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3
The physics of eight flavours 1

From the case of QCD, with four quarks at their physical point, we move be-
yond the standard model and introduce eight degenerate flavours. With this,
the emphasis of our studies shifts to the fundamental properties of the theory.
Our goal is to reach a full understanding of the phase diagram of non-Abelian
gauge theories, and in particular the emergence of a non-trivial IR fixed point.
A perturbative analysis, while of limited validity in this context, indicates con-
formal physics should set in near this number of flavours. Most recent studies
favour a higher flavour number instead, but older lattice data shows indications
of behaviour consistent with restored conformal symmetry.

In our analysis, we use the occurrence of a thermal phase transition as a hallmark
of the regular phase of QCD, as this is a feature strictly prohibited from occurring
inside the conformal window. Given the conflicting body of results from liter-
ature, the case of eight flavour extended QCD provides an interesting ground
for our methodology. We use an O(a2) improved action, to reduce systematic
errors with respect to literature results and connect explicitly to the perturbative
regime. As we move beyond physical QCD, the setting in which these methods
have been shown to work, an explicit check on the stability of the results un-
der removal of this improvement is needed. We show that the theory with eight
flavours lies outside the conformal window and thus behaves as ordinary QCD.

1Based on A. Deuzeman, M.P. Lombardo and E. Pallante, Physics Letters B 670, 41 (2008).
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Analytical studies of QCD at large N f have recently been extended to finite tem-
perature, and the line of phase transitions in the T, N f plane has been predicted
on the base of a truncated renormalisation group flow calculation [56]. Note that
the number of flavours can indeed be regarded as a continuous variable, since the
Casimirs are polynomials in N f [169]. This means that the line of transitions found
in [56] is in fact a true phase boundary between a conventional Goldstone phase and
a chirally symmetric phase, the zero temperature limit of which is the onset of the
conformal phase. We sketch the resulting phase diagram in figure 3. Lattice calcula-
tions provide a non-perturbative framework to attack this problem. The phase dia-
gram of figure 3.1 suggests a natural strategy for finding the lower end point of the
conformal phase: simply, find for which N f the finite temperature chiral symmetry
breaking phase transition disappears. As a by-product, the numerically determined
transition temperature as a function of N f can be compared with the analytic esti-
mate of [56], and the nature of the phase transition investigated. There is, however,

Figure 3.1 A projected view of the phase diagram of QCD-like theories in the temperature
(T), flavour number (N f ) and bare coupling (g) space. In the T − N f plane, the line is a
phase boundary between the chirally broken hadronic phase and the chirally symmetric quark
gluon plasma, the zero end point of which is the onset of the conformal window. The zero
temperature projected plane is inspired by the scenario in [82, 96].

one complication. Namely, it has been proposed – and to some extent proven – that
the strong coupling limit of lattice QCD is always confining, regardless of the value
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of N f (see again e.g. [169]). A simple argument is that, at large enough coupling,
N f means nothing. For instance, the statement that at N f = 16.5 asymptotic free-
dom is lost, is a statement of the continuum weak coupling regime, which has no
special relevance at strong coupling. Even for those N f which are supposed to fall
deeply in the conformal phase, a strong coupling limit still exists which breaks chiral
symmetry and confines.

This means that, even when the weak coupling continuum regime is conformal,
a zero temperature ‘lattice’ phase transition will always take place between a strong
and a weak coupling regime. In other words, for a fixed number of flavours, and for
a given temporal extension of the lattice Nt, we expect a phase transition to occur as a
function of the lattice coupling to a ‘strongly coupled’ phase where chiral symmetry
is broken, i.e. the chiral condensate is non zero in the chiral limit. This type of
transition, called a bulk phase transition, has to be distinguished from a true thermal
transition.

We can thus envisage two types of lattice behaviour as a function of the number
of flavours. When N f is such that QCD in the continuum and at zero temperature
still breaks chiral symmetry and confines, i.e. when the continuum limit describes
the ordinary phase of QCD, a transition to a symmetric phase has to be driven by
thermal effects. As the zero temperature limit – or equivalently, the Nt → ∞ limit,
given that T = 1/(Nta)2 – is approached, such a transition should get closer to
βc → ∞ and eventually disappear. Instead, for the values of N f for which an infrared
fixed point exists, the lattice phase transition should survive the Nt → ∞ limit, i.e. it
is a bulk phase transition. The larger N f , the closer this bulk phase transition should
get to the infinite coupling β→ 0 limit.

At a practical level, one should be able to distinguish between a bulk phase tran-
sition and a true thermal phase transition by studying the behaviour of the theory
for a given N f at different values of Nt and at varying lattice coupling β. If the tran-
sition coupling remains non zero βc 6= 0 when Nt → ∞ we have a bulk transition,
thus providing a strong evidence that at the given N f the continuum theory is chi-
rally symmetric and falls into the conformal window. The alternative behaviour will
point to a thermal transition happening at a given physical temperature Tc. Note
that in both cases, an additional bulk transition may still occur between two chirally
broken phases.

As the overview of existing results presented in chapter 1 makes clear, results
on the properties of the theory at N f = 8 have been inconclusive. Older studies
( [168], and to some extent [165]) suggested that the theory at N f = 8 is already
in the conformal window, while others confirmed analytic calculations [56, 80, 98,
146], indicating that Nc

f > 8, close to the upper limit for Nc
f calculated in [127]. The

purpose of this study is to fully clarify the physics of eight flavours, as a first step
towards the exploration of the phase diagram of QCD-like gauge theories at large
N f .

2That the size of the lattice in the temporal direction Nta determines the temperature of the system, is
a consequence of the similarities between quantum field theory and thermal field theory. A small value
of Nta will provide an IR cut off on the energy of the eigenmodes of the system and decrease the thermal
correlation length, thereby raising the temperature. For a rigorous argument, see e.g. [260].
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3.1 Simulation and Observables
The simulations in this chapter were performed using a slightly modified version of
the publicly available MILC code3. A set up similar to the one used by MILC in their
recent paper on the QCD equation of state [66] was employed.

We use an improved Kogut-Susskind fermion action, the “Asqtad” action which
removes lattice artefacts up to O(a2g2) and a one-loop Symanzik improved [66, 284]
and tadpole improved [285] gauge action. The complete action for N f mass degen-
erate flavours can be written as

S = −
N f

4
Tr ln M(am, U, u0) + Sgauge , (3.1)

where

Sgauge = ∑
i=p,r,pg

βi(g2) ∑
C∈Si

Re(1−U(C)) ,

with couplings defined as

βp ≡ β = 10/g2
0

βr = − β

20u2
0
(1 + 0.4805 αs)

βpg = − β

u2
0

0.03325 αs ,

(3.2)

with M(am, U, u0) the fermion matrix for the Asqtad staggered action for a single
flavour with mass m, and with αs = −4 log u0/3.0684. The Si’s contain all the 1× 1
plaquettes, the 1× 2 and 2× 1 rectangles and the 1× 1× 1 parallelograms, respec-
tively, that can be drawn on the lattice. The U(C)’s are the traces of the ordered
product of link variables along C, all divided by the number of colours. The tad-
pole parameter u0 is defined in terms of the gauge invariant average plaquette as
u0 = 〈U(C)〉|1/4

C∈Sp
. Exploiting the rather low sensitivity of the plaquette value to fi-

nite volume effects, the u0 values for each run were determined by a self consistency
procedure on 124 and 164 lattices for every β investigated.

It has been proposed recently by members of the HPQCD collaboration [286] to
include the effect of dynamical quarks into the one-loop improvement of the gauge
action, the required coefficients of which they determined to first order through lat-
tice perturbation theory. While it is true that a complete O(a2) improvement should
fully account for gauge and quark loop contributions, the reliability of a one-loop
truncated perturbative contribution from dynamical quarks at large N f becomes
questionable. Since the coefficients found in [286] are sizeable and linear in the
flavour number, a resummation would probably be called for, especially in the case
of large N f . Barring this, there is a risk that including a truncated series would

3http://www.physics.indiana.edu/sg/milc.html
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severely overcompensate the actual quark loop effects and in fact worsen the O(a2)
improvement, for values of N f ≥ 3. The scaling violations that are being observed
for the heavy quark potential with the customary ‘partially’ improved action are not
completely negligible, but well under control [287]. On the base of these considera-
tions and the fact that observables employed in this study are less sensitive to scaling
violation effects, we did not include these one-loop dynamical quark improvements.

The importance of improved actions in the study of QCD thermodynamics can be
hardly overemphasized. A simple qualitative argument goes as follows. Remember
that the physical temperature is T = 1

Nta , where a is the lattice spacing. Let then T∗

be the physical transition temperature for N f = 8, corresponding to the true thermal
transition, which we are trying to detect working with Nt time slices. This fixes the
value of a∗ : a∗ = 1

NtT∗ . For Nt fixed, all lattice actions should give the same physical
a∗. However, improved actions will have reduced lattice artefacts, and the results
will be closer to the continuum limit. The reader might want to consult e.g. [288]
and references therein, for more extensive discussions on how improved actions can
effectively help controlling lattice artefacts, and several illuminating examples.

The determinant of the fermion matrix in equation 3.1 was rewritten using the
conventional pseudo-fermion trick, which exploits the Gaussian functional integral
identity

det [M] =
∫
DφDφ∗ exp

[
−φM−1φ∗

]
, (3.3)

where φ and its conjugate field are bosonic. Once integrated out of the action,
fermions contribute the determinant of the Dirac operator to equation 3.1. By rewrit-
ing this determinant in terms of bosonic pseudo-fermions, one effectively exchanges
fermions for bosons, that can be numerically dealt with, at the cost of a potentially
expensive operator inversion. To generate our configurations with eight degener-
ate dynamical flavours, we used the rational hybrid Monte Carlo (RHMC) algo-
rithm [289], which allows for simulating an arbitrary number of flavours through
varying the number of pseudo-fermions used, i.e. it inherently uses an analyti-
cal continuation in the number of flavours. The staggered fermion Dirac operator
produces fermions in mass-degenerate multiples of four, which one commonly – if
somewhat controversially [158,290] – deals with by taking a root of the determinant.
For our current purposes, rooting is unnecessary when using two pseudo-fermions.
One could in principle choose a different number of pseudo-fermions, in combina-
tion with some rooting, in order to optimise performance4. However, some experi-
mentation showed that performance was in fact best using the most natural set up
with two pseudo-fermions, conveniently also avoiding potentially troublesome frac-
tional powers of the Dirac operator in the molecular dynamics.

To systematically investigate the character of eight flavour QCD under differ-
ent thermodynamic conditions, simulations were run at two different values for the
length of the temporal extent in lattice units Nt, namely 6 and 12. As was mentioned

4Choosing alternative pseudofermion distributions can lead to large improvements in efficiency for
non-degenerate masses, where ratios of contributions from light and heavy quarks can be introduced to
precondition the inversions [291].
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in the introduction, the scaling behaviour of the lattice coupling at the transition –
defined according to equation (3.1) as βc = 10/g2

0c – with Nt is an indication of either
the thermodynamic or bulk nature of the observed phase transition. To check for the
influence of finite volume effects and deduce the scaling properties of observables,
simulations were run for three spatial extents of the lattice Ns = 12, 20, 24 for Nt = 6,
and Ns = 24 for Nt = 12. We chose a fixed value of the lattice degenerate quark mass
am = 0.02 to explore the region around the transition, and will describe how results
can be modified by doing simulations at a lower quark mass in section 3.3. As it will
be clear from the outcomes, the chosen masses are sufficiently light to clearly disen-
tangle the behaviour around the transition temperature and establish the nature of
the transition.

The Monte Carlo history was collected with trajectories of total length τ = 0.3 to
0.4, and time step δτ = 0.003 to 0.007 from the lowest to the highest β values and
from the smallest to the largest volume.

At each β, the expectation value of the real part of the Polyakov loop

L ≡ 1
3N3

s
∑
~x

Re Tr
Nt

∏
x4=1

U4(~x, x4) (3.4)

was determined. It is important to remember that the real part of the Polyakov loop
is a true order parameter only for the pure gauge theory, which is recovered in the
infinitely heavy mass limit m → ∞ of the theory with dynamical flavours. It is
not an order parameter in all other cases, though a clear change in its value and
its susceptibility can be observed at sufficiently heavy or sufficiently light values
of the fermion masses. Where the theory does enter the regime of ‘light masses’ is
based on empirical observations [292], it might shed light on the mechanism relating
confinement to chiral symmetry breaking, and it depends on the flavour content of
the theory.

The chiral condensate for N f degenerate flavours in lattice units

a3 〈ψ̄ψ〉 =
N f

4N3
s Nt
〈Tr
[

M−1
]
〉 , (3.5)

was determined by using a stochastic estimator with 20 repetitions. The chiral sus-
ceptibility, measuring the variation of the chiral condensate with varying the fermion
mass χ = ∂〈ψ̄ψ〉/∂m at fixed β can be divided into a connected and disconnected
component χ = χconn + χdisc, given in lattice units by

a2χconn = −
N f

4N3
s Nt
〈Tr
[
(MM)−1

]
〉

a2χdisc =
N2

f

16N3
s Nt

[
〈Tr
[

M−1
]2
〉 − 〈Tr

[
M−1

]
〉2
]

, (3.6)

respectively. We have conveniently written the condensate and its susceptibilities in
terms of traces of (products of) the staggered fermion matrix M as they are actually
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computed in the simulation. The connected and disconnected contributions to the
chiral susceptibility are measured separately; more on this can be found in [293]. The
connected contribution can also be measured in a partially quenched manner, per-
forming a numerical derivative of the chiral condensate with respect to the valence
quark mass

χconn =
∂〈ψ̄ψ〉
∂mV

. (3.7)

Both measurement methods were implemented, with results being in excellent agree-
ment. The complete set of values reported on here have been found using the first
method, since it has a lower computational overhead.

The disconnected chiral susceptibility is a non-local quantity that can be esti-
mated from the variance of the bulk behaviour of the chiral condensate. However,
such a variance for a condensate computed with stochastic estimators will automati-
cally include part of the connected contributions, through random sources multiply-
ing themselves. Following Bernard et al. [293], we straightforwardly eliminate those
contributions by only considering the off-diagonal elements of the covariance matrix
of the random sources introduced for the estimation of the chiral condensate.

We can use the chiral susceptibility and the chiral condensate to define two phys-
ically relevant quantities

χσ ≡ χ =
∂〈ψ̄ψ〉

∂m
= χconn + χdisc (3.8)

and

χπ =
〈ψ̄ψ〉

m
. (3.9)

They are related through Ward identities [294] to the space time volume integral of
the scalar (σ) and pseudo-scalar (π) propagators

χσ,π =
∫

d4x Gσ,π(x) , (3.10)

thus implying that they should become degenerate when chiral symmetry is re-
stored, following the degeneracy of the chiral partners. As a result, their associated
cumulant Rπ ≡ χσ/χπ should be, in the absence of explicit chiral symmetry break-
ing, one in a chirally symmetric regime, while it should be zero in the spontaneously
broken phase. This dimensionless quantity is therefore a most useful physical ob-
servable in analysing chiral phase transitions, and we will employ it to compare
results from simulations run at different temporal extents of the lattice.

3.2 Results at Nt = 6
The introductory discussion tells us that we must observe a phase transition be-
tween a phase where chiral symmetry is broken to a phase where chiral symmetry
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is realized, for some value of the lattice gauge coupling βc. There are basically two
ways to assess a phase transition on a lattice. First, one can rely on obtaining infi-
nite volume estimates of relevant quantities by performing simulations on lattices
of different spatial extents. Whenever this is possible, the behaviour in the transi-
tion region is analogous to the one observed in the continuum. This strategy usually
breaks down very close to the transition coupling, where the correlation length of the
system grows large and becomes comparable to the lattice size. When this happens,
it is mandatory to use finite size scaling techniques. The determination of the regime
we are in can be made a posteriori, by comparing results obtained from different vol-
umes.

For the case at hand, results for the chiral condensate and the Polyakov loop are
shown in figure 3.2. From the small differences found at different spatial extents, it
was concluded that our results can indeed be considered infinite volume estimates
for β ≤ 4.1 and β ≥ 4.15, and the β dependence is smooth. The jump between the
two branches is very clear for both observables and suggestive of a discontinuity.

These results allow us to immediately identify a transition region for β between
4.1 and 4.15. In this region, one would expect to observe tunnelling between the two
phases and enhancement of the associated susceptibilities. As mentioned above, the
approach to the infinite volume limit should be slower here, because of the increas-
ing correlation lengths. Indeed, volume dependence is observed, with the smaller
of the lattices having a slightly higher βc. This behaviour is consistent with known
predictions for finite volume effects in first order phase transitions [295]. Since the
shift is much less pronounced for the change of volume between Ns = 20 and 24,
we concluded the infinite volume limit value for βc should be located at the lower
parts of the designated transition region, and is bounded by 4.10 < βc < 4.125. For
definiteness, we locate it at a value of 4.1125.

The chiral susceptibilities are shown in figure 3.3 and confirm our picture. The
residual splitting is associated with the explicit breaking induced by the mass term,
but the tendency towards degeneracy is very clear. Finally, we plot the cumulant
Rπ , defined earlier, in figure 3.3. In the chiral limit, the cumulant should be zero in
the broken phase, and approach one in the chirally symmetric phase. The observed
trend is consistent with all other findings, signalling a transition from a chirally bro-
ken to a chirally symmetric phase.

3.2.1 The transition region
Having bracketed off the relevant values for β, we investigated the area in which
the phase transition occurs in more detail. Of specific interest here is the potential
presence of meta-stabilities. Simulations were performed on 123 × 6 lattices starting
from thermalised configurations at higher and lower values of β, but with identi-
cal parameters. The presence of metastable states could show up, either through
the presence of hysteresis effects, or by appearance of tunnelling effects in the Monte
Carlo history. The latter effect would be expected to be somewhat enhanced, because
of the usage of a smaller spatial extent. However, for all of the values of β that were
examined near the threshold of the lattice of this size, a persistence of initial states
was found after a large number of RHMC trajectories. This indicates the presence of
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Figure 3.2 The chiral condensate (grey symbols) and Polyakov loop (open symbols) as a
function of the lattice coupling β. Measurements were done for three different spatial extents
of the lattice Ns: 12 (©), 20 (4) and 24 (�). The transition region has been indicated by
vertical lines.

a strong hysteresis loop with an extent equal to about half of our designated transi-
tion region, the consequences of which for the main observables have been plotted
in figure 3.4.

Finally, it is a matter of interest to what extent the behaviour of the Polyakov
loop, as a signal of confinement, is intertwined with that of the chiral condensate.
There are indications that the confinement/deconfinement transition is, in the pres-
ence of light quarks, driven by the chiral phase transition. Even though the signal
of the Polyakov loop tends to be statistically weak for small numbers of measure-
ments, it is possible to observe its change from the distribution of its phase. While
the Polyakov loop tends to be distributed symmetrically in the complex plane for
confining configurations, whenever fermions are present in a deconfined system,
it will tend towards the real phase of its Z(3) centre. In figure 3.5, we exhibit the
Monte Carlo history of the phase of the Polyakov loop for a run at the threshold of
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Figure 3.3 The scalar χσ (open symbols) and pseudo-scalar χπ (grey symbols) chiral sus-
ceptibilities as a function of the lattice coupling β, confirming the degeneracy of the chiral
partners in the symmetric phase. Measurements are shown for three different spatial extents
of the lattice Ns: 12 (©), 20 (4) and 24(�).The cumulant Rπ is also shown (black, top of
figure). The transition region has been indicated by vertical lines.

the transition region and at the largest spatial extent, i.e. β = 4.1 and Ns = 24. For
comparison, the plot includes the equivalent part of the history at values of β before
and after the transition. Note the presence of a metastability close to the threshold,
also for this largest volume. This shows that the Polyakov loop, though it is a true
order parameter only in the pure gauge theory, retains transition behaviour close to
the transition, even in the presence of eight degenerate flavours.

All data at Nt = 6 point towards a first order phase transition. The location of
the jump of the chiral condensate and the Polyakov loop at all three spatial volumes
considered, and the location of the hysteresis cycle at the smallest spatial extent,
allows us to give the estimate of the broadest transition region, to be 4.10 < βc <
4.15. We take the occurrence of the jump of the chiral condensate and the Polyakov
loop at our largest spatial volume Ns = 24, as the best indicator of the transition
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Figure 3.4 Hysteresis effect for the chiral condensate (grey symbols) and Polyakov loop (open
symbols) within the transition region, data are for the spatial extent Ns = 12. Arrows
indicate the β of the configurations involved, the vertical lines indicate the estimate of the
broadest transition region which covers the jump of the chiral condensate and Polyakov loop
at all spatial volumes and the hysteresis cycle.

point, giving βc(Nt = 6, Ns = ∞) = 4.1125± 0.0125, corresponding to the upper
and lower bound 4.10 < βc(Nt = 6, Ns = ∞) < 4.125.

3.3 Results at Nt = 12

As explained in the introduction, the scaling of βc with varying the lattice temporal
extension Nt should distinguish between a thermal and a bulk transition. A thermal
transition occurs at a physical temperature Tc which we determine as

Tc =
1

a(βc)Nt
(3.11)
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Figure 3.5 Monte Carlo history for β = 4.1 and Ns = 24, at the threshold. The distribution
flattens around zero in the deconfined phase, while it is randomly distributed between ±π

2
in the confined phase. The same histories are shown for runs below and above the transition
region (at β = 4.0 and 4.2) in lighter lighter shades. The points are enumerated according to
their trajectory number, disregarding the first 100 trajectories after the cold start for each.
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for a given temporal extent Nt and lattice spacing a(βc) at the transition coupling.
Thus, performing simulations at different Nt, the transition coupling should rescale
in order to give the same transition temperature Tc. Uncertainties in the determi-
nation of the transition temperature can be mainly introduced by lattice violations
to the asymptotic scaling of observables. It is thus a possibility that past simula-
tions leading to apparent scaling violations and indicating the presence of a bulk
transition, might have been performed in a region of the lattice parameter space not
sufficiently close to the continuum limit. Our highly improved lattice action should
help us approaching the continuum limit and the correct scaling behaviour.

We have thus performed simulations at Nt = 12 with spatial volume Ns = 24
and at the same lattice mass am = 0.02, and looked for signals of the transition in the
behaviour of the chiral condensate. The main result is shown in figure 3.6, where we
observe a jump in the chiral condensate suggestive of a discontinuity, and slightly
distorted and smoothed by the not so large spatial extent Ns = 24 as compared with
the temporal extent Nt = 12. Notice also that effects of explicit chiral symmetry
breaking due to the non zero physical mass are to be more pronounced at Nt = 12,
for the same value of the lattice mass. The derivative of the condensate is also plotted
in figure 3.6 to better locate the transition. The best fit value for the maximum of
the derivative indicates a value for the transition coupling βc = 4.34± 0.04. This
result allows us to place an upper and lower bound on the transition coupling β:
4.30 < βc < 4.38 at Nt = 12, with Ns = 24. While finite spatial volume effects
will not effect our conclusion, we cannot quote this value as the infinite volume
value, and we postpone a more refined analysis of finite volume effects to a future
publication.

The combined results at Nt = 12 and Nt = 6 strongly suggest the occurrence
of a first order thermal transition. To confirm this, an asymptotic scaling analysis is
needed in order to verify that we are actually measuring a transition temperature in
the continuum real world. We do so by means of the standard relation that connects
the lattice cut-off ΛL to the gauge coupling g, aΛL = R(g2) with

R(g2) = (b0g2)−b1/2b2
0 e−1/2b0g2

, (3.12)

where the two loop RG running of the β-function is accounted for, with the universal
one- and two-loop coefficients given by

b0 =
1

16π2

(
11− 2

3
N f

)
b1 =

1
(16π2)2

(
102− 38

3
N f

)
(3.13)

for N f massless flavours. Given a physical temperature Tc, equation (3.11) implies
the scaling relation Nt R(gc(Nt)) = const. Solving for Nt = 6 and Nt = 12, we can
predict βc(gc(Nt = 6)) by knowing βc(gc(Nt = 12)). A strong discrepancy with the
actual lattice determination might be suggestive of a bulk zero temperature transi-
tion, while a small discrepancy can indeed be expected and imputed to violations of
asymptotic scaling and residual effects due to a non zero fermion mass. The ques-
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Figure 3.6 The chiral condensate at Nt = 12 and Ns = 24 in lattice units as a function
of the lattice coupling β. Best fit curves are superimposed and the vertical lines indicate the
transition region. The absolute value of the finite difference between measured values of the
condensate, as an approximation of its first derivative, is plotted in the bottom part of the
figure with an arbitrary rescaling. It shows a peak at β = 4.34.

tion is what coupling βc(gc) is the most appropriate one to insert in equation (3.12) in
order to compare continuum perturbation theory with lattice calculations. Our sim-
ulations use a one-loop Symanzik improved and tadpole improved gauge action.
These improvements are expected to ameliorate the agreement with the asymptotic
scaling by correcting for up to and including O(a2) effects. In a finite temperature
study this translates into the statement that the agreement with asymptotic scaling
will set in at lower values of Nt with respect to an unimproved lattice action.

Given these premises, we have predicted the transition coupling βc(Nt = 6) by
using an effective coupling which relates the lattice β and g2 as β = 6/g2 in equa-
tion (3.12). Notice that the lattice bare coupling, coefficient of the plaquette action
in equation (3.1), is βpl = 10/g2

0 where the rescaling of the coefficients is due to
the one-loop Symanzik improvement. The use of β = 6/g2 in the RG formula is
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meant to effectively take into account the tadpole and Symanzik one-loop improve-
ment in our action. By using βc(Nt = 12) = 4.34± 0.04 we obtain the prediction

Figure 3.7 Scaling of the transition temperature. The points are presented in terms of the
transition lattice coupling β for Nt = 6 and Nt = 12 lattices. The central line is a two loop
asymptotically scaled line of constant physical temperature T = Tc, where Tc is measured on
the Nt = 12 lattice. All lattice results should eventually follow this line for large enough Nt,
as lattice artefacts are increasingly suppressed by a decreasing lattice spacing.

βc(Nt = 6) = 4.04 ± 0.04, which deviates by less than 2% from the lattice deter-
mined βc. We also verified that a rescaling of the effective coupling β → βu−4

0 [284]
improves the prediction by only 0.5% indicating that our effective coupling prescrip-
tion is in fact already accounting for all the improvement. Further improvement of
the lattice gauge action – e.g. the proper inclusion of quark loop corrections in the
improvement program – and corrections for the non zero fermion mass, should ac-
count for the tiny residual asymptotic scaling violations in this study. figure 3.7
presents a comparison of our lattice results with the asymptotic scaling prediction.
These results will be further elaborated upon in the final discussion.

In figure 3.8 we compare the transition at Nt = 6 and at Nt = 12 by means of
the first derivative of the chiral condensate as a function of T/Tc as predicted by the
asymptotic scaling using the effective coupling β = 6/g2. As before, the lattice deter-
mined βc(Nt = 12) corresponds to the point T/Tc = 1. The most important observa-
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tion is that the transition at Nt = 6 is close to the predicted point T/Tc = 1, actually
happening at T/Tc ' 1.20. We show the data of the first derivative with a Gaussian
fit superimposed. For the data at Nt = 6 we show, for the sake of comparison, the
curves at the largest spatial extent Ns = 24 and the smallest Ns = 12. The lattice
determined transition regions at Nt = 6 and Nt = 12 overlap at their boundaries.
The amount of non-overlap is a measurement of the residual but small violations of
asymptotic scaling. We did not observe any signal of discontinuity in the Polyakov

Figure 3.8 ‘Scaling plot’ for the finite difference approximation to the absolute value of the
first derivative of the chiral condensate as a function of T/Tc, determined using the effective
coupling β = 6/g2 in the RG formula. Data at Nt = 6, Ns = 24, 12 (open symbols) are
compared with data at Nt = 12, Ns = 24 (grey symbols). The point T/Tc = 1 corresponds
to βc(Nt = 12) = 4.34. A Gaussian fit is superimposed to the Nt = 12 data, while
indicative Gaussian curves are shown for Nt = 6. The baseline is subtracted and we only
indicate data near the transition temperature. The lattice determined transition regions at
Nt = 6 and Nt = 12 are indicated by vertical lines.

loop in our simulations at Nt = 12, with a lattice mass am = 0.02 and in the transi-
tion region of the chiral condensate. While the presence or absence of this signal is
of no physical relevance below the infinite mass limit, given that the Polyakov loop
is not an order parameter in the presence of dynamical fermions, we can still use
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its behaviour at light quark masses to gain further insight into the mechanism that
relates chiral symmetry restoration to deconfinement and the two limiting regimes
of zero mass and infinite mass fermions. Here, we limited ourselves to verify that
the presence or absence of a discontinuity of the Polyakov loop in coincidence with
the discontinuity of the chiral condensate depends upon the physical fermion mass.
By sufficiently lowering the fermion mass at Nt = 12 we expect that the picture of
Nt = 6 will be restored.

The location and extent of the region of sufficiently light quark mass is a dy-
namical property of the N f = 8 theory which cannot be judged a priori. A further
refinement of this study can help in locating the critical end-points. The reader might
want to review [292] for a pioneering study at N f = 4. Here we focus on comparing
between our results for the chiral condensate at Nt = 6 and those at Nt = 12. To this
end, it is instrumental to recall how a finite mass affects the location and nature of the
phase transition. In the chiral limit, standard universality arguments would predict
a first order transition for N f ≥ 3 [41]. Since first order transitions should be robust
under small perturbations, the transition is expected to persist at least for small mass
values. In the infinite mass limit the transition becomes the deconfining transition
of quenched (pure gauge) QCD, which is also a (weak) first order transition. For
intermediate masses we can envisage two scenarios: the transition is of first order
all the way from m = 0 up to the quenched limit, presumably becoming weaker as
the quark mass increases. This is the simplest picture, but experience with lattice
simulations with three flavours suggests differently. Here, the first order transition
becomes a crossover for some critical value of the mass, say m = m1, then the first
order transition appears again at a larger mass m = m2, and remains of first order
until m approaches infinity and our theory resembles a pure gauge transition. In this
second scenario, in addition to the two first order phase transitions, there are two
second order transitions in the universality class of the 3D Ising model at the two
endpoints m1 and m2, and a crossover in between. This crossover can be very weak,
as is for instance the case in three flavour QCD [59].

The bare mass at Nt = 12 is the same as the one at Nt = 6, so the physical
value of the mass at the transition coupling should be twice as big for Nt = 12.
Because of this, and following the above discussion, we expect a smoother behaviour
of the transition on the Nt = 12 lattice; either because the transition becomes weaker,
or because we have reached the crossover domain. The actual nature of the phase
transition is very much dependent on the precise value of the mass and one cannot
draw any firm conclusions without studying this dependence. However, the above
discussion allows us to conclude that the observed softening of the transition on the
Nt = 12 lattice is certainly consistent with the behaviour expected on theoretical
grounds and observed in three flavour QCD [59].

Considering the dependence of the location of the transition coupling or crossover
on the mass, this should be linear for a first order transition according to

βc(mq) = βc(0) +
∆〈ψ̄ψ〉

∆SG
mq, (3.14)

where ∆〈ψ̄ψ〉 and ∆SG are the discontinuities of the chiral condensate and the gauge
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action at βc [60]. This form should continue smoothly into the crossover domain.
We have not estimated these values for N f = 8, but by using the results available
for N f = 3 we can conclude that the variation of βc in the mass range [0.01, 0.02]
should be even smaller than the error we quote and our conclusions on the location
of the phase transition do not depend on the mass value. It would be of course
interesting to perform simulations with different mass values. The present results
allow us to firmly conclude that we are observing a true thermal transition, in other
words N f = 8 undergoes a chiral restoration transition at finite temperature and
must be in the ordinary hadronic phase of QCD.

3.4 Tree level improved results
For a regular, asymptotically free theory, tadpole improvement enhances the con-
vergence towards the perturbative limit in the weakly coupled region [296]. But an
introduction of this scheme when asymptotic freedom is absent would introduce a
non-physical background field contribution. It is conceivable that the interaction of
the background field with a changing temperature would shift the transition cou-
pling even for a bulk transition, potentially producing an non-physical thermal de-
pendence in the theory.

To exclude such artefacts, additional simulations were run using a tree level
Symanzik improved action. Concretely, this implies an identical action to that de-
fined by equation 3.1, but with the gauge couplings redefined as

βp ≡ β = 10/g2
0,

βr = − β

20
,

βpg = 0.

It is straightforward to obtain these couplings, as they are found by setting u0 =
1. Remember that u0 was introduced in a redefinition of the coupling, meant to
absorb O(g2) (rather than O(a2g2)) tadpole contributions to the gauge field self-
interaction [296]. The O(a2) improvement terms, which will need to cancel loop
corrections, will all depend on the dominant loop correction u0. Setting u0 to its free
field value of 1 therefore cancels all loop corrections, reducing the action to its tree
level improved form. This is in fact a physically sensible consequence, as it is exactly
the perturbative expansion at the scale of the lattice spacing that cannot be relied
upon in the absence of asymptotic freedom.

The transition coupling for the appearance of spontaneous chiral symmetry break-
ing was determined at different values of the lattice size in the temporal direction Nt,
in much the same way as was done in [165] and [241]. Reduced improvement will
wash out the transition already for smaller values of Nt, so runs were performed
for smaller values of Nt = 4, 6, 8 and 10. As there was no need for high accuracy,
moderately sized lattices satisfying Ns > Nt were deemed sufficient and the value
Ns = 12 was used for all simulations.

For the order parameter of the chiral transition itself (see figure 3.9), a rapid
change in value occurs. For Nt ≥ 6, the nature of this change appears to be much
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weakened with respect to the sharp first order transition observed for Nt = 6 in
section 3.2. The value of the transition coupling, or rather the finite range of val-
ues, for which the transition occurs shows a clear shift towards higher values of β as
Nt is increased. All other parameters remaining identical, this implies the expected

Figure 3.9 The chiral condensate as a function of the bare lattice coupling constant β for
different values of the temporal lattice extent: from left to right, lines correspond to Nt =
4, 6, 8 and 10. The shift in the location of the onset of the restoration of chiral symmetry
implies a direct influence on the dynamics of the system by the infrared degrees of freedom
and demonstrates the compatibility of the results obtained with an action without tadpole
improvement with a thermal origin of the observed phase transition.

persistence of spontaneous chiral symmetry breaking down to weaker coupling for
a decrease in the lattice temperature. As expected, the effect becomes significantly
weaker as Nt is increased and the transition itself becomes more shallow. The data
at Nt = 4 show a significant deviation from the other data points for each value
of β for which measurements were performed. This could reflect a very high tem-
perature phase, but might also reasonably be due to lattice artefacts dominating the
results with such a strong cramping in the temporal direction, as was observed for
finite temperature measurements of regular QCD with and without quenching [242].

A direct comparison between results obtained with actions with and without tad-
pole improvement is not sensible, since the redefinition of the coupling introduced
by the Lepage-Mackenzie tadpole scheme directly impacts all scales in which both
the bare parameters and the observables are expressed. Most importantly, the input
bare quark mass amq is kept identical for both theories, but the change in lattice spac-
ing causes a shift in the quark mass in physical units, that will feed back into the re-
sults. In the chirally symmetric region of the theory, the differences in the measured
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values of the chiral condensate at fixed coupling β are typically of the order of 40%.
Dimensional analysis implies an O(a3) factor for this particular observable, indicat-
ing a shift in the lattice spacing of the order of 12% when neglecting changes induced
by the implicit change in lattice parameters. Indeed, comparing the dimensionless
observable Rπ , we observe a reduced change of about 7%. For the chirally broken
phase, the numerical differences between results for both actions vary more consid-
erably. This is probably due to discretisation artefacts, that may cause a cascade into
a strong coupling bulk transition (without continuum limit) as the broken phase is
entered. To confirm this, the behaviour under varying mass should be studied. Since
we are currently only interested in the thermal sensitivity of βc as compared to the
fully improved action, we will not pursue this matter here. Similar behaviour will
be observed, and discussed more extensively, for a tree level improved action with
N f = 12 in chapter 5.

Interestingly, the position of the observed transition in terms of the bare coupling
does not vary a great deal between the two actions. This lack of large changes in a
dimensionless observable might be a consequence of the implicit rescaling is consis-
tent over the set of parameters. The change in physical mass would lead to a change
in physical temperature, but this could well be associated with a similar bare transi-
tion coupling. An explicit test would require some scale setting procedure, which is
outside the scope of this study.

Both the shifting of the location of the transition and its widening are evident in
the behaviour of the chiral cumulant Rπ in figure 3.10. The chiral limit of unity is
approximated to varying degree by all systems at a coupling of β = 4.4, with val-
ues of 0.871, 0.935, 0.949 and 0.989 measured for Nt = 10, 8, 6 and 4, respectively.
The curves here flow smoothly towards the free limit, where the cumulant reaches
unity. To the strong coupling side, a sharp jump is observed for all values of Nt
towards a region where the value of the cumulant tends to a value around 0.1, im-
plying strongly broken chiral symmetry for all. The largest value of Nt = 10 shows a
fairly smooth rise of the cumulant over a large region, without any sharp alterations.
This loss of a signal for what one would consider intermediate values of Nt is not
altogether unexpected, as this is exactly the type of amelioration of the signal qual-
ity that tadpole improvement ought to give [297, 298]. It does, however, complicate
the direct comparison with the results reported in [165], as there a lack of scaling is
observed exactly for larger values of Nt. A comparison with runs at a larger spatial
volume of Ns = 16 (figure 3.11) shows perhaps a weak sensitivity of the location of
the transition to the spatial volume of the system, at least at larger values of Nt. If
so, this would suggest a first order phase transition is still occurring [295]. Such vol-
ume sensitivity is hard to discern at this level of precision, however, so its potential
presence should be seen as demonstrating compatibility with the more obvious and
varied signals of a first order phase transition measured using tadpole improvement.

Using the cumulant Rπ from figure 3.10, a sensible value of the transition cou-
pling can be determined for all runs, allowing a scaling analysis similar to that per-
formed in section 3.3. Somewhat limited by the coarse resolution of the scans, we
tentatively set the transition couplings to the values provided in table 3.1. The tran-
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Figure 3.10 The chiral cumulant as a function of β, for runs corresponding to the results in
figure 3.9. Results are given for (lines from left to right) Nt = 4, 6, 8 and 10, all at a spatial
volume of Ns = 12.

Nt βc Nt βc
4 3.850(50) 8 4.225(25)
6 4.125(25) 10 4.350(50)

Table 3.1 The transition coupling for several temporal lattice sizes Nt, as determined by
bracketing the most rapid change in Rπ for the data plotted in figure 3.10.

sition for Nt = 10 is smoothed out to such an extent that the resulting value of βc is
somewhat arbitrary, while the value of the transition coupling is quite possibly influ-
enced by finite volume effects for Nt = 8 (see figure 3.11). Because of its contrasting
stability under changes in volume, we use βc for Nt = 6 as an anchor point in the
analysis and observe the scaling of βc as predicted by equation 3.12. Between the
adjacent and proximate values of Nt = 6 and Nt = 8, the scaling (figure 3.12) turns
out to be quite adequate at the given level of precision. At the very strong coupling
found for Nt = 4, the deviation from perturbative scaling is quite pronounced. This
is not unreasonable, given the prominence of lattice artefacts noted before and the
accelerated breakdown of perturbative scaling when entering the strong coupling
regime without tadpole improvement.

Though the quality of the signal clearly deteriorates as tadpole improvement is
removed, the results obtained with a tree level improved action are completely com-
patible with those using a fully O(a2) improved action.
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Figure 3.11 The chiral cumulant as a function of β, for runs at Nt = 6 (lines to the left) and
8 (lines to the right), at an enlarged volume of Ns = 16. Results should be compared to that
of figure 3.10, the relevant datasets of which have been reproduced using dashed lines. Some
sensitivity of βc to the volume is expected for a first order transition [295].
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Figure 3.12 Perturbative scaling of the transition coupling, anchored at the value of βc =
4.125(25) for Nt = 6. Points drawn as light squares are shown for the sake of completeness,
but should be considered less significant. For Nt = 4, this is because lattice artefacts appear
to be present – for one, figure 3.9 shows that, at beta = 3.8, measurements converge for
Nt ≥ 6, but Nt = 4 deviates quite significantly. On the other end of the range, the tran-
sition is largely smoothed Nt = 10. A transition region can be determined formally, which
in fact appears to be nicely in line with expectations, but this might well be a fluke. The
ribbon indicates the scaling region predicted by the two loop beta function. The perturbative
approximation appears to work reasonably well over a small range of values in Nt, but in fact
fails to describe behaviour for Nt = 4.
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3.5 Discussion
We find βc(N f = 8, Nt = 6, Ns = ∞) = 4.1125 ± 0.0125, or 4.1 ≥ βc(N f =
8, Nt = 6, Ns = ∞) ≤ 4.125 and βc(N f = 8, Nt = 12, Ns = 24) = 4.34± 0.04, or
4.30 ≥ βc(N f = 8, Nt = 12, Ns = 24) ≤ 4.38 and observe asymptotic scaling of
the transition temperature within 20% by use of the perturbative scaling induced by
asymptotic freedom, where the two loop beta function for an SU(3) gauge theory
with N f = 8 massless flavours has been used.

The occurrence of asymptotic scaling is a direct and strong indication that lattice
artefacts are under control in the simulations presented in this paper. Earlier results,
obtained by the Columbia group [165] in their work of the early 90’s, were attained
from a non-improved action, and as such their results are not immediately compa-
rable to ours. In any case, simulations performed at Nt = 8 without improvement
in the action should be sensitive to lattice artefacts of at least O(a2). Those artefacts
are largely eliminated when using the improved action presented in section 3.1. The
lack of asymptotic scaling at larger values of Nt observed in [165] may be partly due
to the lack of such improvement. In figure 1 of this reference, to be compared di-
rectly to figure 3.7 in this chapter, the authors draw a dashed line whose existence
they dub speculative, but that should in fact be reached by the current calculations.
Of course, it would be very interesting to reach the continuum limit also without
tadpole improvement, but this would require a much larger Nt and correspondingly
low bare quark masses to improve the sharpness of the transition, as evidenced by
the smoothing of the transition observed for the data obtained using a tree-level im-
proved action on similar lattices. The latter, presented in section 3.4, while more
crude and limited in accordance with their sensitivity to lattice artefacts, appear to
show no significant qualitative deviations from those discussed in section 3.3, pro-
duced with a fully improved action. This simultaneously excludes action depen-
dence of the results collected in this chapter and provides, through the observed
deterioration of the signal, a handle on the effectiveness of the tadpole improvement
scheme.

All evidence presented in this chapter is consistent with the occurrence of a true
thermal transition. The emerging picture is in agreement with the conclusion of [171],
as well as ladder calculations presented in [56], providing evidence that SU(3) gauge
theory with eight flavours is in the normal, chirally broken phase of QCD at zero
temperature and in the continuum limit. This study is an important step forward in
our attempt to clarify the way SU(3) gauge theory with many flavours approaches
the conformal phase [174] that precedes the loss of asymptotic freedom.


