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1
Adding flavour: An introduction

An overview is given of flavour dynamics, with particular emphasis on the rele-
vance of introducing dynamical flavours on the lattice. The importance of going
beyond the inclusion of the lightest quarks, up and down, for phenomenology
is stressed. Beyond QCD phenomenology, the Banks-Zaks fixed point and the
concept of the conformal window are introduced. Both analytical and numerical
results are presented for the determination of its lower bound, for quarks both
in the fundamental and higher dimensional representations. This introduction
is intended to provide context to the results of lattice studies of theories with a
varying number of flavours, presented in the remainder of this thesis. At the end
of this chapter, a concise overview of the content of this thesis will be given.
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Quantum chromodynamics currently stands undisputed as the correct descrip-
tion of the strong interaction. The theory describes six flavours of elementary fermions,
fundamentally charged under SU(3). Coupling to these charges are gauge bosons in
the adjoint representation of the group, themselves charged under the gauge group.
Phenomena such as confinement and parton scaling are very naturally explained in
the framework of an SU(3) gauge theory, at least at a qualitative level. Quantitative
predictions have been problematic, due to a crucial difference between the strong
interaction and Abelian gauge theories such as quantum electrodynamics: Accurate
phenomenological predictions cannot be derived from a perturbative expansion in
the gauge coupling. Due to the running of the coupling constant, infrared observ-
ables coming from QCD are essentially non-perturbative and the historically very
effective analytical arsenal developed for QED has to be expanded. A great number
of creative approaches have been introduced over the course of the past 40 years.
These usually tend to do particularly well for specific aspects of the theory, but falter
for others.

The position that lattice field theory, and in particular lattice QCD, has in this
set of approaches is exceptional. It takes the field equations underpinning the mod-
ern understanding of the strong interactions (QCD) and reformulates it in terms of
the fundamental degrees of freedom on a finite size lattice of discretised space-time.
Written in this form, the path integrals become accessible to numerical techniques.
The smallest distance defined in the system is referred to as the lattice spacing and
is usually written as a. In the limit of vanishing a and infinite volume, the lattice and
continuum formulation of QCD are identical. Away from that limit, any deviations
from the continuum formulation are functions of the ultraviolet (the lattice spacing)
and infrared (the finite volume of the lattice) regulators. The characteristic prop-
erties of QCD, asymptotic freedom and confinement, should guarantee a smooth
convergence to the continuum limit. In this way, one has obtained a fully controlled
approximation to QCD calculations from first principles. Rephrasing that: Arbi-
trarily accurate results can in principle be calculated, given enough computational
resources.

A peculiar situation now arises. The complicated dynamics of the non-Abelian
gauge field and its inherent non-perturbative properties are the main reason for in-
voking a numerical treatment. Integrating over the gauge fields in the path integral
does in fact represent the bulk of the computational intensity. However, from an al-
gorithmic point of view, it is not the non-perturbative gauge interaction that poses
issues. Once the perturbative formulation of QCD in terms of generators of SU(3)
is abandoned, the full gauge theory is naturally described on the lattice. It is the
fermions, rather, that are problematic. Their fractional canonical dimension means
there is no natural discretisation of quark fields. In addition, the fermion determi-
nant occurring in the partition function can be exceedingly expensive to calculate; a
cost that increases sharply as the mass decreases.

The complications of including fermions in numerical calculations have, for a
long time, effectively forced physicists to opt for a lattice formulation that neglects
the contribution of dynamical quarks to the vacuum. This approximation, known
as quenched, tends to work surprisingly well for various quantities, as we will see
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below. Of course, ignoring the effects of quarks on dynamics introduces a systematic
error that limits precision on measurements. As both the quality and application of
results from lattice calculations increased, these systematically biased results became
less acceptable. Certain observables will be affected by quenching in particular, ne-
cessitating the inclusion of dynamical fermions in simulations to obtain any serious
estimate at all. It is for this reason that all recent large scale simulations include at
least two dynamical quark flavours. One can go further, though, and ask the ques-
tion of principle. What happens when the fermion sector is enlarged up to the point
that its effects become dominant?

In this thesis, we shall examine this question. This chapter will start out by focus-
ing on those fermionic degrees of freedom that are relevant to the phenomenology
of the Standard Model in section 1.1. We will discuss the quenched approximation,
how it breaks down and in what way it can be connected to the full theory of QCD
as contained in the Standard Model. Section 1.2 turns to questions on the physics
of flavoured gauge theories that are relevant to physics beyond the Standard Model,
focusing on the potential appearance of a so-called conformal phase transition. We
describe the phase diagram of SU(3) Yang-Mills theories with a varying number of
flavours and explain why a new phase would be expected to occur. The remainder of
this chapter will discuss existing literature on this topic and present a general outline
of the thesis.

1.1 Quarks and gluons
In its most general form, the partition function of QCD is written as

Z =
∫
DAµ det[M]N f exp

[
−1

4
Fµν

a Fa
µν

]
. (1.1)

The determinant of the Dirac operator M contains the full fermionic contribution to
this partition function. It is a highly non-local object and consequently very com-
putationally intensive. The quenched approximation mentioned earlier consists of
the sweeping replacement det[M] ≡ 1, which effectively removes all internal quark
lines from the theory. Justification of its application in early lattice studies was based
on some hand-waving arguments, but mainly on necessity of curbing the excessive
costs of including dynamical fermions using algorithms available in the early eight-
ies. Still, pure gauge theory would seem to exhibit all the crucial features of QCD.
Analytical indications of confinement in Yang-Mills [1] were confirmed by numerical
studies [2]. Pure SU(3) gauge theory on the lattice reproduces asymptotic freedom
below a scale of ΛMOM =170(50) MeV when converted to a perturbative regulariza-
tion scheme [3]. Reasonable results could be obtained for fermionic observables as
well, using both pure SU(2) and SU(3) Yang-Mills, though a non-physical η-π degen-
eracy was found that would be broken only in the presence of internal quark loops.
Notably, simulations did reproduce spontaneous chiral symmetry breaking and the
hadronic spectrum showed acceptable agreement with phenomenology [4, 5]. Re-
ports on small scale simulations implementing fermions as dynamical degrees of
freedom were published early on [6–8]. But the limitations on volume and lattice
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spacing imposed by the inclusion of the expensive fermion determinant were se-
vere. Consequently, a large body of quenched results was compiled by the lattice
community, a summary of which can found in e.g. [9].

Even if the approximation appeared to work in practice, an uncontrolled source
of systematic error had been introduced into the theory by quenching. An analytical
study of the effects of quenching was made possible by development of a consistent
quenched formulation of chiral perturbation theory [10–13], including ghost fields to
cancel the contributions of the internal quark lines. The main impact of quenching
turned out to rest on contributions from η′ towards the chiral limit. The physical η′

develops a large mass, because the anomaly in the singlet axial current [14,15] causes
it to receive topological corrections. Figure 1.1 shows the first diagrams in an infinite
series leading to the η′ propagator resummation

∞

∑
n=0

1
p2 −m2

π

(
M2 1

p2 −m2
π

)n
=

1
p2 −m2

π −M2
. (1.2)

The effective mass scale M2 is being generated by instanton contributions according
to [16–18]

M2 =
2N f χt

f 2
π

= m2
η′ + m2

η − 2m2
K, (1.3)

with χt representing the topological susceptibility.
Quenching erases contributions starting at diagram C in figure 1.1, since they

contain sea quark contributions. Equation 1.2 is then truncated after n = 1, so the
pole mass m2

π + M2 is never generated. Instead, we have a single and a double pole

+

+

+

+ ...

A B

C D

Figure 1.1 Corrections to the η′ propagator from vacuum polarization diagrams in QCD.
Quenching removes all diagrams starting from C, leaving η′ as an additional Goldstone
boson in the limit m→ 0.

in the η′ propagator, with the particle becoming a Goldstone boson along with the
pions as we approach the chiral limit. The regular logarithmic terms that are rele-
vant at small quark masses in chiral perturbation theory [19, 20] vanish for SU(3) in
the absence of internal quark loops [21]. In their place come hairpin contributions
from the now light η′, that can be constructed out of valence quark lines [11]. This
means the low energy constants of quenched chiral perturbation theory are all mod-
ified, the effects of which show up already at relatively heavy quark masses [22].
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Whereas initial estimates seemed to indicate differences on most observables would
be small [11], effects on particular measurements were found to be sizeable fractions
of the result [13,23]. Particularly damning, however, was the divergence of the loga-
rithmic corrections coming from the η′ in the chiral limit. Those divergences are due
to the double pole coming from the second term in equation 1.2 and signal the lack
of unitarity of the theory. Since they will dominate the light mass regime, they com-
pletely foreclose the approach of the light quark limit – the quenched theory does not
exist in the chiral limit [23]. Initial attempts at controlling the theory by resumming
offending diagrams or redefining the quark mass [10, 24] were fruitless. While the
double pole chiral logarithm could be largely absorbed in the low energy constants
and thereby renormalised [25], essential divergences remained a prominent feature
of a quenched theory in the chiral limit. The influence of quenching is most destruc-
tive in the determination of weak matrix elements. In the amplitude of important
processes as K0 → π+π− and K0 → vacuum, quenching artefacts appear at lead-
ing order and are unconstrained [26–28]. This makes the quenched determination of
fundamental weak quantities little more than an educated guess in certain cases.

The gradual switch to simulations using dynamical fermions was certainly mo-
tivated by the inherent limits on the precision and scope of quenched simulations
described above. Another main component in the decision to extend simulations
was also the growing feasibility of dynamical simulations allowed by massive tech-
nological improvements. There was obviously the hardware technology that out-
performed Moore’s law during the eighties and nineties, but even more important
were the algorithmic improvements over this period. Early estimates were that the
computational burden was of the order of a petaflop-year [8] for such a simulation.
Thanks to theoretical and algorithmic developments developments, fully dynamical
simulations started appearing at costs less than a teraflop-year instead [29]. The un-
derstanding of the detailed behaviour of the theory led to the formulation of partial
quenching approaches: strategies to make physical predictions while working in an
otherwise non-physical space of parameters. By exploiting the freedom of varying
fermions masses and flavours away from the physical point, one can extract physical
results without the costly step of reaching physical sea quark masses.

Nowadays, large scale simulations with dynamical fermions at zero temperature
are considered something of a benchmark of lattice QCD throughout the wider par-
ticle physics community. With the rising requirements on computing resources, a
number of collaborations have been formed that tackle the costly Monte Carlo sim-
ulations collectively. With each fermion formulation having its particular strengths
and drawbacks, these collaborations have typically chosen a specific formulation
that suits their research goals particularly well. This fragmentation can complicate
the interpretation of results obtained by different groups, but does have the fortu-
nate consequence of allowing for independent checks on systematics. It would not
be feasible to provide anything like a complete overview of the activities in this field,
but the annual status reports presented at the Lattice conferences give an excellent
impression of the different approaches [29, 30].

At the moment, the biggest challenge perhaps lies in reaching physical quark
masses for the light u and d pair, but the remarkable results of [31] are likely to be
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only the first of a new generation of simulations around the physical point. Note
that physical light quark masses, which will remain an expensive affair, need not
be a goal in and of itself. As long as simulations are sufficiently deep into the chi-
ral regime for chiral perturbation theory extrapolations to be reliable, one can al-
ways settle for more efficient simulations at higher quark mass and extrapolate to
the physical point. For what values of the quark masses that point is reached, de-
pends upon the observable. The radius of convergence for the chiral expansion is
rather large for the pion sector, but need not be so for other observables and in these
cases, there may be few alternatives to brute forcing the mass dependence.

The results presented in chapter 2 have been obtained within this context by the
European Twisted Mass Collaboration (ETMC). Here the particular variation of Wil-
son fermions known as twisted mass fermions is adopted. In the twisted mass for-
mulation, a γ5-twisted mass term is added to the standard, unimproved Wilson-
Dirac operator, and the formulation becomes especially interesting when the theory
is tuned to maximal twist [32]. The major advantage of the lattice theory tuned to
maximal twist is the automatic O(a) improvement of physical observables, inde-
pendently of the specific type of operator considered, implying that no additional,
operator specific improvement coefficients need to be computed. It is not yet com-
putationally feasible to obtain these simulations at the physical point, but chapter 2
presents fits that demonstrate the reliability of the chiral extrapolation. The nov-
elty of these results, however, lies in the presence of four distinct dynamical quark
flavours.

To understand the relevance of this, one should first attempt to answer a more
general question, that becomes important once one abandons the quenched approx-
imation and decides to introduce dynamical quark flavours. Namely, how many
flavours of quarks does one need to obtain physically accurate results? The most
serious quenching artefacts relate to the approach of the chiral limit. Those are reme-
died effectively by the inclusion of light degrees of freedom. As to what constitutes
those light quarks, physical intuition can guide us to some extent. QCD dynamically
generates the scale ΛQCD ≈ 200 MeV, providing a natural cut-off on momenta rele-
vant to the dynamics of gauge fields. The masses of the b and t quarks, coming in at
about 4.2 GeV and 170 GeV, respectively [37], are far above this scale. Not only will
their high mass suppress their occurrence in virtual quark loops, their coupling to
QCD will be weak as the theory is highly perturbative at those energies. This freezes
them effectively out of QCD dynamics at low energies, with residual contributions
being readily absorbed in the matching of parameters to phenomenology. The situ-
ation is clearly opposite for the lightest u and d quarks, which weigh in at a meagre
2.5 MeV and 5 MeV, respectively [37]. Approaching the chiral limit as they are, the
breakdown of the quenched approximation warrants their inclusion.

With the s and c quarks, a grey region is entered. The former is estimated to weigh
about 80 MeV and would still be considered dynamical, but its isospin partner comes
in an order of magnitude heavier, at 1.3 GeV [37]. Most modern large scale lattice
QCD studies have therefore opted to include the strange as a dynamical flavour.
Some collaborations have chosen to simulate at N f = 2 for pragmatic reasons and
comparison of results from N f = 2 and N f = 2 + 1 (as in [38, 39], for example),



1.1 Quarks and gluons 11

Figure 1.2 A diagram of the flow of the unified effective field theory description of the weak
and strong interactions, illustrating the hierarchy of scales in the theory. By applying oper-
ator product expansion [33, 34] and renormalisation group [35] techniques to the full stan-
dard model Lagrangian, one can systematically lower the energy scale and ‘integrate out’ the
heavier particles. Successively, this will remove the top quark, the weak gauge bosons, the
bottom quark and the charm quark. At this point, one reaches the chiral symmetry breaking
scale Λχ, at which the non-perturbative matching of chiral perturbation theory with QCD
is performed. N f is the number of active flavours in a given theory. This diagram has been
reproduced from [36].

shows that the quenching of the heavier quarks is in fact not the leading source of
systematical errors, at least for the observables explored until now. One can therefore
legitimately pose the question, if the effort of including the heavier flavours is a
worthwhile investment.

A systematic answer to this question can be formulated by interpreting the quench-
ing of quark flavours within the framework of formal effective field theory. Let us,
following the approach of e.g. [36, 40], consider the separate flavours of quarks com-
ponents of the larger unified description of weak and strong interactions. Then the
reduction of that full description to the various effective field theories by means of
renormalisation group flow and operator product expansion will naturally lead to
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the removal of heavier quarks as dynamical degrees of freedom. Their influence
becomes embedded, instead, in the effective theory at low energies in the form of
contact term operators and adjusted coefficients. The values of these coefficients can
be obtained through matching the high and low energy descriptions at each thresh-
old. The set of physical phenomena described by these effective field theories will be
restricted. Processes at energies above the scale of integration are not captured accu-
rately any longer. For those below that scale, the new operators will be suppressed
by powers of the integration scale and the particle masses.

Quenching, as in the complete neglecting of quantum corrections induced by
a particular flavour degree of freedom, could be interpreted as a rough approxi-
mation of this procedure. Its impact depends on the particular observables that
are investigated. To capture chiral dynamics, the typical scale of which is roughly
Λχ = 4π fπ ' 1GeV, the inclusion of the three lightest quarks – and in particular the
two lightest ones – as dynamical flavours is necessary. They cannot be integrated out
in the effective description, as they are dynamical well below Λχ. It is the neglect-
ing of these contributions that is typically referred to as quenching. The ignoring of
the charm and other heavier quarks amounts to the removal of additional operators
that are suppressed by powers of Λχ and mc. Those corrections will typically be
minor for processes described within the framework of SU(2) and SU(3) chiral per-
turbation theory. But by that same reasoning, deviations should become apparent
for those processes that cannot be adequately captured by chiral perturbation theory
itself.

One field where the inclusion of the heavier quarks is highly relevant is the study
of finite temperature QCD phenomenology. An example is the chiral phase transi-
tion of QCD, which is an important process in the evolution of the universe. Lattice
results found the order of this phase transition depends on the number of quark
flavours and their masses. It should be first order for N f ≥ 3 [41], while a sec-
ond order transition appears for a two quark system [42]. Since the physical case
falls in between these limits, a fully dynamical simulation is needed to resolve this
issue. The most recent results [43] indicate the physical transition has, in fact, a
crossover nature. Weak interactions in particular are sensitive to the effects of heav-
ier flavours [44], and their presence as dynamical degrees of freedom is necessary
for obtaining accurate results. The ground for these effects lies in the GIM mecha-
nism [45], that generates flavour changing neutral currents in the Standard Model
proportional to the breaking of quark mass degeneracy. The mechanism depends
upon the inclusion of internal quark propagators and will therefore not function in
a partially quenched setup. Analysis based on partially quenched perturbation the-
ory [46, 47] shows that the introduction of a dynamical charm is needed to reduce
quenching ambiguities in phenomenological predictions based on the GIM mecha-
nism. These would include the so-called ∆I = 1/2 rule [48]: The observation that
weak non-leptonic kaon decays much prefer the channel where the change in isospin
is 1/2 over the channel with a change of 3/2. The charm quark is not present as a
valence quark in K → ππ, so the effect here would not usually be described as
quenching artefact. But the effects of charmed sea quarks on this process are not
negligible. The absence of the additional operators that distinguish three flavour
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from four flavour simulations of the weak matrix elements might leave its mark
on the results. A dynamical charm will remove all such ambiguities for weak ob-
servables. [46, 47]. With the lattice becoming an increasingly important tool in the
calculation of elements of the CKM matrix [49], it will become crucial to account for
flavour physics beyond chiral corrections.

In short, the increasing precision of lattice field theory and its ambition to con-
tribute to the quantitative understanding of the Standard Model mandate the intro-
duction of additional quark flavours. This is the motivation behind the ETMC’s ef-
forts to introduce a dynamical third and fourth quark to the conventional N f = 2
twisted mass setup. Another pioneering effort, using the highly improved stag-
gered quark (HISQ) action [50], has been initiated by the MIMD Lattice Compu-
tation (MILC) collaboration, who have published some preliminary results [51–54].
These two projects are the first, and currently the only attempts to include a dynam-
ical charm quark within lattice calculations, making the ETMC simulations unique
in introducing a charm quark of the Wilson type. Further details can be found in
chapter 2.

1.2 Phase diagram of flavoured theories

Beyond precision spectroscopy and phenomenology, we can ask a more general
question as to the effects on gauge theories of the presence of fermions. Those is-
sues are best framed in the context of lattice thermodynamics and the phases of
gauge theories. Figure 1.3 gives an impression of the phase diagram of QCD, some-
what uncommonly projected onto the axes of temperature and number of massless
flavours. Most research on lattice QCD can be said to focus on two regions within
this diagram. A first focal point is the study of QCD at zero temperature referred to
at the end of section 1.1, which would also cover the content of chapter 2. The phys-
ical theory of QCD does not, of course, lie in the projection plane used in figure 1.3.
The presence of a quark mass hierarchy does not allow for a simple classification of
the theory in terms of a single value N f . Nevertheless, as was stressed above, the
physical theory is fairly well approximated by an effective field theory having two
dynamical quarks that are close to the chiral limit. We can therefore position the the-
ory around (T, N f ) = (0, 2), while keeping in mind that this is only approximately
true.

The second main focal point in the diagram of figure 1.3 is the high temperature
phase of physical QCD. Again, the existence of a mass hierarchy makes the posi-
tioning of this point somewhat approximate. As the point of interest here lies at the
scale of deconfinement ΛQCD, any quarks for which mq � ΛQCD can be considered
approximately massless. This would include not only the two lightest quarks, but
also the strange quark that makes up a sizeable fraction of all sea quarks [57, 58].
Topics under investigation using finite temperature field theory include the QCD
phase transition nature and critical temperature [43, 59–63] and the thermodynam-
ical properties of QCD in general [64–69]. Many of these issues are conceptually
intertwined with the technically highly complicated problem of simulating QCD at
finite chemical potential. As such, they form a highly competitive and physically
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Figure 1.3 A sketch of the phase diagram of an SU(3) Yang-Mills theory as a function of the
temperature and the number of massless fundamental fermions present in the continuum.
Three phases are indicated: a region of hadronic QCD, the phase relevant to spectroscopy
where quarks are confined and chiral symmetry is spontaneously broken. Towards the top of
the diagram we find the quark-gluon plasma, the deconfined but strongly interacting phase
that has in the past decade become accessible to experiment (for a recent critical and compre-
hensive review, see [55]). At the right of the diagram is the location of the conformal phase,
that will be extensively discussed in the remainder of this chapter. It exists properly at zero
temperature only. This diagram does not display the QED-like region that appears at flavour
numbers N f > 16.5, where asymptotic freedom is lost. The line separating the hadronic and
QGP phase indicates is envisaged as a line of chiral phase transitions; its shape is based on
results from [56]. It is still unclear how the QGP and conformal phase are connected. Black
stars indicate the approximate locations of two focal points of research into lattice QCD dis-
cussed in the text: The zero temperature and high temperature phases of physical QCD. Black
dots indicate approximately the locations in the phase diagram that are sampled by the results
presented in this thesis. The leftmost dot represents results for N f = 2 + 1 + 1 simulations,
that include the lightest four quarks as dynamical degrees of freedom. For the purpose of
this diagram, they would be located around N f = 2, as physical QCD is qualitatively well
described as a theory with two approximately chiral quarks receiving small corrections from
additional quark flavours. The middle dot represents measurements for N f = 8, where a
thermal phase transition was determined to a chirally symmetric phase. The rightmost dot
represents zero temperature results at N f = 12, a point that appears to lie just inside the
conformal phase.
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interesting class of problems. Moreover, given recent developments in quantitative
cosmology (e.g. the results from the WMAP mission [70, 71]) and the experimental
access to the QGP provided by the current generation of particle accelerators (RHIC
and LHC), results obtained from lattice calculations are increasingly confronted with
and aiding the understanding of experimental data. For an overview of finite tem-
perature field theory on the lattice and recent results, the reader is referred to recent
reviews, some of which include [72–75]. The results presented in this thesis have no
direct bearing on physical QCD at high temperatures. However, extensive use will
be made of methods from finite temperature field theory from chapter 3 onwards.

A large part of this thesis will be dedicated to studies of the phase diagram of
figure 1.3 away from the two focal points indicated by stars. Simulations have been
performed at the locations of the black dots, to investigate the qualitative impact of
increasing flavour numbers on non-Abelian dynamics. The Callan-Symanzik equa-
tions of QCD to two loops, where all coefficients are regularisation scheme indepen-
dent, already hint at the possible existence of interesting physical phenomena as the
number of light quark flavours is increased. This calculation was first done in [76]
and the result reads

β(g) = −b0
g3

(4π)2 − b1
g5

(4π)4 +O(g7). (1.4)

It is important to note that the universal coefficients b0 and b1 depend upon the
Casimirs C2(g) and C2(q) of the representations of SU(N) in which gluons and quarks
are placed, as well as the trace T(q) of the quark representation and the number of
quark flavours N f . We find

b0 =
11
3

C2(g)− 4
3

T(q)N f , (1.5)

b1 =
34
3

C2
2(g)− 20

3
C2(g)T(q)N f − 4C2(q)T(q)N f . (1.6)

Values for C2, and T in different representations of SU(N) are summarized in ta-
ble 1.1.

R C2 T R C2 T
Fundamental N2−1

2N
1
2 2S (N−1)(N+2)

N
N+2

2
Adjoint N N 2A (N+1)(N−2)

N
N−2

2

Table 1.1 The Casimir C2 and trace T of different irreducible representations R of the group
SU(N): fundamental, adjoint, two-index symmetric (2S) and anti-symmetric (2A). This
table is reproduced from [77]

We will momentarily focus on the specialization of equation 1.4 to the most phys-
ical case of N = 3 and fermions in the fundamental representation. In this form,
equation 1.4 was instrumental in the establishing of asymptotic freedom [78,79]. The
sign of the leading order coefficient b0, in the case of QCD where gauge fields are in
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the adjoint representation and quarks in the fundamental, is positive for values of
N f < 16.5. In this case, the theory will develop a UV fixed point at g→ 0. For a high
number of flavours, the theory loses asymptotic freedom and flows towards the free
limit in the IR. In a publication soon after those landmark papers, Caswell noticed
that one could go beyond the leading order [76] and examine the sign of the second
coefficient b1. In the small and large flavour number limit of QCD, both coefficients
agree in sign. But between the value of N f = 8.05 and 16.5, there is a region in which
the sign of b1 is opposite to that of b0. This opens up, to the extent that perturbation
theory is valid, the possibility of an additional zero in the beta function. The conse-
quences of this were first realised in [80]: an additional, non-trivial fixed point may
develop in the theory. The authors of [80] assumed a phenomenologically inspired
strong coupling limit as a completion of their perturbative analysis. Such a limit was
derived for a latticised Yang-Mills theory in [81], giving a negative β function for
large values of g. Since this limit was introduced at all values of N f , zeros of the beta
function appeared for N f > 16.5, as the two leading order terms of the perturbative
expansion are strictly positive. While an additional UV fixed point at some large
value of the coupling cannot be excluded a priori, its existence is not obvious and
still a matter of investigation. We will return to this question shortly.

To what extent is the above result of the appearance of an infrared fixed point
in a perturbative expansion valid? Let us argue by, for a moment, assuming that a
perturbative approximation is completely convergent and a full description of the
theory. The two coefficients of the beta function responsible for the cancellation do
not depend on the choice of regularisation scheme, while higher order terms are
scheme dependent. This fact can be exploited through a redefinition of the coupling,
such that all additional terms are cancelled systematically [82]. While we do not
know exactly how to define this scheme, it can been shown to exist at least [83].
Since we assumed the theory to be fully described by its perturbative expansion,
the change in sign of the beta function is now physically observable as a fixed point
in this specific scheme. But a physical observable should be scheme independent,
meaning that a change in sign of the beta function should persist to all orders in
perturbation theory in any regularisation scheme – although the exact value of the
coupling at which it appears remains scheme dependent.

The above argument obviously breaks down, because the initial assumption that
the theory is fully described by its perturbative expansion is false in general. In those
cases where perturbation theory fails to converge and non-perturbative physics dom-
inates, the meaning of a zero in the two-loop beta function is limited. Specifically, the
non-perturbative appearance of spontaneous chiral symmetry breaking introduces a
mass gap for the fermions that will substantially alter the dynamics in the IR and
cause the fixed point disappear altogether. But let us introduce an analytical con-
tinuation of N f , which is straightforward, given that N f appears analytically in the
partition function. Banks and Zaks now argue in [80] that the argument from per-
turbation theory does have direct implications for some (small) range values of N f .
This follows from the fact that, by moving close to the value NAF

f where asymptotic
freedom is lost, the value gc at which the zero of the beta function appears can be
made arbitrarily small. Hence, for some choice of N f , perturbation theory should
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be a wholly adequate description up to gc and the appearance of a Banks-Zaks fixed
point should be a physical phenomenon. Of course, there is no reason to expect
that this range of validity will include any integral values of N f , which makes this
point rather academic. Speaking generally, higher order corrections to equation 1.4
are expected to be large and perturbation theory will not be a particularly helpful
tool. In fact, the authors of [82] point out the corollary to this argument: If no fixed
point occurs for a value of N f where equation 1.4 does have a zero, this must be a
consequence of essentially non-perturbative physics.

A phase diagram proposed in [80] is reproduced in figure 1.4. This diagram
should be understood specifically in terms of a lattice regulated field theory. The the-
ory enters different phases as the number of quark flavours N f and the input lattice
coupling constant gL are varied. The latter is not really an independent parameter,
because different values of the coupling in the discretised setup will correspond to
a single continuum limit. We can interpret the systems at these different parameters
as being discretisations of the continuum limit at different scales. Renormalisation
Group (RG) transformations should connect the parameters describing these dis-
cretisations, with the inverse lattice spacing a−1 providing an implicit momentum
scale. As the continuum is approached, the RG flow will move towards fixed points
in parameter space. At which fixed point one ends up, is uniquely determined by
the RG curve on which one started. The fixed points therefore possess a basin of at-
traction, and a separation of phases is determined by a boundary between two such
basins. Those regions not connected to the g → 0 boundary will be phases without
an asymptotically free continuum limit.

The diagram of figure 1.4 is a conjecture, that is supported by physical arguments,
but also somewhat counter intuitive. Properties of the theory can be derived in the
limit of both small and large N f . The limit N f → 0 reduces to Yang-Mills theory,
where no phase transitions will occur. Chiral symmetry is known to be broken for
small values of N f , though a strong coupling lattice transition may be present. To-
wards the strong coupling limit, the confining regime that is imposed by Banks and
Zaks will introduce a UV fixed point for any value of N f where the theory has a de-
confining phase. In the limit of N f > 1 and g2N f < 1, chiral symmetry can be shown
to be preserved in the neighbourhood of the free limit. As argued in [80], a consis-
tent perturbative expansion can be set up in the large N f limit, that will produce
massless fermion propagators in some convergent neighbourhood of g = 0. Since a
confining theory cannot be chirally symmetric [84–87], a chiral phase transition will
be triggered at the location of the UV fixed point. The situation is more complicated
just before the loss of asymptotic freedom. An expansion in ε = (NAF

f − N f ), which
in some neighbourhood of ε → 0 produces a reliable perturbative expansion due to
the weak coupling IR fixed point, demonstrates the restoration of chiral symmetry
at the IR fixed point. Not wanting to abandon phenomenology, Banks and Zaks as-
sumed the continuing validity of the regular weak coupling limit g → 0, including
the induced mass gap from confinement. At the same time, chiral symmetry should
be restored at the fixed point. To reconcile these two facts, a phase transition would
need to occur at the location of the IR fixed point. Hence the curious and counter-
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Figure 1.4 Phase diagram of a generic SU(N) gauge theory with fundamental fermions, in
the plane of flavour number versus bare coupling, as proposed in [80]. The area fill indicates
the phase of the theory. The area filled with polka dots is confined and chirally broken, while
the striped area is deconfined and chirally symmetric. The transition between the polka dot
and striped phases coincides with the IR fixed point. The unfilled phase would be present in
case of a separation between a confining and chiral transition. It would be chirally broken,
but not confining.

intuitive re-entrant behaviour of theories above Nc
f
1.

An important modification of the Banks-Zaks analysis was proposed in a se-
ries of studies by Appelquist and collaborators. These papers presented results on
the pattern of chiral symmetry breaking in different gauge theories as a function
of the number of flavours, using a ladder approximation to the Schwinger-Dyson
gap equation [88]. Both in the context of QED in 2+1 dimensions [89–93] and reg-
ular QCD [82], a chiral phase transition was found as a function of the number
of fermions. At the critical flavour number Nc

f , the effective fermion mass would
be continuous [82, 93], excluding a first order transition. However, no light scalar
degrees of freedom were observed in the chirally broken phase close to the transi-
tion, also excluding a regular second order chiral phase transition [94]. Chivukula

1Note that one might perhaps envision the different lines in figure 1.4 not joining at a single point. We
will assume they do, here and in subsequent depictions of the phase diagram, because it seems to be the
most simple and plausible option. In fact, there is no obvious physical mechanism that would cause them
to behave differently.
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showed [95] that this peculiar property is a direct consequence of the presence of
a fixed point. It breaks the effective low energy approximation, causing the scalar
excitations to receive mass contributions from all momentum scales. This curious
class of transitions was further studied in [96], where they were dubbed conformal
phase transitions due to their association with the breaking of conformal symmetry.
Their defining property was found to be an abrupt change in the spectrum of light
excitations of the theory, but with a continuous chiral order parameter. With this
insight, the assumed weak coupling limit in the original Banks-Zaks proposal could
be modified as in figure 1.5. At a critical flavour number Nc

f , chiral symmetry is re-

Figure 1.5 Phase diagram of a generic SU(N) gauge theory with fundamental fermions, in
the plane of flavour number versus bare coupling, as proposed in [96]. Area fill indicates the
phase of the theory. The area filled with polka dots is confined and chirally broken, while the
striped area is deconfined and chirally symmetric. The unfilled area is delimited to the left by
a bulk chiral symmetry breaking transition, to the right by a bulk confinement transition. The
transitions may well be entangled, in which case the lines will overlap and the unfilled phase
will be absent. The dotted line in the striped area indicates the location of the line of fixed
points. The line at Nc

f , separating the polka dot and striped areas, indicates the conformal
phase transition described in [95, 96].

stored and a conformal phase entered. The fixed point is now no longer associated
with a phase transition, but is approached asymptotically from both stronger and
weaker coupling. For a coupling g = gc, there is no running of the coupling con-
stant with the renormalisation scale µ and the theory becomes scale invariant and
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conformal2. In the neighbourhood of the fixed point, both above and below gc, this
conformal symmetry will be perturbatively broken by the dynamics. Since the IR
limit of both sides is identical, however, no phase transition will occur at the fixed
point. The range of flavour values for which such a conformal phase exists is dubbed
the conformal window [82, 98].

The phase diagram of figure 1.4 implies the simultaneous appearance of an IR
and UV fixed point in the theory by construction, but without any underlying phys-
ical cause. The phenomenon of the opening of a conformal window – or rather, its
closing with decreasing flavour number – led the authors of [99] to propose a sce-
nario for conformal phase transitions based on the AdS/CFT correspondence [100,
101]. This duality holographically maps a string theory defined on anti-de Sitter
space to a conformal field theory at the boundaries, and is well established for the
supersymmetric variety of the latter. They analyse the mechanism by which a fixed
point could disappear as a function of x f = N f /Nc and find three possibilities. Ei-
ther the fixed point moves off towards the free or infinite coupling limits, or an IR
fixed point is annihilated by a UV fixed point. This mechanism is well understood for
the case of the so called Berezinskii-Kosterlitz-Thouless (BKT) phase transition [102],
a finite temperature phase transition for QCD with a defect in two dimensions. Here,
the approach to the annihilation point from the non-conformal side induces a par-
ticular scaling behaviour, coined BKT scaling in [99]. Such scaling behaviour might
identify a universality class for conformal phase transitions. In fact, the scaling pre-
dicted close to the conformal transition in [96] is identical to it. The AdS/CFT de-
rived fixed point merging might well be a framework for understanding the disap-
pearance of the conformal window in large N f QCD. This is particularly interesting,
since it predicts the existence of a strong coupling UV fixed point inside the confor-
mal window. Figure 1.6 provides a schematic overview of the proposed scenario.
The theories defined at the fixed point on both branches (denoted QCD and QCD∗)
would be the boundaries of a scalar theory in the bulk of a five-dimensional AdS
space, from which mutual constraints on their anomalous dimension can be derived.
For the sum of the dimensions of the chiral condensate operators on both branches,
written as ∆+ and ∆−, one would obtain

∆+ + ∆− = D = 4. (1.7)

The dimension ∆+ on the IR branch would then move from the engineering dimen-
sion 3 in the free limit to the dimension 2, at which point it would be annihilated by
the UV branch. A schematic representation of this mechanism is shown in figure 1.6.
A merger mechanism would naturally limit the value of the anomalous dimension
on the IR branch to be smaller than 1 at the critical point. Notice that this limiting
value is exactly the point at which the Fermi four-point interaction (ψ̄ψ)2 becomes
a relevant operator, making it a natural bound for the occurrence of spontaneous
chiral symmetry breaking. As we will see shortly, this critical value for the anoma-
lous dimension has been independently used [82] to determine a lower bound on

2This may not be the case in two dimensions, where the conformal group becomes infinite dimen-
sional [97]
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Figure 1.6 Schematic depiction of the merger mechanism for non-supersymmetric QCD,
adapted from [99]. The solid line represents the IR fixed point, the dashed line its correspond-
ing UV fixed point. The dimension of the ψ̄ψ operator at the fixed points is drawn versus
x f = N f /Nc, with xc

f the onset of the conformal window. While a conformal QCD-like
theory is defined at the IR line, a dual theory QCD∗ exists at the UV fixed point.

the conformal region.
While not directly in the scope of this thesis, generalising to fermions in higher

dimensional representations is in fact rather straightforward. There are four repre-
sentations that have an asymptotically free phase for any number of colours Nc [103].
Next to the fundamental representation, those are the adjoint, the two-index sym-
metric (2S) and two-index anti-symmetric (2A) representations. It is these four rep-
resentations that are generally considered potentially physically relevant. The higher
dimensionality of the non-fundamental fermions works towards a higher shielding
efficacy. This, in turn, means that both the loss of asymptotic freedom and the onset
of the conformal window are pushed down to lower flavour numbers. For exam-
ple, perturbation theory (equation 1.4) suggests the appearance of a fixed point at
flavour numbers as low as N f = 1.0625 for adjoint fermions charged under SU(3). In
contrast to fundamental fermions, where the critical flavour number lies above the
phenomenologically speaking unnaturally high number of eight, the conformal win-
dow could be entered by theories with moderate flavour content. It is in this sense
that theories with fermions in higher dimensional representations can be considered
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the more natural extensions of the Standard Model.
Considering the phase diagram of theories with fermions in higher-dimensional

representations, the main difference appears for the adjoint fermions. For funda-
mental fermions, confinement necessarily implies chiral symmetry breaking [84–87]
and the two transitions are in practice found to occur simultaneously [104]. For ad-
joint fermions, this is not necessarily the case. Let us consider fermions charged
under SU(3), for definiteness. If we write a discretised action for the usual case of
fundamental fermions, one writes the gauge links as elements of SU(3). But for the
higher dimensional adjoint fermions, the gauge links have to be placed in the eight-
dimensional U(8) representation of the group. Now the fermionic part of the action
becomes [105, 106]

S f =
∫

ψ̄M
[
U(8)

]
ψ, (1.8)

with M the Dirac operator as a function of the gauge connections. The U(8) repre-
sentation can in fact be written in terms of U(3), as

Uab
(8) =

1
2

Tr
(

λaU(3)λ
bU†

(3)

)
, (1.9)

where the λs are the Gell-Mann matrices. The gluonic part of the action remains the
same as for fundamental fermions and is a function of U(3) alone. The Polyakov loop

L(~x) = Tr

[
Nt−1

∏
n=0

U0(~x, n)

]
(1.10)

is an order parameter of confinement in pure Yang-Mills, because it is sensitive to
the spontaneous breaking of the global centre symmetry

U0(~x, t)→ zU0(~x, t), z ∈ Zn (1.11)

of the action by a confining gauge field. Adding fermions in the fundamental rep-
resentation to this Yang-Mills action breaks the centre symmetry explicitly, so the
Polyakov loop can no longer be used as an order parameter. But adding an ad-
joint term such as equation 1.8 preserves the symmetry, because the gauge elements
in equation 1.9 occur in pairs with their hermitian conjugates. At the same time, the
Polyakov loop expectation value is still a measure of the potential between two static
charges3. The scales at which confinement and chiral symmetry breaking occur are
therefore independent for adjoint fermions and a confined chirally symmetric phase
could in principle exist for some range of temperatures. No particular ordering of the
two transitions is favoured theoretically, however. Quenched simulations [105, 108]
indicate that the thermal scale of deconfinement actually lies below that of chiral
symmetry restoration. It is for this reason that figure 1.7 depicts possible additional

3It should be noted that this concerns charges in the fundamental U(3) representation. One can also
define an adjoint Polyakov loop, which will in fact have a non-zero expectation value for any value of the
coupling. This implies that adjoint fermions are always screened. See [105, 107] for details.
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phases for values of N f > Nc
f .

The appearance of a conformal phase transition and the restoration of conformal
symmetry at the quantum level of QCD is an exciting development. One immediate
consequence of the conformal window is a dramatic slowing of the running coupling
constant at values of N f close to the conformal phase transition. This is an important
ingredient of the modern incarnation of technicolour models, originally proposed
in [109–111] and extended to in [112,113]. These models tend to be plagued by large
flavour changing neutral currents for interactions strong enough to produce realistic
results for fermion masses [113]. Since no such currents are observed, naive techni-
colour models are excluded experimentally [37]. These issues are avoided if a slowly
varying coupling exists for the technicolour gauge theory, because contributions to
the mass over a large range of momenta can now accumulate [114–116]. Given that
this effect is a consequence of the coupling constant “walking” rather than running,
these theories are known as walking technicolour and several excellent reviews exist
on this topic [117, 118]. The dynamics of the conformal window could a perfectly
natural setting for the appearance of walking and the large scale quantitative inves-
tigation of these effects is currently under way [119].

While walking technicolour is usually considered the main reason for being in-
terested in the existence of a conformal window, there are more theoretical questions
to be answered. The way QCD deviates from conformality should provide valuable
insight concerning the question if and how the AdS/CFT correspondence is realised
for the strong interactions. The program for studying this connection is usually re-
ferred to as AdS/QCD and considerable progress has been made already (for a re-
view, see [120]). The existence of a continuous transition into a conformal theory at
zero temperature might serve as a basis for the systematic building of a correspon-
dence between AdS and the QCD ground state. Along these lines, there may be an
interesting relationship between the strongly coupled, but chirally symmetric quark
gluon plasma and the conformal window [121–123].

1.3 Analytical bounds on the conformal window

Having determined the existence of a conformal window, a natural follow-up ques-
tion it to ask for its bounds. The upper end of the conformal window will occur
when asymptotic freedom and this point is determined exactly from perturbation
theory. A number of analytical estimates for the lower end have been given in lit-
erature. We can distinguish a number of basic approaches to deriving this bound,
all of which have in common that they provide an estimate of the end point of the
chiral phase boundary. The first approach does so by means of an essentially per-
turbative estimate of the influence of chiral dynamics. A second approach employs
non-perturbative methods, developed in the context of regular, hadronic QCD, to
trace the chiral phase boundary. A final type of approach draws upon the similari-
ties between QCD with an IR fixed point and N = 1 supersymmetry and attempts
to connect explicitly to a supersymmetric extension of QCD. We will now discuss the
various results derived, using each of these basic approaches.
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Figure 1.7 Conjectured phase diagram of a generic SU(N) gauge theory with adjoint
fermions, in the plane of flavour number versus bare lattice coupling. The area filling in-
dicates the phase of the theory. The phase structure is similar to that of figure 1.5, but richer
since the scales of confinement and chiral symmetry breaking are detached. The polka dot
filled area is confined and chirally broken, while the striped area is deconfined and chirally
symmetric. The unfilled area is delineated by confinement and chiral symmetry breaking
transitions, but the order of those is not constrained. Both lines might coincide, in which
case the unfilled phase would simply be absent. Results from [105,108] on the thermal phase
transition in the quenched theory suggest this area would be deconfined, but chirally bro-
ken. The dotted line in the striped region indicates the location of the line of fixed points,
that will always be in the deconfined and chirally symmetric phase. The solidly filled phase
that appears above the conformal phase transition was proposed in [80]. It would be chirally
symmetric, but confining. The deconfining transition separating the solidly filled and striped
area might coincide with the conformal phase transition, in which case the former would be
effectively absent. It might also coincide with the line of IR fixed points, though the theory
should always be deconfining at the fixed points themselves. In this case, the theory would be
confining for any value of N f < NAF

f . It is not clear, however, what mechanism would cause
a deconfinement transition to occur when moving towards stronger coupling. This figure
was adapted from [77].
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1.3.1 Perturbative approaches
The first type of approach, in which one attempts to account for the chiral dynamics
perturbatively, is conceptually the most straightforward. The earliest result on the
lower bound of the conformal window, published in [82], uses this type of argument.
Spontaneous chiral symmetry breaking, it says, would trigger the destruction of the
IR fixed point. It is therefore natural to assume the conformal window opens the
moment the IR fixed point gc drops below the a critical value gSB where symmetry
breaking is triggered. We have a perturbative estimate for the former, but we can also
find one for the latter. One can therefore try to account for this physical reasoning
manually. This improved estimate for the opening of the conformal window, which
will of course still be perturbative in nature and truncated at two loops, will push
Nc

f towards higher values and IR fixed points at weaker coupling. To find gSB, we
perform a perturbative expansion of the anomalous dimension of the chiral order
parameter 〈ψ̄ψ〉. A mass gap is induced when the value of this anomalous dimension
equals 1 [116], so again we can solve for the critical coupling. Alternatively, it can
be found from a perturbative expansion of the Cornwall-Jackiw-Tomboulis effective
action [124]. For fundamental fermions and a general gauge group SU(N), its result
has been reported as [125, 126]

g2
SB =

8π2

3
Nc

N2
c − 1

. (1.12)

Equating the perturbative IR fixed point gc to gSB and solving for N f gives

Nc
f = Nc

(
100N2

c − 66
25N2

c − 15

)
. (1.13)

For SU(3), this results in a critical flavour number of Nc
f = 11.91.

An interesting alternative angle was chosen, again by Appelquist and collabo-
rators [127], in proposing an analogue to the ’t Hooft anomaly matching condition.
The anomaly referred to here is the residue of the pole of any correlation function.
It only receives contributions from massless degrees of freedom and is an RG in-
variant quantity. The combination of these properties implies that the value of the
anomaly can be used to connect the massless spectrum in the IR and the UV regime.
When the theory one wants to study is asymptotically free, one can calculate the
very straightforwardly in the UV regime. This value than places a constraint on the
massless degrees of freedom in the strongly coupled IR limit, where the value of
the anomaly must be reproduced. The anomaly matching condition is essentially a
way of imposing the symmetries of the Lagrangian on the spectrum of composite
particles. Although the procedure does not impose the absence of additional mass-
less particles in the spectrum, there is no symmetry that will protect such particles
from acquiring a mass. Their presence would therefore be unnatural and it is a cus-
tomary assumption, when applying the anomaly matching procedure, that they will
be absent. The authors of [127] propose promoting this assumption to a constraint.
One consequence of such a constraint, is that one should reject any IR spectrum that
contains more massless degrees of freedom than the free UV limit does. In a way,
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one could say that the Lagrangian does not possess the necessary amount of sym-
metry to support such a spectrum. Applied concretely to QCD with a large number
of flavours, this means that spontaneous chiral symmetry breaking should vanish
for some value of Nc

f . That value would be reached, the moment that the number
of Goldstone bosons that would be produced exceeds the number of massless de-
grees of freedom in the free theory. Specialising to the fundamental representation,
the well known expression for the number of Goldstone bosons in a spontaneously
chirally broken theory reads

d.o.f.IR = N2
f − 1. (1.14)

In the (free) UV limit, one can count the number of massless bosons and add number
of independent fermionic degrees of freedom:

d.o.f.UV = 2(N2
c − 1) +

7
2

NcN f . (1.15)

According to the constraint of [127], the constraint should read d.o.f.IR ≤ d.o.f.UV,
which translates into

N f ≤ 4

√
N2

c −
16
81

. (1.16)

What makes this result of great potential interest, is that it provides an upper bound
to the onset of the conformal window from symmetry considerations. For the case of
SU(3), it would place N f = 12 inside the conformal regime. Nevertheless, particular
caution should be taken in interpreting these results, in spite of its basic assumption
feeling rather natural and the reproduction of a number of known results [127]. Un-
like for the ’t Hooft anomaly matching condition itself, no rigorous arguments have
been presented for its validity.

1.3.2 Non-perturbative approaches
The second line of arguments, based on non-perturbative models developed for
hadronic QCD, was introduced in [128]. Here the critical number of flavours is found
from the instanton liquid approach [129]. An onset of instability in the confining liq-
uid is found for flavour numbers as small as N f = 6. Note that this result contradicts
the conclusion of [130], co-authored by one of the authors, where small but finite
sized pseudo-particles were observed for N f = 10 and confinement was found to be
absent only at N f = 12. A study of the instanton effects [131] specifically accounting
for the presence of a fixed point, which should limit the strength of the coupling at
the IR scales typical for instantons, put the critical flavour number at Nc

f ≈ 3.7Nc,
or a potential Nc

f ≈ 11.1 for SU(3). This value was derived in the context of SU(2),
however.

Functional renormalisation group methods [132, 133] are powerful tools in the
analysis of phase transitions and provide a natural setting for studying the pres-
ence of spontaneous chiral symmetry breaking as a function of N f . This approach
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starts by introducing an IR regulator on the full propagator that suppresses contri-
butions below some momentum scale k. By means of a systematic expansion of the
operators, a k-dependent effective action can be constructed. Renormalisation group
relations are then used to connect the action at different scales [134]. These calcu-
lations are non-perturbative, though not exact, as the effective action usually needs
to be truncated at some order. One such study [135] of QCD, extended with effec-
tive four fermion interactions to account for higher order corrections to the action,
studied the coefficients of the four-fermion operators as function of the number of
flavours. When approaching the critical flavour number from the chirally symmetric
side, those coefficients should diverge, signalling the onset of the symmetry break-
ing. For SU(3), the authors of [135] obtained a critical flavour number of 10, with
combined uncertainties producing a range roughly between 9 and 12 flavours. A
very similar approach was used in [56, 136], but in the context of finite temperature
field theory. The main goal of these papers was the calculation of chiral phase bound-
ary of QCD as a function of N f . While the focus is on the smaller flavour numbers
relevant for QCD phenomenology, the authors find an estimate for the lower bound
of the conformal window at the end point of the chiral phase boundary. Though
this happens around N f = 12, it is stressed that this results is quite sensitive to the
truncation and consequently fully compatible with [135]. Interestingly, the authors
define a consistent scale at each value of N f by equating the running coupling at the
scale of the τ lepton. This introduces a certain arbitrariness to the shape of phase
boundary and casts some aspersions on the ambition of the authors to determine
scaling properties close to Nc

f . Nevertheless, very few schemes for setting the scale
in these theories have been proposed and the possibility of connections to the quark
gluon plasma might make this more than a cosmetic issue. As will become clear,
these papers formed the direct inspiration for our lattice studies of the conformal
window.

The research presented in [137] is somewhat hard to classify, but can be under-
stood as an ingenious rewriting of QCD that allows for a direct study of the in-
fluence of fermionic degrees of freedom. In this case, the fermion determinant of
equation 1.1 is rewritten in terms of an exponent of Wilson loops. This setup was
discussed in [138] and is based upon the world-line formalism formulated in [139].
The argument of the exponent now becomes sum over all possible Wilson loop con-
tours, such that we obtain schematically

det [M]N f = exp

[
N f ∑

C
W

]
= ∑

n

[
N f

n!

(
∑
C

W

)n]
(1.17)

and N f moves from being the power of the determinant to being a natural part of
the expansion. Equation 1.17 can be employed to write a systematic expansion of the
full QCD action of equation 1.1. The leading order contribution to the expectation
value of any observables calculated in this framework, being the N f = 0 limit, will
be the quenched, pure Yang-Mills result. Each higher order will add a Wilson loop
to the configuration, which can be shown to carry a coupling factor λ/Nc from an
AdS/CFT mapping to a string theory. All in all, we will find an expansion in terms
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of

λ
N f

Nc
, (1.18)

where λ is a constant that can be determined from, e.g. lattice simulations of Yang-
Mills theory as the strength of the three glueball interaction vertex. The series that
results will be geometrical and nicely convergent, as long as N f is small enough for
the expression in equation 1.18 to be at most unity. Once the value Nc

f where the
expansion breaks down is reached, the expansion of the theory around a confining
and non-chiral vacuum breaks down. The author of [137] associates this with the
onset of the conformal window and writes the condition, for general gauge groups
and representations of the fermions, as

Nc
f

T(R)
C2

= λ−1. (1.19)

Given a numerical value of about 0.5 for λ for Dirac fermions, we find Nc
f = 4Nc for

fundamental fermions, or Nc
f = 12 for SU(3).

1.3.3 Supersymmetry inspired approaches

The final avenue to the lower bound of the conformal window attempts to use the
availability of rigorous results in supersymmetric theories to derive properties of the
closely related conformal phase. One possible way of exploiting the resemblance be-
tween the theories, is by using effective actions derived from supersymmetric QCD
(sQCD). This approach was pioneered by Seiberg and Witten [140–143] and can be
extremely powerful in deriving exact solutions, because of the underlying enhanced
symmetries. Starting from sQCD, such an effective action for QCD was constructed
in [144] by integrating out the gluinos and squarks below the scale of supersymme-
try breaking. This action was valid for a number of flavours smaller than the number
of colours, but the authors extend it to the large N f limit in [145]. Using a pertur-
bative approximation to this effective theory, it is possible to calculate the anoma-
lous dimension of various operators. As we saw before, chiral symmetry breaking
will vanish when the anomalous dimension of the chiral condensate becomes 1. To
determine the critical flavour number Nc

f , one can therefore solve the perturbative
expression for this value. The result reported in [145] agrees with [82] and equals
Nc

f = 3.9N.

The final type of approach to the Though the effective action itself is non-trivial,
the result of [145] is still a perturbative estimate. But the interesting conjecture pre-
sented in [146] takes a flight forward and attempts to circumvent any expansions.
It bases itself on the Novikov-Shifman-Vainshtein-Zakharov (NSVZ) supersymmet-
ric beta function [147, 148]. For supersymmetric QCD, this beta function is an exact
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solution, reading

β(g) = − g3

(4π)2

β0 + 2T(r)N f γ(g2)

1− g2

8π2 C2(G)
, (1.20)

γ(g2) = − g2

4π2 C2(R) +O(g4). (1.21)

The Ryttov-Sannino conjectured beta function mimics this form and proposes a closed
form of the non-supersymmetric beta function

β(g) = − g3

(4π)2

β0 +
2
3 T(R)N f γ(g2)

1− g2

8π2 C2(G)
(

1 + 2β′0
β0

) , (1.22)

β′0 = C2(G)− T(R)N f . (1.23)

The Ryttov-Sannino beta function expands to the two loop beta function 1.4 by con-
struction. It also reproduces lattice results in the N f = 0 Yang-Mills and the large
Nc limit, implying that it accounts for non-perturbative effects to some extent. These
do not make for very stringent tests by any means, but one can conservatively treat
equation 1.22 as a parametrization of the beta function. While the main application
of an exact beta function would lie in the study of the fixed point itself, a lower
bound on the conformal window can be derived from unitarity bounds. In a confor-
mal theory, the dimensionality of the ψ̄ψ operator should be equal to or larger than 1
in order to avoid states of negative norm and preserve unitarity [149]. As this oper-
ator has an engineering dimension of 3, this constrains the anomalous dimension at
the fixed point to be at most 2. From the root of equation 1.22, one can obtain an ex-
pression for the value of γ(g2) at the fixed point and determine the unitarity bound
on N f to be Nc

f ≥ 8.25. This constraint is very mild, where the stronger γ = 1 bound
produces a result comparable to the result of [114]. It should be noted that a similar
NSVZ form for the closed beta function is found from the large-N limit of a quan-
tum holographic effective action [150] for QCD4, without the explicit imposition of
supersymmetry. While this result is encouraging, it highlights a crucial problem of
the Ryttov-Sannino conjecture. As pointed out in [77], the anomalous dimension of
the gluons is fixed within the context of supersymmetry because of a series of subtle
cancellations. Without those extensive symmetry constraints, there is no particular
reason to believe a closed form along the lines of the NSVZ beta function should
even exist. An expression such as the Ryttov-Sannino conjecture may be a useful
and generally quite accurate parametrisation. But it is by no means a unique choice
and its supersymmetric roots make it likely that it is missing certain features induced
by the lack of cancellations in ordinary QCD.

Some of these features can be introduced by hand. Several refinements of the con-
jecture have in fact been proposed. A natural extension in the context of both phe-
nomenology and lattice gauge theories is the addition of finite quark masses [151,
152]. Since masses are relevant operators, massive quarks will eventually decouple
and the coupling will start to run. No true conformal window exist therefore, but
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the proximity of a fixed point will cause the coupling to stall over a large range of
scales and produce walking behaviour. Since a plateau in the strength of the cou-
pling will be observed in practice, we can define a “quasi-conformal window”. The
lower bound of this window, determined from a bound on γ as in the massless case,
will be a function of the mass and approach the conformal window from above in the
chiral limit. The authors of [153] address the potential presence of an UV fixed point
as proposed in [99], which is a feature that the Ryttov-Sannino conjecture does not
reproduce. Using their modified expression in the large Nc limit where conditions on
the anomalous dimension derived in [99] are exact, they find a critical flavour num-
ber Nc

f = 13.2 for fundamental fermions in SU(3). This value is substantially larger

than other predictions, but is lowered again to 12 when estimating N−1
c corrections.

For any of these modifications, however, the fundamental problem remains. They
may capture known features of the system we investigate to some (possibly good)
degree, but their predictive power is limited.

1.3.4 Summary
A concise overview of analytical estimates – one that has rapidly become standard
fare in any discussion of the topic – was provided in [103]. This discussion would
not be complete without the inclusion of figure 1.8. The ranges plotted here for the
four representations under consideration are based upon a number of criteria. The
top line delimiting the predicted conformal regions is given by the perturbative loss
of asymptotic freedom. By the large NAF

f − N f expansion argument of [80], these
should be reliable estimates given by

NAF
f =

11
4

D[G]C2[G]

D[R]C2[R]
. (1.24)

In this equation, G denotes the adjoint representation of the gauge group, while R is
the representation of the fermions. The operator D represents the dimensionality of
the representation, C2 is its quadratic Casimir. For the values of these quantities for
different representations, see table 1.1. The dashed lines in figure 1.8 indicate the po-
sition of the perturbative Banks-Zaks fixed point. Barring exotic mechanisms, these
could be considered a strict lower bound on the opening of the conformal window
and are given by

NBZ
f =

D[G]C2[G]

D[R]C2[R]
17C2[G]

10C2[G] + 6C2[R]
. (1.25)

Taking into account the argument of [82] and using the ladder approximation cal-
culation as an estimate for chiral symmetry restoration, the true lower bound of the
conformal window is estimated by

Nc
f =

D[G]C2[G]

D[R]C2[R]
17C2[G] + 66C2[R]
10C2[G] + 30C2[R]

. (1.26)

This line is taken as the lower range of the conformal window in figure 1.8.
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Figure 1.8 Extent of the conformal window as derived by Dietrich and Sannino, reproduced
from [103]. Dashed lines indicate the location of the perturbative Banks-Zaks fixed point.
Coloured ranges give the extent of the conformal window, assuming it is bound by the loss
of asymptotic freedom on the one side and the appearance of spontaneous chiral symmetry
breaking (estimated from a ladder approximation) on the other. Different representations are
displayed in different colours: fundamental (black), adjoint (blue), two-index symmetric (red)
and two-index anti-symmetric (green).

1.4 Numerical bounds on the conformal window

The only method to account for non-perturbative dynamics systematically from first
principles is by means of lattice calculations. Lattice studies of the conformal win-
dow have an extensive history, being performed more or less in parallel to analytical
analyses throughout. We will present a chronological overview of the developments.
Let us first note that these simulations have been done all but exclusively using stag-
gered, or Kogut-Susskind fermions [154, 155]. This is due to a good match between
the properties of this fermion discretisation and the requirements of the simulations.
The interest in simulations at large N f has been predominantly qualitative and ex-
ploratory, giving rise to a need for a large number of runs with different parameters.
This makes it undesirable to have to invest in the tuning of each run separately.
Wilson-type fermions break chiral symmetry completely and consequently acquire
an additive mass renormalisation. This introduces the need for tuning of the action
and can complicate the study of chiral dynamics. The phase diagram of staggered
fermions, on the other hand, is clean towards the chiral limit, because the staggered
formulation preserves a non-trivial subgroup of the full chiral symmetry [156]. As
a consequence, they do not require any tuning in particular. Finally and quite rele-
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vantly, staggered fermions are exceedingly efficient compared to alternative formu-
lations [29]. This enables even small scale studies to reach reasonably low masses
and large volumes. It is for exactly these reasons, that the lattice simulations in the
large N f limit reported upon in this thesis have been performed using staggered
fermions, too. The staggered formulation does have some serious drawbacks, how-
ever. In the staggered formulation, the sixteen species of fermion from the naive
discretisation of the fermion propagator get reduced to four different “tastes”. These
tastes are degenerate in the continuum limit and are reduced to a single flavour by
taking the root of the fermion determinant. It is not completely clear whether this
procedure is completely well defined non-perturbatively [157–159]. Fortunately, the
cases N f = 8 (perturbatively walking), 12 (barely conformal according to most an-
alytical predictions) and 16 (last integer flavour number before loss of asymptotic
freedom) are particularly interesting for quarks in the fundamental representation.
Most studies have been therefore been performed using multiple sets of unrooted
quarks. But even then, lattice artefacts will break the taste symmetry of staggered
fermions [160]. The upshot of this, is that one cannot simulate with perfectly de-
generate quarks. This effect might have non-negligible consequences for the phase
dynamics if taste breaking effects were to become too large.

The very first lattice study with a large number of quark flavours [161] was fo-
cused on the phase of the N f = 8 theory as a function of the bare coupling. Due
to the technical limitations of the time, the simulations had to be run on very small
43× 8 lattices. Nevertheless, a first order chiral phase transition was observed, prov-
ing the feasibility of lattice studies in the large flavour number limit. These results
were not sufficient for determining properties such as the sensitivity to volume ef-
fects. As a consequence, very little could be concluded about the zero temperature
phase of the theory. The two studies first attempting to answer that question ap-
peared in 1988 [162, 163]. Fukugita and collaborators [162] published results on the
location and order of the confinement transition as a function of the number and
mass of the quarks. The large N f limit was explored in simulations with N f = 10, 12
and 18. At modest volumes of 83× 4 and 84 and bare quark masses down to a rather
heavy am = 0.1, these data did present a marginal parametrical improvement over
those of [161]. First order transitions were found in the Polyakov loop for each of the
flavour numbers. The Polyakov loop is in fact the order parameter of confinement in
pure Yang-Mills and not an order parameter in the presence of dynamical fermions,
but the appearance of sharp transitions was attributed to the underlying chiral dy-
namics. Of course, it might also indicate that the input masses were too heavy to be
fully dynamical. For N f = 18, the authors assumed a bulk nature for the transition
without further proof. But with the location for N f = 10 and 12 of the transition
showing some sensitivity to the change from Nt = 4 to 8, it was concluded that both
were thermal and therefore in the regular phase of QCD. The combination of heavy
masses and small temporal lattice size does limit the precision of these results, how-
ever. In [164], a study that could be considered a follow-up to [162], runs at N f = 8
and 17 – bracketing the perturbative conformal window – were reported upon for
much larger spatial volumes of 163 × 4. Again, a first order phase transition to a
chirally broken and confined phase was observed. For N f = 8, the transition turned
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into a crossover for bare quark masses of am = 0.25 and heavier. As this puts the
bare quark masses used in [162] within the regime of light masses, it indirectly bol-
sters those results. Unfortunately, no attempt was made to directly observe a shift in
the location of the transition as a function of Nt. The presence or absence of apparent
thermal sensitivity for N f = 17 would have been a test of lattice artefacts interfer-
ing with the results of [162]. Nevertheless, one important conclusion from the data
at N f > 16.5 in both [162, 164] is a direct observation of lack of chiral symmetry at
any number of flavours in the strong coupling limit, as envisaged in e.g figure 1.5.
But the apparent thermal nature of the transition may be nothing but an artefact of
Nt = 4 being an exceedingly small value. The other paper of 1988 by Kogut and
Sinclair [163], a follow up to [161], covered a range of volumes (44, 64 and 84 being
the largest) and included runs at N f = 8 and N f = 12. Here, too, first order tran-
sitions were found in the chiral condensate for both cases. Volume sensitivity, as a
marker for a thermodynamics driven transition, was observed mainly in a compari-
son of 44 and 64. Some limited sensitivity to the volume was present beyond that for
N f = 12, but a vanishing Wilson line expectation value for the largest volumes was
interpreted to indicate the absence of strong finite volume effects on the gauge dy-
namics. On balance, it was concluded that bulk transitions occurred at both flavour
numbers, though the Polyakov loop appeared to be more sensitive to finite volume
effects.

On balance, these early results were somewhat contradictory then. Finite vol-
ume systematics could easily be strong enough in either to invalidate any conclu-
sions drawn. A group centred around Columbia university [165] set out to study
the hadronic spectrum and chiral transition at N f = 8. Employing volumes up to
163 × 32 in combination with quark masses down to am = 0.004, these simulations
were more mature in setup. A clear transition was observed for values of Nt be-
tween 4 and 16, but conclusions were mixed. Sensitivity to the size of the lattice
in the time direction was seen for small values of Nt, going up to Nt = 8. Above
that value the position of the transition remained constant. The authors state that
this would match the behaviour of a bulk transition, with enhanced finite volume
effects for 4 < Nt < 8. On face value, this would seem to imply the absence of a
finite temperature transition and a fixed point at N f = 8. It was noted, however, that
the spectrum of particles in the chirally symmetric phase was very similar to that
of the high temperature limit of QCD, while it did not exhibit signatures of confor-
mal physics. This, and the contradiction with analytical predictions, led the authors
to speculate a hadronic phase for N f = 8 might still be preferred, but that lattice
artefacts were too large for a definite conclusion.

In spite of the reservations expressed by the authors of the respective works, ten-
tative conclusions from lattice analysis left room for the surprising conclusion that
N f = 8 might be inside the conformal window. Iwasaki and collaborators cemented
these peculiar results by their investigations of large N f systems in the strong cou-
pling limit [166]. Their simulations were, as an exception, performed using Wilson
fermions and all performed in the rigorous strong coupling limit of β = 0 (gL → ∞).
Lattices used here were asymmetrical, but comparatively large going up to a max-
imum size of 182 × 24× T. The authors searched for a deconfining transition as a
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function of the Wilson hopping parameter k, which implicitly determines the quark
mass. This was done by studying the Polyakov loop, as well as the chiral limit of
the pion mass that should indicate spontaneous chiral symmetry breaking. As the
infinite mass limit is nothing but a confining regular Yang-Mills theory, this transi-
tion will exist for some value of k if the theory is symmetric in the chiral limit. For
N f down to values as low as 7, it was in fact found to occur. The location of this
transition was further found to be independent of Nt, which would imply a true chi-
rally symmetric zero temperature phase at N f = 7 and up. Additional simulations
were published over the course of several years [167, 168], using similar methodol-
ogy. Here results were extended to extremely large flavour numbers, to obtain the
limiting case of a chirally symmetric theory, and at finite coupling. The phase dia-
grams constructed on the basis of these give a fully symmetric chiral theory above a
critical flavour number Nc

f = 7, even in the β = 0 limit.

It perhaps bears some stressing how counter-intuitive the appearance of a fixed
point outside of the range predicted by the perturbation theory would be. The
underlying mechanism for non-perturbative physics in the IR is the anti-shielding
caused by gauge bosons coupling to themselves. Since fermion interactions are me-
diated by gauge bosons, an enhancement of the fermion sector would seem to im-
ply a matching enhancement of the gauge bosons. For the shielding by fermions to
overwhelm the anti-shielding of gauge bosons, it would seem they would have to
interfere with the very mechanism that produces the shielding! Non-Abelian gauge
theories are extraordinarily rich and such a mechanism may in fact exist, but it would
have to be completely novel and no proposals for it have been made. At the same
time, the absence of chiral symmetry breaking in the strong coupling β → 0 limit –
even away from the chiral limit – implies the absence of the confining bulk transition
that is observed in simulations using staggered quarks. The latter is not particularly
detrimental, since the bulk transition is a pure lattice artefact and its absence might
be a consequence of the use of a Wilson action. Nevertheless, given their implica-
tions, the results of [166–168] should be put to scrutiny. Some potential issues are
clearly present. For one, the expectation value of the Polyakov loop for different pa-
rameters constitutes the main part of the evidence, but this is not necessarily a useful
observable in the presence of fermions. The papers do look at chiral symmetry, but
use an extrapolation of the pseudo-scalar meson mass that is very susceptible to sys-
tematic errors. And it is exactly the magnitude of those systematic errors – the finite
size and discretisation artefacts in this strong coupling limit – that remains unclear.

With the status of the lower bound of the conformal window unclear, it seemed
advantageous to perform a detailed investigation of the theory far into the suspected
conformal window. With a two-loop predicted IR fixed point g∗ � 1 in combina-
tion with asymptotic freedom, the theory with N f = 16 should be well described by
perturbation theory. In [169], this setup was examined specifically. Not only was the
location of a first order in both the chiral condensate and the string tension deter-
mined, but the spectrum of the theory in what was shown to be a chirally symmetric
phase was studied. An innovative analysis was presented of the parameter depen-
dence of the ratio of masses, which can be interpreted as an estimate of an effective
beta function, and a change in sign of this beta function with respect to ordinary QCD
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was found. Obviously, this effective beta function is both non-unique and measured
away from the continuum limit, so lattice artefacts may well introduce spurious ze-
ros. Nevertheless, data from simulations using the Schrödinger functional [170],
which allows for studying the running of the coupling in a well defined scheme and
in the chiral limit, corroborated the conclusions from [169]. The paper also presented
an interesting comparison with the data from [165], providing a reanalysis of its data
on the spectrum. The authors noted the apparent similarities between the dynamics
found at N f = 8 and 16, but in fact found an opposite sign of the beta function for
both. At this point, the jury was still out on the extraordinarily low bound on the
conformal window.

This confusing state of affairs was the backdrop of a second surge in lattice in-
vestigations of the conformal window. A window of potential progress had opened
up by the rapid development of computer resources, but also remarkable strides on
the algorithmic side. All lattice studies up to this point had been conducted using
the Wilson plaquette action and naive staggered fermions. Through the use of im-
provement strategies, the accuracy of these results could be improved upon dramat-
ically. At the vanguard of these results were papers on the running of the coupling
at different flavour numbers [171, 172]. By means of a Schrödinger functional, these
papers demonstrated a clear quantitative difference in the running of the coupling
between N f = 8 on the one hand and N f = 12 and 16 on the other. For the former, a
rapid increase of the coupling at larger distances L was found. The latter showed an
asymptotic approach to a fixed coupling from both above and below. These results
are not scheme independent, however, so they cannot demonstrate the existence of
an IR fixed point in themselves. But if not ironclad proof, the results of [171, 172]
were strongly indicative of a conformal window being bounded by 8 < N∗f < 12.
With this, lattice data appeared to come in line with analytical predictions.

Started before the publication of [171], the paper [173] included in this thesis as
chapter 3 re-examined the setup of [165] at larger volumes and with an improved ac-
tion and found results consistent with those of the Schrödinger function. Chapter 4
was published as [174] and extended some of the methodology pioneered in [169] to
the N f = 12 theory. As these papers will receive ample attention in coming chap-
ters, we here only note their position in the time line of publications. Preliminary
data from what amounted to a follow up study to [165] were shown in [175, 176].
The use of a highly improved action on larger volumes were intended to resolve the
ambiguity of the previous paper and cast light upon the nature of QCD with twelve
flavours. Agreement with the results of [171, 173] was found for N f = 8. For the
case of N f = 12, strong finite volume effects complicated the analysis. Another note-
worthy ongoing attempt at pinning down the chiral dynamics from a study of the
spectrum is that of Fodor and collaborators [177–179]. In this program, an attempt
was made to fully control systematics due to volume and taste symmetry breaking
and account for these explicitly in the spectrum of meson masses and eigenvalues
of the Dirac operator. Such efforts included the study of the system explicitly in the
regime of small volumes. While this approach provides a radical solution for the
issue of poorly controlled systematics first presented in [165], the move away from
a continuum limit approximation complicates the interpretation of results. For both
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these programs, chiral symmetry restoration was determined mainly from the mass
spectrum of light mesons and their decay constants. Our understanding of these is
grounded large in chiral perturbation theory and the applicability of results obtained
in that framework may be limited in this context.

Another interesting approach is taken by A. Hasenfratz in a series of lattice stud-
ies of the RG flow, using Monte Carlo renormalisation group [180] calculations with
a 2-lattice matching technique [181]. The gist of this technique lies in a blocking
renormalisation in the spirit of Wilson. In the studies described here, a factor two
blocking operation is defined according to

Vn,µ = Proj

[
(1− α)Un,µUn+µ,µ +

α

6 ∑
ν 6=µ

Un,νUn+ν,µUn+µ+ν,µU†
n+2µ,ν

]
, (1.27)

where the projection operator is onto elements of SU(3) and α presents an arbitrary
parameter that can be tweaked for optimization. Using this operator, a new, blocked
lattice can be produced from an existing one. Expectation values measured on this
blocked lattice can be seen as results obtained from a momentum rescaled theory. By
tuning input parameters to a separate run such that the blocked expectation values
are reproduced, the effect of blocking on the parameters can be quantified. In prin-
ciple, it possible to trace out the RG flow by these means and demonstrate a fixed
point in the theory directly. Given a sufficient number of blocking steps, such a fixed
point can eventually be connected to the perturbative, asymptotically free regime.
A preliminary study [182] investigated the feasibility of this technique for known
cases, examining N f = 4 and 16, as well as pure Yang-Mills, using an aggressively
improved gauge action. An effective massless limit was supposed at feasibly low
quark masses. Using this effective limit, the complex procedure of tuning a multi-
dimensional parameter space could be factorized: The coupling could be tuned by
itself, followed by the mass at the fixed point away from the chiral limit to determine
the anomalous dimension. For N f = 16, indications of the presence an IR fixed point
were found as expected. In addition, a measurement of the anomalous dimension
of the mass at the fixed point was performed and it was found to be statistically
vanishing. Preliminary data for the disputed case of N f = 12, presented in [183],
indicated the absence of a fixed point and indeed the absence of a bulk transition in
the intermediate coupling regime. A later publication [184] actually retracted these
conclusions, reporting that indications of the presence of a fixed point were found,
though it was impossible to distinguish between slow walking behaviour and the
presence of an actual fixed point. The anomalous dimension of the mass was again
found to be vanishing. Here, too, the case of N f = 8 was found to have no pseudo-
conformal phase.

Summarizing, lattice studies of flavour-extended QCD, while initially conflict-
ing with analytical predictions, have in the past few years been converging towards
those. The lower bound of the conformal window has been all but unanimously
found to be above N f = 8, as one would expect from perturbation theory alone.
While the case of N f = 12 is somewhat disputed, those investigations drawing firm
conclusions have found it to be (just) inside the conformal window. Barring surpris-
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ing developments, the emphasis of lattice studies is set to move towards the inves-
tigation of the properties of the pseudo-conformal phase. It is perhaps unfortunate
that N f = 12 should present an apparent boundary case, as one would perhaps pre-
fer to study a strongly coupled theory slightly deeper into the conformal window.
Unfortunately, the study of physics away from the natural multiples of four using
staggered fermions, possibly even at non-integer flavour numbers, would require
the rooting procedure mentioned earlier, which could introduce additional system-
atics [158].

1.4.1 Non-fundamental fermions
There has been quite some recent activity in the simulation of fermions in higher
dimensional representations, which has focused mainly on two cases where the con-
formal window is expected to open up at low flavour numbers. These are the two-
index symmetric (2S, or sextet) representation of SU(3) and the adjoint representation
of SU(2).

Chiral symmetry breaking in theories including sextet fermions was first studied
in [185] using a staggered fermion formulation and matching gauge simulations to
predictions form random matrix theory [186, 187]. This approach was used again
in [178], but using overlap fermions that more faithfully reproduce the zero mode
spectrum. The pattern of chiral symmetry breaking in an SU(3) gauge theory with
sextet and fundamental fermions was compared, and it was concluded that no es-
sential differences existed between the representations in this respect. A previous
paper [179] had found similar results in the same setup, finding a topological charge
definition equivalent up to lattice artefacts from both fermion formulations. The rel-
evance of these observations lies in the functional equivalence of the higher dimen-
sional fermions in the modification of underlying gauge dynamics. As explained
above, there representation should be far more efficient and trigger the appearance
of an IR fixed point at much lower flavour numbers. Numerical support of this sce-
nario was first obtained in [188]. In an approach resembling [171], a Schrödinger
functional step scaling analysis was performed of an SU(3) gauge theory with two
sextet fermions in the Wilson formulation. Evidence was found for the existence of a
zero in the discrete beta function of the theory at rather weak coupling. This would
indicate the existence of an IR fixed point. The option was left open, however, of the
existence of a spurious zero in the discrete approximation due to the generation of
new non-perturbative degrees of freedom, as proposed in [189]. A direct investiga-
tion of the phase structure of this theory [190], used clover fermions on volumes up
to 124. From measurements of the meson spectrum and the static potential, it pro-
vided evidence of a vacuum transition between a chirally broken strong coupling
and a chirally symmetric asymptotically free limit – again consistent with the exis-
tence of an IR fixed point in the theory. Interestingly, no indication was found for
the separation between a deconfinement and chiral transition, in contrast to the re-
sults of an early quenched study of sextet fermions [191] and the findings for adjoint
fermions mentioned below. Reported in a separate paper was the volume scaling of
the low lying eigenvalues for these runs, which was found to be atypical [192]. It was
hypothesised that the observed pattern of scaling was consistent with the existence
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with an IR fixed point with a sizeable anomalous dimension.

For SU(2) theories, the two-index symmetric representation actually coincides
with the adjoint representation. A number of papers published on SU(2) with ad-
joint fermions can therefore be seen as the smaller colour group analogues of the
SU(3) sextet studies. Out of interest in the possible realisation of walking techni-
colour, Catterall and Sannino [193] compared the spectrum of SU(2) with two funda-
mental and two adjoint Wilson fermions. For the adjoint representation, the confor-
mal window opens up perturbatively at N f = 1.0625 already, but since the estimate
of [103] raised this to N f = 2.075, slow walking behaviour was expected for the
latter. Qualitative differences in the π and ρ spectra were in fact observed at weak
coupling, with the masses becoming very light for adjoint fermions. Some hints of
an unexpected full restoration of chiral symmetry were actually found, though the
43 × 8 volumes used in these simulations might well be too small to obtain accurate
results. Volumes were doubled in the follow up paper [194], where the authors, sim-
ilar to the case of fundamental fermions, find a first order phase transition at strong
coupling they identify as a lattice artefact. Even in this setup, however, it turned out
to be ultimately impossible to distinguish between a slowly walking theory, or one
generating an IR fixed point. An extensive study of the same spectrum was done
by Del Debbio et al. [195–197], using Wilson fermions on a range of volumes up to
163 × 32 and investing heavily in controlling systematics. They concluded that it
was natural to interpret the mass hierarchy they observed, with the glueball states
lying well below the mesonic spectra, as being induced by conformal physics. Still,
they postponed any definite conclusions to future studies aimed at simultaneously
extrapolating to the chiral and continuum limit. Finally, the bulk transition observed
in [194] was found as well in [198], at decidedly larger volumes up to 244. To the
weak coupling side of the transition, a restoration of chiral symmetry occurred, but
the authors could not exclude this being due to enhanced finite volume effects. With
these indications of non-trivial IR behaviour of the theory, the same authors per-
formed a Schrödinger functional scaling study in [199]. The discrete beta function
measured opposite signs around a scheme dependent critical value of the coupling,
directly confirming the existence of the fixed point and vindicating the perturbative
estimate. However, as the fixed point was found to lie at much weaker coupling
than that predicted by perturbation theory, non-perturbative effects should be large
in this region.

1.5 Outline of this thesis

In the following chapters, we will discuss work on what roughly amounts to a
gradual increase of flavour numbers. Chapter 2 is phenomenology oriented. It de-
scribes an analysis of the initial results of the European Twisted Mass Collaboration
N f = 2 + 1 + 1 simulations, the first lattice calculations to attempt and include a
physically accurate strange and charm quark. Previously, the research program of
the ETMC used N f = 2 simulations exclusively, rather than the now somewhat cur-
rent N f = 2 + 1 setup. As discussed above, this is due to the peculiar construc-
tion of the twisted mass action, that works only for isospin doublets. The technical
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challenges of accurately simulating quarks with three non-degenerate mass values
separated at vastly different mass scales, described in this chapter, necessitate care-
ful checks of the viability of the results. To this end, chapter 2 presents chiral fits
showing the consistency of the data and the impact of systematics.

Chapter 3 moves beyond phenomenology and presents results on the thermo-
dynamics of QCD with eight flavours. Proof is presented of the occurrence of a first
order phase transition using anO(a2) improved action on a range of lattice volumes.
Not only is the location of this transition demonstrated to be sensitive to finite vol-
ume effects, the scaling properties of this sensitivity are investigated in detail. By
an application of the two loop beta function, it is found that the shift can be related
to a physical temperature. Having found a thermal phase transition, it is concluded
no chirally symmetric vacuum exists at zero temperature. These results contrast
with the ambiguous conclusions of [165] and are fully compatible with [171]. To our
knowledge, these are the first studies showing thermal scaling in a theory with large
flavour number.

In chapter 4, the approach of chapter 3 is extended to the case of twelve flavours.
This peculiar value of N f is crucial, in that it is predicted to be sufficient to trigger a
fixed point by most analytical approaches and results consistent with a fixed point
here were found in [171]. We determine the location of the chiral symmetry breaking
phase transition and demonstrate it has the hallmarks of a bulk phase transition. It
is demonstrated that chiral symmetry is restored on the weak coupling side of the
transition and that the approximation to the beta function first introduced in [169]
produces a positive sign for the beta function. These properties are argued to be
strongly suggestive of the existence of a fixed point.

Building on these findings, chapter 5 presents preliminary results on a range of
observables for simulations with twelve quark flavours. The mass dependence of
the bulk transition is investigated and it is found smooth transition found in chap-
ter 3 turns from a crossover into a sharp first order phase transition as the chiral
limit is approached. Somewhat surprisingly, a secondary transition appears as the
crossover transition becomes first order. We provide arguments why this transition is
in all likelihood a lattice artefact, without consequences for continuum physics. Data
are also shown for the Polyakov loop and the static potential. The former does not
produce a signal at zero temperature, but the mass dependence of the string tension
gives a promising probe of conformal physics. Finally, the approach to the pertur-
bative regime is studied from the plaquette expectation value, for which a stochastic
estimate of the perturbative series is anticipated. It is found that non-perturbative
effects dominate the results for the coupling constants at which results are currently
available.

This thesis will conclude with a short, but critical discussion of the results pre-
sented and their position in the landscape of current literature. Suggestions are made
for the continuation of this research program and the improvement of the results ob-
tained from it so far.






