉0 , (4.10)

containing an anomalous dimension, whose effect is parametrized by the exponent
δ. Since the fits described in subsection 4.3.1 already suggest that a curvature in
the behaviour of the chiral condensate as a function of the mass is mandatory, we
started by setting the linear term to zero. We note that analogous fits were used in the
past to analyse QED in its symmetric phase, close to the strong coupling transition
in [306], even if a more satisfactory account of the data requires the consideration of
the magnetic equation of state, which is going to be discussed in the next section.
Results for these fits are reported in table 4.3. All fits to equation 4.10 with B = 0 are
satisfactory, with a chiral condensate compatible with zero in the chiral limit. This
was checked, as before, by comparing fits with free intercept, and fits with 〈ψ̄ψ〉0 =
0.

One might still suspect that a fit combining a power-law term and a linear term,
with a non zero intercept might still accommodate the data, hence indicating chiral
symmetry breaking. For instance, a linear term can arise because of the additive
renormalisation of the chiral condensate – see e.g. [69] for a discussion of this term in
the context of the QCD thermal transition.

For completeness we have performed fits to equation 4.10 with the inclusion of
a linear term. As expected from the near degeneracy between a power law with
1/δ ≈ 1 and a linear term, the uncertainties coming from a Marquardt-Levenberg
minimization of χ2 are huge – up to several times the fitted value itself. In table 4.3
we simply quote the central results, omitting the errors. Studies able to disentangle
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6/g2
L A 1/δ B 〈ψ̄ψ〉0

√
χ2/dof

3.9 3.00 (F) 0.960 (F) -0.30 (F) -0.00002 (F) 0.96
2.700 (4) 0.9646 (4) 0.00 (F) 0.0000 (F) 0.55

2.699 (25) 0.964 (4) 0.00 (F) -0.0000 (6) 0.68
1.86 (24) 0.950 (F) 0.83 (26) -0.0001 (5) 0.68
2.10 (27) 0.955 (F) 0.60 (29) -0.0001 (6) 0.68
2.38 (30) 0.960 (F) 0.31 (33) -0.0001 (5) 0.68
2.75 (35) 0.965 (F) -0.05 (38) -0.0000 (1) 0.68
3.24 (41) 0.970 (F) -0.54 (44) -0.0000 (5) 0.68
3.93 (50) 0.975 (F) -1.23 (53) 0.0000 (5) 0.69
4.97 (64) 0.980 (F) -2.27 (66) 0.0000 (6) 0.68

4.0 1.230 (F) 0.910 (F) 1.26 (F) -0.0010 (F) 0.70
2.534 (8) 0.965 (1) 0.00 (F) 0.0000 (F) 0.87

2.489 (18) 0.956 (3) 0.00 (F) -0.0011 (4) 0.51
2.15 (17) 0.950 (F) 0.33(18) -0.0011 (4) 0.50
2.42 (19) 0.955 (F) 0.06(21) -0.0012 (4) 0.51
2.76 (21) 0.960 (F) -0.26(23) -0.0011 (4) 0.51
3.18 (25) 0.965 (F) -0.70(27) -0.0011 (4) 0.51
3.75 (30) 0.970 (F) -1.26(32) -0.0011 (4) 0.51
4.55 (36) 0.975 (F) -2.06(38) -0.0010 (4) 0.52
5.74 (45) 0.980 (F) -3.26(47) -0.0010 (4) 0.52

Table 4.3 Fits to 〈ψ̄ψ〉 = Am1/δ + Bm + 〈ψ̄ψ〉0

the effect of linear scaling violations [69] were using an exact form for the scaling
function which is not available here. In conclusion, the behaviour of the fits to equa-
tion 4.10 says that an additional linear term, or any analytic term in equation 4.10, is
redundant for our data.

To acquire a feeling about the possible relevance of a linear term, we have also
performed a sequence of fits, constraining the exponent to several values in the ac-
ceptable range given by the fit errors. The results are again summarized in table 4.3.
It appears that the coefficient of the linear term smoothly changes from positive to
negative, while the intercept - the chiral condensate in the chiral limit - remains
consistent with zero throughout at 6/g2

L = 3.9, and becomes slightly negative at
6/g2

L = 4.0. We thus again conclude that our data point at exact chiral symmetry.

4.3.3 Fits motivated by the magnetic equation of state
Finally we considered fits motivated by the magnetic equation of state. The follow-
ing equation is a satisfactory parametrization

m = A〈ψ̄ψ〉+ B〈ψ̄ψ〉δ , (4.11)

which would of course coincide with the simple power law when A=0. The coeffi-
cient of the linear term A should vanish at a critical point, with A ∝ (β− βc). This of
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6/g2
L A B δ

3.9 0.1(9) 0.3(9) 1.1(2)
4.0 0.3(1) 0.077(9) 1.3(1)

Table 4.4 Fits to m = A〈ψ̄ψ〉+ B〈ψ̄ψ〉δ

course explains the smallness of A close to the transition, while δ is the conventional
magnetic exponent. The linear term in the condensate is implied by chiral symmetry,
and guarantees that the ratio

lim
m→0

Rπ =
∂〈ψ̄ψ〉/∂m
〈ψ̄ψ〉/m

= 1 (4.12)

approaches unity in the chiral limit and in the chirally symmetric phase. We can
view equation 4.11 as a model for a theory with anomalous dimensions, which in-
corporates the correct chiral limit. Note that the linear term of equation 4.11 is of
different origin than the one considered in equation 4.10. The latter describes vio-
lations of scaling and it is increasingly relevant at larger masses. In equation 4.11
instead, it is dominating at very small masses, away from the critical point.

Results for this case are given in table 4.4. The fit m = m(〈ψ̄ψ〉) was performed
with a least squares algorithm. Note that, as expected, the significance of the linear
term is very low, closer to the bulk transition, and slightly larger by moving away
from it. In table 4.5 we quote the numerical solutions of the equation m(〈ψ̄ψ〉) =
msim, with msim the simulation masses, to be compared with the simulation results
for the condensate. The agreement is very good. All fits clearly favour a positive
value for the coefficient of the linear term, as it should be in the chirally symmetric
phase, and within the large errors the results for the exponent are compatible with
the ones coming from the genuine power law fits. We conclude again in favour of
chiral symmetry restoration.

4.3.4 Side-by-side comparison of the two simplest scenarios
The spirit of the analysis performed above is to see if any of the simplest physically
motivated parametrizations can account for a condensate in the chiral limit different
from zero, and we can conclude that all analyses favour a vanishing chiral conden-
sate. In this subsection we directly compare in more detail the genuine linear fit,
equation 4.9 with B = 0, as this is the only fit that produced a tiny non zero chiral
condensate, and the genuine power law fit, equation 4.10 with B and 〈ψ̄ψ〉0 = 0,
being it the simplest fit with a χ2 in an acceptable statistical range. In the rest of this
section we refer to these fits as ’linear’ and ’power-law’, respectively.

The measured values of the chiral condensate and those predicted by the linear
and power-law fits are shown in table 4.6. In figure 4.6 the measured data with su-
perimposed fits are shown. Of course, since the range of variability of the chiral
condensate is exceedingly larger than its errors, it is impossible to appreciate by eye
the quality of the fits on this scale. A more effective description of the relative qual-
ity of the fits is offered by figure 4.7 and figure 4.8. In figure 4.7 we plot the difference
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6/g2
L am 〈ψ̄ψ〉 〈ψ̄ψ〉fit

3.9 0.025 0.07693(07) 0.07689
0.040 0.12092(17) 0.12102
0.050 0.15018(10) 0.15010
0.060 0.17897(14) 0.17898
0.070 0.20768(10) 0.20768

4.0 0.025 0.07202(10) 0.07204
0.040 0.11360(10) 0.11355
0.050 0.14079(07) 0.14083
0.060 0.16787(11) 0.16787
0.070 0.19470(13) 0.19469

Table 4.5 Comparison of the simulation results for 〈ψ̄ψ〉 with the ones obtained from the fits
to the Magnetic Equation of State.

Figure 4.6 Fits to the chiral condensate measured at 6/g2
L = 3.9 (circles) and 6/g2

L = 4.0
(triangles), with both linear fits and power-law fits drawn in.

between the chiral condensate predicted by the fits and the data, divided by the data
themselves. The tension between fitted and numerical results for the linear form is
quite evident. The pattern of the deviations in the linear fits indicates a significant
curvature, which is reflected in the quality of the fit. The pattern of the residuals of
the power law fit is instead far less structured and statistically insignificant through-
out. figure 4.8 offers in our opinion the most clear way of visualizing the deviations
by plotting the same difference as in figure 4.7, this time divided by the error σ. The
horizontal band indicates the boundary of one standard deviation, and the points



110 CHAPTER 4 EVIDENCE FOR A CONFORMAL PHASE

6/g2
L am a3〈ψ̄ψ〉measured a3〈ψ̄ψ〉linear a3〈ψ̄ψ〉power

3.9 0.025 0.07693(07) 0.07705 0.07692
0.040 0.12092(17) 0.12069 0.12105
0.050 0.15018(10) 0.14978 0.15013
0.060 0.17897(14) 0.17887 0.17899
0.070 0.20768(10) 0.20796 0.20769

4.0 0.025 0.07202(10) 0.07237 0.07212
0.040 0.11360(10) 0.11331 0.11350
0.050 0.14079(07) 0.14060 0.14077
0.060 0.16787(11) 0.16789 0.16785
0.070 0.19470(13) 0.19518 0.19477

Table 4.6 Measurements of the chiral condensate at Ns × Nt = 243 × 24 for two values of
the coupling 6/g2 = 3.9 and 4.0, and a range of bare quark masses am, together with the
values predicted by the fits to a linear and a power-law model.

obtained by a power law fit nicely fall within it, while again the tension with the lin-
ear form appears. These results thus confirm a strong preference for the restoration
of chiral symmetry at the weak coupling side of the transition.

It is clear that additional data at even lighter masses will improve the discrimi-
nating power of these fits and eventually allow to significantly constrain the linear
contributions. The presence of curvature in the data and the very good quality of the
power-law fit, having barred finite volume effects, is also an indication that we are
not in the heavy quark limit. In addition, one could also study the analogous of the
GMOR relation of broken chiral symmetry, and variations of it in terms of the scalar
meson mass, by also measuring the pion decay constant fπ in the chiral limit and the
scalar mass.

4.4 Spectrum analysis
An alternative approach to the study of the symmetry of a phase is offered by the
spectrum analysis [294]. Particularly useful quantities for this type of study are the
masses of the ground state excitations in the pseudo-scalar and vector channels, with
slight abuse of nomenclature from QCD referred to as the π and ρ masses. We defer
to future work the exploration of other interesting observables, such as the ratio
of the scalar and pseudo-scalar masses or equivalently the ratio of transverse and
longitudinal chiral susceptibilities.

4.4.1 Meson correlators and taste breaking
Because of the presence of temporal doublers, staggered fermions correlation func-
tions show mixing of opposite parity states [307,308]. The interpolating fields for the
pseudo-scalar and vector channels have dominant contributions from the respective
particles and their excited states. The pseudo-scalar channel shows no discernible
mixing with its parity partner. This is a usual result, as this parity partner is exotic



4.4 Spectrum analysis 111

Figure 4.7 Deviations ∆ of the fitted value from the measured value µ̄ for the chiral conden-
sate, rescaled by the measured value itself. Error bars represent the relative (rescaled by the
data) standard deviation on the measured value. Deviations from the prediction with a fit
to the linear form are given by open symbols, while those for a fit to a power-law are given
by grey symbols. The top graph displays results for 6/g2

L = 3.9, the lower graph those for
6/g2

L = 4.0. The linear form shows tension with the data for both values of the coupling,
which is quantitatively seen in the larger χ2 value.

and heavy [309]. For the vector channel, there is mixing of the vector meson (which
would be ρ meson in QCD) with its parity partner (which would be the a1 meson in
QCD) at an amplitude comparable to that of its first excited state. It was observed
in [169] that the splitting between the energy levels of the excitations is not very large
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Figure 4.8 Deviations ∆ of the fitted value from the measured one for the chiral conden-
sate, rescaled by the standard deviation σ of each measurement. Results are shown for both
6/g2

L = 3.9 (circles) and 6/g2
L = 4.0 (triangles), with fits to the linear form shown using

open symbols and fits to the power law drawn in with grey symbols. The data and corre-
sponding fits are displayed on linear scales in the inset.
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within the quasi-conformal phase. We too, observed a small separation between the
different excitations. As a consequence of this, pure states were hard to isolate on the
lattice volume of 163 × 24 that were used in these simulations. Instead, multi-state
fits were used on the correlators, in general resulting in excellent fits except for the
very lowest time points. The measurements of the correlators were relatively pre-
cise there, because of the large amplitudes. At the same time, those points contain
contributions from rapidly decaying excited states.

Fits weighted in the usual way, i.e. with a weighting σ−2 from the standard devi-
ation σ, will weigh the low time points heavily result in bad overall fits. One way of
dealing with this problem would be to exclude those specific points from the analy-
sis, thereby sacrificing some of the capability to distinguish between the ground state
and first excited state that dominate the remainder of the correlator. Alternatively,
one can switch to relative weighting, minimizing the relative, instead of the absolute
deviation. This removes the bias towards the lowest points, while still including all
points to maximize the available information for the estimate of the ground state.
Unfortunately, it clearly ignores the increasing amounts of noise as one measures in-
creasing time separations. In practice, both methods produced very similar results.
Since neither method could be said to be clearly superior, an average of both results
was used as the final result, with a spread introduced as a systematic error compo-
nent.

The generic form used for fitting staggered meson correlators can be written

C(t) =
Ne

∑
i=1

Ae
i cosh

[
me

i

(
t− T

2

)]
+ (−1)t

No

∑
j=0

Ao
j cosh

[
mo

j

(
t− T

2

)]
, (4.13)

with T the lattice size in the temporal direction and the indexed A and m the free
parameters in the fit. Here Ne is set to the number of ‘even’ modes, always referring
to the dominant contribution to the correlator, and No the number of ‘odd’ modes
that mix in with opposite parity. In general, No = Ne − 1, with the number of odd
modes set equal to zero manually for the pseudo-scalar correlator because of the lack
of correlator mixing mentioned above. There were no correlators for which fitting to
a formula with No > 1 produced constrained results. As figure 4.9 demonstrates, the
described fitting procedures, with two even contributions for the π and an additional
odd contribution to account for the mixing with axial vector particle a1 for the ρ, re-
produced the data accurately. The alternating sign of the odd contributions, written
customarily as (−1)t, is by construction only defined at integer values of t and was
replaced by cos [πt] for numerical stability – this produces the smooth interpolation
seen in figure 4.9.

As mentioned in chapter 1, lattice artefacts will break the taste symmetry of stag-
gered fermions [160] and lift the original quark mass degeneracy. A full study of the
magnitude of these effects would require the determination of the low lying eigen-
values of the Dirac operator, as was done in [310]. The presence of O(a) improve-
ment should reduce the effect and this has been explicitly shown to be the case [311].
We limited ourselves to an explicit check of the pion mass splitting by comparing
the mass extracted from the pseudo-scalar correlator with the mass of the alternate
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(a) Pseudo-scalar correlator with associated fits (b) Vector correlator folded with (−1)t

Figure 4.9 Meson correlators in the pseudo-scalar and vector channels for a representative
run with 6/g2 = 3.7, am = 0.05 and a volume of N3

s × Nt = 163 × 24. Fits with suc-
cessively increasing number of terms in equations 4.13 are indicated by solid lines. For the
pseudo-scalar correlator, the red line indicates a fit with a single cosine hyperbolic, the blue
line a fit with a double cosine hyperbolic. For the vector correlator, the red line again indicates
a single cosine hyperbolic, the purple line a cosine hyperbolic plus one of alternating signs,
while the blue line represents the fit with a double cosine hyperbolic and a cosine hyperbolic
of alternating sign.

pion appearing as the parity partner of the scalar σ, similar in spirit to [312]. With
the presence of the light pseudo-scalar contribution, the scalar correlator itself has
an alternating sign. We folded the correlator with a (−1)t function to exchange even
and odd contributions, then fitted the scalar correlator to a functional form identical
to that of the vector, i.e. equation 4.13. For the representative ensemble from which
the correlators in figure 4.9 were extracted, the lowest mass odd contribution to the
scalar correlator was found to be am′π = 0.759, which should be compared to a value
of amπ = 0.591 from the pseudo-scalar correlator. This would imply a relative taste
breaking of 28.6% for this particular run, though the splitting between the primary
and secondary π mixing with the σ is not necessarily the largest of the multiplet. We
can contrast this result with measurements at the lowest bare quark mass presented
in this analysis, am = 0.025, giving a pion mass splitting of only 14.3% that hints at
roughly linear behaviour with the input bare quark mass. As expected from the level
of improvement, the values found here are somewhat larger than those reported by
other groups using staggered fermions with either stout smearing [177, 179] or a
DBW2 gauge action [175].

But what are the consequences of the taste breaking in this system? Since the
artefacts will vanish smoothly in the chiral and continuum limit, these is no issue in
connecting to the continuum theory that interests us. At the level of the lattice regu-
larised theory, the impact of the increased fermion masses caused by taste breaking
could be described as lowering the effective flavour number. This would be a poten-
tial issue when simulating right at the edge of the conformal window. Here a (barely)
conformal continuum theory could be pushed into the hadronic phase by the lattice
regularisation. The results presented in this chapter, however, show no indications
of this scenario. On a more quantitative level, we study the quasi-conformal phase
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6/g2
L parameter value

3.9 A 3.350(70)
δχ 0.639(6)√

χ2/dof 0.73
4.0 A 3.500(40)

δχ 0.649(3)√
χ2/dof 0.46

combined A 3.400(50)
δχ 0.642(4)√

χ2/dof 0.70

Table 4.7 Results of fits to the functional form (amπ)2 = A(a3〈ψ̄ψ〉)2δχ . Fits are performed
to the separate values of the coupling constant and the combined data set.

of the theory away from IR fixed point itself. There the value of the quark mass can
be safely kept small with respect to the scales of the gauge field [184], at which point
the exact values of the nearly degenerate masses are irrelevant. These considera-
tions might obviously change for studies with a strong quantitative focus, but that is
at any rate not in the scope of this investigation.

4.4.2 Spectrum and chiral symmetry
A powerful way to distinguish between symmetric and broken chiral symmetry
[294] is to plot the pseudo-scalar mass as a function of the chiral condensate, as in
figure 4.10. We have considered the same range of bare fermion masses used in sec-
tion 4.3 for the chiral extrapolation of the condensate. The data are best fitted by a
simple power-law form and the results are reported in table 4.7. They clearly suggest
that chiral symmetry is restored and that the theory has anomalous dimensions. In
the symmetric phase and in mean field [294], we expect a linear dependence with
non negative intercept. The presence of anomalous dimensions is responsible for
negative curvature - noticeably opposite to what finite volume effects would induce
- and a zero intercept. The same graph in the broken phase would show the opposite
curvature and extrapolate with a negative intercept.

This result gives also further confidence that the fermion masses used in this
study are not too light, so that they do not significantly feel the finite volume, and
not too heavy, so that they are not blind to chiral symmetry. In figure 4.11 we
report on the measured values of mπ and mρ as a function of the bare fermion mass.
Here the lightest point at am = 0.025 for the vector mass is absent, but a curvature
can still be appreciated. Simulations were done on 163 × 24 volumes, while a set
of measurements at larger volumes showed that finite volume effects were under
control. The mass dependence shown in figure 4.11 hints again at a few properties
of a chirally symmetric phase. We have fitted both the pion and the rho mass to a
power law

mπ,ρ = Aπ,ρmεπ,ρ (4.14)
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Figure 4.10 The relation between the chiral condensate and the pion mass, for 6/g2
L = 3.9

(squares) and 4.0 (circles). The line represents a power law fit to the combined data, the
results of which are reproduced in table 4.7.

with the results Aπ = 3.41(21), επ = 0.61(2), Aρ = 4.47(61), ερ = 0.66(5) at 6/g2
L =

3.9, and Aπ = 3.41(21), επ = 0.61(2), Aρ = 4.29(11), ερ = 0.66(1) at 6/g2
L = 4.0.

The accuracies of these fits are not comparable with those achieved by the fits to the
chiral condensate, however they allow to draw a few conclusions. First, the mass
dependence of the vector and pseudo-scalar mesons is well fitted by a power-law.
Second, it is also relevant that the exponents are not unity and επ 6= 1/2. The latter
result immediately tells that the pion seen here is not a Goldstone boson of a broken
chiral symmetry. In addition, both mesons have masses scaling with roughly the
same power, as it should be in a symmetric phase, and with increasing degeneracy
towards the chiral limit. The exponent of the power law being not one, confirms that
we are not in the heavy quark regime.

These results are confirmed in a more visual way by looking at the behaviour of
the mass ratio. figure 4.12(b) shows the ratios of measured pseudo-scalar and vector
masses, for a fixed coupling and as a function of the bare quark mass. We have
superimposed the ratios of the best fits to the raw mass data, as explained in section
4.4.3. It is immediately clear that the ratio increases as the quark mass approaches
zero, a behaviour opposite to what is expected for a Goldstone pion. Notice also that
the mass ratio should be one for exact conformal symmetry in the chiral limit [197]:
we do not yet observe that, since, as explained in Section 4.1, conformal symmetry is
expected to be broken by Coulombic forces in the region of parameter space probed
by this study. On the other hand, the trend towards unity as decreasing the lattice
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Figure 4.11 The relation between the bare quark mass and the masses of the pion (red) and
rho meson (blue), for 6/g2

L = 3.6, 3.7, 3.8, 3.9 and 4.0 from the uppermost line down. Power
law fits to the separate values of beta are provided.

coupling gL is evident, and certainly worth further exploration.

4.4.3 Spectrum, lattice spacing and the beta function

We used the spectrum results to determine the lines of “constant physics” in the
two dimensional parameter space gL and am, the bare quark mass of degenerate
fermions, following the same strategy which was successful for N f = 16 [169]. Along
these lines the coupling and masses are all functions of the lattice spacing a. Since
all dimensionful quantities measured on the lattice will be expressed in terms of the
lattice spacing and will therefore vary with gL even if they do not physically, a di-
mensionless quantity has to be taken as a reference. A convenient choice is the ratio
of the π and ρ masses. Before continuing, let us specify that the same caveat as in
Ref. [169] applies: since we are at strong coupling, there is no guarantee that the
system can be described in terms of a one-parameter beta function. This implies,
for instance, that the lines of “constant physics” determined by use of certain ob-
servables might not match those determined using other observables. If multiple
bare couplings are needed, it might happen that the change of physics produced by
changing only one bare coupling will not be compensated by a change of mass. So
our lines of “constant physics” are, strictly speaking, lines of constant mπ/mρ ratio.
We will show in the following that in order to keep this ratio constant the bare pa-
rameters am and gL controlling the simulations should be tuned as if we had a one
parameter, positive beta function.
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(a) Interpolations of meson masses. (b) π to ρ mass ratio with fits superimposed

Figure 4.12 (a) Measurements of the pseudo-scalar (blue) and vector (red) masses versus
lattice coupling at several values of the bare quark mass, from bottom to top am = 0.04, 0.05,
0.06 and 0.07. Lines displayed represent a global parametrization, with a mixed O(m) poly-
nomial quark mass dependence and O(β2) polynomial dependence, with lattice parameter
β = 6/g2

L, and producing a reduced χ2 per degree of freedom just over unity for both chan-
nels. Errors include fitting systematics from combining several methods. (b) The measured
π to ρ mass ratio as a function of the bare mass and decreasing coupling gL, bottom to top
6/g2

L = 3.5 to 4. The superimposed lines are ratios of the best fits in figure 4.12(a).

In figure 4.12(a) we report on the measured values of mπ and mρ as a function of
the bare coupling, while figure 4.12(b) shows the ratios of measured pseudo-scalar
and vector masses, for a fixed coupling and as a function of the bare quark mass.
We have superimposed the ratios of the best fits to the raw mass data, confirming
the good quality of the interpolations derived in figure 4.12(a) and used to produce
figure 4.13.

It is immediately evident from figure 4.12(b) that, in order to keep the ratio con-
stant, we should simultaneously decrease the lattice coupling gL and increase the
bare mass. These results already indicate that the lattice spacing increases while de-
creasing the coupling. This is the same behaviour as observed for N f = 16, and of
the pion to sigma ratio in QED. It is also expected of a one parameter beta function
with a positive sign.

To refine the analysis and express the result in terms of a physical observable
instead of the unobservable bare quark mass, we proceed as follows. We fit the
measured values of both masses to a polynomial parametrization, as shown in fig-
ure 4.12(a), then determine the value of the ratio of masses from the ratio of the
two parametrizations. Because both masses are fitted separately, these fits are more
robust against outliers in the separate measured values. Now, instead of only com-
paring points in parameter space at similar values of the ratio R = mπ/mρ, we can
consider the ratio of interpolating functions

R̃(gL, am) =
am̃π(gL, am)

am̃ρ(gL, am)
. (4.15)

Given reference values for gL and am and a different coupling g′L in the surroundings
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of gL, from

R̃(gL, am) ≡ R̃(g′L, a′m′) (4.16)

one can determine the value a′m′ that keeps the ratio constant.
For this approach to be valid, no particular constraints need be put on the parametriz-

ing function, other than that the data should be described to appropriate accuracy.
We started from a polynomial expansion in both β = 6/g2 and am and performed
a series of linear fits. The mass dependence was found to be approximately lin-
ear, while a second order polynomial provided a sufficient approximation of the
behaviour with the coupling constant. A direct product of both expansions gave re-
dundant degrees of freedom, producing values of χ2 below unity and some poorly
constrained fitting parameters. Since the numerical values of the parameters are
irrelevant – we just need them to describe the data – such a model might appear
usable. But such an overly complete fit of the data implies we also fit the noise in
the measurement, introducing statistical artefacts in the analysis. To eliminate some
of the redundancy, a step-wise reduction of the polynomial was performed using
Akaike’s Information Criterion (AIC), a measure of the trade-off between the gain
in accuracy and loss of information to model complexity that is based on entropic
principles [313]. For these regular χ2 fits, the AIC can be written as

AIC = 2k + χ2 + C, (4.17)

with k the number of free parameters in the fit and C a constant that is ultimately
irrelevant as only differences in the value of AIC for different models are relevant.
Starting from the full direct product polynomial, fits were done removing each term
present separately. If one or more of the reduced models provided a lower AIC,
the most successful model was chosen and the procedure repeated. These iterations
culminated in a model of the form

amπ/ρ (β, am) = c0 + am
(

c1 + c2β + c3β2
)

, (4.18)

with only four degrees of freedom, c0 to c3, the fitted values of which are given in
table 4.8, sufficient to describe the data as presented in figure 4.12(a).

mπ mρ

c0 0.233 0.245
c1 56.96 179.743
c2 -22.25 -81.963
c3 2.371 9.700

Table 4.8 Results of fits to the masses of the pseudo-scalar and vector particles to the func-
tional dependence of equation 4.18, as plotted in figure 4.12(a).

Having obtained a good approximation to the behaviour of the spectrum as a
function of the two free parameters (gL and am) of our theory and the functional
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Figure 4.13 Pseudo-scalar mass along lines of constant physics, for a model without inclu-
sion of a term linear in the inverse coupling squared. The physical pion mass is identical
along lines of constant physics, such that a decreasing pion mass in lattice units for in-
creasing gL, implies an increase of the lattice spacing for weaker couplings, signature of the
Coulomb phase. The pseudo-scalar mass along lines of constant physics was constructed by
interpolating along the isolines of the ratio of the separate interpolations of pseudo-scalar and
vector masses, where the interpolating form chosen was always identical for both masses.
The polynomial models shown here were found to be most appropriate by Akaike’s Informa-
tion Criterion. Labels give the value of the ratio mπ/mρ along the isolines.

dependence of the mass ratio within the region of our measurements, we can invert
this relation and trace the isolines of the physical condition

R = mπ/mρ ≡ const (4.19)

in parameter space. As gL and am fully define our theory, this effectively provides
us with a series of Renormalisation Group curves along which an identical physical
system is described at differing lattice scales a. We will refer to these isolines as lines
of constant physics. If one takes a dimensionful physical quantity, rather than the
unobservable bare quark mass, and measures it along such a curve, any changes
in the value measured should be a direct consequence of the changes in the scale
itself. The pion mass is exactly such a physically fixed quantity, and tracing its value
in lattice units along lines of constant physics will provide us with a direct non-
perturbative measurement of the change in the scale a as the coupling constant runs.
Such an analysis is displayed in figure 4.13.

Generalizing, along the lines of “constant physics” the slope of the line of mea-
sured values of the pseudo-scalar mass is a direct measure of the sign of the beta
function. figure 4.13 provides evidence for the Coulomb-like phase, with a positive
sign of the beta function, in full agreement with the more direct discussion of fig-
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ure 4.12(b). Since the beta function is known to be negative in the continuum limit,
our results indicate a zero of the beta function at some intermediate coupling g∗.
We emphasize that the location of this zero is regularization dependent, and we re-
iterate the caveat at the beginning of this section. Further, we do not claim to have
directly studied the physics around the IRFP itself. The latter type of study is noto-
riously difficult, while the strategy presented here aims at probing the emergence of
conformality in an indirect way.

4.5 Summary and Outlook
Summarizing the main findings of this chapter, we observed a lattice bulk transition
(or crossover) which is clearly of non-thermal nature for an SU(3) gauge theory with
three unrooted staggered fermions, corresponding to twelve continuum flavours.
The realization of the chiral symmetry on the weak coupling side of this transition
has been studied and the analysis of the order parameter favours a restoration of
chiral symmetry. A study of the spectrum in the weak coupling phase close to the
transition favours chiral symmetry restoration as well. Having derived the lines
of constant physics, we inferred a positive sign of the beta function, implying the
emergence of a Coulomb phase as envisaged in the scenario of [82, 96].

The above results provide evidence towards the existence of a chirally symmet-
ric, Coulomb-like phase on the weak coupling side of the lattice bulk transition. In
the scenario of [82,96] and figure 4.1, such a Coulomb-like region must be entangled
to the presence of a conformal infrared fixed point for the theory with twelve contin-
uum flavours, without any further transition at weaker coupling. Such a Coulomb-
like phase is not expected in ordinary QCD. We reiterate that the evidence provided
is indirect, while we do not address the physics at the infrared fixed point.

A few directions are a natural extension of this work. An accurate chiral extrap-
olation of the chiral condensate in the strong coupling phase, would allow to deter-
mine the precise location of the chiral phase transition (or crossover). Establishing
the nature of such a bulk transition might shed light on the possible emergence of
an ultraviolet fixed point in the continuum theory at strong coupling [99]. It is also
important to notice that a way to discriminate between the scenario of [82, 96] and
the one originally proposed in [80] is the presence of a chiral transition towards a
broken phase at weaker couplings. While both scenarios share the presence of con-
formality and of a Coulomb-like phase, only in the first a range of theories exists –
the conformal window – where confinement and chiral symmetry breaking do not
occur at weak coupling. For a recent review on the subject, see Ref. [77]. In addition,
more extended results on the mass spectrum, in particular an analysis of the chiral
partners, would shed further light on the pattern of chiral symmetry breaking and
restoration for this theory. Work in these directions is in progress. Alternative stud-
ies based on the Renormalization Group analysis as proposed in [314] will provide
an independent and valuable tool to investigate these systems. Such studies aim
to directly probe the existence of an infrared fixed point and complement indirect
searches for conformal behaviour in SU(N) gauge theories with matter content.






