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1 INTRODUCTION

1.1 Nano and microfabrication technology
Miniaturization is the continuous downsizing of components and devices for applications
in micro-electronics, optoelectronics and micro/nano-electro mechanical systems (NEMS,
MEMS). The beginning of the twentieth century was very important in modern human history
with the advent of electronics and computers. Exceptional developments in micro-electronics
enabled computers to be generally accessible and thus laying the foundation for modern tech-
nology. The tendency towards building small-scale components and products in all fields of
science (mechanical, optical, electronic, chemical or even biological) has become increas-
ingly desirous, allowing products and devices to be easier to carry, easier to store, and much
more convenient and efficient to use. As a result of the quest to build smaller structures, the
field of nano- and microfabrication technology emerged. Specialized fabrication strategies
have been developed in the last three decades to realize micro- and nanosystems, such as
photo-lithography [Okazaki, 1991], focused ion beams [Moon et al., 2007] and soft lithog-
raphy [Xia and Whitesides, 1998]. The continuous downsizing of consumer electronics (e.g.
smart phones) is the outcome of the considerable progress made in this field.

Much attention has been focused on generating ordered surface patterns, wrinkles and
channels at the nano- and micron scale with controllable dimensions. Recent developments
in this area has lead to a wide range of fascinating applications such as tunable optical grat-
ings [Edmondson et al., 2006; Edmondson and Huck, 2004; Xia et al., 1996], flexible elec-
tronics [Baca et al., 2008; Hsu et al., 2002a; Jiang et al., 2007b; Kim et al., 2008; Lacour
et al., 2003; Sun et al., 2006], micro-reactors [Watts and Wiles, 2007], micro- and nanoflu-
idic channels [Malachias et al., 2008; Mei et al., 2007], actuation/sensing devices [Comrie
and Huck, 2008], particle separators [Efimenko et al., 2005], templates for microstructure
fabrication [Huck et al., 2000; Peng et al., 2004; Schäffer et al., 2000], scaffolds for tissue
engineering [Langer and Vacanti, 1993] and surfaces for marine anti-fouling [Efimenko et al.,
2009].
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1.2 Surface patterning by buckling
Almost all methods employed in generating patterns/order at small length scales rely on the
three step process of conventional lithography, thin film deposition and etching. In the search
for alternative approaches, a new method based on the buckling of pre-stressed thin films has
emerged with promising features compared to conventional lithography based techniques.
Buckling, wrinkling and other mechanical instabilities have long been considered as beset-
ting phenomena to be avoided for better performance of structures. However, buckling can
also be exploited for the well-controlled generation of regular surface patterns in the micro-
and nanometer range [Bowden et al., 1998]. The spontaneous formation of ordered structures
through buckling eliminates the necessity of pre-patterning in contrast to lithography-based
methods, thus evolving as a promising cost and time-efficient alternative approach. It is worth
noting that the self-assembly or self-organization of order at length scales much smaller than
the induced feature sizes is an appealing feature of this technique. Many different ways of
buckling-driven pattern and channel formation have been explored in the literature. Blis-
ters of various morphologies (straight, circular and telephone-cord) can be formed through
buckling-driven delamination of pre-stressed thin films from a rigid substrate [Gille and Rau,
1984; Moon et al., 2004; Ortiz and Gioia, 1994]. Wrinkle formation can also be achieved
when the film does not delaminate “from”, but buckle “into” the substrate. In this case,
the substrate is compliant and pre-strained by heating or stretching before the stiff film is
attached [Bowden et al., 1998; Huck et al., 2000; Jiang et al., 2007a], thus inducing com-
pressive stresses in the film. The generation of anisotropy in the pre- or postbuckling stress
state allows for a preferred direction of buckling, causing ordered ridging patterns. A wealth
of studies has been devoted to understand the mechanism of wrinkle/pattern formation in the
above two methods [see e.g., Hutchinson and Suo, 1992; Ortiz and Gioia, 1994; Song et al.,
2008; Suo and Hutchinson, 1990]. Recently, a new method of buckle-driven channel forma-
tion is reported, which is based on the partial release of pre-stressed thin films from a rigid
substrate by chemical etching [Malachias et al., 2008; Mei et al., 2007] or electrolysis [Ed-
mondson et al., 2006; Edmondson and Huck, 2004], causing the films to buckle-up, followed
by bond back of the film onto the substrate. In this method a thin film is grown on a substrate
during which eigenstrains are induced, causing compressive film stresses to develop. Next,
the film-substrate system is exposed to an external stimulus (chemical etching or an electric
pulse) which reduces the interface strength between the film and the substrate, allowing the
film to release its eigenstrains through buckling from the substrate. Finally, the system is
left for drying, during which the partially buckled-up film bonds back to the substrate due
to cohesive forces of attraction between the film and the substrate, freezing in the final ge-
ometry of the channel. Despite its success in generating well-controlled ordered channels
of (sub)micrometer/nanometer dimensions, the underlying mechanics of pattern formation is
not yet well understood. This will be the focus of this thesis.
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1.3 Objective and outline of the thesis
The objective of this thesis is to develop a fundamental understanding of the mechanism of
channel formation based on the release and bond back of pre-stressed thin films on rigid sub-
strates. We investigate how various system parameters such as the film geometry (film size,
thickness and shape), film properties (elastic modulus E, Poisson’s ratio ν and eigenstrain
ε∗), interface energy Γ and the method of interface strength reduction (uniform electrolysis
versus directional etching) control the final channel geometry (channel morphology, height
and width). We will carry out a dimensional analysis to identify the key dimensionless param-
eters that fully capture the channel formation process in order to provide insight for design.
The thesis is organized as follows.

Chapters 2 and 3 deal with the formation of line buckles in polymer films by the electrol-
ysis process. In this chapter a two-dimensional finite element model is developed to describe
the mechanics of buckling-driven delamination of the film from the substrate and the process
of draping back. A cohesive zone model is implemented to mimic the interface cohesion
between the film and the substrate during delamination and bond-back. Buckling-up will be
studied through a ‘2-step’ process in which first the eigenstrain is applied and subsequently
the interface strength reduced. The results will be compared to the well-known process of
buckling-driven delamination (a ‘1-step’ process) in which the interface delaminates instan-
taneously when eigenstrains are applied. Finally, the bond-back process is analyzed and the
governing dimensionless parameters are identified.

In chapter 4 we describe the self-organization of linear nanochannel formation by releas-
ing the eigenstrains through directional under-etching of a sacrificial layer between the film
and substrate. Analytical calculations are carried out to obtain the critical buckling strain and
wavelength at the onset of buckling. We use three-dimensional finite element simulations to
study the evolution of the buckling wavelength and height as a function of eigenstrain for
different etch depths. Finally, bond-back simulations are performed to obtain the final chan-
nel morphologies in terms of channel spacing, channel width and height. The results of the
model are compared with the experimental observations, showing good agreement.

In chapter 5 we study the mechanics of pattern formation in pre-stressed polygonal films.
Three-dimensional simulations are carried out to study the evolution of the different deflec-
tion patterns as a function of eigenstrain during buckling-up and as a function of interface
strength during bond-back. For rectangular films the results are compared to analytical solu-
tions based on minimization of energy. Films of different shape (square, rectangular, pentag-
onal and hexagonal) are analyzed and the results are captured in scaling relations.

Chapter 6 describes the mechanics of nanochannel network formation for the situation
in which the etchant solution enters the system through periodically-spaced pre-defined etch
pits. First, we study the evolution of deflection patterns around a single etch-pit. The evolu-
tion of wavelength is compared with the master curve of linear channel simulations studied
in chapter 4, showing close correspondence. A semi-analytical method has been developed
to describe the transition of channel morphology from edge channels to corner channels as a
function of film geometry, thickness and eigenstrain. Next, we study the channel evolution in
a 3 × 3 etch-pit array. The networks are formed in InGaAs films, which have a very strong
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interaction with the substrate during the etching process unlike the Si-Ge systems as studied
in chapter 4. We show that the presence of film-substrate interaction is essential to account
for the complex nanochannel networks reported in the experiments.

Finally, in chapter 7 we summarize the results obtained in this thesis, draw conclusions
and present an outlook for future developments.



Based on: R. K. Annabattula, W. T. S. Huck and P. R. Onck – “Micron-scale channel formation by the release and
bond-back of pre-stressed thin films: A finite element analysis,” J. Mech. Phys. Solids, vol. 58, pp. 447-465, 2010.

2 THE RELEASE AND BOND-BACK OF PRE-
STRESSED THIN FILMS:
PART I - MODEL DESCRIPTION

Buckling of thin films on a rigid substrate during use or fabrication is a well-known
but unwanted phenomenon. However, this phenomenon can also be exploited to gener-
ate well-controlled patterns at the micro and nano-scale. These patterned surfaces find
various technological applications such as optical gratings or micro/nano-fluidic chan-
nels. In this chapter, we present a numerical model that accounts for the buckling-up
of pre-strained thin films by a reduction of the interface toughness and the subsequent
bond-back. Channels are formed whose dimensions can be controlled by tuning the film
dimensions, film thickness and stiffness, the eigenstrain in the film and the cohesive inter-
face energy between the film and the substrate. We will show how the buckling-up and
draping back processes can be captured in terms of a limited set of dimensionless param-
eters, providing quantitative insight on how these parameters should be tuned to generate
a specified channel geometry.

2.1 Introduction
Fabrication of small structures for use in microelectronics, optoelectronics and micro-electro
mechanical systems (MEMS) is becoming increasingly important as a result of the continuous
downsizing of components in nano- and microsystems. Various strategies such as photo-
lithography [Okazaki, 1991], focused ion beams [Moon et al., 2007] and soft lithography [Xia
and Whitesides, 1998] have been explored in the last three decades to manufacture small
structures for a variety of technological applications. Much attention has been focused on
developing new techniques to generate ordered surface patterns or wrinkles at the nano- and
micron scale for use in a wide range of microsystems, such as flexible electronics [Baca
et al., 2008; Hsu et al., 2002b; Jiang et al., 2007a; Kim et al., 2008; Lacour et al., 2003; Sun
et al., 2006], tunable optical gratings [Edmondson and Huck, 2004; Harrison et al., 2004;
Xia et al., 1996], replicas for microfluidic channels [Edmondson et al., 2006], microfluidic
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channels [Malachias et al., 2008; Mei et al., 2007], actuation/sensing devices [Comrie and
Huck, 2008], particle separators [Efimenko et al., 2005], microreactors [Watts and Wiles,
2007], surfaces for marine anti-fouling [Efimenko et al., 2009], tissue engineering [Langer
and Vacanti, 1993] and templates for microstructure fabrication [Peng et al., 2004; Schäffer
et al., 2000].

One of the physical mechanisms that has been explored in many fabrication routes for
ordered wrinkles and channels is the buckling of pre-stressed thin films. In general, buckling
is an unwanted phenomenon in many technology areas resulting in failure of performance,
but it can also be exploited for the spontaneous generation of order at small scales, if well-
controlled. Especially the self-assembly or self-organization of order at length scales smaller
than the induced feature size is an appealing asset of this technique. The buckling-driven
formation of wrinkled surface patterns and channels can be achieved in different ways. Wrin-
kles can form from the delamination of stressed thin films from rigid substrates, resulting
in a variety of shapes such as straight, circular and telephone-cord blisters [Gille and Rau,
1984; Hutchinson et al., 1992; Moon et al., 2004; Ortiz and Gioia, 1994]. Wrinkles can
also form when the films do not delaminate from the substrate but buckle into the substrate
when the stiffness of the film is much larger than that of the substrate. The compressive
stresses are induced by pre-straining the substrate by heating or stretching before the films
are attached [Bowden et al., 1998; Jiang et al., 2007b]. Alternatively, channels can also be
generated by first partially releasing the pre-stressed film from the rigid substrate by buck-
ling, followed by the bond back of the film onto the substrate. Release can be performed
through an electrolysis process [Edmondson et al., 2006; Edmondson and Huck, 2004] or
through chemical etching [Malachias et al., 2008; Mei et al., 2007]. Clearly, in this release
and bond-back approach the final geometry of the channels (their topology, width and height)
depends on the fabrication parameters, such as the in-plane film dimensions, film thickness
and stiffness, the eigenstrain induced in the film, and the interface energy between the film
and the substrate. In this chapter we will explore these dependencies.

The motivation for this work stems from the recent experimental observations reported by
Edmondson et al. [2006], where it is demonstrated that the triggered release of the adhesion
of strained thin films from the substrate allows for the design of well-controlled sub-micron
patterns. Thin cross-linked poly(glycidyl methacrylate) (PGMA) brushes were grown on
gold-coated silicon substrates patterned with self-assembled mono-layers. Due to the brush-
nature of the films, they contain some initial eigenstrain, resulting in compressive stresses in
the film. Then, the system is emersed in an electrolytic cell and given an electric pulse which
breaks the bonds between the film and substrate. As a result, the film buckles away from the
substrate, releasing its eigenstrains. Afterwards, the film drapes back to the substrate due to
a (partial) reformation of the film-substrate bonding, forming the final channel patterns. To
study the fundamental relations between the height and width of these channels as a function
of the system parameters (thickness, stiffness, eigenstrain, etc.), we will adopt a simplified
system geometry consisting of a straight-sided linear channel and we will numerically simu-
late the buckling up and subsequent draping back. There are two aspects that sets this work
apart from the existing literature. First, the model accounts for a change in interface cohe-
sive energy, which allows to study the process of buckling-delamination driven by interface
reduction. The results will be compared to the more-often studied process of strain-driven
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Figure 2.1: Schematic of the film-interface system, representing an infinitely long film in the
z− direction of width 2L and thickness t. An initially unbonded region of width 2W0 is
present in the center. The imperfection height H0 is exaggerated for visual aid.

delamination of film/substrate systems with constant interface energy. Second, we study the
bond back of pre-buckled films to the substrate through an increase of the cohesive energy
and identify the two dimensionless numbers that characterize this bond back mechanism.

The content of this analysis is divided into two chapters. In this chapter we present
the boundary value problem to be solved and formulate the finite element method that can
account for a reduction in interface toughness, buckle-driven delamination and subsequent
bond-back. The results of the simulations will be presented and discussed in chapter 3.

2.2 Model and finite element formulation
Figure 2.1 shows the boundary value problem under consideration. We analyze a long film
of width 2L and thickness t attached to a rigid substrate through a cohesive interface. To
trigger the buckling process, we assume an imperfection to be present in the center of the
film consisting of an initially debonded region of width 2W = 2W0 and height H = H0

(with H0 to be much smaller than W0 and t). We assume the film to be infinitely long in
the z− direction. Since the thickness t of the film is much smaller than its width L, the film
can be modeled as a two-dimensional Euler-Bernoulli beam (plate theory with single axis
of bending) with plane strain conditions in the z-direction, see e.g., Shield and Kim [1992]
and Shield et al. [1994]. The boundary conditions at the left edge are stress free in agreement
with the experimental setup [Edmondson et al., 2006]. Furthermore, we assume the process
to be symmetric with respect to the central plane and hence we impose symmetry boundary
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conditions on the symmetric edge (x = L). We introduce a cohesive interface between the
film and the rigid substrate to mimic the interface bonding. The substrate is assumed to be
rigid and thus is not modeled explicitly. Note that no cohesive surface is present at the initially
debonded region x ∈ [L−W0, L]. The film remains elastic during deformation and the elastic
constants are denoted by E (Young’s modulus) and ν (Poisson’s ratio). The eigenstrain in the
film is ε∗. Furthermore, σmax, δn and δt are the interface properties discussed in more detail in
the following. The model is geometrically non-linear to account for large rotations. However,
the elastic strains in the film remain small. In the following, the finite element equations for
the above-mentioned system will be summarized.

The system under consideration is depicted in Fig. 2.2. The deformation of the film is
described in terms of the axial and transverse displacements of its axis, u = {u, v}. The char-
acteristic strains, given by the axial strain ε̄ and the curvature κ, contribute to the Lagrange
strain ε at any material point (x, y) (which was at (X,Y ) in the reference configuration V ) as

ε =
du

dX
+

1

2

(
dv

dX

)2

− y d
2v

dX2
= ε̄− yκ. (2.1)

The principle of virtual work (PVW) for the system under consideration can be written as∫
V

δε σ dV +

∫
S

(δw)
T
T dS = 0, (2.2)

where σ is the Cauchy stress at the point (x, y), w is the interface opening and T is the
corresponding interface traction between the film and the substrate. It may be noted here that
the Cauchy stress σ can be taken to be equal to the second Piola-Kirchhoff stress due to the
assumption of small volume changes in the film. From Eq. 2.1 and Eq. 2.2 and for a film of
uniform cross-section with thickness t and unit out-of-plane thickness, we can write∫

X

(δε̄ P + δκ M) dX +

∫
X

(δw)
T
T dX = 0, (2.3)

where
P =

∫
y

σ dy and M =

∫
y

yσ dy. (2.4)

Now we introduce a short-hand notation for the characteristic strain measures and the corre-
sponding work conjugates

ε = {ε̄, κ} and σ = {P,M}, (2.5)

so that Eq. 2.3 can be written as∫
X

(δε)TσdX +

∫
X

(δw)
T
T dX = 0. (2.6)

Note that in the above equation the left-hand-side represents the internal virtual work (δWi),
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x

y

Film

T(x)
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Figure 2.2: Film attached to the substrate through a cohesive interface.

while the external virtual work is zero.
We use an updated-Lagrangian formulation and discretize the film by means of 2-noded

Euler-Bernoulli beam elements. Let the nodal displacement and force vectors for an element
be

p = {u1, v1, φ1lr, u2, v2, φ2lr}T , (2.7)

and

f = {fx1 , fy1 , m1/lr, fx2 , fy2 , m2/lr}T , (2.8)

where ui, vi, φi, i = 1, 2, denote the nodal displacements and rotation of the element, with
the corresponding nodal forces and moments denoted by fxi, fyi, mi, respectively, and lr a
reference length chosen to be the total length of the film L in the present analysis. Using a
standard finite element interpolation for the Euler-Bernoulli beam elements, the principle of
virtual work in Eq. 2.6 can be written as

δWi = δeT s + δpT
∫
X

bTwT dX = 0, (2.9)

in terms of the generalized strains

e = {e1, e2, e3}T = {l ε̄1, v1 − v2 + l φ1, (φ2 − φ1) l}T , (2.10)

the generalized stresses

s = {s1, s2, s3}T = {P, V, M2/l}T , (2.11)

and the shape functions bw (see Appendix III) relating the interface opening to the nodal
degrees of freedom of the film. In Eq. 2.10, l is the element length and ε̄1 is an effective
membrane strain [Crisfield, 1991], which is constant over the element according to ε̄1 =
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1

l

∫
X

ε̄ dX. The variation of the generalized strain reads

δe =
∂e

∂p
δp = d(p)δp, (2.12)

with d(p) given in Appendix IV. Using the above strain-displacement relationship, the virtual
work expression Eq. 2.9 can be written as

δWi = δpT
(
dT s +

∫
X

bTwT dX

)
= 0. (2.13)

We assume the film to be isotropic and linear elastic, resulting in the generalized stress-strain
relations s = S eel, with S being written in terms of Ēt/l and ĒI/l3 (see Appendix V),
where Ē = E/(1 − ν2) due to plane strain and I is the area moment of inertia of the cross-
section of the film and eel denotes the elastic strains.

For the interface, we assume a non-linear relation between the interface traction and the
interface opening, for which we use the cohesive law proposed by Xu and Needleman [1993].
The interface potential for this cohesive relation is given by

Φ = Φn + Φn exp

(
wn

δn

){[
1− r +

wn

δn

]
1− q
r − 1

−
[
q +

(
r − q
r − 1

)
wn

δn

]
exp

(
−w

2
t

δ2t

)}
.

(2.14)
Here, δn and δt are the critical normal and tangential opening, Φn = σmaxδn exp(1.0) is
the pure normal work of separation, q = Φt/Φn is the ratio of the shear and normal work
of separation and r = w∗n/δn, where w∗n is the critical normal separation when there is no
tangential separation. To reduce the complexity of the interface constitutive behaviour, we
assume q = 1 (i.e. the pure normal work of separation is equal to the pure shear work of
separation). The traction at the interface is defined as Tα = ∂Φ/∂wα, (α = n, t), so that the
normal and tangential tractions are given by

Tn =
Φn

δn

(
wn

δn

)
exp

(
−wn

δn

)
exp

(
−w

2
t

δ2t

)
, (2.15)

Tt = 2
Φn

δt

(
wt

δt

){
1 +

wn

δn

}
exp

(
−wn

δn

)
exp

(
−w

2
t

δ2t

)
. (2.16)

The above traction-separation law is a coupled law with an interaction between the tan-
gential (shear) and normal tractions through the tangential and normal opening of the inter-
face. However, since the tractions are derived from a potential, always the same amount
of energy is dissipated (Φn), irrespective of the mode of loading. The uncoupled traction-
separation behaviour for normal and shear modes are shown in Fig. 2.3, corresponding to
wt = 0 and wn = 0, respectively. A combination of both modes of separation will result
in a shift of the critical opening and maximum tractions in the uncoupled traction-separation
relations.

The principle of virtual work in discretized form is given in Eq. 2.13 whose rate of change
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Figure 2.3: (a) Normalized normal traction (Tn/σmax) as a function of normalized normal
opening (wn/δn) of the interface in the absence of shear failure. (b) Normalized shear traction
(Tt/τmax) as a function of normalized tangential opening (wt/δt) of the interface in the absence
of normal failure, with τmax = σmaxδn

√
2 exp(1) /δt.

can be written as

dT ṡ + ḋT1 s1 +

∫
X

bTwṪ dX = 0. (2.17)

The first term in the above equation is due to a change in film stress (as a result of deformation
and change in eigenstrain), the second term is related to geometry changes (d1 is the first row
of d, the other two rows are independent of p) and the last term is due to a change in interface
tractions. The traction T can be written symbolically as T = T(σmax, δn,w). We now
incorporate a change of interface energy in the model by allowing σmax to vary, while keeping
δn to be constant. This corresponds to a change of interface energy as Φ̇n = σ̇maxδn exp(1.0).
Expanding Eq. 2.17 further yields

dTSėel + s1
∂dT1
∂p

ṗ +

∫
X

bTw
∂T

∂w
ẇ dX +

∫
X

bTw
∂T

∂σmax
σ̇max dX = 0. (2.18)

The total generalized strain rate consists of an elastic part and an eigenstrain part, according
to

ė = ėel + ė∗, (2.19)
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with ė∗ = {ε̇∗, 0, 0}T . Substituting Eq. 2.19 in Eq. 2.18 and using the relation for interface
opening along with Eq. 2.12 yields

dTSdṗ− dTSė∗ + s1
∂dT1
∂p

ṗ +(∫
X

bTw
∂T

∂w
bw dX

)
ṗ +

∫
X

bTw
∂T

∂σmax
σ̇max dX = 0. (2.20)

Collecting terms finally yields the finite element equations

[kM + kG + kC ] ṗ = ḟ∗ + ḟσ, (2.21)

where

ḟ∗ = dTSė∗ and ḟσ = −
∫
X

bTw
∂T

∂σmax
σ̇max dX (2.22)

are the load due to a change in eigenstrain and the load due to a change in the interface energy,
respectively. Furthermore, kM = dTSd is the elastic stiffness matrix, kG = s1∂d

T
1 /∂p is

the geometric stiffness matrix and kC =

∫
X

bTw(∂T/∂w)bw dX is the stiffness of the inter-

face. From the above relations, the material and geometric stiffness matrices can be evaluated
in closed form (see for e.g. Crisfield [1991]). Furthermore, the evaluation of the interface
stiffness matrix kC and interface force vector ḟσ is carried out through numerical integration,
using four-point Gauss quadrature. Finally, the element stiffness matrices (kM , kG, kC)
and element force vectors (ḟ∗, ḟσ) are assembled and transformed into global co-ordinates
x̃, ỹ (see Appendix and Fig. 2.A.1) to yield the global system of equations to be solved.

When the film is loaded only by eigenstrains (ḟ∗ 6= 0), while keeping the interface
strength constant (ḟσ = 0), the film deforms due to buckling-driven delamination. A detailed
investigation of the effect of various system parameters on the buckling-driven delamination
is presented in section 3.2. The situation in which the system is first loaded by eigenstrain at
constant interface toughness (ḟσ = 0, ḟ∗ 6= 0), followed by a reduction in interface strength
(i.e. σ̇max < 0 in Eq. 2.22) so that ḟ∗ = 0, ḟσ 6= 0, is studied in section 3.3. If σ̇max > 0 the
interface strength is increased and hence the film bonds back to the substrate (i.e. ḟ∗ = 0,
ḟσ 6= 0). This process of drape back is presented in section 3.4. The element size is chosen to
be smaller than (1/10th of) the cohesive zone size (= δnE/σmax) to capture the failure of the
interface properly [Ruiz et al., 2001]. We use automatic time-stepping (pseudo time) based
on the residual force norm such that the loading is applied in a sufficiently large number of
increments so as to capture all the important events such as buckling and the initiation of
cracking during the process of delamination. We use an explicit incremental solution proce-
dure to solve the system of equations and employ an equilibrium correction in each step to
prevent the solution from drifting off the equilibrium path.
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Appendix

I Shape functions for the beam element
The shape functions for an Euler-Bernoulli beam element with 2-nodes are given(see e.g.
Chandrupatla and Belegundu [1991]) as follows:

N =

[
Nu

Nv

]
=

[
N1 0 0 N2 0 0
0 H1 H2 0 H3 H4

]
, (2.A.1)

N1 = 1− X

l
=

1− ξ
2

,

N2 =
X

l
=

1 + ξ

2
,

H1 =
1

l3
(
2X3 − 3X2l + l3

)
=

1

4

(
2− 3ξ + ξ3

)
,

H2 =
1

lrl3
(
X3l − 2X2l2 +Xl3

)
=

l

8lr

(
1− ξ − ξ2 + ξ3

)
,

H3 =
1

l3
(
−2X3 + 3X2l

)
=

1

4

(
2 + 3ξ − ξ3

)
,

H4 =
1

lrl3
(
X3l −X2l2

)
=

l

8lr

(
−1− ξ + ξ2 + ξ3

)
,



(2.A.2)

and
ξ = 2X/l − 1, X ∈ [0, l] , ξ ∈ [−1, 1] and dX =

l

2
dξ.

where l is the length of the element and lr is some reference length. In this work the reference
length is chosen to be the length of the film.

II Derivative matrices for the shape function

bu =
dNu

dx
=

1

l

[
−1 0 0 1 0 0

]
,

bv =
dNv

dx
=

1

l

[
0

3

2
(ξ2 − 1)

l

4lr
(3ξ2 − 2ξ − 1) 0

3

2
(1− ξ2)

l

4lr
(3ξ2 + 2ξ − 1)

]
,

cv =
d2Nv

dx2
=

1

l2

[
0 6ξ

l

lr
(3ξ − 1) 0 −6ξ

l

lr
(3ξ + 1)

]
.
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Figure 2.A.1: Schematic of beam and cohesive element configuration

III Derivation of bw
The virtual interface opening at a point ξ (local co-ordinate along the axis of the beam ele-
ment) in the reference configuration along the cohesive element is given by

δw(ξ) = δwt(ξ)ê1 + δwn(ξ)ê2, (2.A.3)

where

δwt(ξ) = δu(ξ) · ê1 = [δu(ξ)ē1 + δv(ξ)ê1] · ê1,
δwn(ξ) = δu(ξ) · ê2 = [δu(ξ)ē1 + δv(ξ)ē1] · ê2.

Hence, the interface opening can be expressed as{
δwt(ξ)
δwn(ξ)

}
=

[
ē1 · ê1 ē2 · ê1
ē1 · ê2 ē2 · ê2

]{
δu(ξ)
δv(ξ)

}
=

[
cos(α− β) − sin(α− β)
sin(α− β) cos(α− β)

]{
δu(ξ)
δv(ξ)

}
,

(2.A.4)
so that

δw(ξ) =

{
δwt(ξ)
δwn(ξ)

}
= UT

{
δu(ξ)
δv(ξ)

}
,

= UTNδp,

= bw(ξ)δp, (2.A.5)

where δp is the virtual nodal displacement of the beam.
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IV Strain-displacement matrix dij

dij =
∂ei
∂pj

=



−1 0 0

6(v1 − v2)

5l
+
φ1 + φ2

10
1 0

v1− v2

10lr
+
l(4φ1 − φ2)

30lr

l

lr
− l

lr

1 0 0

6(v2 − v1)

5l
− (φ1 + φ2)

10
−1 0

(v1 − v2)

10lr
− l(φ1 + 4φ2)

30lr
0

l

lr



T

. (2.A.6)

V Material modulus matrix S

S =


Ēt

l
0 0

0
12ĒI

l3
6ĒI

l3

0
6ĒI

l3
4ĒI

l3

 . (2.A.7)
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3 THE RELEASE AND BOND-BACK OF PRE-
STRESSED THIN FILMS: PART II - RESULTS

3.1 Introduction
In the previous chapter we have described the background of the problem and the finite ele-
ment model. In this chapter, we study the process of channel formation triggered by buckle-
driven interfacial delamination of the film followed by bond back as mentioned earlier. The
dimensional parameters for the system under consideration are the film length (L), film thick-
ness (t), elastic modulus of the film (E), eigenstrain in the film (ε∗), maximum interface trac-
tion (σmax), critical normal opening of the interface (δn), critical shear opening of the interface
(δt), the initial ridge width (W0) and the resulting height H and width W of the channel. The
initial crack heightH0 is taken to be sufficiently small, ensuring that the results do not depend
onH0/L. By using L andE for normalization, the following set of dimensionless parameters

t/L, σmax/E, δn/L, δt/L, ε
∗, W0/L, H/L and W/L

can be identified. In the above dimensionless set, H/L and W/L represent the output re-
sponse of the system. In addition, we consider δn/δt = 1, so that the functional response of
the system can be written as

(H/L,W/L) = f(t/L, σmax/E, δn/L, ε
∗,W0/L). (3.1)

In the following, we study the behaviour of the system in terms of the above mentioned non-
dimensional parameters. The essential foot-print of the system under consideration consists
of two distinct stages: a buckling-up stage during which the film can release its eigenstrain,
followed by draping back. The buckling-up stage as proposed in Edmondson et al. [2006] (i.e.
interface reduction process) is inherently different from the well-known buckle-driven delam-
ination process [Hutchinson and Suo, 1992; Moon et al., 2004; Thouless, 1993]. To study the
difference and similarities, both buckling-up processes will be explored and compared in this
chapter. The two different processes for channel formation are depicted schematically in
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Fig. 3.1(a) and Fig. 3.1(b). The path A0 − A2 (termed ‘1-step process’ in short) describes
the classical buckling-driven delamination, while path B0 − B1 − B2 describes the interface
reduction process (termed ‘2-step process’).

Let us assume that the film-substrate system has an initial interface strength denoted by
states A0 and B0 for paths A and B, respectively. Now, both the systems are loaded with
eigenstrain such that the film in path A moves from A0 to A2 and path B from B0 to B1.
During this step, the film in path A delaminates by buckling (due to the relatively weak
interface) and in path B the film simply buckles up in the initially debonded region, but does
not delaminate from the substrate due to the high interface toughness (see Fig. 3.1(b)). Next,
the interface toughness is reduced for the system in path B by decreasing the interface strength
from B1 to B2. During this step, the film starts to delaminate from the substrate when the
interface toughness equals the strain energy release rate at the crack tip and hence the system
moves from state B1 to B2. Finally, the interface strength is increased again, mimicking the
re-establishment of bonds between the film and substrate, resulting in drape back of the film
towards its final configuration (from A2, B2 to A3, B3, see Fig. 3.1).

The results are presented as follows. In section 3.2, we study the buckling-driven delam-
ination process (the 1-step process, see path A in Fig. 3.1). We perform a parametric study
and discuss the results in section 3.2.1. Then, in section 3.3, we study the interface reduction
process (the 2-step process, see path B in Fig. 3.1), including a comparison with the 1-step
process (section 3.3.1). In section 3.4, we analyze the draping back process and discuss the
effect of the system parameters on the final channel configuration. Finally, in section 3.5 we
will summarize the results presented and draw conclusions.

3.2 Buckling-driven delamination (1-step process)
In this subsection we present the results for buckling-driven delamination (1-step process)
by eigenstrain loading as depicted by path A on the left hand side of Fig. 3.1(b). We will
investigate the effect of the dimensionless parameters t/L, δn/L and σmax/E on the buck-
ling amplitude (H/L), crack length (W/L), work of separation (Γ/Γ0) and mode-mixity (ψ)
under the action of an increase in eigenstrain ε∗. We choose a reference case for all the
simulations and subsequently investigate the effect of the variation of one particular dimen-
sionless parameter around the reference case. The parameters chosen for the reference case
are: t/L = 3 × 10−3, δn/L = 5 × 10−4, W0/L = 0.15 and σmax/E = (5/3) × 10−5. The
other dimensionless parameter is ε∗, which is the loading parameter in this section.

Figure 3.2 shows the effect of varying the parameter t/L on the response of the system.
For the results presented in the section, the parameter t/L is changed by varying the film
thickness and keeping the film length fixed (= 10 µm). Figure 3.2(a) shows the evolution of
the buckling amplitude H/L with increase in eigenstrain (ε∗) for different values of t/L. It
can be observed that the buckling amplitude increases with an increase in t/L at sufficiently
large values of eigenstrain. The right hand portion of Fig. 3.2(a) shows a zoomed view of the
small-strain region from which we can identify three distinct branches in each curve. If we
focus on t/L = 2× 10−3 (�), it can be observed that in the first branch, at small strains, the
film does not buckle with increase in eigenstrain. When the eigenstrain reaches the critical
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Figure 3.1: (a) Schematic of the two buckling-up processes and subsequent drape back in
terms of interface strength and eigenstrain, (b) Schematic of the snap shots of the two
buckling-up processes and the draping back process (see also Fig. 2.1).
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Figure 3.2: (a) Normalized buckling amplitude H/L. The right picture shows a zoom view of
the small strain region. (b) Normalized crack length W/L as a function of eigenstrain ε∗ for
films with different t/L. (c) Mode-mixity ψ along the length of the film (Xpos denotes the
position of the film along the length). The values of the parameter t/L shown in the figures
are: 2 × 10−3 (�), 3 × 10−3(M), 5 × 10−3(�) and 7 × 10−3 (◦). All the simulations are
carried out with δn/L = 5× 10−4, W0/L = 0.15 and σmax/E = (5/3)× 10−5.



3.2. Buckling-driven delamination (1-step process) 21

wt/δn, wn/δn

T
t/σ

m
ax

,T
n/

σ m
ax

0 2 4 6
0

0.5

1

1.5

2

2.5

Tt/σmax

Tn/σmax

Position A (Xpos/L = 0.849)

(a)

wt/δn, wn/δn

T
t/σ

m
ax

,T
n/

σ m
ax

0 2 4 6

0

0.5

1

1.5

2

2.5

Tt/σmax

Tn/σmax

Position B ( Xpos/L = 0.615)

(b)

Figure 3.3: Traction-separation response at point A (a) and point B (b) as indicated on
Fig. 3.2(c). The squares (�) correspond to Tt vs wt and the triangles (M) to Tn vs wn. The
results shown above correspond to the reference case.

buckling strain, the film buckles up, leading to an increase in the buckling amplitude (the
second branch). As the film continues to deform along the second branch (no cracking has
occurred yet), it again encounters another jump in the displacement when the eigenstrain
reaches the failure strain (≈ 0.004 for t/L = 2 × 10−3), corresponding to the critical strain
energy release rate at the crack tip. From this moment on, the film fails by buckling-driven
delamination (third branch) until the crack reaches the free edge and arrests. Figure 3.2(b)
shows the corresponding results for the evolution of the crack length W/L as a function of
eigenstrain. This figure clearly indicates that the crack length does not increase until the
eigenstrain reaches the failure strain. Then we observe a sudden jump in the crack length,
initially growing at a large rate after which it slows down when it reaches the free edge. For a
given eigenstrain (larger than the failure strain), the crack length increases with an increase in
t/L. However, with increasing strain, this difference diminishes. Note that the buckling strain
increases with the film thickness (Fig. 3.2(a)), while the failure strain decreases (Fig. 3.2(b)).
This is related to a reduced Euler buckling stress for slender columns and an increased energy
release rate for thicker films (see also section 3.2.1 for a discussion).

Figure 3.2(c) shows the mode-mixity of the interface failure process at each position
(Xpos) along the length of the film, with Xpos/L = 0 corresponding to the free edge and
Xpos/L = 1 corresponding to the symmetry plane in Fig. 2.1. The mode-mixity at a point is
defined as ψ = tan−1(Γs/Γn), where Γs is the shear work of separation (i.e. the area under
the Tt−wt curve) and Γn is the normal work of separation (the area under the Tn−wn curve).
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Figure 3.4: (a) Snapshots of work of separation (Γ/Γ0) along the interface at various eigen-
strain levels during the loading. (b) Evolution of normalized crack length W/L as a function
of eigenstrain for different values of δn/L.

Here, we employed a non-standard definition of mode-mixity as we are only interested in the
relative behaviour of the system but not in the exact values of the mode-mixity at the crack-
tip. It can be observed that the failure is predominantly mode-I (ψ = 0) near the initial crack
tip and becomes more mode-II (ψ = 90◦) as the crack advances towards the free edge. The
failure process becomes more mode-II when the thickness of the film decreases. Note that
the mode-mixity ψ decreases again when the crack approaches the free edge, being a direct
consequence of the different constraint imposed by the free edge on the crack tip. Figure 3.3
shows the normalized traction-separation curves at two different points (A and B) along the
length of the film for the reference case (t/L = 3 × 10−3). Clearly, the fracture process
is of mixed-mode with Γs ≈ 0.7 Γn at the initial crack tip (point A). At point B, the crack
size has become more than twice as large, corresponding to a failure mode that has become
mainly mode-II (see Fig. 3.3(b)). Note that the shape of the Tt vs wt curve is different at the
two locations, which is a direct consequence of the coupled nature of the cohesive law (see
Eqs. 2.15 and 2.16).

Figure 3.4(a) shows the normalized total work of separation along the length of the film
at the end of eigenstrain loading (ε∗ = 1%). The total work of separation (Γ = Γs +
Γn) is normalized by the interface toughness (Γ0 = Φn = σmaxδn exp(1.0)). Clearly, the
interface at a point along the film is completely failed when Γ/Γ0 = 1 (this criterion is used
in Fig. 3.2(b) to calculate the current crack length W ). It is known that for many systems
the interface toughness increases with an increase in the mode-II component of delamination.
This effect is mainly due to the presence of a plastic zone near the crack tip in case of ductile
materials [Tvergaard and Hutchinson, 1993]. In this thesis, we assume the film to remain
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elastic and the substrate to be rigid and hence assume the interface toughness to be mode-
independent. Figure 3.4(a) shows snap-shots of the normalized work of separation along the
length of the film at various eigenstrains. At 0.2% eigenstrain, no failure has occurred yet
(Γ/Γ0 < 1), but the interface has started to open at the initial crack-tip as well as at the free
edge. The nature of these two failure processes is different i.e. at the free edge the interface is
loaded in pure shear due to the axial strains in the film causing the film to fail in pure mode-
II. At the initial crack-tip, however, there is a large mode-I contribution due to the buckling
process. A sudden increase in crack length can be observed after the onset of failure of the
interface for a small increase in eigenstrain (going from 0.2% to 0.5%). However, as the
crack reaches the free edge, the driving force for crack extension decreases and hence, more
eigenstrain is needed to raise the energy release rate to accomplish further cracking. This
decreased crack growth rate with increasing eigenstrain was also observed in Fig. 3.2(b).
Figure 3.4(b) shows the effect of δn/L on the normalized crack length W/L as a function of
eigenstrain ε∗. In contrast to the effect of t/L, the critical buckling strain is the same for all
cases (since t/W0 is unchanged). However, the strain at which cracking starts, the failure
strain ε∗f , increases with δn/L. This is effectively due to an increase in the fracture toughness,
postponing the instant at which the energy release rate has become sufficiently large to initiate
cracking (see also section 3.2.1). We have also investigated the effect of σmax/E, showing
a similar response as in Fig. 3.4(b), i.e. an increasing failure strain with increasing σmax/E.
The mode-mixity was observed to decrease with decreasing σmax/E and δn/L, but with a
much smaller magnitude as was observed for t/L (see Fig. 3.2(c)).

3.2.1 Discussion
In this section, we will discuss the trends observed in the previous section. When the film
is loaded by eigenstrain, an equi-bi-axial stress state σxx = σzz = −σ∗ = −Eε∗/(1 − ν)
develops in the film. In the limit of an infinitely strong interface (see Fig. 2.1), buckling starts
when this stress reaches the buckling stress

σc =
π2

12

E

1− ν2

(
t

W0

)2

, (3.2)

or similarly, when the eigenstrain ε∗ reaches the buckling strain

ε∗c =
σc(1− ν)

E
=

π2

12(1 + ν)

(
t

W0

)2

. (3.3)

The interface delamination caused by the buckling process has been analyzed by Hutchinson
and Suo [1992] and is known as the straight-sided blister problem. The blister can be consid-
ered to be a film modelled as a wide Euler-column of length W0 fully clamped at its edges.
The solution of the boundary value problem for the buckled-up shape of the Euler-column
assuming von-Karman nonlinear plate theory yields the amplitude of the buckling deflection
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ξ = H/t, as a function of σ∗/σc = ε∗/ε∗c ,

ξ =

√[
4

3

(
ε∗

ε∗c
− 1

)]
. (3.4)

Clearly, the eigenstrain ε∗ in the film must exceed ε∗c for the film to buckle away from the
substrate for a given initial crack length W0. As the film buckles up, the crack tip at the
interface between the film and the substrate gets loaded which is reflected in an increased
strain energy release rate. The strain energy release rate (in short ‘SERR’) can be written in
terms of ε∗ and ε∗c as

G =
(1 + ν)

(1− ν)

Et

2
(ε∗ − ε∗c ) (ε∗ + 3ε∗c ) . (3.5)

The mode-mixity at the crack tip is a measure of the relative contribution of mode-II loading
to mode-I loading of the crack tip and is given by

tanψ =
4 cosω +

√
3ξ sinω

−4 sinω +
√

3ξ cosω
, (3.6)

where the parameter ω is a function of the Dundurs’ parameters describing the elastic mis-
match between the film and the substrate and the ratio between the thickness of the film and
that of the substrate. For the case of a thick and rigid substrate, it follows that ω = 45◦ [Suo
and Hutchinson, 1990]. Clearly, for ε∗ = ε∗c , we have ξ = 0 corresponding to mixed-mode
cracking, while for increasing ε∗/ε∗c , the crack opens up (i.e. ξ increases) and the contribution
of mode-II becomes more dominant.

Now we investigate what happens at the instant the crack starts to propagate, i.e. when
the strain energy release rate G at the crack tip equals the interface toughness Γ0:

G =
(1 + ν)

(1− ν)

Et

2
(ε∗ − ε∗c ) (ε∗ + 3ε∗c ) = Γ0 = σmaxδn exp(1.0). (3.7)

Solving the above equation for ε∗ results in the failure strain ε∗f , which is given by

ε∗f = ε∗c

√4 +
288 exp(1.0) (1− ν2)

π4

σmax

E

δn

W0

(
W0

t

)5

− 1

 . (3.8)

We plot Eq. 3.8 for two different values of the thickness as a function of the normalized
interface toughness σmaxδn/EW0 in Fig. 3.5(a). It can be observed that only in the limit of
zero interface toughness, the interface fails at the buckling strain itself. The buckling strain
is smaller for a thin (i.e. floppy) film compared to a thick film. However, with increasing
interface toughness, the thinner film has to accumulate much more strain in order to increase
the strain energy release rate to such an extent that it can fail the interface, leading to a higher
failure strain. These results are indeed in correspondence with the simulation results shown
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Figure 3.5: (a) Analytical solution of failure strain (ε∗f ) for films of different thickness as
a function of (σmax/E)(δn/W0) conform Eq. 3.8. (b) Comparison of the ratio of failure
strain to buckling strain (ε∗f /ε

∗
c ) with the analytical solution. The solid line corresponds to

the analytical solution (Eq. 3.8), the data points (�) correspond to all the simulations of the
previous section and the dashed line is Eq. 3.8 with a prefactor 1.16.

in Fig. 3.2(a). Figure 3.5(a) also shows that for a given t/W0, the failure strain increases with
both δn/W0 and σmax/E, explaining the trends observed in the simulations. Along similar
lines, we can explore the mode-mixity at the moment of failure. From Eq. 3.4 it follows
that the opening of the crack at failure, ξf , increases with increasing ε∗f /ε

∗
c . Since the fail-

ure mode tends to mode-II for increasing ξ (see Eq. 3.6), Eq. 3.8 directly explains why the
mode-II dominance increases with (σmax/E)(δn/W0)(W0/t)

5. The fifth power of W0/t also
clarifies why the effect of t/L (for fixed W0/L) is much larger than that of σmax/E and δn/L
on the mode-mixity. We now proceed and plot all the data generated by the finite element
simulations (for different δn/L, σmax/E and t/L) as a function of the dimensionless quantity
(σmax/E)(δn/W0)(W0/t)

5 and compare the results with Eq. 3.8 (see Fig. 3.5(b)). The ana-
lytical results are only valid for an infinitely sharp crack-tip, which corresponds to small val-
ues of (σmax/E)(δn/W0)(W0/t)

5, representative of a very brittle interface. Indeed, for this
range our simulations are in excellent agreement with Eq. 3.8 (see the inset of Fig. 3.5(b)).
For larger values of the dimensionless parameter, the interface becomes more ductile, leading
to a modest blunting of the crack-tip. As a result, more eigenstrain is needed to initiate failure
leading to larger values of ε∗f /ε

∗
c . In this range the data points still follow Eq. 3.8 but with a

prefactor of 1.16 (dashed line in Fig. 3.5(b)).
Once the interface starts to fail, the crack grows and the film buckles up further being able

to release its eigenstrain. For a given crack lengthW , the heightH must satisfy the constraint
that the total contour length of the film is dictated by the eigenstrain released. From Eq. 3.3
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Figure 3.6: Ratio of current buckling amplitude H and crack length W as a function of eigen-
strain. Dashed lines represent the simulation results for the films of thickness 20, 30, 40, 50
and 60 nm. Film length (L) is 10 µm, Elastic modulus (E) = 3.0 GPa and Poisson ratio (ν)
= 0.3 for all the cases. The solid line is the fitted curve to the data showing the square root
dependence of H/W on ε∗.

and 3.4 it follows that

ξ2 =

(
H

t

)2

∝
(
ε∗

ε∗c
− 1

)
=

1

ε∗c
(ε∗ − ε∗c ) ∝

(
W0

t

)2

(ε∗ − ε∗c ) , (3.9)

so that

H

W0
∝
√

(ε∗ − ε∗c ). (3.10)

Eq. 3.10 shows that the effect of the thickness of the film on H comes in through ε∗c only.
However, when ε∗ becomes much larger than ε∗c , the effect of ε∗c vanishes, leading to

H

W0
∝
√
ε∗, ∀ε∗ � ε∗c . (3.11)

Eq. 3.11 suggests that for strains much larger than the buckling strain (and fracture strain) the
height H is proportional to

√
ε∗ for a given (current) crack length W . Fig. 3.6 shows all the

data points from the simulations fitted by Eq. 3.11 with a pre-factor 1.35. The figure clearly
shows that the effect of film thickness is only present in the region where ε∗ is small and that
the effect starts to diminish as ε∗ increases much beyond ε∗c and ε∗f for each film thickness.
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3.3 Interface reduction (2-step process)
In this section, we present the results of film buckling through the interface reduction process.
The interface reduction process is essentially a 2-step process as depicted at the right hand
side of Fig. 3.1(b). In the first step, the film is loaded with eigenstrain, but the interface
strength is high enough so that no cracking occurs. Then, in the second step, the interface
toughness is reduced resulting in delamination.

We investigate the effect of the non-dimensional parameters t/L and ε∗ on the buckling
amplitude (H/L), crack length (W/L), work of separation (Γ/Γ0) and mode-mixity (ψ) as a
function of a reducing interface strength (σmax/E). Figures 3.7(a) and 3.7(b) show the effect
of the parameter t/L on the buckling amplitude H/L and crack length W/L during interface
reduction for strains of 1% and 2%. Prior to interface reduction, the film (constrained by a
very tough interface) is loaded by eigenstrain, causing the film to buckle in the unbonded
region (see Fig. 3.1). This gives rise to a small buckling amplitude H/L (being larger for
ε∗ = 2% compared to ε∗ = 1%), which is the starting point for the interface reduction
process. As the interface strength is reduced (note that σmax/E decreases to the right), at a
critical value of σmax/E the crack suddenly starts to grow, resulting in a sharp increase of
H/L and W/L∗. By comparing the results for the different strain values, it can be observed
that for ε∗ = 2% the crack advances at a larger σmax/E and almost instantaneously reaches
the free edge after which it more-or-less arrests. For the small strain value, ε∗ = 1%, the
interface strength has to be further decreased to initiate cracking. The sudden crack advance
is smaller, after which the interface strength has to be further decreased to induce further
cracking. Clearly, for ε∗ = 2% the stored strain energy for crack growth is larger, causing
the crack to advance sooner and at a larger rate. Similar observations can be made when the
results are compared for a given strain, but for different thicknesses. Also here the driving
force for cracking increases with an increase in film thickness.

Figure 3.7(c) shows the work of separation along the length of the film, normalized by an
arbitrary value of Γ0, taken here to be the interface toughness at the end of the interface re-
duction process. It can be seen that near the initial crack tip Γ is large and drops considerably
indicating that in the initial stages the crack advances slowly with decreasing σmax/E. Then
a plateau is reached during which cracking occurs over a large distance without much change
in σmax/E, resulting in a constant work of separation. This plateau region corresponds to the
instantaneous cracking event as also shown in Figs. 3.7(a) and 3.7(b). Note that also here
cracking develops from the free edge, which contributes to the relaxation of stress state near
the current crack tip, causing the crack to arrest when it approaches the free edge. By com-
paring the results for different strains and thicknesses, it can be seen from Fig. 3.7(c) that the
work of adhesion increases with strain and thickness for a given Xpos/L. This is consistent
with the results shown in Fig. 3.7(a) and 3.7(b), given the fact that δn/L is the same for all
cases studied.

Figure 3.7(d) shows the mode-mixity parameter ψ for each point along the film. As was
also the case for the 1-step process (cf. Fig. 3.2(c)), the mode-mixity ψ increases with crack
∗The crack length W is calculated by considering a point along the interface to be failed when the normal opening
wn is larger than 5δn.
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Figure 3.7: Effect of the film thickness on buckle-driven delamination by the 2-step process.
Results for the interface reduction step only are shown here. (a) Evolution of normalized
buckling amplitude H/L and (b) evolution of crack length W/L as a function of a reduc-
tion in normalized interface strength σmax/E for different values of t/L and eigenstrain. The
value of σmax/E is decreasing from left to right. The t/L values corresponds to 3 × 10−3

(solid line), 4 × 10−3 (dashed line), 5 × 10−3 (dash-dot line) and 6 × 10−3 (dotted line).
(c) Normalized work of separation Γ/Γ0 along the length of the film. The value of Γ0 corre-
sponds to the interface toughness of the system at the end of the interface reduction process.
(d) Mode-mixity along the film length. All the simulations are shown for the same set of
parameters (δn/L = 1.0 × 10−3, W0/L = 0.1) while changing the t/L for two eigenstrain
levels (1% and 2%). The result for t/L = 5× 10−3 is not shown in (c) for clarity.
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Figure 3.8: Normalized shear traction Tt/E as a function of normalized tangential opening
wt/δn at point A (a) and point B (b). Solid lines are the actual traction-separation paths and
dashed lines represent the traction-separation history for different σmax/E values.

growth and decreases with t/L. However, for all cases studied, the failure process has a much
larger mode-II component compared to the 1-step process. This is a direct consequence of
the eigenstrain loading step in the 2-step process, causing the pre-cracked region to buckle
without failure, resulting in a relatively large buckle height H at the start of the interface
reduction step, resulting in a pronounced mode-II loading of the crack tip. Clearly, with
increasing eigenstrain the mode-II component increases, which is consistent with Fig. 3.7(d).

It is insightful to see how the traction-separation trajectory differs at different positions
along the film. Figure 3.8 shows the traction separation trajectories for two points denoted
by A and B in Fig. 3.7(c) at a distance of 0.16L and 0.63L from the free edge, respectively.
Figures 3.8(a) and 3.8(b) show the normalized shear traction-shear opening trajectory during
failure for points A and B, respectively. The dark line shows the actual traction-separation
trajectory at the specified point. The dotted lines are the respective traction separation curves
corresponding to the interface opening history for each σmax at that point. The actual traction-
separation curve is the path traced by the interface point by hopping from one dotted curve
to the next dotted curve with lower σmax. This is indicated on Fig. 3.8(a) by the circles. By
comparing the results of point A with point B, it can be deduced that the failure at point B
occurs almost instantaneously as the actual traction-separation curves follow quite accurately
the opening profile of one specific σmax value. In contrast, the process at point A is more
gradual and develops over a large reduction of σmax. The results for the normal traction
show a similar behaviour (not shown), although their values are much lower than the shear
components due to the dominance of mode-II (see Fig. 3.7(d)).
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Figure 3.9: Comparison of the 1-step and 2-step process at the onset of the failure of the
interface. For both the cases, the film length L = 10.0 µm, t = 20 nm, δn = 5 nm, E = 3 GPa
and ν = 0.3 are used. (a) Normalized buckling amplitude H/L as a function of eigenstrain
ε∗ during the 1-step process. (b) Normalized buckling amplitude as a function of ε∗σmax/E
during the 2-step process.

3.3.1 Comparison with the 1-step process
In the previous sections the response of the two processes (1-step and 2-step) has been studied
independently as a function of the relevant dimensionless parameters. In this section, we will
critically compare the two processes for one specific set of (tuned) parameters. We take a
system with the following parameters: L = 10 µm, t = 20 nm, δn = 5 nm, E = 3 GPa, ν = 0.3.
We first study the 1-step process. For this we take a weak interface (σmax = 50 kPa) and
load the film with eigenstrain. Figure 3.9(a) shows that at a very small strain (ε∗c = 0.02%)
the film buckles up. When ε∗ increases, the height and, accordingly, also the strain energy
release rate G increases, until it reaches the fracture toughness Γ and interface cracking starts
(at ε∗f = 0.4%), reflected by a sharp increase in H/L. In a second simulation, we take the
same film and study the 2-step process. For this we use a higher initial interface strength
(σinit

max = 5.0 MPa) and load it with 0.4% eigenstrain, being the failure strain in the previous
1-step system. We now plot the normalized height H/L as a function of the dimensionless
load parameter ε∗σmax/E, allowing us to show both the eigenstrain loading step as well as the
interface reduction step in one figure. During the eigenstrain loading step, the film buckles
and moves up similar to Fig. 3.9(a), but now it will not show cracking at a strain of 0.4%, due
to the enhanced fracture strength σmax. Next, we start to reduce the interface strength σmax.
Now ε∗ = 0.4% is fixed, but the parameter ε∗σmax/E reduces due to a reduction in σmax. It
can be observed that the interface failure starts at a value of 0.067 × 10−6 of the parameter
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Figure 3.10: (a) Comparison of the 1-step and 2-step processes. The normalized buckling
amplitudeH/L as a function of the load parameter ε∗σmax/E is shown on a semi-log scale for
better understanding of the mechanism of buckle-driven delamination in the system. Closed
symbols represent the 1-step process and open symbols represent the 2-step process. The
simulation is carried out with L = 10 µm, t = 20 nm, ε∗ = 1% and the interface strength is
taken to be 50.0 kPa for 1-step process and it is reduced from 50.0 MPa to 50.0 kPa in 2-step
process. (b) Comparison of normalized interface strength (σf

max) at the onset of failure during
the interface reduction process with the analytical solution (Eq. 3.8) for all the simulations
shown in this section and also for different δn/L values.

ε∗σmax/E as shown in the inset of Fig. 3.9(b), corresponding to an interface strength at failure
of σf

max ≈ 50.0 kPa, which is equal to the interface strength used for the 1-step process in
Fig. 3.9(a). Also note that the buckling amplitudeH/L is equal to the height at crack advance
in Fig. 3.9(a).

Next, we follow the 1-step and 2-step processes when the crack grows towards the free
edge. For this we use the load parameter of Fig. 3.9(b) on a log-scale so that both processes
can be shown in one figure (Fig. 3.10(a)). The curves with closed symbols are for the 1-step
process and with open symbols are for the 2-step process. In both cases a total strain of 1%
is applied. During the 1-step process (closed symbols), the film first buckles up, then fails
after which the height H increases to ≈ 0.11L. During this process the loading parameter
ε∗σmax/E monotonically increases. In the 2-step process (open symbols) first eigenstrain
is applied, making the film buckle without failure. Note that this happens at a different
value of the load parameter due to the difference in σmax/E (being much larger for the 2-
step process). In the interface reduction step of the 2-step process, the interface strength is
gradually reduced from its initial value (σinit

max = 50 MPa) to a smaller value (50.0 kPa) so



32 3. The release and bond-back of pre-stressed thin films: Part II - Results

that the loading parameter starts decreasing and reaches the same value as that at the end
of the 1-step process. During the interface reduction, the film starts failing and reaches the
same configuration as in the 1-step process at H/L ≈ 0.11. Clearly, the process of interface
delamination is path independent, i.e. both paths in Fig. 3.1(a) ultimately lead to the same
final buckled-up configuration.

In the 1-step process the energy release rate (see Eq. 3.5) is increased through ε∗ until the
fracture toughness Γ0 = σmaxδn exp(1.0) has been reached, leading to the equality shown in
Eq. 3.7. Solving for ε∗ yielded the failure strain ε∗f in Eq. 3.8. The 2-step process is different
in the sense that now the strain ε∗ is fixed and the interface toughness is gradually decreased
through σmax until it reaches the failure strength σf

max. We now adopt Eq. 3.8 and replace σmax
by σf

max and ε∗f by ε∗. Figure 3.10(b) shows all data points extracted from the simulations
performed (for different ε∗, t/L and δn/L), confronted against Eq. 3.8 with the same pre-
factor (1.16) as used for the 1-step process. The good agreement confirms that the 1-step and
2-step processes indeed show path independent behaviour for all cases analyzed at least until
the onset of failure. After the onset of failure at σf

max, the film delaminates and H and W
increases until the crack approaches the free edge. Similar to the 1-step process (Fig. 3.6),
the height H scales with the width W according to H = 1.35W

√
ε∗ (results not shown).

3.4 Drape-back process
In this section, we study the process of final channel formation by increasing the interface
strength after the buckling-up process is completed. So far in the analyses, we have used
a mixed-mode interfacial decohesion law. During drape-back we assume the nodal film-
substrate history to be lost and account only for a normal traction-separation relation (as
shown in Fig. 2.3(a)) between the film and the substrate. This allows material points along
the film to drape back to a different position as that occupied in the initial, fully bonded
state. Moreover, we start from an initially stress-free configuration and constrain the last
(left) node that is still bonded to the substrate. To verify this assumption we carried out a full
buckling-up and draping back simulation (assuming normal traction-separation relation) for
two thicknesses and compare the drape-back behaviour with that starting from a stress-free
configuration. The error in the height H and width W was found not to exceed 10% at any
instant during drape back.

We will first study the effect of eigenstrain on draping back. For this, we carried out
three buckling-up simulations with the 1-step process for ε∗ = 1, 2 and 4% and parameters
corresponding to Fig. 3.2. For these strain values the film has almost completely delaminated
during the buckling-delamination stage with W/L values that are more-or-less similar (W/L
= 0.72, 0.85, 0.9 for ε∗ = 1%, 2% and 4%, respectively). There is a small deviation in W/L
values at the beginning of the drape-back process with that of the buckled-up configuration in
the 1-step process. This is due to the consideration of a perfectly bonded un-cracked ligament
at the free-edge at the beginning of the drape-back process which results in a small numerical
error in the calculation of initial crack length for the drape back process. The corresponding
values for H/L before draping back are rather different due to the different strain values
(H = 1.35W

√
ε∗, conform Fig. 3.6).
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Figure 3.11: Evolution of normalized (a) channel height H/L and (b) channel width W/L as
a function of σmax/E for different values of eigenstrain. The results are shown for t/L =
3× 10−3 and δn/L = 5× 10−4.

Figure 3.11 shows the normalized channel height H/L and width W/L as a function of
increasing σmax/E. When the interface strength is increased, the films start to drape back
fast over a rather small range of σmax/E after which the channel profile quickly converges to
its final configuration. The width W decreases by one order of magnitude, while the height
decreases roughly by a factor of two. The final width W is almost the same for all strains,
while the different eigenstrain values are clearly reflected in the final height of the channels.
We have also studied the effect of δn/L (δn/L = 2.5×10−4, 5×10−4 and 10×10−4, results
not shown). This parameter affects both the buckling-up profile as well as the draping back
process. For a given interface strength σmax, the film reaches a larger height and width during
buckling-up for smaller δn/L due to a smaller interface toughness Γ0 = σmaxδn exp(1.0) (see
Fig. 3.4(b)). Similarly, smaller channel dimensions can be reached for a given σmax/E due to
a larger cohesive interface energy during drape back for larger δn/L.

Next, we analyze how the final channel dimensions depend on the film thickness as also
studied by Edmondson et al. [2006]. We plot the final channel height and width as a function
of t/L for ε∗ = 1% and for different values of the interface strength σmax/E in Fig. 3.12.
A realistic value for the interface energy is hard to obtain from experiments and is therefore
left as a free parameter in our numerical analysis. Figure 3.12 shows that W/L scales lin-
early with thickness and that both H and W depends rather strongly on the interface strength
especially for thick films. These results can be compared to the experimental results of Ed-
mondson et al. [2006] in which also a linear relation between W/L and t/L was shown to
exist. For a similar range of t/L and W/L as in the experiments the cohesive energy was
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Figure 3.12: (a) Normalized channel height H/L and (b) normalized channel width W/L as
a function of normalized film thickness t/L for an eigenstrain of 1% for different values of
σmax/E.

found to be on the order of 10 mJ/m2, which is typical for interfacial systems with self-
assembled monolayers [Israelachvili and Tabor, 1972; Zhuk et al., 1998]. The slopes of the
W/L versus t/L curves in the simulations are larger than in the experiment, which points
towards a size-dependent stiffness of the film as also observed by Wang et al. [2000].

The final width and height of the channels produced by the draping back mechanism are
determined by the balance between the interface energy of the film/substrate bonding and
the strain energy in the film [Edmondson et al., 2006]. When the strain energy stored in the
film equals the cohesive energy supplied by the interface, the draping back process stops. By
assuming that the strain energy is induced only through bending (neglecting the stretching
energy) this energy balance can be written as

Et3b

12(1− ν2)

∫ L

0

(
d2v

dx2

)2

dx = Γ0 (L−W )b, (3.12)

where b is the out-of-plane thickness (taken to be unity in this work), v is the vertical deflec-
tion, Γ0 = σmaxδn exp(1.0) the interface energy per unit area and L−W is the length of the
bonded region. By normalizing the length dimensions, we can write

Et3

12(1− ν2)L
Φ̄b = Γ0 (L−W ), (3.13)

where Φ̄b is the dimensionless bending energy. By substituting the expression for Γ0 it can
be deduced that the normalized channel width W/L depends on the dimensionless loading
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Figure 3.13: (a) Normalized channel height H/L and (b) normalized channel width W/L vs
the dimensionless loading parameter (3.14) for all the simulations carried out in this section.

parameter (σmax

E

)(L
t

)3(
δn

L

)
. (3.14)

However, it should be noted that the dimensionless bending energy also depends on ε∗; the
larger ε∗, the larger the buckle height before draping back and thus, the larger the bending
energy needed to bond the film back to the substrate. As a result, the functional response of
the system can be written as(

H

L
,
W

L

)
= f

(
σmax

E

(
L

t

)3
δn

L
, ε∗

)
. (3.15)

Figure 3.13 showsH/L andW/L as a function of the dimensionless parameter (σmax/E)

(L/t)
3
(δn/L) for all simulations carried out in this section (Fig. 3.11). Also results of ε∗ =

1%, 2% and 4% for different thicknesses are added. Initially, the height and width are
different for different thickness, but during drape back all simulations fall on one curve in
accordance with Eq. 3.15. At small H and W , a deviation from the master curve can be
observed for two thicknesses for ε∗ = 1% (see arrows). This is caused by the fact that
at these dimensions and interface tractions, the channel geometry is affected by membrane
stretching, which was not included in the scaling arguments leading to Eq. 3.15. Since W/L
scales linearly with t/L for fixed δn/L, σmax/E and ε∗ (see Fig. 3.12(b)), it follows directly
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Figure 3.14: Evolution of the channel height to width ratio H/W during the entire process of
channel formation. The results for each eigenstrain contains different film thicknesses.

that W/L must be proportional to
(
σmax/E (L/t)

3
δn/L

)−1/3
. Indeed, it turns out that all

results shown in Fig. 3.13(b) can be fitted by the function

W/L = 1.41
√
ε∗
t

L

(
σmaxδn

EL

)−1/3
, (3.16)

plotted on Fig. 3.13(b) by dashed lines. This relation nicely summarizes all trends ob-
served during drape-back. It was found that H/L depends on the dimensionless parameter
σmax/E (L/t)

3
δn/L through

H/L = g(ε∗)

(
σmax

E

(
L

t

)3
δn

L

)−1/5
(3.17)

with g(ε∗) a strain-dependent constant (g = 0.19, 0.27, 0.37 for ε∗ = 1%, 2% and 4%, respec-
tively, see Fig. 3.13(a)).

It is also insightful to investigate how the aspect ratio of the channel changes during
buckling-up and drape back. Figure 3.14 combines the results of the buckling-up process,
H/W = 1.35

√
ε∗, with the results of the drape back process (H andW depicted in Fig. 3.13

are represented by Eqs. 3.16 and 3.17). For clarity, we plot the buckled-up aspect ratio as a
function of normalized strain ε̄∗ = ε∗/ε∗final, with ε∗final = 1%, 2% and 4%. Clearly, for the
strain-range studied, the aspect ratio of the channel increases during buckling-up (to 0.1-0.3,
approximately) and continues to increase during drape back (to 0.5-0.7).
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3.5 Summary
A two-dimensional geometrically non-linear finite element model to describe the mechanics
of channel formation has been developed. To account for the actual physical mechanisms of
the experimental setup, the model allows for a gradual reduction of the interface toughness. A
dimensional analysis of the system parameters resulted in five independent non-dimensional
numbers t/L, δn/L, ε

∗, σmax/E and W0/L on which the response of the system (in terms
ofH/L andW/L) depends. The buckling-up process has been simulated in two ways: by the
classical process of buckle-driven delamination (a 1-step process) and by interface-reduction
(a 2-step process). For both processes we studied the influence of the dimensionless num-
bers. For the 1-step process, the failure process is of mixed-mode at the initial crack-tip
and becomes more mode-II when the crack grows and opens up. For the 2-step process the
mode-mixity is predominantly mode-II, even at the initial crack tip, due to the relatively high
buckling amplitude at the instant of failure. The nature of crack initiation in the two processes
is very different. In the 1-step process, the interface toughness is constant and the crack-tip
driving force is increased, while in the 2-step process, the crack-tip driving force is constant
and the interface toughness is decreased. This results in a traction-separation curve that is
very different in nature for the two processes (compare Figs. 3.3 and 3.8). We compared the
two processes and found that the buckling process is path-independent, resulting in a simi-
lar onset of delamination as well as an identical buckled-up configuration. By equating the
strain energy release rate of the straight-sided blister problem to the fracture toughness, it
could be deduced that for both processes the eigenstrain and interface strength at failure can
be uniquely related by Eq. 3.8, identifying

σmaxδn

EW0

(
W0

t

)5

and
(
W0

t

)2

to be the characteristic dimensionless parameters (see Figs. 3.5(b) and 3.10(b)). The fifth
power dependence also explains the much stronger dependence of the mode-mixity on the
normalized thickness t/L compared to σmax/E and δn/L. For large eigenstrain (ε∗ >> ε∗f )
the ratio H/W follows a square root dependence, H/W = 1.35

√
ε∗, i.e. independent of

the interface and film properties during the buckling-up stage (Fig. 3.6).
During drape back we start from a stress-free representation of the buckled-up configura-

tion as predicted by the two buckling processes (1- and 2-step). The results predict a linear
dependence ofW/L on t/L, in accordance with experiments. For typical channel dimensions
the interface energy was found to be in the range of 10 mJ/m2, characteristic for interfacial
systems with self-assembled monolayers [Israelachvili and Tabor, 1972; Zhuk et al., 1998].
By equating the bending strain energy in the film to the cohesive interface energy, it was
found that the final channel dimensions H/L and W/L uniquely depend on the dimension-
less parameters

σmax

E

δn

L

(
L

t

)3

and ε∗.

The channel dimensions H and W decrease with the former and increase with the latter; a
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larger normalized interface energy σmaxδn/EL or a smaller bending stiffness (t/L)3 leads to
smaller channels, while a larger ε∗ means more “skin” to drape back, resulting in larger “blis-
ters”. Finally, the aspect ratio H/W increases with

√
ε∗ during buckling up and continues to

increase during drape back.
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4 SELF-ORGANIZATION OF LINEAR

NANOCHANNEL NETWORKS

A theoretical study has been conducted to explore the mechanics of self-organizing chan-
nel networks with dimensions in the submicron-and nanorange. The channels form by
the partial release and bond back of prestressed thin films. In the release phase the film
spontaneously buckles into wrinkles of a certain wavelength, followed by a bond-back
phase in which the final channel geometry is established through cohesive interface at-
tractions. Results are presented in terms of the channel spacing, height and width as a
function of the film stiffness, thickness, eigenstrain, etch width and interface energy. We
have identified two dimensionless parameters that fully quantify the network assembly,
showing excellent agreement with experiments. Our results provide valuable insight for
the design of sub-micron and nanoscale channel networks with specific geometries.

4.1 Introduction
Micro- and nanochannels play an important role as liquid handling systems in present-day
micro- and nanodevices. They have been successfully used for many technological appli-
cations such as DNA manipulation [Foquet et al., 2002; Turner et al., 1998], microfluidic
transport in microreactors [Löwe et al., 2002] and micromixers [Tan et al., 2005]. The con-
tinuous miniaturization of microsystems and the associated reduction in channel dimensions
can have great implications for biochemical research as it can lead to a considerable reduction
in analysis time [Mathies and Huang, 1992], reduction of sample size [Woolley and Math-
ies, 1994] and it opens up the possibility to perform analyses in parallel on a single chip
allowing high throughput [Elwenspoek et al., 1994]. Therefore, the fabrication of sub-micro-
/nanometer sized channels with controllable dimensions has gained considerable interest in
recent years. Various methods to fabricate such channel networks have appeared and almost
all of them are based on the three-step process of conventional lithography, thin film deposi-
tion and etching [Haneveld et al., 2006, 2003; Hoang et al., 2009; Stern et al., 1997; Tas et al.,
2002].

An alternative approach that has been successfully explored is based on the self-organization
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of surface patterns and channels through the buckling of prestressed thin films. This mech-
anism offers the advantage that the surface does not need to be pre-patterned and thus elim-
inates the expensive and time consuming lithographic steps. Instead, the buckling-driven
self-organization relies on a spontaneous buckling process that allows surface micropatterns
(wrinkles, channels) to be formed that have a periodicity much smaller than the macroscopi-
cally induced features. The ability to fabricate ordered sub-micron or nanochannel networks
by the controlled wrinkling/buckling of thin films can possibly push forward the still evolving
field of microfluidic large scale integration [Thorsen et al., 2002], similar to the large scale
integration in microelectronics. Self-organized buckles can be generated by depositing stiff
thin films on expanded (by heating or stretching) compliant substrates [Bowden et al., 1998;
Efimenko et al., 2005; Huck et al., 2000]. The key mechanism in this method is the genera-
tion of anisotropy in the pre- or post-buckling stress state, allowing one preferred direction to
be identified in which the buckles line up. This directionality can also be introduced by the
controlled release of the bonding between film and substrate using chemical under-etching
(e.g. Malachias et al. [2008]; Mei et al. [2007]) or electrolysis (e.g. Edmondson et al. [2006]).
Then, the film first buckles up from the substrate when released, relaxing its stresses, followed
by bond-back to the substrate due to cohesive film/substrate forces, freezing in the final chan-
nel geometry. The aim of the current work is to explore the relation between the final channel
geometry and the system parameters for this release-and-bond-back approach. To do so, we
will focus on the experimental set-up as presented by Mei et al. [2007].

In the work of Mei et al. [2007], a thin film of Si0.76Ge0.24 is epitaxially grown on a sacri-
ficial layer (SiO2) on a Si substrate (see Fig. 4.1(a)). The thickness of the film and sacrificial
layer are 20 and 100 nm, respectively. An etching solution of HF is used to etch the sacrificial
layer from one side (from the right in Fig. 4.1(a)), so that the film can release its eigenstrains
(induced during the epitaxial growth process due to lattice mis-match between the film and
the substrate) by buckling with a specific wavelength. After the etching process is stopped,
the system is left for drying, during which the film bonds back to the substrate due to the
cohesive attraction between the film and the substrate. Fig. 4.1(b) shows a scanning electron
microscope (SEM) image of a single branch channel network and Fig. 4.1(c) shows optical
micrographs of a double and single branch sub-micron channel network. The objective of this
chapter is to understand the mechanics underlying the self-organized channel formation. To
do so, we will develop a computational model to describe the evolution of the spacing, width
and height of the channels formed as a function of the system parameters, such as the film
width, thickness, elastic modulus and eigenstrain, and the film/substrate interface energy.

The chapter is organized as follows. In Sec. 4.2, we will describe the boundary value
problem representing the thin film set-up and discuss the theoretical and numerical mechan-
ical models used to solve it. In Sec. 4.3 the results are presented; we will subsequently
analyze the onset of buckling (Sec. 4.3.1), the post-buckling stage as a function of eigenstrain
(Sec. 4.3.2), the effect of the substrate (Sec. 4.3.3) and, finally, in Sec. 4.3.4, bond back. Then,
we will compare the modelling results with the experiments and complete the discussion with
conclusions in Sec. 4.4.
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(a)

(b)
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Figure 4.1: (a) Nanochannel fabrication procedure of Mei et al. [2007] in which a thin SiGe
film is grown on a SiO2 sacrificial layer located on a Si substrate. (b) SEM image of a single-
sided channel network, and (c) optical micrographs of a single-sided (top) and a double-sided
(bottom) branch network. Reproduced with permission from Mei et al. [2007].

4.2 Problem definition and method
In this section, we develop a model to describe the experimental process shown in Fig. 4.1.
There are three important stages in the process of channel formation: (i) Film growth, during
which the film is pre-strained (with an eigenstrain ε∗) due to lattice mis-match between the
film and the substrate, (ii) buckling of the film into wrinkles with a characteristic periodicity,
channel height and width due to removal of the sacrificial layer and (iii) bond back of the film
to the substrate due to cohesive attraction during drying freezing in final channel geometry.
In this process, the sacrificial layer is progressively removed so that the etch width Le (see
Fig. 4.1(a)) increases in time. In our model, however, we will study the effect of Le on the
buckling behaviour by fixing Le and progressively increasing ε∗. By doing so, we implicitly
assume that dissipation mechanisms are absent in the film/substrate system.

With the above assumptions, the stages (i) and (ii) can be combined, yielding a two-step
process consisting of an eigenstrain loading step followed by bond back as shown schemat-
ically in Fig. 4.2. We study a long film of length 2a, width Le and thickness t, separated
by a distance tsl (the thickness of the sacrificial layer) from the substrate. The film is fully
constrained along one longitudinal edge, where the sacrificial layer is still present, and free
at the other three edges. The film in this configuration is loaded quasi-statically by an eigen-
strain (from ε∗ = 0 to 1.1%), during which it will go through three consecutive stages. First,
the film will buckle with a characteristic wavelength λ0 at a critical buckling strain ε∗c , that
is much smaller than the total eigenstrain in the film (see Fig. 4.2(a)). To calculate the crit-
ical strain ε∗c and wavelength λ0, we will perform a buckling analysis in section 4.3.1. With
further increase in eigenstrain, the film enters into a postbuckling regime, during which the
wavelength decreases from λ0 to λ and the buckling amplitude increases from approximately
zero to H as shown in Fig. 4.2(b). This will be the topic of section 4.3.2. For the situation
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where the thickness of the sacrificial layer is small enough, the film will touch the substrate
before the total strain has been released. The effect of the substrate on the evolution of wave-
length and amplitude will be studied in section 4.3.3. When all strain has been released the
sample is left to dry during which the film bonds back. This is implemented by increasing the
interface energy between the film and the substrate, based on a cohesive interface law [Xu
and Needleman, 1993]. During bond-back we will only consider normal traction to be present
(similar to Ch. 3), so that the interface energy only depends on σmax, the maximum traction,
and δn, the critical opening (see Fig. 2.3(a)). As a result of the film/substrate attraction, the
channel width and height gradually reduce, reaching a final channel configuration as shown
in Fig. 4.2(c). This will be the subject of section 4.3.4.

4.2.1 Governing equations and dimensional analysis
In this section we will discuss the kinematic relations and the constitutive equations of the
film and the cohesive film/substrate interaction, followed by a dimensional analysis. Using
von Karman non-linear plate theory, the total strain in the film can be written as the sum of
three contributions [Bloom and Coffin, 2001],

ε = εstr + εrot + εbend.

The first term, εstr, is the strain caused by the in-plane stretching of the material and its
coefficients with respect to a Cartesian frame in the x− y plane (see Fig. 4.2(b)) are

εstr
ij =

1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, i = 1, 2, j = 1, 2, (4.1)

with ui the in-plane displacements. The second term, εrot, is the contribution caused by the
out-of-plane displacements w and is given by

εrot
ij =

1

2

∂w

∂xi

∂w

∂xj
, i = 1, 2, j = 1, 2. (4.2)

The contribution of the strain caused by bending/curvature of the film is given by

εbend
ij = −z ∂2w

∂xi∂xj
= −z χij , i = 1, 2, j = 1, 2. (4.3)

For the constitutive behaviour of the film, we assume that the total strain consists of an elastic
part εel and an eigenstrain part εeig: ε = εel + εeig, with the eigenstrain given by

εeig
ij = ε∗δij , i = 1, 2, j = 1, 2, (4.4)
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Figure 4.2: Schematic of the process of channel formation. (a) Initial buckling of the film.
(b) Configuration of the film at the end of eigenstrain loading. (c) Configuration showing the
channels after bond back of the film to the substrate.

with δij the Kronecker delta. The film is in a state of plane stress (σ13 = σ23 = σ33 = 0) so
that the coefficients of the stress σ in the plate are given by

σij =
E

1 + ν

(
εel
ij +

ν

1− ν
εel
kkδij

)
, (4.5)
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where i = 1, 2, j = 1, 2, E is Young’s modulus and ν is Poisson’s ratio of the film. To
mimic the complex interplay between the film and substrate during drying, we assume a
phenomenological interface relation that consists of a short-range repulsive part and a long-
range attractive part (see Fig. 2.3(a)), also often employed for van der Waals-type interac-
tions. During bond-back the film experiences a vertical downward traction Tn, causing the
normal separation wn between the film and substrate to decrease. For this we use a non-linear
traction-separation relation given by Xu and Needleman [1993]

Tn = σmax
wn

δn
exp

(
1− wn

δn

)
, (4.6)

where σmax is the maximum normal traction attained at the critical normal opening δn (see
Fig. 2.3(a)). The cohesive energy per unit area is equal to Γ =

∫
wn
Tn dwn = σmaxδn exp(1).

To investigate which dimensionless parameters govern the deformation of the film during
the eigenstrain loading step, we will carry out a dimensional analysis based on the principle
of virtual work. The principle of virtual work during eigenstrain loading is given by

δWin = δWex = 0, (4.7)

where δWex is the external virtual work (being zero in the present case) and δWin is the
internal virtual work. The internal virtual work can further be written as

δWin =

∫
V
σ : δε dV =

∫
V
σij δεij dV, (4.8)

with δεij the virtual strain. We neglect the contribution of in-plane stretching, εstr, to the total
strain, so that

εel
ij = εrot

ij − z χij − ε∗δij , (4.9)

δεij = δεrot
ij − zδχij , (4.10)

which upon substitution in Eq. 4.8 together with Eq. 4.5 yields

δWin =
E

1 + ν

∫ Le

0

∫ a

0

∫ t
2

− t
2

[
εrot
ij − z χij − ε∗δij +

ν

1− ν
(
εrot
kk − z χkk − 2ε∗

)
δij

]
[
δεrot
ij − z δχij

]
dz dx dy. (4.11)

We now integrate the above integral over z, which gives

δWin = δWrot + δWbend + δW *,

with

δWrot =
Et

1 + ν

∫ Le

0

∫ a

0

(
εrot
ij δε

rot
ij +

ν

1− ν
εrot
kkδε

rot
kk

)
dx dy, (4.12)
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δWbend =
Et3

12(1 + ν)

∫ Le

0

∫ a

0

(
χij δχij +

ν

1− ν
χkk δχkk

)
dx dy, (4.13)

δW ∗ =
−Etε∗

1− ν

∫ Le

0

∫ a

0

δεrot
kk dx dy. (4.14)

Next, we dimensionalize these integrals by introducing dimensionless lengthsX = x/a, Y =
y/Le and W = w/t. Using this in the expressions for the strains (Eqs. 4.2-4.3) yields

εrot
ij =

t2

aLe
Qijklε

′rot
kl ,

χij =
t

aLe
Qijklχ

′
kl,

 (4.15)

with Qijkl = 0, except for Q1111 = Le/a, Q1212 = Q1221 = Q2121 = Q2112 =
1/2, Q2222 = a/Le and ε′rot

kl and χ′ij being dimensionless. The expressions for δεrot
ij and

δχij are similar. Substituting these relations in Eq. 4.12−4.14 yields

δWrot =
Et5

(1 + ν)(aLe)∫ 1

0

∫ 1

0

(
Qijmnε

′rot
mnQijopδε

′rot
op +

ν

1− ν
Qkkqrε

′rot
qr Qkkstδε

′rot
st

)
dX dY,

δW ∗ =
−Et3ε∗

(1− ν)

∫ 1

0

∫ 1

0

Qkkmnδε
′rot
mn dX dY,

δWbend =
Et5

12(1 + ν)(aLe)∫ 1

0

∫ 1

0

(
Qijmnχ

′
mnQijopδχ

′
op +

ν

1− ν
Qkkqrχ

′
qrQkkstδχ

′
st

)
dX dY.


(4.16)

The above three integrals are dimensionless and they only depend on ν, the boundary con-
ditions and the ratio a/Le. By dividing all the terms with Et5/(1 + ν)aLe, it follows that
for plates with the same ν, a/Le and similar boundary conditions, the solution only depends
on the unique factor ε∗aLe/t

2, independent of the stiffness. For the boundary value prob-
lem of interest, the length of the plate is much larger than its width, so that Le/a → 0.
As a result, we can neglect Q1111, Q1212, Q1221, Q2121 and Q2112 with respect to Q2222,
from which it follows that the solution only depends on the governing dimensionless number
ε∗(Le

2/t2)(1 + ν).
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Figure 4.3: Schematic of the boundary value problem.

4.3 Results and discussion
In this section, we present the results of the evolution of buckling wavelength (λ), buckling
height (H) and channel width (W ) for the boundary value problem shown in Fig. 4.2. First,
in section 4.3.1 we derive an analytical solution for the critical buckling strain and buckling
wavelength for the boundary value problem at the onset of buckling. Then in section 4.3.2,
we use the finite element method to numerically study the evolution of wavelength and buck-
ling height of a free standing thin film, neglecting any interaction with the substrate. The
effect of the substrate is subsequently explored in section 4.3.3. Finally, in section 4.3.4 we
perform bond-back simulations to obtain the final dimensions (in terms of H , W and λ) of
the channels and compare the results with the experimental data.

4.3.1 Buckling analysis
The thickness t of the film (≈ 20 nm) is much smaller than the length 2a (≈ 100 µm) and
etching width Le (≈ 2 - 6 µm) (see Fig. 4.2). Hence, the film can be modelled as a thin
plate based on von Karman non-linear plate theory. The Si-Ge film material is assumed to
be isotropic and linear elastic. For such a free-standing film under a uniform in-plane stress
state, it can be shown (see Appendix I for a complete derivation) that the critical buckling
coefficient is given byK = 1.28 and the critical buckling stress σc ( or critical eigenstrain ε∗c ),

σc

E
= ε∗c =

1.28π2

12(1− ν2)

(
t

Le

)2

, (4.17)

with a wavelength

λ0 =
Le

0.3
≈ 3.3Le. (4.18)
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4.3.2 Postbuckling analysis
In this section, the post-buckling response of the film due to eigenstrain loading will be sim-
ulated using the commercial finite element package Abaqus [ABAQUS, 2007]. The simula-
tions are performed using a film of length 2a = 100 µm, with an etch width in the range of
1 µm ≤ Le ≤ 6 µm (steps of 1 µm) for two different thicknesses t (10 and 20 nm). The elastic
modulus E of the film (Si0.76Ge0.24) is≈ 120 GPa, and Poisson’s ratio ν is 0.32. We analyze
the postbuckling response of a free standing film with the boundary conditions as shown in
Fig. 4.3 (conform Fig. 4.2). We model half the length of the film and apply symmetry bound-
ary conditions at x = −a (or edge I in Fig. 4.3). Furthermore, we kinematically constrain the
edge connected to the sacrificial layer (IV or y = 0) and leave the other edges II (y = Le)
and III (x = 0) stress-free. The film is discretized using four-noded shell elements (S4) with
full integration and the substrate (Sec. 4.3.3) is modelled as a rigid surface. Geometric non-
linearity is incorporated in the model to account for large rotations. To trigger buckling the
initial configuration of the film is perturbed in the out-of-plane direction (z−direction) with
sufficiently small initial imperfections. An element size of 0.1 µm is found to be sufficient for
mesh convergence for all etch widths. The eigenstrain ε∗ is incrementally increased to 1.1%,
taking very small increments initially so that the critical buckling strain ε∗c can be accurately
determined. The critical buckling strain is taken to be the eigenstrain at which the uniform in-
plane stress state suddenly relaxes and the film starts to deflect in the out-of-plane direction.
The (buckling) wavelength reported in the simulations is measured at the free longitudinal
edge II ( highlighted face in Fig. 4.2(b)). For each value of Le, we have compared the critical
strain ε∗c and wavelength λ0 with Eqs. 4.17 and 4.18, showing excellent agreement. During
the (static) solution procedure, we use the stabilization algorithm of Abaqus to overcome the
local instabilities in the post-buckling regime. However, the total dissipated energy is con-
strained not to exceed 3% of the total strain energy. In this section, we neglect the presence
of the substrate. Substrate effects will be studied in section 4.3.3.

Figures 4.4 and 4.5 show the evolution of the wavelength λ and amplitude H (see Fig.
4.2(b)) of the buckles in the film with increase in eigenstrain for films of different width Le
and thickness t. The wavelength and amplitude reported are measured at the free longitu-
dinal edge of the film corresponding to the highlighted face in Fig. 4.2. The wavelength is
the average of the distance between two consecutive peaks and the amplitude is the average
of the vertical distance between successive peaks and valleys of the film profile at the high-
lighted edge. Figure 4.4 shows that the initiation of buckling (at small strains ε∗) occurs at
a wavelength λ0 that increases with etch width Le, following the linear relation λ0 = 3.3Le
(conform Eq. 4.18). The wavelength first decreases rapidly with strain, after which it satu-
rates at different values depending on Le. It can be observed that the initially large difference
in λ0 for different Le decreases with straining until λ ≈ Le. Figure 4.5 shows that the height
of the buckles first increases rapidly with strain, after which it changes to a more moderate
rate of increase at H ≈ 45 nm for t = 10 nm and H ≈ 90 nm for t = 20 nm. Similar to
the wavelength λ, also the buckle height H increases with Le for a given strain, indicating
that a film of small width Le accommodates a given eigenstrain by buckling into many buck-
les of small amplitude, while for a larger film width, the film’s strain energy is minimized
for a lower number of buckles but with a higher amplitude. In addition, comparison of the
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Figure 4.4: Evolution of wavelength λ as a function of eigenstrain ε∗ for films of thickness
(a) 10 nm and (b) 20 nm, having different widths Le.
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Figure 4.5: Evolution of channel heightH as a function of eigenstrain ε∗ for films of thickness
(a) 10 nm and (b) 20 nm, having different widths Le.
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Figure 4.6: Two different mechanisms of strain accommodation in the film. (a) Waves entering
from the free edge (left) with increasing eigenstrain. Note that only a portion of the film from
the free edge is shown. (b) Process of splitting of buckles with further increase in eigenstrain.
(c) Configurations at low and high eigenstrains depicting the initiation of splitting of buckles
at the fixed edge. The colors indicate the deflections w in the z−direction with red being
positive and blue being negative. The eigenstrain increases from snapshot to snapshot in the
downward direction.

results for the different thicknesses shows that both wavelength and amplitude increase with
thickness, for a given Le and ε∗.

It turns out that the system uses two different mechanisms to accommodate the straining.
The first is operative at small strains and proceeds through the entering of new buckles from
the free edge (see Fig. 4.6(a)). As can be observed from Fig. 4.6(a), the system can accom-
modate the strain by increasing the number of buckles at a more-or-less constant amplitude.
At the moment the number of buckles (or, similarly, the wavelength) reaches a critical value,
the energy cost of allowing new buckles increases sharply and a second mechanism becomes
operative. At this stage of constant wavelength, straining the film develops a narrow strip of
large compressive membrane stress adjacent to the constrained edge of the film. The width
of the strip decreases and the compressive stress intensity increases as ε∗ increases. Thus for
sufficiently large ε∗, the strip may buckle into wrinkles [Cheo and Reiss, 1974] as can also be
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seen in Fig. 4.6(c) and in Fig. 2(c) of Mei et al. [2007]. The wrinkles initiate the process of
splitting of buckles (see Fig. 4.6(b)), the second mechanism of strain accommodation. This
phenomenon of sudden change in wavelength in the postbuckling regime has been referred
to as “mode-jumping” in the literature [Bauer and Reiss, 1965; Stroebel and Warber, 1973].
This also causes the numerical procedure to become unstable when a number of these split-
ting events develop simultaneously. As can be seen from Figs. 4.4 and 4.5, only for small
Le the system is able to accommodate the entire strain level of 1.1%, due to the absence of
splitting of buckles while for larger Le the simulations terminate due to large local instabili-
ties. Accommodation of complete eigenstarin 1.1% for all values of Le would be possible by
increasing the dissipated energy tolerance beyond 5%, which has not been pursued.

To collapse our numerical data, we proceed by plotting the results in dimensionless form,
by using the characteristic dimensionless quantity ε∗ (Le/t)

2 as derived in section 4.2.1. Fig-
ures 4.7(a) and 4.7(b) shows the evolution of the normalized wavelength (λ/Le) and normal-
ized channel height (H/t) as a function of the dimensionless loading parameter ε∗ (Le/t)

2,
showing that all 12 curves of Fig. 4.4 and 4.5 (films with 1 µm ≤ Le ≤ 6 µm of thickness
10 nm and 20 nm) collapse into two master curves, nicely condensing the system’s response.
The trends shown in Figs. 4.7(a) and 4.7(b) are in close agreement with the analytical re-
sults of Fedorchenko et al. [2005], who used minimization of the free energy in the film,
assuming an infinitely long film with a purely sinusoidal wave in the longitudinal direction.
Figures 4.7(a) and 4.7(b) can now be combined to show the evolution of wavelength versus
amplitude (Fig. 4.7(c)), which can be directly related to the strain accommodation mecha-
nisms. In the initial stages of buckling, the film accommodates the strain by increasing its
buckling amplitude while keeping the wavelength almost constant. Then, new waves start
entering the system, which reduces the system’s wavelength considerably at almost constant
buckling amplitude. Once the number of incoming waves from the free edge saturates, the
amplitude increases again until the other mode of strain accommodation becomes operative,
resulting in splitting of buckles. From Figs. 4.7(a) and 4.7(b), it can be observed that splitting
starts at ε∗ (Le/t)

2 ≈ 165, which causes the initiation of several local instabilities in the sys-
tem. Figure 4.7(d) depicts the variation of (H/λ)

2 as a function of eigenstrain ε∗, showing a
linear dependence: (H/λ)2 = 0.45ε∗ independent of film dimensions. This proportionality
of (H/λ)2 with ε∗ is a direct consequence of the fact that the wavelength and amplitude must
satisfy the constraint that the total contour length of the film is dictated by the eigenstrain
released (a similar observation was made in Ch. 3, see Fig. 3.6). This dependence can be ra-
tionalized by writing the profile of the film along the free edge in the x− z plane (neglecting
film-shape variations in the y−direction, see Fig. 4.2(b)) as

w(x) = H sin(2πx/λ), (4.19)

with H the buckling amplitude and λ the wavelength. The contour length of the film for one
wavelength is given by

lc =

∫ λ

0

√
1 +

(
dw

dx

)2

dx ≈ λ+
π2H2

λ
, (4.20)
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Figure 4.7: (a) Normalized wavelength versus normalized strain. (b) Normalized channel
height versus normalized strain. The plots (a) and (b) contain the results for 1 µm ≤ Le ≤
6 µm and t = 10 nm, 20 nm from Figs. 4.4 and 4.5. (c) Normalized wavelength versus normal-
ized channel height. (d) Ratio of channel height to wavelength as a function of eigenstrain.
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Figure 4.8: (a) Channel height above and below the datum plane (z = 0) in the presence of
a substrate for tsl = 50 nm as a function of eigenstrain. (b) Profile of the symmetric edge at
various levels of eigenstrain for Le = 4 µm. The thickness of the film t = 20 nm.

assuming the slope dw/dx of the profile to be small. The eigenstrain in the film is related to
the contour length according to ε∗ = (lc − λ)/λ, which yields

ε∗ ≈ H2π2

λ2
. (4.21)

4.3.3 Effect of the substrate
The results discussed so far neglect the presence of a substrate. In this section, we explore
the effect of the substrate on the post-buckling behaviour. The substrate is modelled as a
non-penetrable rigid surface (see Fig. 4.2) located at a distance tsl = 50 nm below the film.
In the absence of a substrate the profile at the free longitudinal edge is almost sinusoidal and
the amplitude is symmetric about the x−axis. However, when the film touches the substrate
this will no longer be the case. To explore this effect we plot in Fig. 4.8 both the top (H+) as
well as the bottom (H−) of the buckling profile with respect to the initial film position (i.e.
z = 0 in Fig. 4.2(b)). The analysis is carried out for two different etch widths (Le = 2 µm
and 4 µm) for a film thickness of 20 nm. It can be seen that for both etch widths (Le) studied,
the profile is symmetric (i.e. H+ = H−) in the beginning, but when the film touches the
substrate, the film moves up from the substrate again. Note that only the buckling profile
at the free edge moves up; the film keeps contact with the substrate elsewhere. To illustrate
this, we plot in Fig. 4.8(b) the profile (w) at the symmetric edge in the y − z plane as viewed
from the negative x−direction (see Fig. 4.2(b)). The vertical displacement w at the free
edge corresponds with the bottom of the buckle profile H− (i.e. a “valley” in the buckle
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Figure 4.9: Comparison of (a) wavelength and (b) channel height as a function of eigenstrain
with and without substrate for films with different Le and a thickness of 20 nm.

landscape) in Fig. 4.8(a). For small strains the film does not yet touch the substrate, but when
the eigenstrain reaches a level of 0.029%, touchdown occurs. With further straining the film
bends upward at the free edge, while the location at which contact is established moves from
the free edge inwards towards the clamped edge. To explore how the presence of the substrate
affects the channel heightH (i.e. the distance between the valley and the tip,H = H++H−)
and the buckle wavelength λ, we plot H and λ in the presence and absence of a substrate in
Fig. 4.9 showing that the difference is negligibly small. Clearly, despite an alteration of the
profile in the lateral direction (Fig. 4.8(b)), the profile at the free edge in the longitudinal
direction remains unchanged (Fig. 4.9). From this it can be concluded that the dimensionless
results of Fig. 4.7 are also valid in the presence of a substrate.

The results discussed so far neglect any cohesive interaction between the film and the sub-
strate. However, for the situations where such an interaction is present, the buckling profile
will change at the moment the film and substrate touch at the free edge (e.g. at ε∗ ≈ 0.029%
in Fig. 4.8(b)). To explore how this instance of touchdown depends on the system parame-
ters, we use the dimensionless results of Fig. 4.7(b). By equating H/2 to tsl (= 100 nm [Mei
et al., 2007]), we can find the etch width Le at touchdown for a given tsl, ε∗ and t. The
results are plotted in Fig. 4.10. Figure 4.10(a) shows that for a given tsl the Le at touchdown
decreases with increasing t because of the enhanced buckling amplitude for thicker films
(compare Fig. 4.5(a) and 4.5(b)). Furthermore, in Fig. 4.10(b) we plot the effect of tsl on Le
at touchdown for a given thickness, but for different eigenstrains. As the buckling amplitude
increases with strain (see Fig. 4.9(b)), the Le at touchdown decreases with increasing ε∗ for a
given tsl. We now proceed and calculate Le at touchdown for different experimental systems
studied in the literature. In the experiments of Mei et al. [2007], the thickness of the sacri-
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Figure 4.10: Sacrificial layer thickness, tsl, versus etch width at touchdown, Le, for different
film thicknesses t (a) and eigenstrains ε∗ (b).

ficial layer is 100 nm, the thickness of the film is 20 nm and the eigenstrain is 1.1%. From
Fig. 4.10(b) it follows that the Le at touchdown is ≈ 2.5 µm. As the interaction between the
film and the substrate is weak, it is not expected that the event of touchdown in the Si-Ge
system will affect the channel morphology. Indeed, this is the case since long and regular
channels can be formed, much longer than the calculated 2.5 µm (see Fig. 4.1). However,
it was shown that in the case of In0.2Ga0.8As film on AlAs separated GaAs substrate, the
touchdown of the film changes the channel morphology [Malachias et al., 2008] due to the
strong interaction between the film and the substrate during the buckling-up stage itself. In
this system, the eigenstrain is 1.4%, the thickness of the sacrificial layer is 80 nm and the
film thickness is 20 nm. From Fig. 4.10(b), the etch width at touchdown is calculated to
be ≈ 2.0 µm, in very close agreement with the observations in the experiments (see Fig. 3
of Malachias et al. [2008]). This nicely exemplifies how the dimensionless results of Fig. 4.7
can be used to tune the instance of touchdown for experimental film systems.

4.3.4 Bond back
The bond-back of the film starts when the film has completely released its eigenstrains and the
system is left for drying. Therefore, in order to start bond-back, the eigenstrain loading step
has to be completed until all 1.1% strain has been released. However, for larger Le values,
the static solution procedure used in the previous subsections was not able to load the film
with complete eigenstrain due to the simultaneous occurrence of local instabilities as a result
of the splitting process. To overcome these instabilities, we resort to a fully dynamic solution
procedure to simulate the entire buckling-up and bond-back process. In the dynamic solution
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procedure, we use a mass-proportional damping and choose the eigenstrain loading rate to be
sufficiently low, mimicking a quasi-static procedure in order to minimize the kinetic energy
in the system. We performed simulations with Le = 2, 3, 4 and 6 µm for a film of thickness
t = 20 nm and tsl = 100 nm. The wavelength λ and the channel height H at the end of the
eigenstrain loading step for a film of Le = 2 µm has been compared to the static solution (see
Fig. 4.4(b) and 4.5(b)), showing good agreement at the end of the eigenstrain loading step.
Once the eigenstrain loading step has completed, the cohesive forces between the film and the
substrate are increased to bond back the film on the substrate. This process has been imple-
mented by increasing the interface strength σmax in time while keeping δn constant according
to Xu-Needleman cohesive relation shown in Eq. 4.6 and Fig. 2.3(a). We have implemented
a user subroutine VDLOAD in Abaqus to apply non-uniformly distributed traction on the
nodes of the film based on their current distance (w) from the substrate according to the Xu-
Needleman type cohesive relation during bond back. Once the film nodes touch the substrate,
they are effectively anchored at that location from that instant onward. This is accomplished
by prescribing a “no-separation” contact condition together with “rough-friction” between
the film and the substrate [ABAQUS, 2007].

Figure 4.11 shows five configurations during the process of channel formation from the
initiation of buckling through buckling up and bonding back for a film of width Le = 3 µm
and thickness 20 nm. In Fig. 4.11(a) the eigenstrain reaches the critical buckling strain ε∗c ,
causing the film to buckle with the buckling wavelength λ0 = 3.3Le. Then, with increasing
eigenstrain the wavelength λ decreases and the amplitude increases (Fig. 4.11(b)), until all
the strain has been applied and the wavelength is minimal, while the amplitude is maximal
(Fig. 4.11(c)). Then, the interface energy is enhanced (taking δn = 10 nm and increasing
σmax) and the film starts to bond back (Fig. 4.11(d)), during which the wavelength λ stays
constant, but the channel width W and height H decrease until the final channel configura-
tion has been reached (Fig. 4.11(e)).

Figure 4.12 shows the evolution of wavelength (λ), channel width (W ), and channel
height (H) as a function of time for films of width 2, 3, 4 and 6 µm. The loading parameter
during the buckling-up stage is the eigenstrain and during the bond-back stage is the cohesive
attraction. The eigenstrain loading process takes 82 µs during which the strain is increased to
1.1%. Then, the bond-back process starts (with Γ = σmax = 0) and continues for 200 µs until
σmax/E = 1.67× 10−4 (or Γ = 0.2 J/m2). The two processes are distinguished by a vertical
line in the figures. The error bars in Fig. 4.12 corresponds to the standard deviation of the
measured quantities, indicating that the fluctuations are large compared to the static results
(Figs. 4.4-4.5) but still small compared to the average. The oscillations due to inertia for the
case of Le = 2 µm are very small, so that λ and H at the end of eigenstrain loading match
exactly with that of the static solution procedure (see Figs. 4.4(b), 4.5(b)). For films of larger
width there are some oscillations in the initial stages, particularly at the onset of buckling.
However, as the eigenstrain reaches 1.1%, the kinetic energy reduces to zero and the system
reaches a steady-state behaviour. In all the simulations during the bond-back step, the wave-
length λ remains unchanged and the channel height H and channel width W progressively
reduce, gradually converging to a saturation point. Note that the results of Fig. 4.12 have
been obtained for a fixed value of δn. We have repeated the simulations for different values
of δn and found that the dependence on δn is negligibly small compared to Γ (i.e. keeping Γ
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Figure 4.11: Configurations of the film at various instances of channel formation for Le =
3 µm, t = 20 nm and ε∗ = 1.1%. Only a portion of the film from the symmetric edge
(located at the right) is shown. The corresponding simulation times are (a) 2.46 µs, (b) 27 µs,
(c) 82 µs, (d) 98.33 µs and (e) 282 µs.

fixed by doubling δn and halving the σmax did not affect the results shown in Fig. 4.12). This
shows that the interface response is dominated by the energy per unit area Γ and not by the
individual components σmax and δn.

During bond back the wavelength λ does not change anymore and this becomes a char-
acteristic length scale in this phase. The ensuing width and height depend on the balance be-
tween the interface energy in the rebonded region, λ-W , and the strain energy in the film [Ed-
mondson et al., 2006]. By only accounting for bending in the x-z plane and neglecting the
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Figure 4.12: Evolution of wavelength λ, channel widthW and channel heightH as a function
of time. The buckling-up and bond-back stages are shown for each figure. The loading
parameter during the buckling-up stage is the eigenstrain (ε∗) and during the bond-back stage
is the interface strength (σmax). The ε∗ reaches a maximum value of 1.1% at the end of the
buckling up stage (i.e. at time = 82 µs). The normalised loading parameter (σmax/E) is
increased from zero (at time = 82 µs) to 1.67 × 10−4 at the end of the bond-back step. The
film dimensions are Le = 2 µm (a), 3 µm (b), 4 µm (c), and 5 µm (d), respectively and the
film thickness in all the cases is 20 nm. The labels (a)-(e) in Fig. 4.12(b) corresponds to
Fig. 4.11(a)-(e).
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Figure 4.13: Evolution of the normalized (a) channel width W/λ and (b) channel height
H/λ during the bond-back process as a function of the non-dimensional loading parameter
(Γ/Eλ)(λ/t)3.

stretching energy, this energy balance can be written as

Et3Le

12 (1− ν2)

∫ λ

0

(
d2w

dx2

)2

dx = Γ (λ−W )Le (4.22)

with w the vertical deflection and Γ the interface energy per unit area. By normalizing all
lengths with λ in Eq. 4.22, i.e. w = w̄λ and x = x̄λ, it follows that

Et3

12 (1− ν2)λ
Φb = Γ (λ−W ) (4.23)

with Φb the dimensionless bending energy defined as

Φb =

∫ 1

0

(
d2w̄

dx̄2

)2

dx̄. (4.24)

The height H for a given λ depends on the current eigenstrain ε∗ (see Eq. 4.21) and there-
fore enters the dimensionless bending energy Φb. By dividing Eq. 4.23 by λ2 and rear-
ranging it can be deduced that W/λ (and H/λ) depend solely on the dimensionless number
(Γ/Eλ)(λ/t)3 and eigenstrain ε∗. Figure 4.13 shows this dependence for the simulation
results of Fig. 4.12 for ε∗ = 1.1% and different values of Le and t, collapsing all data on
one universal bond-back curve. This curve could assist in backing out the cohesive interface
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Figure 4.14: (a) Comparison of periodicity of buckles/channels with the experiment (t = 20
nm). The results are also compared with the analytical solution of Fedorchenko et al. [2005].
The results for the static simulation for Le > 3 µm is obtained by extrapolating the master
curve (Fig. 4.7(a)) beyond ε∗(Le/t)

2 > 165 with λ/Le = 1.1. (b) Comparison of final
channel height and width of the simulations with the experiments. The simulation results are
shown by triangles, where as experiments are shown by square symbols. The results for the
experiment and simulations are shown for a film of thickness 20 nm.

energy Γ for experimental film/substrate systems of which the film properties and eigenstrain
are known. Once this energy has been determined, the results of Fig. 4.13 can be used to
design the experimental parameters for a target channel morphology.

Next, we compare the results obtained from the simulations with the experimental data
reported by Mei et al. [2007]. Figure 4.14(a) shows the predictions for the wavelength from
the master curve of Fig. 4.7(a) for an eigenstrain of 1.1% and a thickness t = 20 nm, where
we have extrapolated the master-relation by taking λ/Le = 1.1 for ε∗ (Le/t)

2
> 165. The

prediction of the wavelength extracted from the master curve and the dynamic simulations
(Fig. 4.12) match very well with the experimental results. We have also plotted the analytical
results of Fedorchenko et al. [2005] in Fig. 4.14(a) (dashed line) which show good agreement
with both the simulations and experiments, especially at small Le. The wavelength results in
Fig. 4.14(a) can be summarized as a bilinear relation having a slope of 3.3 at small Le and a
slope of 1.1 at large Le. This clearly indicates that for the experimental strains of 1.1%, the
wavelength at small Le is determined by the initiation of buckling (see Eq. 4.18, Fig. 4.7(a),
and Fig. 4.7(b) at small ε∗ (Le/t)

2), after which it transforms to the limit of λ/Le = 1.1 at
large ε∗ (Le/t)

2 (see Fig. 4.7). Note, however, that the simulation results slightly overesti-
mate the experimentally-measured wavelengths for large etch widths Le (see Fig 4.14(a)).

In Fig. 4.14(b) we plot the final channel configurationW andH at the end of the dynamic
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simulations (as, for instance, depicted in Fig. 4.12) and compare them with the experimen-
tal data points. The correspondence is good, although the experimental values are slightly
overestimated. It should be noted that the cohesive parameters in Eq. 4.6 and Fig. 2.3(a), are
free parameters in the model −no independent experimental data are available for the system
under consideration. However, comparing our simulations with the experiments can give a
first-order estimation of the interface energy of the experimental system. The numerical data
plotted in Fig. 4.14(b) correspond to Γ = 0.2 J/m2. Since E and t are known and λ is pre-
dicted with good accuracy, the reasonable agreement of the simulations with the experiments
suggests that Γ is in the range 0.1− 1 J/m2 (the simulations slightly overestimate the experi-
mental data so that a somewhat larger interface energy is needed to further reduce the channel
dimensions).

4.4 Summary and conclusions
We have used analytical and numerical calculations to describe the self-organization of branched
channel networks through the controlled release of prestressed thin films. During this process
three different stages can be identified. (i) The process is initiated by film buckling into the
lowest eigenmode having a wavelength λ equal to 3.3 times the etch width Le (Eq. 4.18). (ii)
Then, with further straining the system enters a post-buckling regime in which the wavelength
gradually decreases to 1.1 times Le (Fig. 4.7(a)). At first, the system can accommodate the
additional film strains by decreasing its wavelength by allowing new waves to enter at a more-
or-less constant amplitude. However, when the wavelength becomes approximately equal to
the etch width, this accommodation mechanism saturates. The wrinkle amplitude increases,
stresses build up, causing the energy cost of allowing new waves to sharply increase. Then,
the system switches to a second accommodation mechanism, consisting of the splitting of
existing buckles (Figs. 4.6 and 4.7(c)). (iii) Once the eigenstrains have been released the film
is allowed to bond back to the substrate through an enhanced cohesive attraction. During this
stage the actual final channel geometry is established with a branch channel spacing equal to
the final buckling wavelength λ of stage (ii) and a channel width and height that gradually
decrease with the increasing interface energy (Figs. 4.11 and 4.13).

During stage (ii) the buckling amplitude increases until the film touches the substrate.
Here, the thickness of the sacrificial layer enters the analysis and dictates the maximum etch
width that can be reached before touchdown. This limits the formation of straight channels for
systems with a strong interaction between film and substrate. By comparing the theoretical
results with experimental data, we were able to rationalize the (limited) straight-channel-
length for two different experimental film/substrate systems [Malachias et al., 2008; Mei
et al., 2007]. We have also compared the final channel spacing, height and width of the
branched networks with experiments, showing good agreement.

For each stage the characteristic dimensionless parameters have been identified that drive
the process. In stage (i) the slenderness ratio t/Le determines the eigenstrain needed to initi-
ate buckling, representative of typical Euler buckling behaviour. In stage (ii) the evolution of
the wavelength is a unique function of ε∗(Le/t)

2, while during the bond-back phase i.e. stage
(iii) the final channel dimensions are governed by the bond-back parameter (Γ/Eλ)(λ/t)3.
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These results can not only be used to back-out the cohesive interface energy for experimental
film/substrate systems, they can also provide guidelines for the design of specific channel
network geometries.
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Appendix

I Analytical solution for critical buckling strain and wavelength of a
rectangular plate

For an isotropic, free-standing film under a uniform in-plane stress state, the equilibrium
equation can be written as

∂4w

∂x4
+ 2

∂4w

∂x2∂y2
+
∂4w

∂y4
=

1

D

{
Nx

∂2w

∂x2
+ 2Nxy

∂2w

∂x∂y
+Ny

∂2w

∂y2

}
, (4.A.1)

where D is the bending stiffness, Nx, Ny and Nxy are the average normal and shear forces
per unit length at a material point (x, y) in the film (see Bloom and Coffin [2001]). The
bending stiffnessD is given byEt3/12

(
1− ν2

)
. Starting point for the analysis is a flat plate,

constrained in the longitudinal (x−) direction along one edge (y = 0, see Fig. 2(b)) due to
the presence of the sacrificial layer. Upon increase of ε∗, the film can freely expand in the
lateral (y−) direction but is constrained in the x−direction so that a uniaxial compressive
stress-state develops: Nx = −σt, Ny = 0, Nxy = 0. Substitution in Eq. 4.A.1 yields

∂4w

∂x4
+ 2

∂4w

∂x2∂y2
+
∂4w

∂y4
= −σt

D

∂2w

∂x2
. (4.A.2)

This partial differential equation has to be solved subject to the boundary conditions corre-
sponding to Fig. 2. We assume a periodic solution along the x−direction according to [Allen
and Bulson, 1980; Timoshenko and Gere, 1997; Ugural, 1999]

w(x, y) = f(y) sin(k0x), (4.A.3)

where k0 = 2π/λ0. Substitution of Eq. 4.A.3 into Eq. 4.A.2 results in

∂4f(y)

∂y4
− 2k20

∂2f(y)

∂y2
+

(
k40 −

σt

D
k20

)
f(y) = 0. (4.A.4)

The solution of Eq. 4.A.4 can be written as

f(y) = A1 cosh(αy) +A2 sinh(αy) +A3 cos(βy) +A4 sin(βy), (4.A.5)

where

α =

(
k20 +

√
σt

D
k20

) 1
2

and β =

(
−k20 +

√
σt

D
k20

) 1
2

, (4.A.6)
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Figure 4.A.1: Buckling coefficient K as a function of ρ showing multiple solutions and each
solution corresponds to a particular mode.

and the constants Ai, i = 1 . . . 4, are to be found with the appropriate boundary conditions.
For the clamped boundary, the displacements and rotations must be zero:

|w|y=0 = 0,

∣∣∣∣∂w∂y
∣∣∣∣
y=0

= 0,

and for the free boundary, the bending moments must be zero which leads to [Allen and
Bulson, 1980; Timoshenko and Gere, 1997]∣∣∣∣∂2w∂y2 + ν

∂2w

∂x2

∣∣∣∣
y=Le

= 0.

The shear force at the free edge need not necessarily be zero, but must be balanced by an
equivalent shear force due to the distribution of twisting moments along the edge. This
yields [Allen and Bulson, 1980; Timoshenko and Gere, 1997]∣∣∣∣∂3w∂y3 + (2− ν)

∂3w

∂x2∂y

∣∣∣∣
y=Le

= 0.

The above four boundary conditions results in four equations for Ai, i = 1 . . . 4, which can
be written in matrix form asBijAj = 0, i, j = 1 . . . 4. This system has a non-trivial solution
only when the determinant of Bij equals zero, which leads to the following characteristic
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equation

2pqr2s2 + pq
(
r4 + s4

)
cosh(p) cos(q) +

(
q2r4 − p2s4

)
sinh(p) sin(q) = 0, (4.A.7)

where

p2 = (αLe)
2

= ρπ2
(√

K + ρ
)
, q2 = (βLe)

2
= ρπ2

(√
K − ρ

)
,

r2 = p2 − νρ2π2, s2 = q2 + νρ2π2,

K =
σtLe

2

π2D
=

12σ
(
1− ν2

)
π2E

(
Le

t

)2

, and ρ =
k0Le

π
.

In the above definitions, K is called the buckling coefficient which characterizes the buckling
load σ of the system. Eq. 4.A.7 has to be solved for K as a function of ρ and ν giving the
buckling load for each wavelength λ0. However, it is not possible to find the analytical
solution for the present system and therefore we solve Eq. 4.A.7 numerically. The results are
plotted in Fig. 4.A.1 for ν = 0.3, which shows that for each ρ there are multiple solutions
corresponding to different buckling modes of the system. The system will buckle at the lowest
K (mode 1 in Fig. 4.A.1), which can be accurately fitted to

K =

(
0.36

ρ
+ ρ

)2

− 0.16, (4.A.8)

yielding a minimum for K at K = 1.28 and ρ = 0.6. From this it follows that the system
buckles at a critical stress σc (or critical eigenstrain ε∗c )

σc

E
= ε∗c =

1.28π2

12(1− ν2)

(
t

Le

)2

, (4.A.9)

with a wavelength

λ0 =
Le

0.3
≈ 3.3Le. (4.A.10)
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5 PATTERN FORMATION IN PRESTRESSED

POLYGONAL FILMS

In this chapter we explore the spontaneous formation of micropatterns in thin pre-stressed
polygonal films using finite element simulations. We study films with different size, thick-
ness and shape, including square, rectangular, pentagonal and hexagonal films. Patterns
form when the films release the internal eigenstrain by buckling-up, after which the films
bond-back to the substrate. After an initial symmetric evolution of the buckling profile, the
symmetry of the deflection pattern breaks when the wavelength of wriggles near the film
edges decreases. During bond back the deflection morphology converges to a four-fold,
five-fold and six-fold ridging pattern for the square, pentagonal and hexagonal films, re-
spectively, showing a close resemblance with experimental film systems of similar size and
shape. Rectangular films of large length to width ratio go through a transition in buckling
shapes from the initial Euler mode, through the varicose mode into the anti-symmetric
telephone-cord mode. For all film shapes, the film height scales with the square-root of
the film area and eigenstrain and is independent of thickness. The bond-back mechanism
determines the final wrinkle morphology and is governed by the eigenstrain value at the
end of the buckling-up stage and the dimensionless parameter (Γ/(EWeq))(Weq/t)

3,
relating the interface energy to the strain energy in the film.

5.1 Introduction
Wrinkled surfaces are omnipresent in many systems in nature such as vegetables, fruits,
leaves and human skin. Such patterns/wrinkles of thin surfaces with controllable dimensions
at the micro- and nanometer scale are promising tools for modern technological applications
as e.g., microelectromechanical systems (MEMS). In recent times it has been successfully
demonstrated that these patterned surfaces can be used as tunable optical gratings [Edmond-
son and Huck, 2004; Harrison et al., 2004; Xia et al., 1996], replica for microfluidic chan-
nels [Edmondson et al., 2006], flexible electronics [Baca et al., 2008; Jiang et al., 2007b; Kim
et al., 2008; Lacour et al., 2003; Sun et al., 2006], microfluidic channels [Malachias et al.,
2008; Mei et al., 2007], microreactors [Watts and Wiles, 2007], particle separators [Efimenko
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(a) (b)

(c) (d)

Figure 5.1: Patterns formed by the release and bond back of pre-stressed thin films. (a, b) Op-
tical micrographs of fourfold and fivefold ridge patterns formed in square (a) and pentagonal
(b) polymer films released by pulse electrolysis (reproduced with permission from Edmond-
son et al. [2006]). (c) SEM image of a nanochannel network formed by the controlled under-
etching of semi-conductor films (reproduced with permission from Malachias et al. [2008]).
(d) A zoomed view of one unit-cell of (c).

et al., 2005], tissue engineering applications [Langer and Vacanti, 1993], surfaces for ma-
rine anti-fouling [Efimenko et al., 2009], devices for DNA manipulation [Foquet et al., 2002;
Turner et al., 1998] and templates for micro-structure fabrication [Peng et al., 2004; Schäffer
et al., 2000].

While nature controls the shape and size of patterns observed in natural systems (veg-
etables, leaves etc.,) through complex biochemical processes along with mechanical forces,
the microsystems mentioned above need sophisticated processes to be developed for better
control and reproducibility. In the last two decades, there was considerable effort to develop
fabrication methods and the most successful of them are based on the three-step process
of conventional lithography, thin film deposition and etching [Haneveld et al., 2006, 2003;
Hoang et al., 2009; Stern et al., 1997; Tas et al., 2002]. However, these lithography based
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methods are time consuming and they become expensive as the feature size reduces. In the
search for alternatives a method based on the self-organization of surface patterns and chan-
nels through the buckling of pre-stressed thin films was found to be promising for it does not
require pre-patterning at small length scales [Bowden et al., 1998]. Since then, thin film buck-
ling has been explored in a wide range of applications [Cerda and Mahadevan, 2003; Cerda
et al., 2002; Fedorchenko et al., 2005; Huang et al., 2007; Moon et al., 2004; Tarasovs and
Andersons, 2008; Vella et al., 2009] describing how the -otherwise unwanted- phenomenon
of buckling could be used to develop micro- and nanomechanical systems for various tech-
nological applications.

Recently, it has been demonstrated that an additional level of complexity can be intro-
duced based on the release and bond-back of pre-stressed thin films [Edmondson et al., 2006;
Malachias et al., 2008; Mei et al., 2007], leading to patterns with different morphologies
(Fig. 5.1). Figures 5.1(a) and 5.1(b) show optical micrographs of fourfold and fivefold ridge
patterns on square and pentagonal films formed by pulse electrolysis proposed by Edmondson
and Huck [2004]. In their method, thin polymer (PGMA) brushes are grown and cross-linked
on a gold substrate. The film growth process induces eigenstrains in the film resulting in
compressive stresses. Then, the film-substrate system is placed in an electrolytic cell and a
short electric pulse is given to break the bonds between the film and the substrate, resulting
in buckling-driven relaxation of the pre-stressed polymer film followed by bond-back. The
final pattern morphology depends strongly on the film shape (lines, square, pentagons, etc.,
see Edmondson et al. [2006]). Figure 5.1(c) shows a SEM image of a nanochannel network
fabricated by Malachias et al. [2008]. In their method semiconductor films are epitaxially
grown on sacrificial-layer-covered substrates. Eigenstrains are induced in the film due to lat-
tice mismatch between film and substrate. Circular holes are introduced in the film as etch
pits and placed in an etchant solution, leading to a gradual underetching starting from the pe-
riphery of the holes. The film releases its eigenstrains by buckling when the sacrificial layer
is removed. When the system is left for drying the film bonds back to the substrate due to co-
hesive film-substrate attraction. For a square pattern of circular etch pits a diagonal buckling
pattern develops (Figs. 5.1(c) and 5.1(d)) that shows a clear resemblance with the fourfold
ridging pattern for the square polymer films (Fig. 5.1(a)). The objective of this chapter is
to understand the mechanics of pattern formation in these pre-stressed thin film systems and
study how the film geometry (thickness, size, and shape) and film and interface properties
(prestrain, stiffness and interface energy) relate to the final pattern morphology. To do so,
we will perform three-dimensional finite element calculations to simulate the buckling, post-
buckling and bond back of pre-stressed thin film systems following closely the experimental
set up of Edmondson et al. [2006].

The chapter is organized as follows. In section 5.2 the boundary value problem is de-
scribed followed by a dimensional analysis (see Appendix I) and a detailed discussion of the
numerical ingredients. In section 5.3 we present the results of our simulations, in which we
subsequently analyze buckling-up and bond-back of square (Sec. 5.3.1), rectangular (Sec. 5.3.2),
pentagonal and hexagonal films (Sec. 5.3.3). Finally, in section 5.4, we summarize and con-
clude the chapter.
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5.2 Problem definition and method
In this section, we define the mechanical boundary value problem to describe the above men-
tioned mechanism for pattern formation. Figure 5.2 shows the schematic of various stages
in the process, which, for the polymer film system [Edmondson and Huck, 2004], can be di-
vided into the following three steps: (i) Film growth and cross linking of the polymer brushes,
during which the film is pre-strained with an eigenstrain ε∗ (Fig. 5.2(a)); (ii) release of eigen-
strains by buckling of the film into a dome-like shape due to the electrolytic pulse (reducing
the interface strength between film and substrate) attaining a central amplitudeH (Fig. 5.2(b))
and (iii) bond-back of the buckled-up film (due to cohesive interaction between the film and
the substrate) forming a final ridge shape (Fig. 5.2(c)). In the present study we combine the
first two steps by loading the film with eigenstrain in the absence of any interface cohesion.
In doing so, we neglect all details connected to buckling-driven interface delamination due to
the gradual reduction of interface strength, as studied in a two-dimensional setting in chap-
ter 3 [Annabattula et al., 2010a]. In that study it has been shown that the driving force for
delamination at the edge of the film drastically reduces, so that full delamination only occurs
in the presence of large eigenstrains. We incorporate this observation in the present analysis
by simply constraining the edges of the film. We study a film of width W (and length L in
case of rectangular films), thickness t, Young’s modulus E, and Poisson’s ratio ν on a rigid
substrate. Also pentagonal and hexagonal films will be analyzed in Sec. 5.3.3, following the
same approach as explained here for square and rectangular films. The film is loaded by
eigenstrains (from ε∗ = 0 to 5%), during which the film first buckles at its characteristic
buckling load (or buckling strain) after which it enters into the postbuckling regime with a
further increase of the buckling amplitude from almost 0 to H (see Fig. 5.2(b)). Once the
eigenstrain loading is completed, the film will bond back to the substrate due to the cohe-
sive attraction between the film and the substrate, based on a cohesive interface law [Xu and
Needleman, 1993]. As a result of the film/substrate interaction, the film geometry changes
and its height H gradually reduces, reaching a final configuration as shown schematically in
Fig. 5.2(c). The von Karman non-linear plate theory as discussed in Ch. 4 (see Sec. 4.2.1)
is used with the same governing equations for kinematics and constitutive behaviour for the
film and the interface.

To investigate which dimensionless parameters govern the deformation of the film during
the eigenstrain loading step, we carry out a dimensional analysis based on the principle of
virtual work. From the dimensional analysis (see Appendix I) it turns out that for square
films of size W the solution depends solely on the parameter ε∗(W/t)2 for a given set of
boundary conditions and Poisson’s ratio ν.

5.3 Results and discussion
In this section, we analyze the strain-driven pattern evolution in films of different shapes, i.e.,
square, rectangular, pentagonal and hexagonal films, followed by bond back. To solve the
boundary value problem defined in Fig. 5.2 we use the finite-element method [Zienkiewicz
and Taylor, 2000]. The film is discretized by four-noded shell elements (S4) [ABAQUS,
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Figure 5.2: Schematic of the pattern formation mechanism (a) Initial stage, (b) Buckled-up
configuration and (c) Configuration after bond-back.
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2007] with all boundaries of the film fully constrained and the substrate is modelled as a rigid
surface (R3D4).∗ We assume that the material of the film is linear elastic with an elastic
modulus E = 7 GPa and Poisson’s ratio ν = 0.32. To trigger buckling the initial configuration
of the film is perturbed in the out-of-plane direction with sufficiently small imperfections. A
static solution procedure is used during the buckling-up stage (eigenstrain loading) with a sta-
bilization procedure to overcome small local instabilities [ABAQUS, 2007]. The maximum
allowable dissipated energy due to stabilization is limited to 3% of the total strain energy
of the film. During the buckling-up stage a normal contact condition is enforced between
the film and the substrate, which ensures the film not to penetrate into the substrate. The
bond-back stage is carried out using an explicit dynamic solution procedure so that the iner-
tia of the film can be used to overcome local instabilities; the loading rate however is kept
small to mimic quasi-static loading. We also incorporate a “no-separation” contact condition
with rough friction during bond-back so that the nodes of the film that come in contact with
the substrate will effectively be anchored from that instant onwards. Furthermore, we use a
mass-proportional damping (Rayleigh damping) during bond-back, such that the total energy
dissipated is a small fraction (5%) of the total strain energy in the film. During bond-back
the film is acted upon by a non-uniformly distributed normal traction based on the cohesive
interface law proposed by Xu and Needleman [1993] (see Fig. 2.3(a) and Eq. 4.6). To ac-
complish this we have implemented a user subroutine VDLOAD [ABAQUS, 2007] to apply
the non-uniform traction during the bond-back stage.

5.3.1 Square films
In this section, we study various aspects of the pattern evolution during eigenstrain loading
followed by bond-back in square films. The film thickness t and film size W will be varied
in the range of 20 nm - 50 nm and 2 µm - 5 µm, respectively. Figure 5.3 shows the results
for a square film of size 5 µm and thickness 30 nm (reference case). The top row shows
the pattern evolution during the buckling-up stage and the bottom row shows the bond-back
stage. The contour plots correspond to the vertical position z of the film (see Fig. 5.2).
During eigenstrain loading, the film accommodates the strain by in-plane compression. When
the eigenstrain reaches a critical strain, the film buckles. The critical buckling load Pcr for
square films clamped along the edges has been obtained using analytical techniques [Sezawa,
1931; Taylor, 1933] and is given by

Pcr = 5.3
Dπ2

W 2
, (5.1)

with D = Et3/12(1− ν2). By using σcr = Pcr/t and ε∗cr = σcr(1− ν)/E it follows that

ε∗cr =
5.3π2

12(1 + ν)

(
t

W

)2

. (5.2)

∗A gap of 20 nm is maintained between the film and the substrate to avoid instabilities in the static solution procedure
during the buckling-up stage.
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Figure 5.3: Evolution of deflection patterns of a square film of widthW = 5 µm and thickness t
= 30 nm during the buckling-up (a-c) and bond-back stages (d-f). The maximum eigenstrain
in the film is 5% (c) and the bond-back process is started from the configuration at 1.9%
eigenstrain (d). The corresponding eigenstrains during the buckling-up stage are (a) 0.3%,
(b) 1.78% and (c) 5.0%. The corresponding normalized interface strength (σmax/E) during
bond back is (d) 0.0, (e) 0.3× 10−3 and (f) 0.5× 10−3.

Figure 5.3(a) shows the out-of-plane position of the film at 0.3% eigenstrain after initial
buckling, which happened at ε∗cr ≈ 0.011%, with a similar buckling profile as in Fig. 5.3(a).
It can be observed that the profile is symmetric with respect to a horizontal and vertical axes
through the center. At a certain strain level the symmetry is broken, associated with a re-
duction in wavelength near the boundary, which further decreases with strain (see Fig. 5.3(b)
and 5.3(c)). Figure 5.3(d) shows the profile at the beginning of the bond-back process at 1.9%
eigenstrain. When the interface strength is increased the film starts to bond back at the center
of the four edges (Fig. 5.3(e)), ultimately “freezing” in a diagonal ridge pattern (Fig. 5.3(f)).
It can be observed that the final pattern evolved after bond back has a very close resemblance
with the experimentally-obtained patterns shown in Fig. 5.1(a).

Figure 5.4 shows the contour plots of the normalized out-of-plane position (z̄ = z/H∗)
during the buckling-up stage for W = 4 µm (first row), 3µm (second row), and 2µm (third
row) for a film thickness t = 30 nm. The contour plots in the first column correspond to
an eigenstrain of 1%, the second column corresponds to the strain at the onset of rotation (or
break-up of symmetry at the top boundary) and the third column corresponds to an eigenstrain
of 5% (maximum strain applied). The break-up of symmetry occurs at ε∗ = 2.1%, 2.1%, and
4.7% for films of size W = 4, 3, and 2 µm, respectively. Clearly, when the film width
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Figure 5.4: Evolution of deflection patterns of square films of different size W during the
buckling-up stage. The figures (a-c) corresponds to W = 4 µm, (d-f) to W = 3 µm and (g-i)
to W = 2 µm. The thickness of the film in all the cases is 30 nm. The eigenstrains are (a, d,
g) 1.0%, (b, e) 2.1%, (h) 4.7% and (c, f, i) 5%. The contours show the out-of plane position
of the film (z) normalized with H∗ = 500 nm and zmin = 0.04. The (maximum) buckling
amplitude at 5% eigenstrain is 650 nm, 450 nm, and 320 nm for W = 4 µm, 3 µm, and 2
µm, respectively.
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reduces, the breaking of symmetry is postponed to larger strain values resulting in more
regular patterns at ε∗ = 5%. Figure 5.5 shows the contour plots of the normalized out-of-
plane position (z̄ = z/H∗) during the bond-back stage for the above mentioned cases. The
contour plots in the first column corresponds to the configuration at the beginning of the
bond-back process (i.e., at the end of 2% eigenstrain during buckling-up). The contour plots
in the second column are shown at σmax/E = 0.3×10−3 and the third column corresponds to
σmax/E = 0.5×10−3, the final point of the bond-back simulation. Note that the configuration
at 2% strain is symmetric for all widths. It turns out that for W = 4 and 3 µm, the onset of
symmetry breaking happens right after 2% (at 2.1%, see Fig. 5.4). As a result, during bond
back the system is stable, yielding regular square patterns.

Figure 5.6(a) shows the evolution of buckling amplitude H as a function of normalized
eigenstrain ε̄∗ during buckling-up (left hand frame) and as a function of σmax/E during bond-
back (right hand frame) for films of size W = 2, 3, 4, and 5 µm with a film thickness of 30
nm. The normalized eigenstrain ε̄∗ is the ratio of eigenstrain ε∗ to the maximum eigenstrain
applied which is 1.9% for W = 5 µm film and 2% for remaining cases. As mentioned be-
fore, the buckling-up configuration at 2% eigenstrain is the starting point for the bond-back
simulation (except for the 5 µm film for which bond-back is started from the configuration
at 1.9% eigenstrain). Clearly, the buckling height H increases with increasing film size W ,
during both stages of the process (buckling-up and bond-back). Next, we take films of sizeW
= 5 µm and change the film thickness (t = 20, 30 and 40 nm, see Fig. 5.6(b)). The buckling
amplitude during the buckling-up stage appears to be independent of the thickness. During
bond-back, however, the effect of the film thickness on the final height can be clearly seen,
leading to increasing buckle heights with increasing thickness. Figure 5.7 shows the cor-
responding deflection patterns during the bond-back stage for films of thickness 20 nm (first
row), 30 nm (second row) and 40 nm (third row). The first column shows the buckled-up
configuration at 2% eigenstrain (1.9% for Fig. 5.7(d)), which is the initial configuration for
the bond-back process. Although the buckling amplitude H for all cases is approximately
the same (see Fig. 5.6(b)), the effect of thickness comes in through the breaking of symmetry
triggered by a reduction of wavelength near the edges (see Fig. 5.7(a), (d) and (g)). Only
for t = 40 nm the buckling-up process retains symmetry of film shape, while for the smaller
thicknesses, the breaking of symmetry during buckling up causes a rotational asymmetry of
the final bond-back configuration, characteristic for the patterns found in square films (see
Figs. 5.7(c), 5.7(f) and Fig. 5.1). For thicker films the rotation is not observed, thus result-
ing in a regular (non-rotated) fourfold pattern (see Fig. 5.7(i)). There are two characteristic
features in Fig. 5.7(c) and 5.7(f) that are also observed in the experimental systems shown in
Fig. 5.1: (i) the splitting of the microchannels in the corners of the square films (see the upper
right corner of the square films in Fig. 5.1(a)) and (ii) the breaking of symmetry leading to a
rotated configuration of the fourfold ridging patterns (see Figs. 5.1(a) and 5.1(d)). Clearly, the
morphology of the final bond-back configuration depends on the onset of symmetry breaking
during buckling up. The onset of asymmetry can be traced back to the buckling profile near
the edges. In Fig. 5.8(a) we plot the out-of-plane (z) displacement along the length of the
film (see X-X in Fig. 5.7(a)) for a film of thickness 20 nm at a distance of W/8 from the top
boundary. The profile is plotted at different eigenstrain values, showing a clear decrease in
wavelength with an increase in eigenstrain. The change of wavelength is a result of “mode-
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Figure 5.5: Evolution of deflection patterns of square films of different size W during bond-
back. The figures (a-c) corresponds to W = 4 µm, (d-f) to W = 3 µm, and (g-i) to W =
2 µm. The thickness of the film in all cases is 30 nm. The first column corresponds to
the initial configuration of the bond back (i.e., the configuration at 2% eigenstrain during
eigenstrain loading). The second column corresponds to a value of σmax/E = 0.3 × 10−3

and the third column corresponds to σmax/E = 0.5 × 10−3. The contours show the out-
of plane position of the film (z) normalized with H∗ = 300 nm and zmin = 0.07. The
maximum buckling amplitude (i.e., at the beginning of bond-back stage) is 350 nm, 300 nm,
and 200 nm for W = 4 µm, 3 µm, and 2 µm, respectively.
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Figure 5.6: Buckling heightH at the central node during buckling-up as a function of normal-
ized eigenstrain ε̄∗ (left frame) and during bond-back as a function of σmax/E (right frame)
for films of widths 5, 4, 3, and 2 µm for a film thickness of 30 nm (a) and for a film of
5 µm for different film thicknesses of 20, 30 and 40 nm (b). The black dots in Fig. 5.6(a)
correspond to Fig. 5.3(e), and the second column of Fig. 5.5 and in Fig. 5.6(b) to the second
column of Fig. 5.7.

jumping” [Cheo and Reiss, 1974; Stroebel and Warber, 1973], which refers to the change
of wavelength through the break-up of symmetry of the profile in the post-buckling stage,
reflected in Fig. 5.8(a) by a change from a double sinusoidal shape (ε∗ = 0.3%) to a more
complex wriggling profile. The simulations show that the breaking of symmetry happens
much sooner (i.e., at smaller eigenstrains) for thinner films and that the wavelength is larger
(but the amplitude smaller) for thicker films for a given eigenstrain.

Next, we quantify how the wavelength at the boundary evolves with eigenstrain for films
with different thickness and width. Figure 5.8(b) shows the normalized wavelength (λts/W ),
i.e., the inverse of the number of waves, at the top strip (along X-X) as a function of
eigenstrain. The jumps in wavelength are discrete as the change in wavelength occurs at
distinct eigenstrains due to mode-jumping in the post-buckling regime [Everall and Hunt,
2000]. The trends that we observe here are similar to those found for linear nanochannel
networks, showing a decrease of wavelength with strain, with wavelengths being larger for
thicker films [Annabattula et al., 2010b]. Figure 5.8(b) shows that the reduction of wave-
length sets in at large eigenstrains when the film is thicker relative to its width. To explore
this further, we plot the onset-strain ε∗λ (i.e., the strain at which the buckling profile changes
from being symmetric to asymmetric) as a function of normalized film thickness t/W in the
inset of Fig. 5.8(b). Similar to the buckling strain this onset strain has an approximate square
dependence on the slenderness t/W , see Eq. 5.2.

A dimensional analysis of the system under consideration (see Sec. 5.2 and the Appendix)
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Figure 5.7: Evolution of deflection patterns of square films during the bond-back stage for dif-
ferent thicknesses. All the films are of size W = 5 µm. The figures (a-c) corresponds to films
of thickness t = 20 nm, (d-f) 30 nm and (g-i) 40 nm, respectively. The first column corre-
sponds to the configuration at 2% eigenstrain (1.9% for Fig.(d)) at the end of the buckling-up
stages. The second column corresponds to a value of σmax/E = 0.3 × 10−3 and the third
column corresponds to σmax/E = 0.5 × 10−3. The out-of-plane deflection z is normalized
with H∗ = 400 nm and zmin = 0.05.
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Figure 5.8: (a) Out-of-plane position (z) of the film along the section (X-X) shown in
Fig. 5.7(a) for a film of width W = 5 µm and thickness t = 20 nm at different eigenstrain
values. (b) Normalized wavelength (λts/W ) at the top cut-section X-X as a function of
eigenstrain ε∗. (Inset of b) Strain (ε∗λ) at the onset of change in wavelength along X-X as
a function of normalized film thickness (t/W ). The symbols in figure (b) corresponds to
different thickness and width combinations. Square symbols correspond to W = 5 µm, t =
20 nm, diamonds correspond to W = 3 µm, t = 30 nm and circles correspond to W = 2.5 µm
and t = 10 nm. The numbers shown in parenthesis of the inset of figure (b) represent (W , t),
with W in µm and t in nm.

shows that during eigenstrain loading the solution only depends on the parameter ε∗(W/t)2.
In Fig. 5.9(a) we plot the normalized channel height H/t versus ε∗(W/t)2 for all cases an-
alyzed. The results follow a unique relation which can be accurately captured by a square-
root dependence, H/t ∝

√
ε∗W/t. This suggests that the thickness-dependence is small.

Indeed, by plotting (H/W )2 versus ε∗ (inset of Fig. 5.9(a)), it follows that the thickness-
dependence can be neglected and the results can be well fitted to (H/W )2 = 0.6 ε∗. The
final pattern/morphology after bond back is governed by the interface energy, film thickness,
film size and eigenstrain in the film. This final configuration is determined by the balance
between the interface energy in the rebonded region and the strain energy of the film. By
neglecting the strain energy due to stretching, Annabattula et al. [2010a,b] (see also Sec. 3.4
and 4.3.4) have shown that the bond-back process is governed by the non-dimensional param-
eter (Γ/EW )(W/t)3, where Γ = σmaxδn exp(1). Figure 5.9(b) shows the normalized buck-
ling amplitude (H/W ) at the center of the film as a function of the above non-dimensional
parameter for all cases analyzed in Figs. 5.3 - 5.7. After an initial scatter, all the curves col-
lapse on a single curve for increasing values of (Γ/EW )(W/t)3. Two cases can be seen to
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Figure 5.9: (a) Normalized channel height (H/t) as a function of non-dimensional loading
parameter ε∗W 2/t2 during the buckling-up stage. The inset shows the normalized channel
height (H/W ) as a function of eigenstrain during buckling-up. The symbols in the figure cor-
respond to different film size and thickness values as shown in the legend of (b). (b) Normal-
ized channel height (H/W ) as a function of the non-dimensional parameter (Γ/EW )(W/t)3

during bond-back for square films of different size and thickness.

deviate from the main trend in the initial stages of bond-back, (W, t) = (5 µm, 20 nm) and
(5 µm, 30 nm). This is believed to be related to the breaking of symmetry during buckling-up
(see Fig. 5.7); all other cases have a symmetric buckled-up profile (see Figs. 5.5 and 5.7),
facilitating bond back compared to an asymmetric profile. One additional case, (W, t) = (2
µm, 30 nm) has a larger initial height, which is known to affect the scaling [Annabattula
et al., 2010a]. For some cases appreciable membrane strains develop in the film, which were
not accounted for in the non-dimensional parameter. These data points (at large interface
energies) are excluded from Fig. 5.9(b).

5.3.2 Rectangular films
In this section we investigate the evolution of the film deflection with an increase in eigen-
strain for rectangular films. Figure 5.10 shows the contour plots of the normalized out-of-
plane position (z̄) of a rectangular film of length L = 5 µm, width W = 2 µm and thickness
t = 30 nm (see Fig. 5.2(a)). During the eigenstrain loading, we can observe that the film
goes through three stages. Figure 5.10(a) shows the initial buckling mode, referred to as
the Euler buckling mode. With further increase in eigenstrain, the film enters the varicose
mode (Fig. 5.10(b)) and finally symmetry is broken when entering into a telephone-cord
mode (Fig. 5.10(c)-5.10(f)). A similar evolution of buckling modes with film stress in films
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Figure 5.10: Evolution of deflection patterns of a rectangular film during buckling-up. The
length of the film L = 5 µm, the widthW = 2 µm and the thickness t = 30 nm. The contour
plots correspond to eigenstrain ε∗ of (a) 0.08%, (b) 0.53%, (c) 0.56%, (d) 0.57%, (e) 0.80%,
and (f) 1.4%, respectively. The maximum amplitude (i.e., at 1.4% eigenstrain) at the central
node in the above case is 200 nm while the amplitude z is normalized with H∗ = 300 nm and
zmin = 0.07. We can observe a transition of modes with increase in eigenstrain. The film
initially buckles in the Euler mode (a), and then it enters into the varicose mode (b) and with
further increase in strain it enters into a telephone-cord mode (c), as also observed by Moon
et al. [2004].

of infinite length has also been reported by Moon et al. [2004].
Figure 5.11 shows the contour plots of the normalized out-of-plane position of rectangular

plates of length L = 5 µm and widths W = 2, 3.5 and 4.5 µm with a thickness t = 30
nm, through the entire process of channel formation. The first column in all the figures
correspond to the initial buckled-up profile at small eigenstrain (ε∗ = 0.19%), the second
column corresponds to the fully buckled-up configuration at the end of eigenstrain loading
(i.e., at 1.4% eigenstrain) and the third column corresponds to the configuration at the end of
the bond-back process. It can be clearly seen that the final bond-back configuration strongly
depends on the configuration at the beginning of bond-back; we see a non-symmetric pattern
formation for films of large length (L) to width (W ) ratio and the pattern transforms to the
well-known fourfold ridge pattern (Fig. 5.11(i)) for square films (see Sec. 5.3.1).

The switching of modes in the case of a confined rectangular film may be explained as
follows. A pre-stressed rectangular film relaxes the stresses by buckling in the transverse
direction (i.e., in the X-direction, see Fig. 5.2) at small strains, called the Euler mode. With
further increase in strain the film starts to relax in the longitudinal direction (Y -direction)
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Figure 5.11: Evolution of normalized out-of-plane position during buckling-up and bond-back
for rectangular film of size (a-c) L = 5 µm, W = 2 µm, (d-f) L = 5 µm, W = 3.5 µm, and
(g-h) L = 5 µm, W = 4.5 µm. The thickness of the film in all the cases is 30 nm. The first
column shows the initial buckling configurations at 0.19% eigenstrain, the second column
corresponds to the final buckled-up configuration (or beginning of the bond-back process) at
1.4% eigenstrain and the third column shows the final bond-back configuration (at σmax/E =
0.142×10−3) showing a channel formation. The out-of-plane deflection z is normalized with
H∗ = 300 nm and zmin = 0.07.
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as well, resulting in a bifurcation of the Euler mode into a symmetric or anti-symmetric
undulating profile, termed varicose and telephone-cord mode, respectively. It has been shown
by Audoly [1999] that for an infinitely long rectangular film with a width W the bifurcation
mode depends solely on Poisson’s ratio of the film. If Poisson’s ratio of the film is less than
0.25, the secondary mode will be symmetric (varicose mode) and if it is higher the mode
will be anti-symmetric (telephone-cord). In the case of a rectangular film of finite length and
width it has been shown [Nakamura and Uetani, 1979] that the the ratio of secondary buckling
load to primary buckling load also depends on the film aspect ratio and thickness. Indeed,
our results show that for relatively large aspect-ratio films the Euler mode is followed by the
varicose mode, but that the telephone-cord mode is attained at relatively small eigenstrains
(see Fig. 5.10). Increasing the aspect ratio, postpones the change from varicose to telephone-
cord mode to larger eigenstrains, as shown in the second column of Fig. 5.11, where W =
2 µm and 3.5 µm correspond to the telephone-cord mode, and W = 4.5 µm to the varicose
mode at 1.4% eigenstrain. Clearly, the buckling morphology (symmetric versus asymmetric)
is directly reflected in the final configuration after bond-back (see right column of Fig. 5.11).
Increasing the film thickness also postpones the varicose-to-telephone-cord bifurcation to
larger strains (results not shown), also leading to more regular channel morphologies.

We now investigate the evolution of the buckling height H as a function of eigenstrain
for films of different length (L) to width (W ) ratios. Figure 5.12(a) shows the evolution of
the buckling height (H) at the central node (i.e., the intersection of the two diagonals) as a
function of eigenstrain for films having different widths, but for a fixed length L = 5 µm and
thickness t = 30 nm. It can be observed that the buckling amplitude decreases with a decrease
in width W . The film obtains a larger bending stiffness when one dimension is reduced (W
in this case) increasing the critical buckling strain (see Eq. 5.2) which can also be seen in
Fig. 5.12(a). The sudden jumps in buckling amplitude (at ε∗ = 0.005, 0.0085 for W = 2 µm
and at ε∗ = 0.012 for W = 3.5 µm) correspond to mode-changes (from Euler to varicose and
from varicose to telephone-cord mode, see Figs. 5.10, and 5.11). The amplitude H reported
in Fig. 5.12(a) corresponds to the central node, which was the highest node until the onset
of mode change. When the mode change occurs, the highest point shifts and the amplitude
of the central node reduces. Next, we will develop an analytical solution to the postbuckling
problem using minimization of energy.

The solution for the boundary value problem (for a rectangular film constrained all around)
can be approximated by

w(x, y) = (H/4) [1− cos(2πx/L)] [1− cos(2πy/W )] , (5.3)

where L and W are the length and width of the film, respectively (see Fig. 5.2). The bending
strain energy density (Wb) and membrane strain energy density (Wm) are given by

Wb =
Ēt3
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Figure 5.12: (a) Buckling amplitude as a function of eigenstrain forL = 5 µm films of different
width W for a film thickness of 30 nm. (b) Analytical solution of buckling amplitude (H)
for films of length L = 5 µm with two different widths W = 2 and 5 µm plotted as a function
of eigenstrain ε∗ for three different film thicknesses (t = 10, 30 and 50 nm) in each case. The
inset of Fig. (b) shows a zoomed view at small strains depicting the effect of film thickness.
(c) Simulation results for the normalized buckling amplitude (H/W )2 plotted as a function
of eigenstrain for the results shown in Fig. 5.12(a). (d) Analytical solution of normalized
buckling amplitude (H/W )2 as a function of eigenstrain (ε∗) for films of different aspect
ratio (L/W ). Each line type corresponds to a specific aspect ratio of the film as shown in
Fig. 5.12(c). The inset of figure (d) shows the slope of the lines as a function of the aspect
ratio.
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with σij defined in Eq. 4.5, Ē = E/(1− ν2) and the elastic strains in the film (neglecting the
contribution due to axial displacements) given by (see also Sec. 4.2.1)

εel11 = −ε∗ +
1

2

(
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)2

, (5.6)
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)
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The total bending (Ub) and membrane (Um) strain energy are given by

Ub =

∫ L

0

∫ W

0

Wb dx dy, (5.9)

Um =

∫ L

0

∫ W

0

Wm dx dy, (5.10)

and hence the total strain energy in the film is given by U = Ub + Um. The amplitude of the
film is obtained by minimizing the total strain energy

∂U

∂H
(E,H,L,W, t, ν, ε∗) = E

∂U∗

∂H
(H,L,W, t, ν, ε∗) = 0.

This results in an implicit equation for H , which can be solved for H and written as

H

W
= f

(
t

L
,
L

W
, ε∗, ν

)
. (5.11)

In Fig. 5.12(b) we plot the analytical solution for H for films of length L = 5 µm and widths
W being 2 and 5 µm with ν = 0.3, for three different thicknesses t = 10 nm, 30 nm, and 50
nm as a function of ε∗. The results show a rather small effect of thickness. Only for small
strains a thickness-dependence can be observed (see the inset of Fig. 5.12(b)). A similar
observation is also reported in Ch. 3, see Fig. 3.6 [Annabattula et al., 2010a]. With the
assumption that t/L << ε∗, Eq. 5.11 can be simplified to

H

W
=
√
ε∗f̄ (L/W, ν) , (5.12)

showing the characteristic
√
ε∗ dependence of the height H (see the inset of Fig. 5.9(a)).

Equation 5.12 is plotted in Fig. 5.12(d) for different aspect ratios of the film, indicating that
for the aspect ratios analyzed, its effect on H/W is small. This can also be deduced from the
inset of Fig. 5.12(d), clearly showing that the dependence of the slope of Fig. 5.12(d) onL/W
is weak for L/W > 1. These results are in close agreement with the numerical results shown
in Fig. 5.12(c), demonstrating the square root dependence on ε∗ (Eq. 5.12) and the weak



84 5. Pattern formation in prestressed polygonal films

z/H*
zmin 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

z̄ =

5 µm

(a) (b) (c)

(d) (e) (f)

Figure 5.13: Contour plots of the normalized out-of-plane (z̄) deflection during buckling-up
(a-c) and bond-back (d-f) for a pentagonal film of side 5 µm and thickness 30nm. During the
buckling-up stage the corresponding eigenstrains are (a) 0.7%, (b) 1.1% and (c) 5.0%. During
the bond-back stage the corresponding values of σmax/E are (d) 0.0 (i.e. the configuration
at 2% eigenstrain during buckling up), (e) 1.25×10−3, and (f) 1.25×10−3 with a higher
damping factor than in (e). The value of H∗ for the above case is 1200 nm and zmin = 0.017.

dependence on L/W . Finally, it is interesting to compare the slope of the (H/W )2 versus
ε∗ curves with the numerical results (equal to f̄2 in Eq. 5.12). For a square film (L/W = 1)
the slope is approximately equal to 0.375 (see inset of Fig. 5.12(d)). Note that the analytical
solution and simulation results do not match one-to-one as the slope of the (H/W )2 versus
ε∗ curve is found to be equal to 0.5 (see Fig. 5.12(c)). The difference in slopes may be due
to the assumed functional form of the buckled-up profile in the analytical solution (Eq. 5.3)
which does not exactly represent the profile in the simulations.

5.3.3 Pentagonal and hexagonal films
Next, we study the patterns formed in films with a pentagonal and hexagonal geometry. Fig-
ure 5.13 shows the contour plots of the normalized out-of-plane position for pentagonal films
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Figure 5.14: Contour plots of the normalized out-of-plane (z̄) deflection during buckling-up
(a-c) and bond-back (d-f) for a hexagonal film of side 5 µm. During the buckling-up stage
the corresponding eigenstrains are (a) 0.7%, (b) 1.07% and (c) 5.0% and the film thickness
is 30 nm. During the bond-back stage the corresponding values of σmax/E are (d) 0.0 (i.e.,
the configuration at ε∗ = 2% during buckling-up), (e) 0.375×10−3 for a film thickness of
30nm and (f) 0.375×10−3 for a film of thickness 50 nm. The damping factor for both the
thicknesses is taken to be same as in Fig. 5.13(f). The value of H∗ for the above case is 1200
nm and zmin = 0.017.

with a side length of 5 µm and a thickness of 30 nm through the buckling-up and bond-back
stages. Figure 5.13(a) shows the configuration at ε∗ = 0.7% with a symmetric profile while
the symmetry is lost at ε∗ = 1.1% (Fig. 5.13(b)) through a change of wavelength along the
boundary and an associated rotation at the center. Figure 5.13(c) shows the configuration
at the end of eigenstrain loading (ε∗ = 5%) showing a highly wriggled profile along the
constrained boundary. The bond back is started from the configuration of the film at 2%
eigenstrain (Fig. 5.13(d)) similar to the square films. Figure 5.13(e) shows the bond-back
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configuration at σmax/E = 1.25 × 10−3, i.e., at an interface energy of 0.27 J/m2 (for δn
= 20 nm) and Fig. 5.13(f) shows the configuration at the same interface energy but with a
higher damping factor†. From the figures it can be seen that the final pattern configuration
with higher damping is more symmetric and has more narrow channels. This is due to the
lower kinetic energy in the system during bond-back, which does not create any disturbances
to break the symmetry (or even helps the system to suppress potential instabilities) as in the
system with lower damping shown in Fig. 5.13(e). Note that both configurations can be ob-
served in the optical micrographs of the experimental system (see Fig. 5.1(b)). Figure 5.14
shows the results for a hexagonal film of size 5 µm through the buckling-up and bond-back
stages. Figures 5.14(a)-5.14(e) correspond to a film of thickness 30 nm. Figure 5.14(d) shows
that the initial configuration of the bond-back stage (i.e., the configuration at the end of 2%
eigenstrain during buckling-up process) is still symmetric in contrast to the pentagonal film
in Fig. 5.13(d). It seems that the level of symmetry of the initial film shape affects the sus-
ceptibility to symmetry breaking of the buckling profile. Squares and hexagons (two axes
of symmetry) break symmetry at eigenstrains of 1.78% and 2%, while pentagons (one axis
of symmetry) break symmetry at much smaller eigenstrain 1.1%. Figure 5.14(e) shows the
bond-back configuration at σmax/E = 0.375× 10−3 corresponding to an interface energy of
0.265 J/m2. Figure 5.14(f) shows the configuration during bond back at the same interface
energy, but with a higher thickness (t = 50 nm). The film with a lower thickness bonds back
with less symmetry than the thicker film, while the channels are more narrow. The obser-
vation is in correspondence to those of the square films (see Fig. 5.7). Note that for both
thicknesses the buckled-up configurations are identical (conform Fig. 5.6(b)).

Finally, we investigate the film height H during the buckling-up stage of the pentagonal,
hexagonal and square films. It has been shown that for square films the thickness dependence
on buckling amplitude is rather small (see Fig. 5.6(b)). Indeed, by plotting (H/W )2 ver-
sus ε∗ (see the inset of Fig. 5.9(a)) a very small thickness dependence was observed, while
the curve can be well fitted to (H/W )2 = 0.6ε∗. In other words, H2/A, where A = W 2

is the area of the square film scales with ε∗. It turns out that such a scaling can also be
extended to other geometries as well. Figure 5.15(a) shows the film height H normalized
with an equivalent film width (Weq) plotted as a function of eigenstrain (ε∗). The equiva-
lent film width Weq is the length of the side of a square of the same area as the polygonal
films under consideration (i.e., square root of the film area). Thus Weq = W for square,
Weq = 1.31W for pentagonal, and Weq = 1.61W for hexagonal films. It can be observed that
the normalized buckling amplitude is independent of film shape, film size and film thickness
when normalized with Weq. The final pattern/morphology after bond back is governed by
the interface energy, film thickness, film size and eigenstrain. The final configuration is de-
termined by the balance between the interface energy in the rebonded region and the strain
energy of the film. By neglecting the strain energy due to stretching of the film, it has been
shown in Sec. 4.3.4 that the bond-back process is governed by the non-dimensional parameter
(Γ/EW )(W/t)3, where Γ = σmaxδn exp(1). However, for polygonal films we replace W by
Weq in the above non-dimensional parameter as already mentioned before. Figure 5.15(b)

†The dissipated energy for the damping factor of Fig. 5.13(e) is 0.5% of the total energy, while with the higher
damping factor of Fig. 5.13(f) it is 5% of the total energy in the system.
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Figure 5.15: (a) Normalized buckling amplitude (H/Weq) as a function of eigenstrain (ε∗)
(b) Normalized buckling amplitude (H/Weq) as a function of the non-dimensional parameter
(Γ/EWeq)(Weq/t)

3 for films of square (S), Pentagonal (P) and Hexagonal (H) geometry.
The first number in the legend corresponds to the side length of the film in ‘µm’ and the
second number corresponds to the film thickness in ‘nm’.

shows the evolution of the normalized amplitude (H/Weq) as a function of normalized inter-
face strength (Γ/(EWeq))(Weq/t)

3 during the bond-back stage for square, pentagonal and
hexagonal films of different size and thickness. All the curves collapse to a single curve. The
normalized Figs. 5.15(a) and 5.15(b) can be seen as master curves for the buckling-up and
bond-back behaviour for thin films of different shape, size and thickness.

5.4 Summary and conclusions
We have developed a finite element model to describe the mechanism of pattern formation
as a result of buckling-up followed by bond-back of prestressed thin films on a rigid sub-
strate. We studied films with different size, thickness and shape, including square, rectan-
gular, pentagonal and hexagonal films. During eigenstrain loading, square films of width
W first buckle in their initial (Euler) buckling mode at the critical buckling strain ε∗c . After
an initial symmetric evolution of the deflection profile, the symmetry of the deflection pat-
tern breaks when the wavelength of the wriggles near the fixed boundary starts to decrease.
The strain at which wavelength reduction initiates and symmetry breaking commences de-
pends on the normalized thickness t/W . The normalized buckling height H/W , however,
is more-or-less independent of thickness and is observed to scale linearly with

√
ε∗. During
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bond back the deflection morphology converges to a four-fold ridging pattern having features
that show a close resemblance with the experimental film systems of similar size and shape.
Rectangular films of large length to width ratio and relatively small thickness go through a
transition in buckling shapes from the initial Euler mode, through the varicose mode into the
anti-symmetric telephone-cord mode. Increasing the thickness postpones the telephone-cord
mode to occur at larger strains, while the ridging pattern becomes more regular with a de-
crease in length to width ratio, converging to the fourfold ridging pattern for square films.
We have also performed analytical calculations based on the minimization of strain energy
in the film to study the evolution of buckling height H . We found that H/W only depends
weakly on normalized film thickness t/W and aspect ratio L/W and we confirmed the linear
correlation between H/W and

√
ε∗.

Finally, we studied the effect of film shape on pattern formation for pentagonal and hexag-
onal films. We found that the evolution of heightH for all film shapes can be captured by one
master curve which scales linearly with

√
ε∗ if normalized by Weq, being the square-root of

the film area. In addition, the bond-back mechanism is governed by the eigenstrain value at
the end of the buckling-up stage and the dimensionless parameter (Γ/(EWeq))(Weq/t)

3, re-
lating the film dimensions to the interface energy Γ = σmaxδn exp (1). The Young’s modulus
of the film does not enter the buckling-up process during the initiation of buckling or during
post-buckling. It does enter, however, during bond-back in which it contributes to the compe-
tition between the interface energy and the strain energy of the film, ultimately dictating the
final wrinkle morphology.



Appendix 89

Appendix

I Dimensional analysis
The principle of virtual work during eigenstrain loading is given by

δWin = δWex = 0, (5.A.1)

where δWex is the external virtual work (being zero in the present case) and δWin is the
internal virtual work. The internal virtual work can further be written as

δWin =

∫
V
σ : δε dV =

∫
V
σij δεij dV, (5.A.2)

with δεij the virtual strain. We neglect the contribution of in-plane stretching, εstr, to the total
strain, so that

εel
ij = εrot

ij − z χij − ε∗δij , (5.A.3)

δεij = δεrot
ij − zδχij , (5.A.4)

which upon substitution in Eq. 5.A.2 together with Eq. 4.5 yields

δWin =
E

1 + ν

∫ W

0

∫ L

0

∫ t
2

− t
2

[
εrot
ij − z χij − ε∗δij +

ν

1− ν
(
εrot
kk − z χkk − 2ε∗

)
δij

]
[
δεrot
ij − z δχij

]
dz dx dy. (5.A.5)

We now integrate the above integral over z, which gives

δWin = δWrot + δWbend + δW *,

with

δWrot =
Et

1 + ν

∫ W

0

∫ L

0

(
εrot
ij δε

rot
ij +

ν

1− ν
εrot
kkδε

rot
kk

)
dx dy, (5.A.6)

δWbend =
Et3

12(1 + ν)

∫ W

0

∫ L

0

(
χij δχij +

ν

1− ν
χkk δχkk

)
dx dy, (5.A.7)

δW ∗ =
−Etε∗

1− ν

∫ W

0

∫ L

0

δεrot
kk dx dy. (5.A.8)
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Next, we dimensionalize these integrals by introducing dimensionless lengthsX = x/L, Y =
y/W and W̄ = w/t. Using this in the expressions for the strains yields

εrot
ij =

t2

LW
Qijklε

′rot
kl ,

χij =
t

LW
Qijklχ

′
kl,

 (5.A.9)

with Qijkl = 0, except for Q1111 = W/L, Q1212 = Q1221 = Q2121 = Q2112 =
1/2, Q2222 = L/W and ε′rot

kl and χ′ij being dimensionless. The expressions for δεrot
ij and

δχij are similar. Substituting these relations in Eq. 5.A.6−5.A.8 yields

δWrot =
Et5

(1 + ν)(LW )

∫ 1

0

∫ 1

0

(
Qijmnε

′rot
mnQijopδε

′rot
op +

ν
1−νQkkqrε

′rot
qr Qkkstδε

′rot
st

)
dX dY,

δW ∗ =
−Et3ε∗

(1− ν)

∫ 1

0

∫ 1

0

Qkkmnδε
′rot
mn dX dY,

δWbend =
Et5

12(1 + ν)(LW )

∫ 1

0

∫ 1

0

(
Qijmnχ

′
mnQijopδχ

′
op +

ν
1−νQkkqrχ

′
qrQkkstδχ

′
st

)
dX dY.


(5.A.10)

The above three integrals are dimensionless and they only depend on ν, the boundary condi-
tions and the ratio L/W . By dividing all the terms with Et5/(1 + ν)LW , it follows that for
plates with the same ν, L/W and similar boundary conditions, the solution only depends on
the unique factor ε∗LW/t2, independent of the stiffness.
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6 CHANNEL NETWORKS IN PERIODICALLY

PERFORATED FILMS

In this chapter we theoretically analyze the mechanism of nanochannel formation by an
evolutionary etching process in periodically perforated semiconductor films. The com-
pressive stresses due to lattice mismatch of the epitaxially grown nanoscale films are
gradually relaxed leading to an evolutionary buckling process. We quantitatively analyze
the mechanics of wrinkle evolution around an isolated etch-pit and a predictive tool to
determine the edge-to-corner channel transition is developed. The buckling wavelength
increases with increasing etch depth until the etch fronts of neighbouring etch pits merge
and multiple channels coalesce. The effect of various system parameters such as etch-
pit size, periodicity and film thickness on the channel morphology has been studied and
compared to experimental results. The good agreement provides insight to the physical
mechanisms that govern the complex interplay during evolutionary etching and channel
formation.

6.1 Introduction
Buckling and wrinkling of materials is ubiquitous in every day life from human skin to dried
vegetables and fruits [Cerda and Mahadevan, 2003]. Despite the complexity of such pat-
terns in natural systems, many technological applications of wrinkled surfaces in micro-
and nanosystems have been realized in recent years. Such applications include smart ad-
hesives [Crosby et al., 2005], cellular engineering [Wilkinson et al., 1998], optical grat-
ings [Harrison et al., 2004], measurement of elastic moduli of thin films [Stafford et al., 2004],
marine anti-fouling [Efimenko et al., 2009], fabrication of bendable electronics [Jiang et al.,
2007a] and microfluidic large scale integration [Thorsen et al., 2002]. Owing to the numerous
technological applications of patterned surfaces, the development of non-conventional meth-
ods of fabrication that circumvent the limitations of conventional lithography [Okazaki, 1991]
has become an important field of research. Bowden et al. [1998] demonstrated a promis-
ing methodology based on the controlled buckling of pre-stressed thin films on compliant
substrates. Since then, buckling has been often employed to induce regular patterns on pla-
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nar surfaces, either by buckling of stiff films on compliant substrates or by buckle-driven
delamination of films on stiff substrates. Recently, a new approach of controlled buckling
has been reported, based on the partial release and bond-back of pre-stressed thin films on
rigid substrates [Edmondson et al., 2006; Malachias et al., 2008; Mei et al., 2007]. From
a theoretical point-of-view, a thorough understanding of the mechanisms of wrinkle forma-
tion is not only useful for a better design of the buckling-induced morphologies, but also
to prevent buckling at the nanoscale in the case of pre-stressed multi-layer architectures in
NEMS and MEMS [Hendricks et al., 2010]. While theoretical studies of wrinkle/buckle
formation of pre-stressed films on rigid and compliant substrates has been reported by many
researchers [Audoly, 2000; Cerda and Mahadevan, 2003; Hutchinson et al., 1992; Jiang et al.,
2007a,b; Moon et al., 2004; Ortiz and Gioia, 1994; Song et al., 2008; Yin et al., 2008], the
understanding of buckle patterns based on the “release-and-bond-back” mechanism is only
starting to emerge [Annabattula et al., 2010a; Annabattula and Onck, 2011; Annabattula et al.,
2010b; Edmondson et al., 2006; Malachias et al., 2008; Mei et al., 2007].

Recently, a new class of nanochannel networks was reported [Malachias et al., 2008]
in which InGaAs films were grown on a GaAs substrate separated by an AlAs sacrificial
layer. Using lithographic techniques, periodically-spaced holes were introduced in the film
that were used as etch pits allowing the etching solution to gradually etch away the sacrificial
layer starting at the pit locations. The spatially non-uniform etching process resulted in or-
dered networks of nanochannels whose morphology can be controlled by the size, shape and
spacing of the etch-pits. Two important aspects set these results apart from the previously-
studied linear networks [Annabattula et al., 2010b; Mei et al., 2007, Ch. 4]. First, the two-
dimensional patterning introduces spatially non-uniform stress distribution in the plane of the
film, which is absent in the one-dimensional formation of linear channels. Second, a strong
interaction between the film and the substrate was observed to be present in the InGaAs film
system, unlike the previously-studied SiGe system [Annabattula et al., 2010b; Mei et al.,
2007]. As a result, the continuous film-substrate interaction needs to be accounted for during
the evolutionary etching process of the AlAs system. The aim of this chapter is to numeri-
cally simulate the above-mentioned evolutionary etching process and to study the influence
of the system parameters (e.g., etch-pit size, spacing and film thickness) on the channel mor-
phology.

The outline of the chapter is as follows. In Sec. 6.2, we describe the finite element model
to study the evolutionary etching process and the simulation procedure. In Sec. 6.3.1 we
study the buckling strain of an isolated single etch-pit and study the influence of various
system parameters on the critical buckling strain. In Sec. 6.3.2 we study the evolutionary
etching process for an isolated single etch-pit. Next, in Sec. 6.3.3, we study the evolution of
channels in a film with periodically placed etch-pits and their interaction. Finally, in Sec. 6.4,
we summarize the results and draw conclusions.

6.2 Model and simulation procedure
In this section, we describe the model to study the nanochannel network formation based on
the concept of evolutionary etching in the InGaAs film system [Malachias et al., 2008]. We re-



6.2. Model and simulation procedure 93

W

P

X
Y

Z

(a)

Substrate

Film Sacr. Layer

tsl(= 80 nm)t

P

W

E, ν, ε *

(b)

L
e

Etching solution

(c)

Figure 6.1: Schematic showing the process of evolutionary etching. (a) Initial configuration
of a 3×3 array of etch pits. (b) Zoomed view of a unit-cell (highlighted by the white square
in Fig. (a)) of the 3×3 array. (c) Profile of the film after the release of eigenstrain in a single-
etch pit (outer boundary constrained) due to the etching of the sacrificial layer up to an etch
width of Le.

fer to the process as “evolutionary etching” as the sacrificial layer is gradually removed from
the periphery of the etch-pit during the channel evolution. Figure 6.1(a) shows a schematic of
the initial configuration of a 3× 3 film array of etch pits with an etch-pit size W and period-
icity (spacing) P . Figure 6.1(b) shows a zoomed view of a unit-cell (shown as a dashed white
square in Fig. 6.1(a)) of the system. Figure 6.1(c) shows the partial removal of the sacrificial
layer over a distance Le allowing the film to release its eigenstrains by forming wrinkles.
In this chapter, we explore how the periodicity (P ), size of etch-pit (W ) and the film thick-
ness (t) influence the channel morphology for both the single (Fig. 6.1(b) and 6.1(c)) and
multi-etch-pit (Fig. 6.1(a)) systems. The thickness of the sacrificial layer is tsl.

The process of channel formation can be described in three steps: (i) InGaAs film is grown
epitaxially on a sacrificial layer (AlAS) covering a GaAs substrate during which eigenstrains
ε∗ are induced in the film due to the lattice mis-match between the film and the sacrificial
layer. Then, holes of size W with a periodicity P are introduced in the InGaAs film by
photolithography to be used as etch pits during later stages. (ii) The system is placed in
an etchant solution (hydrofluoric acid) such that the solution entering through the etch pits
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gradually removes the sacrificial layer. The removal of the sacrificial layer allows the oth-
erwise constrained film to release its eigenstrain ε∗ by buckling, forming wrinkles as shown
in Fig. 6.1(c). The etch width Le gradually increases until the sacrificial layer is completely
removed. This is called the release stage. (iii) After the release phase, the system is left for
drying during which the film bonds back to the substrate, freezing in a final channel morphol-
ogy.

Using von Karman non-linear plate theory, the total strain in the film can be written as the
sum of three contributions: ε = εstr +εrot +εbend [Bloom and Coffin, 2001]. The first term,
εstr, is the strain caused by the in-plane stretching of the material, the second term, εrot, is
the contribution caused by the out-of-plane displacements w and the third term εbend is the
contribution due to bending. The coefficients of the strains with respect to a Cartesian frame
in the X − Y plane (see Fig. 6.1(a)) are

εstrij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, εrotij =

1

2

∂w

∂xi

∂w

∂xj
, εbendij = −z ∂2w

∂xi∂xj
= −z χij , (6.1)

with ui the in-plane displacements andw the out-of-plane displacements. For the constitutive
behaviour of the film, we assume that the total strain consists of an elastic part εel and an
eigenstrain part εeig: ε = εel + εeig, with the eigenstrain given by

εeigij = ε∗δij , i = 1, 2, j = 1, 2, (6.2)

with δij the Kronecker delta. The film is in a state of plane stress (σ13 = σ23 = σ33 = 0) so
that the coefficients of the stress σ in the film are given by

σij =
E

1 + ν

(
εelij +

ν

1− ν
εelkkδij

)
, (6.3)

where i = 1, 2, j = 1, 2, E is Young’s modulus and ν is Poisson’s ratio of the film. To mimic
the complex interplay between the film and substrate during evolutionary etching and drying,
we assume a phenomenological interaction relation that consists of a short-range repulsive
part and a long-range attractive part, also often employed for Van der Waals-type interactions.
For this we use a non-linear traction-separation relation given by [Xu and Needleman, 1993]

Tn = σmax
wn

δn
exp

(
1− wn

δn

)
, (6.4)

where Tn is the normal traction, wn the normal separation and σmax the maximum normal
traction attained at the critical normal opening δn. The cohesive energy per unit area is equal
to Γ =

∫
wn
Tn dwn = σmaxδn exp(1).

We use the finite element method [Zienkiewicz and Taylor, 2000] to solve the boundary
value problem described above and study the mechanism of wrinkle evolution during etching.
The film is modelled using four-noded shell elements (S4) and the substrate is modelled as a
rigid surface [ABAQUS, 2007]. To mimic stage (i) of the experimental process (see Fig. 6.1),
we initially constrain the film during which the eigenstrains are applied. A compressive bi-
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axial stress state develops in the film. Next, a set of nodes within a distance of Le from the
etch-pit periphery are released (i.e, their boundary conditions are redefined to be free while
all other nodes are still constrained), thus allowing the film to release its eigenstrains. As a
result, the film buckles into a wrinkled configuration to accommodate the “extra skin” due
to the released eigenstrains. This process is continued with small increments of Le until the
sacrificial layer is completely removed or, in other words, until all the nodes of the film are
released. The interaction between the film and the substrate is modelled through the normal
traction-separation relation law given by Eq. 6.4. The same traction-separation law is used to
prescribe the non-uniform traction during the bond-back process. During evolutionary etch-
ing we use a normal contact between the film and substrate with rough friction, while during
bond-back a “no-separation” contact condition is employed together with rough-friction. The
simulations are carried out using an explicit dynamic solution procedure to overcome the lo-
cal instabilities. Each incremental release step results in a sudden jump in kinetic energy
of the system. The system is given sufficient time for relaxation in each step to reduce the
kinetic energy to zero. To speed up this process we use a mass-proportional damping ∗. A
similar procedure as described above is also used in chapters 4 and 5 [see also Annabattula
and Onck, 2011; Annabattula et al., 2010b].

6.3 Results and discussion
In this section, we present the results of the simulations carried out and compare the results
with the experimental channel morphologies. In section 6.3.1 and 6.3.2 we study the wrinkle
evolution around a single etch-pit for different combinations of W , P and t (see Figs. 6.1(b)
and 6.1(c)). In section 6.3.1 we carry out a buckling analysis to obtain the initial buckling
strain and analyze the effect of a finite fillet radius. We also compare the buckling strain of the
boundary value problem with two limiting cases studied before [Annabattula and Onck, 2011;
Annabattula et al., 2010b]. In section 6.3.2 we study the wrinkle evolution around a single
etch-pit for different combinations ofW , P and t (see Fig. 6.1(b) and 6.1(c)). In section 6.3.3
we study the evolution of wrinkles in a 3×3 pit array and compare the simulated channel
morphologies with experimental results. All simulations are carried out using E = 80 GPa,
ν = 0.32, a sacrificial layer thickness tsl = 80 nm and an eigenstrain ε∗ = 1.4% conform
the experimental set-up.

6.3.1 Buckling analysis
In this section, a buckling analysis of a single etch-pit (see Fig. 6.1(b)) will be carried out to
investigate the effect of the system parameters on the critical buckling strain. The boundary
value problem described above can be identified as an intermediate problem between two
limiting cases, i.e., a clamped square plate [Annabattula and Onck, 2011] and a linear chan-
nel [Annabattula et al., 2010b]. When the size of the pitW is very small compared to the size
of the film P the boundary value problem approaches that of the clamped square plate, while
∗The damping matrix (relating forces to velocities) is taken to be proportional to the mass matrix and the eigen

frequency of the system ABAQUS [2007].
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Figure 6.2: (a) Normalized buckling strain (εcr/εcrs ) as a function of normalized film size
((P −W )/P ). (b) Normalized buckling strain (εcrR /ε

cr
0 ) as a function of normalized fillet

radius (R/W ).

for large values of W , the etch-depth (P −W )/2 is much smaller than W and the solution
approaches that of the linear channel. In the following, we study how the critical buckling
strain evolves for different combinations of the system parameters and compare the results to
the two mentioned limiting cases. Figure 6.2(a) shows (symbols) the buckling strain (εcr) of
a film with dimensions W , P and thickness t, normalized with the buckling strain of a film
without an etch-pit i.e., W = 0, corresponding to a clamped square film of size P which has
a buckling strain, given by Annabattula and Onck [2011]

εcrs =
5.3π2

12(1 + ν)

(
t

P

)2

. (6.5)

Figure 6.2(a) clearly shows that the buckling strain converges to Eq. 6.5 (see dashed line)
when the pit size W reduces to zero. The solid line in Fig. 6.2(a) shows the buckling strain
of a linear channel given by Annabattula et al. [2010b]

εcrl =
1.28π2

12(1− ν2)

(
t

Le

)2

(6.6)

with Le = (P −W )/2. Indeed, for large values of W relative to P , the results converge to
Eq. 6.6.

The results of Fig. 6.2(a) correspond to square etch-pits with sharp corners. However,



6.3. Results and discussion 97

as a consequence of the lithographic production process, the corners are somewhat rounded,
with a finite radius R (see inset of Fig. 6.2(b)). Figure 6.2(b) shows the effect of fillet radius
R on the critical buckling strain εcrR of a film with W = 2.5 µm, P = 4 µm and t = 20 nm.
The results are normalized with the buckling strain of the film with zero fillet radius (εcr0 ) and
are plotted against the normalized fillet radius R/W . It can be clearly seen that the buckling
strain reduces with an increase in fillet radius. This can be attributed to the reduction in the
stress concentration at the corners which smoothes out the stress state, making it easier for the
system to buckle in a low energy mode. This observation is also consistent with the results
of Fig. 6.2(a), where a decrease in buckling strain is observed with a decrease in etch-pit
size when the system makes a transition from the high energy buckling mode of multiple
wavelengths to the low energy mode of a smooth single wavelength dome (see Annabattula
and Onck [2011]).

6.3.2 Evolution of channels around a single etch-pit
In this section, we present the results for the evolution of wrinkles during the evolutionary
etching process (i.e. the release stage ii) for a unit-cell (Fig. 6.1(b)) of a large film with
periodically perforated etch-pits. The four edges on the outer boundary of the film are con-
strained while the four edges of the etch-pit are stress free. Figure 6.3 shows the evolution of
wrinkles in a square film with an etch-pit size W = 3 µm, a periodicity P = 4 µm and thick-
ness t = 20 nm for three values of the etch width: Le = 0.3 µm (left column), Le = 0.45
µm (Figs. 6.3(b), (e)) or 0.4 µm (Fig. 6.3(h)) (middle column) and Le = 0.707 µm (right
column). Figures 6.3(a)-(c) show the evolution of buckles in the film without interface inter-
action between the film and the substrate. The contours in the figures show the out-of-plane
position z of the film normalized with H∗ = 120 nm. The position z = 0 corresponds to the
substrate and z = 80 nm to the initial position of the fully constrained film. The maximum
etch width in this case is

√
2(P − W )/2 = 0.707 µm (distance from the etch-pit corner

to film edge corner) which is considerably smaller than the size of the etch-pit (3 µm) and
hence the evolution of wrinkle wavelength resembles the evolution in the case of linear chan-
nels studied in Ch. 4. Indeed, the wavelength and the buckling amplitude increases as the
etch width increases. Next, we study the same case but now in the presence of interface inter-
action during the evolution process, see Figs. 6.3(d)-(f). For this we use an interfacial energy
of 0.01 J/m2 (corresponding to δn = 10 nm and σmax = 0.37 MPa). In Fig. 6.4(a) we plot the
z-profile along the etch-pit boundary at the end of complete relaxation (i.e. Le = 0.707 µm)
with (solid) and without (dotted) interface interaction, corresponding to Figs. 6.3(f) and (c),
respectively. It can be observed that the height and depth of wrinkles in the corners is larger
than along the edges, for both cases. The number of wiggles is slightly lower for the case
with interface interaction, but the profiles do not show a significant difference. In Fig. 6.4(b)
we analyze the effect of the film thickness in the presence of interface interaction. For the
thinner film (t = 10 nm) it can be clearly seen that the entire film bonds to the substrate due
to the lower bending stiffness. It can also be seen that the wavelength of the wrinkles of the
thinner film is much smaller than for the thicker film, due to the quadratic dependence of
wavelength on film thickness, see Ch. 4 [Annabattula et al., 2010b].

In Fig. 6.5(a)-(c) we show the evolution of the wrinkle profile for a unit-cell of a pit
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Figure 6.3: Evolution of wrinkle wavelength during the process of evolutionary etching for
a film with W = 3 µm, P = 4 µm and t = 20 nm without interaction (first row) and with
interaction (second row) between the film and the substrate. The third row corresponds to
the case of rounded corners of the etch-pit with a fillet radius R of 600 nm and no interface
interaction. The contours show the normalized out-of-plane position (z̄=z/H∗) of the film
with H∗ = 120 nm and zmin = 0.0. The corresponding etch-widths (Le) are 300 nm (a, d,
g), 450 nm (b, e), 400 nm(h), and 707 nm (c, f, i), respectively.
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Figure 6.4: (a) Out-of-plane position z of the film (P = 4 µm) plotted along the periphery of
the etch-pit (W = 3 µm) for a film thickness of 20 nm with and without interaction (conform
Fig. 6.3). (b) Out-of-plane position z of the film (P = 4 µm) plotted along the periphery of the
etch-pit (W = 3 µm) with interaction for different film thicknesses. Both cases correspond to
R = 0.

array with the same spacing (periodicity P = 4 µm), but with a smaller pit size W = 1.5
µm. Initially, for smaller etch widths Le, multiple waves develop as in Fig. 6.3, but as the
etch width increases, the number of waves decreases until the wavelength equals the width
of the etch-pit and the evolution process saturates. Clearly, at the maximum etch width Le a
completely different wave pattern has developed, consisting of corner buckles compared to
the edge buckles in the case of large etch-pit sizes (Fig. 6.3). It should also be noted that
as a consequence of the lithography-based fabrication process, the etch-pits are not perfect
squares, but the corners are rounded. To investigate this, we have repeated the calculations
of Fig. 6.3 and 6.5 for rounded etch-pits with a fillet radius R of one fifth of the etch-pit size,
R = W/5, shown in Figs. 6.3(g)-(i) and 6.5(d)-(f). The introduction of a fillet reduces the
stress concentration at the pit corner, smoothening out the stress distribution along the pit
periphery. As a result, we can observe a slight decrease in the total number of waves along
the periphery and a more prominent presence of the waves located in the corners, having
a somewhat larger wavelength. In Fig. 6.6(a) we quantitatively compare the wavelength as
a function of etch width for the small and large etch-pit sizes shown in Figs. 6.3 and 6.5,
with and without rounded corners. In the initial stages of wrinkling (i.e., at small Le), the
number of wrinkles can vary somewhat depending on fillet radius for the small pit size, but is
approximately the same for the larger size. We can also observe a plateau in the wavelength
for large Le for both the etch-pit sizes with wavelengths slightly smaller for the rounded
etch-pits due to the smaller circumference of these pits. In the case of W= 3 µm, the plateau
is reached as the etch width is approaching the boundary of the film, while in the case of
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Figure 6.5: Evolution of wrinkle wavelength during the process of evolutionary etching with-
out interface interaction for a film of W = 1.5 µm, P = 4 µm and t = 20 nm without (top
row) and with (bottom row) rounded etch-pits of fillet radius 300 nm. The contours show the
normalized out-of-plane position (z̄ = z/H∗) of the film with H∗ = 220 nm (See Fig. 6.3 for
legend).

W = 1.5 µm the plateau symbolizes the transition from edge wrinkling to corner wrinkling.
Once the corner wrinkles set in there is no further increase in wavelength around the etch-
pit boundary, but we can observe a secondary buckling [Cheo and Reiss, 1974] effect at the
film boundary as also observed in linear channels (see the buckles in the encircled region
in Fig. 6.5(f)). Note the drop in the wavelength for the film W,P = 1.5, 4 µm with sharp
corners in Fig. 6.6(a). This is due to the presence of edge buckles in the system which were
not prominent in their amplitude until Le = 1.25 µm (see Figs. 6.5(b) and (c)). Next, we
study the wavelength variation with increase in Le for all the film geometries studied in this
work in Fig. 6.6(b). As mentioned already, the wrinkles start as edge wrinkles similar to
the linear channel case, when the etch width Le is still small compared to the etch-pit size
W . Hence, we can compare the results of the present simulations with the master curve
obtained for the wavelength evolution in linear channels studied earlier in Ch. 4 (also see
Fig. 4.7(a)). Figure 6.6(b) shows the normalized wavelength λ/Le plotted as a function
of the non-dimensional parameter ε∗Le

2/t2. The solid line shows the linear channel case
corresponding to the situation in which the etch-pit size W is much larger than the etch
width Le and thickness t. The symbols in the figure correspond to different geometries (with
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Figure 6.6: (a) Effect of fillet radius R on the wavelength (λ) of the wrinkles plotted as a
function of the etch width during evolution for films of W = 1.5 µm and 3 µm for a spacing
of P = 4 µm and thickness t = 20 nm. (b) Comparison of normalized wavelength λ/Le with
the master curve for linear channels (Fig. 4.7(a)) for different W and P combinations. The
numbers in the legend correspond to W/P for each case (in µm) shown in symbols and the
subscript of t corresponds to the thickness of the film in nm.

different Le) showing good agreement with the linear channel prediction in the small Le
range and deviating from the curve with increase in etch width Le. Another influencing
parameter on the wrinkle morphology is the ratio of λ/W . For a small λ/W value the system
approaches a linear channel solution, but for higher ratios the system goes through a gradual
transition from edge wrinkles (λ/W < 1, see Fig. 6.3) to corner wrinkles (λ/W = 1, see
Fig. 6.5). Hence, the identification of that combination of parameters W , P and t for which
the system goes through an edge-to-corner buckle transition would be of interest for the
design of channel morphologies. Figure 6.7(a) shows the region of data points obtained from
the master curve for linear channels (solid line in Fig. 6.6(b)) for different combinations of
W/P and W/t values for an eigenstrain of 1.4%. For each combination of W , P and t we
calculate Le = (P − W )/2 and use t and ε∗ to obtain λ from the master curve. The red
region corresponds to λ > W (corner/diagonal buckles) while the grey region corresponds
to λ < W (edge buckles). Also plotted on Fig. 6.7(a) are the data points of various W,P, t
values used in the simulations. When the simulations show edge buckles, an open symbol is
used and when corner buckles are observed, closed symbols are used. Clearly, the theoretical
prediction based on the master curve nicely agrees with the simulations. It is interesting to
observe that for W = 1.5 µm, P = 4 µm and t = 20 nm the data point (open circle at
W/P = 0.375 and W/t = 75) lies just on the boundary of the transition region. This data
point corresponds to the simulation results shown in Fig. 6.5 in which the film with sharp etch-
pit shows edge buckles as well as corner buckles. For rounded etch-pits the edge buckles are
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(a) (b)

Figure 6.7: (a) Influence of film geometry on edge-to-corner buckle transition for an eigen-
strain of 1.4%. The region in light grey corresponds to the “edge buckle” regime, the region
in red colour corresponds to the “corner buckle” regime and the region in the blue colour
corresponds to “corner buckle” regime with secondary buckling along the edges. The data
points correspond to the hole sizes W = {1, 1.5, 2, 3} µm and periodicities P = {4, 5} µm.
(b) Effect of eigenstrain ε∗ on the edge to corner transition.

absent, pushing this case fully in the corner buckle regime, conform the theoretical prediction.
It should be noted that the edge-to-corner transition is based on the results for linear channels.
As a result, for small values of W/P (W/P < 0.3) the transition to edge buckles does not
occur (for large W/t values) as confirmed by the simulations. Instead, the system shows a
pronounced secondary buckling propagating from the edges to the centre of the film while
the overall buckling pattern still remains in a corner buckle configuration. This regime is
identified in Fig. 6.6(b) as a separate region in blue. We have also added two data points
for large thickness (triangles). The filled triangle corresponds to W/P = 0.5, W/t = 40
with a film thickness of 50 nm (i.e. t50 in Fig. 6.6(b)) and the open triangle corresponds to
W/P = 0.6,W/t = 40 with a film thickness of 75 nm (t75), clearly demonstrating the corner
to edge transition at large values of W/P and small values of W/t, as well. Figure 6.7(b)
shows the lines of edge-to-corner buckle transition for different values of eigenstrain. For a
givenW/P andW/t combination, an increase in eigenstrain increases the edge buckle region
relative to the corner buckle region, which is due to the fact that the wavelength decreases
with increasing eigenstrain.
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6.3.3 Evolution of channels in multi-etch-pit systems
In this section, the process of channel formation in a 3 × 3 etch-pit array (see Fig. 6.1(a))
will be studied. In particular, we carry out simulations for different combinations of W , P
for a thickness t of 10 nm and 20 nm. In the previous section, we analyzed only one unit-cell
with fully constrained boundary conditions all around. In this section, we will relax these
conditions and analyze the linking of individual unit-cells when the etch fronts of individual
unit cells meet. Here, the interaction between the film and the substrate is essential as we will
show in the following. Figure 6.8 shows the effect of interface interaction on the evolution
of buckles in a 3×3 pit array with an etch-pit size W = 4 µm, periodicity P = 5 µm, fillet
radius R = 800 nm and a thickness of t = 20 nm. As explained in section 6.2, initially
the film is fully constrained and an eigenstrain of 1.4% is applied, introducing a compressive
equibiaxial stress state in the film plane. Then, the evolutionary process is started from the
etch-pits as in section 6.3.2. The figures in the right column of Fig. 6.8 show the current
etch-front position at a junction encircled in Fig. 6.8(b). The central black region depicts the
sacrificial layer indicating that in this region the film is still fully constrained, while in the
region between the initial etch-pit and black region the film has been released. Figure 6.8(b)
shows the contour plots of the out-of-plane position z of the film normalized with H∗ = 150
nm in the presence of interaction before the etch fronts meet. Figure 6.8(a) shows a zoomed
view of the encircled region of Fig. 6.8(b). It can be observed that the evolution of buckles
around individual etch-pits are similar to the single hole simulations shown in the previous
section as there is no interaction between the buckles of the neighbouring etch-pits due to the
constrained region between them. Furthermore, as the amplitude of the wrinkles at this stage
of etching is limited, the buckle profile for the same case without interface interaction looks
rather similar (not shown), see also Fig. 6.3 and 6.4(a). Figures 6.8(c) (without interface
interaction) and 6.8(d) (with interaction) show the buckle morphology after the merger of the
etch-fronts of neighbouring unit-cells. Note that the film is not completely released as some
portion of the sacrificial layer is still intact (see the etch front position in the right column).
During the moment the final strip of sacrificial layer is removed between neighbouring unit-
cells, multiple buckles collapse into one buckle connecting the neighbouring etch-pits. This
is due to the sudden removal of the boundary constraint that is responsible for the typical
linear channel morphology (see also Annabattula et al. [2010b]). Figure. 6.8(e) (without
interaction) and 6.8(f) (with interaction) show the configuration at the end of the release
process when all the film nodes are free, except the outer film boundary. It can be clearly
seen that the film without interface interaction lifts off completely from the substrate like a
dome (conform the mode-I buckling configuration, see e.g. Annabattula and Onck [2011]).
In contrast, the system with interface interaction results in a well-defined channel formation
(see Fig. 6.8(f)). This phenomenon is central to the formation of channels in these perforated
film systems. The above results also exemplify the necessity of having a rather pronounced
film/substrate attraction for channel formation to develop. Next, we proceed with stage (iii) of
the channel formation process, the bond back stage. During bond-back we use δn = 20 nm and
σmax is gradually increased leading to Γ = 0.1 J/m2 at the end of the bond-back process (see
Eq. 6.4). During this stage the width and height of the buckles decrease until the final channel
morphology changes from that shown in Fig. 6.8(f) to that depicted in Fig. 6.10(a). This
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Figure 6.8: Contour plots of the normalized out-of-plane position (z̄ = z/H∗) for a film
without (c, e) and with (a, b, d, f) interface interaction for W = 4 µm, P = 5 µm, thickness
t = 20 nm and a fillet radius R of 800 nm. The value of H∗ is equal to (a, b) 150 nm, (c, e)
400 nm and (d, f) 300 nm. The figures in the third column indicate the current position of the
etch front zoomed at a junction of the four etch-pits as shown in Fig. (b). Figure (a) shows a
zoomed view of the profile at the circled region in Fig. (b).
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process is fully identical to the drape back process studied in detail in chapters 3, 4 and 5. Also
plotted in Fig. 6.10(d) is a SEM image of the final morphology for the experimental system
for exactly the same parameters [Malachias et al., 2008], showing a very good agreement.

We proceed by analyzing a situation in which the etch-pit width is considerably reduced
(W = 2 µm), but for the same periodicity (P = 5 µm) and fillet radius (R = 800 nm)
as shown in Fig. 6.8 and 6.10(a). We analyze two values for the film thickness: t = 20 nm
(conform Fig. 6.8) and a smaller thickness t = 10 nm. Three instances during the etching
process are depicted in Fig. 6.9 for t = 10 nm (left column) and t = 20 nm (middle column).
The right column again shows the current (still intact) state of the sacrificial layer. In the first
row it can be observed that the wavelength is smaller for the smaller thickness, conform the
scaling of the linear channels as shown by the master curve in Fig. 6.6(b). The t = 10 nm
film has bonded to the substrate in the region the sacrificial layer has been etched away (see
Fig. 6.9(a)). However, for the t = 20 nm film, around three etch-pits the released regions have
buckled up (Fig. 6.9(b)), while in other regions the film has collapsed to the substrate similar
to the smaller thickness film. These observations are in accordance with the results shown in
Fig. 6.4(b), where the thinner films are much more susceptible for bonding to the substrate
due to the lower bending stiffness of the film. When the etching fronts meet (second row of
Fig. 6.9), the number of waves drastically reduces when the released wrinkles collapse. It
can be observed that there is a strong direct interaction between the etch-pits in the vertical
and horizontal directions for t = 20 nm, but that for the t = 10 nm film also diagonal (‘cor-
ner’) interactions are present. These interactions are still present in final channel morphology
(bottom row), showing that straight channels are formed connecting the etch-pits along the
shortest distance for thicker films, while for thinner films, a strong tendency can be observed
for diagonal channels to form. Finally, we increase the interface energy to Γ = 0.1 J/m2 and
allow the film to further bond back on to the substrate. We compare the final bond-back con-
figurations with the experimentally-obtained configurations for the same system parameters
in Fig. 6.10. Clearly, both the simulations (Figs. 6.10(b) and 6.10(c)) as well as experiments
(Figs. 6.10(e) and 6.10(f)) indicate a trend towards diagonal channel formation for the thin
films, while for the thick and more stable films straight vertically and horizontally connected
channels form along the shortest pit-to-pit distance.

This tendency towards diagonal channels has been observed in Malachias et al. [2008]
to culminate into a highly ordered diagonal network for almost circular etch-pits of size W
= 1 µm and periodicity P = 4 µm for a thickness t = 10 nm. Such a high level of order
has not been observed to develop using the 3 × 3 etch-pit array as used here. Malachias
et al. [2008] have shown that such a regular order can be obtained numerically by enforcing
symmetry restrictions as observed in the final pattern morphologies. Possibly, the small size
of the system studied here does not properly account for the experimental conditions so that
boundary effects due to the constrained outer boundary are still prominent.

The simulations presented in this chapter only provide a preliminary step towards a thor-
ough understanding of the mechanism of channel formation in these complex systems. The
present model is based on a number of assumptions, including isotropic film elasticity, non-
linear film/substrate interaction, uniform etching rate, limited system size, fillet radius, and
specific dimensions. The present model does give insight into the edge to diagonal chan-
nel transition and provides evidence that a non-zero interface interaction during the etching
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Figure 6.9: Contour plots of the normalized out-of-plane position (z̄ = z/H∗) with H∗ = 340
nm for a 3×3 array with etch-pit size W = 2 µm, periodicity P = 5 µm, fillet radius R = 800
nm with a thickness t = 10 nm (first column) and 20 nm (second column). The figures in the
third column indicate the current position of the etch front zoomed at a junction of the four
etch-pits as shown in Fig. (b) (see Fig. 6.8 for the legend).
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Figure 6.10: Comparison of the simulation results of the nanochannel networks at the end of
bond-back (Γ = 0.1 J/m2) for (a) W = 4 µm, P = 5 µm, t = 20 nm, (b) W = 2 µm,
P = 5 µm, t = 20 nm and (c) W = 2 µm, P = 5 µm, t = 10 nm with the SEM images
(reproduced with permission from Malachias et al. [2008]) of the corresponding experimental
results (d), (e) and (f), respectively. Figures (a), (b) and (c) correspond to the systems with a
fillet radius of 800 nm resembling almost circular holes as in the experiments for the case of
W = 2 µm and P = 5 µm (b and c).

process is essential for channel formation. The model can be straight-forwardly extended
to study the self-organization of nanochannel networks in various other etch-pit geometries
(hexagonal, pentagonal, circular) as well.

6.4 Summary and conclusions
A finite element model describing the mechanism of nanochannel formation in semiconductor
films by an evolutionary etching process has been presented. The critical buckling strain of
an isolated single etch-pit is found to be an intermediate solution of two limiting cases, i.e.
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a linear channel and a clamped square film. The evolution of wrinkles around a single etch-
pit has been studied for different etch-pit sizes W , periodicities P and thicknesses t. The
results show that for small etch widths Le compared to the etch-pit size W , the wavelength
is much smaller than the etch-pit size, so that the channel formation process fully resembles
the formation of linear nanochannels. When the wavelength becomes on the order of the
etch-pit size, a transition occurs from linear edge channels to diagonal corner channels. By
using a dimensionless master curve for linear channels, regions of P/W andW/t values have
been identified in which either one of these mechanisms dominate. This mechanism map can
provide guidelines for the design of specific nanochannel network morphologies.

In multi-etch-pit simulations, the wrinkle evolution around each etch-pit is similar to
isolated etch-pit simulations until the wrinkles from neighbouring etch pits merge. Due to
the relaxation of the constraints imposed by the sacrificial layer, multiple wrinkles coalesce
and form one dominant channel connecting neighbouring etch pits. Whether a regular square
network forms or diagonal connections will be established depends on the thickness of the
film and the film/substrate interaction, in addition to the initial tendency to form edge or
corner channels as governed by relative spacing P/W and etch-pit size W/t. A minimal
amount of film-substrate bonding is required for channel formation, since in the absence of
interaction the film buckles-up like a dome (first buckling mode) without any channel network
formation. For the cases analyzed we found good agreement with the experiments, giving
insight into the physical mechanisms that govern the complex interplay during evolutionary
etching.



7 SUMMARY AND DISCUSSION

In this thesis, we have developed finite element models to describe the mechanics of mi-
cro/nano channel formation based on the release and bond-back of pre-stressed thin films. A
set of non-dimensional parameters that describe the entire process of channel/pattern forma-
tion in a unique manner have been identified. The influence of various system parameters
such as film geometry (thickness, size and shape), film properties (elastic modulus E, Pois-
son’s ratio ν and eigenstrain ε∗), interface energy Γ and the method of interface strength
reduction on the final channel geometry (channel morphology, height and width) have been
studied in detail. The release phase involves the buckling-up of the film from the substrate
and the bond-back step involves the re-bonding of the film back onto the substrate due to
cohesive forces. The study concerns two distinct film-substrate systems distinguished by the
release mechanism of the film from the substrate through the removal of the interfacial layer,
i.e., (i) uniform etching (Ch. 3 and 5), and (ii) directional etching (Ch. 4 and 6). The essential
difference between the two systems can be described as follows:
(i) In uniform etching, the interface strength between the film and the substrate is reduced
uniformly throughout the interface.
(ii) In directional etching, the interface strength is reduced by gradual removal of the sacrifi-
cial interface layer from one edge.

In chapter 2 and 3 the buckling-up stage has been classified into two classes: (i) a 1-step
process (or buckle-driven delamination) and (ii) a 2-step process (interface reduction). In the
1-step process, eigenstrain is applied to the film on a weak interface during which the film
starts to delaminate at a critical eigenstrain. In the 2-step process, eigenstrain is applied to the
film on a strong interface during which the film does not delaminate but accumulates stress
at the crack-tip. Then the interface energy is reduced such that the film starts to delaminate
at a critical interface energy. The two processes of buckling (1-step and 2-step process) have
been studied using a two-dimensional cohesive zone model. Three distinct regions of inter-
est (initial buckling, postbuckling and interface failure) during the buckling-up process have
been identified and the influence of the system parameters in these three stages have been
discussed. The critical buckling strain ε∗c is proportional to the square of the film thickness
normalized with the initial crack length (t/W0)2. In the limit of very strong interfaces, the
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deformation of the film in the initial crack region is equivalent to the one-dimensional blis-
ter problem. The interface delamination is of mixed mode with the contribution of mode-II
increasing as the delamination progresses. At the onset of delamination, the mode-mixity
at the crack tip is more mode-II in the 2-step process in comparison to the 1-step process
due to the large buckling amplitude of the initial debonded region. In the 1-step process,
it has been shown that in the limit of zero interface energy, the critical falire strain ε∗f ap-
proaches the critical buckling strain ε∗c . For a non-zero interface energy, the ratio ε∗f /ε

∗
c shows

a unique square-root dependence on the non-dimensional number (σmax/E)(δn/W0)(W0/t)
5

(see Eq. 3.8 and Fig. 3.5(b)). Furthermore, under the assumption that ε∗ >> ε∗c , the ratio
of buckle height H to instantaneous crack length W shows a unique square root dependence
on the eigenstrain applied (see Fig. 3.6). We compared the two processes and found that
the buckling process is path-independent, resulting in a similar onset of delamination as well
as an identical buckled-up configuration. By equating the strain energy release rate of the
straight-sided blister problem to the fracture toughness, it could be deduced that for both
processes the eigenstrain and interface strength at failure can be uniquely related by Eq. 3.8,
identifying

σmaxδn

EW0

(
W0

t

)5

and
(
W0

t

)2

to be the characteristic dimensionless parameters (see Figs. 3.5(b) and 3.10(b)). Due to the
equivalence of the two processes (see also Fig. 3.10(a)), the buckling-up process is simulated
by the 1-step process in the remaining chapters.

The bond-back process is carried out by increasing σmax and keeping δn constant. The nor-
malized channel heightH/L and channel widthW/L depend on the eigenstrain ε∗ (which de-
termines the channel height and width at the beginning of bond-back) and the non-dimensional
loading parameter (σmax/E)(δn/L)(L/t)3. For a given eigenstrain the aspect ratio of the
channel H/W also can be expressed as a function of the above non-dimensional parameter.
The normalized channel width (W/L) after bond-back varies linearly with the normalized
film thickness t/L at a given interface energy during bond-back similar to the experimental
observations. However, the present model underestimates the channel dimensions (height
and width) in the low t/L region and overestimates it in the large t/L region, compared to
the experiments. This may be due to a thickness (size) dependent elastic modulus of the film.
Furthermore, the present model assumes a linear elastic material behaviour while the actual
experimental systems studied are polymers. Hence, incorporation of visco-elastic material
properties is expected to enhance the understanding of the process in addition to improving
the solution for a better experimental comparison. Moreover, the present model considers
a single central imperfection while a real system can have multiple imperfections. Incorpo-
ration of multiple imperfections gives rise to a complex delamination behaviour allowing to
gain new insights to the mechanism of channel formation.

Chapter 4 dealt with systems undergoing directional etching and in particular with the
formation of linear channels (Si-Ge film on a Si substrate). The Si-Ge system studied in this
thesis is known to have a very weak interaction with the substrate and hence the directional
etching process (a 2-step process) is equivalent to eigenstrain loading with zero interface
energy (a 1-step process) for a given etch width. An analytical solution for the critical buck-
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ling strain ε∗c and buckling wavelength λc for the boundary value problem (a film with one
constrained longitudinal edge and three free edges) has been presented. Similar to the one-
dimensional blister problem, the critical buckling strain is proportional to the square of the
normalized film thickness (t/Le)

2. A post-buckling analysis of the system shows two strain
accommodation mechanisms: entry of new buckles and splitting of existing buckles. The
former mechanism is active in the initial stages of loading and the latter becomes active at
large eigenstrains when the energy cost of allowing new buckles becomes prohibitive. The
evolution of channel heightH and periodicity λ have been studied as a function of eigenstrain
for different film thicknesses t and etch widths Le. For a given etch width Le a thinner film
accommodates the strain by buckling into many small buckles (small H and λ) while a thick
film accommodates the strain by deforming into large buckles (large H and λ). The dimen-
sional analysis of the system of equations during the buckling-up stage results in a unique
non-dimensional number, ε∗Le

2/t2. It has been shown that the normalized wavelength λ/Le
and normalized channel height H/t are unique functions of the above non-dimensional num-
ber, resulting in two master curves (see Figs. 4.7(a) and 4.7(b)). Furthermore, the square
of the aspect ratio of the channel H/λ shows a linear dependence on the eigenstrain (see
Fig. 4.7(d)), similar to the one-dimensional blister problem. In the presence of a substrate,
the film first buckles symmetrically and at a certain eigenstrain it touches the substrate, intro-
ducing asymmetry in the buckle shape. However, this does not affect the master curves. In
the Si-Ge system, the event of touch-down does not alter the lateral channel morphology due
to the very weak interaction between the film and substrate, resulting in long-range order-
ing of channels. On the other hand, in systems with strong interaction (e.g., InGaAs-GaAs
systems) the event of touch-down can be used to predict the limit on the straight channel
morphology. Analysis of the master curves showed that for the InGaAs system, the film
touches the substrate at Le ≈ 2 µm confirming the experimental observation of zig-zag pat-
terns for Le > 2µm. The periodicity for different etch widths, calculated from the master
curves, shows excellent agreement with the experimental results of the Si-Ge system (see
Fig. 4.14(a)).

The concurrent splitting of existing buckles due to the secondary buckling at the con-
strained longitudinal edge introduces large instabilities, causing the abrupt termination of
the static solution procedure. To resolve this, we have used an explicit dynamic solution
procedure exploiting the inertia of the system to overcome the instabilities. The bond-back
simulations are carried out using this dynamic solution procedure. The dimensional analy-
sis of the system during bond-back resulted in a non-dimensional parameter (Γ/Eλ)(λ/t)3.
The normalized channel width W/λ and channel height H/λ show a unique dependence
on this non-dimensional parameter, irrespective of the film dimensions, giving rise to two
more master curves during bond back. These four master curves (two during buckling-up
and two during bond-back) can be used as design tools for microchannel fabrication. The
assumption of linear elasticity completely explains the various mechanisms involved in the
process of channel formation in these semiconductor film systems. However, incorporation
of anisotropic material behaviour together with a proper estimation of the interface energy
could further enhance the model for a better quantitative estimation of the results (see e.g.
Fig. 4.14(b)).

The effect of film shape on the channel morphology is studied in chapter 5. Polygonal



112 7. Summary and discussion

films of different shapes (square, rectangular, pentagonal and hexagonal) have been studied
for the evolution of channel morphology during buckling-up and bond-back with increasing
eigenstrain and interface strength, respectively. For the square, pentagonal and hexagonal
films, the film first buckles in the well-known Euler buckling mode and then enters the post-
buckling regime during which secondary buckling at the constrained edge is observed. The
onset of secondary buckling correlates with a break-up of symmetry of the buckle pattern. In
the square and hexagonal films (with two and three axes of symmetry) the symmetry breaking
of the buckle profile happens at much higher eigenstrains compared to pentagonal films (one
axis of symmetry), demonstrating the influence of symmetry on the channel morphology. In
the case of rectangular films, the film first buckles in the Euler-mode, followed by a varicose
mode and then evolving into a telephone-cord mode. The normalized buckling amplitude of
the central node H/Weq (with W 2

eq being equal to the area of the film) shows a square-root
dependence on the eigenstrain for square, pentagonal and hexagonal films irrespective of the
film size. However, such a behaviour is not observed in rectangular films due to the change
of deformation mode from Euler to varicose and telephone-cord in the post-buckling regime.
We can also observe a slight deviation from the square-root dependence for other polygonal
films at large strains which arises due to secondary buckling affecting the central amplitude.
While the buckled-up configuration for all the film shapes is a dome, the morphology after
bond back is dictated by the film shape, resulting in four-fold ridge patterns in square films,
five-fold patterns in pentagonal films, six-fold ridge patterns in hexagonal films and a roof-
like morphology in rectangular films. The bond-back simulations showed that the normalized
buckling amplitudeH/Weq scales with the non-dimensional parameter (Γ/EWeq)(Weq/t)

3,
similar to the linear channel studied in chapter 4. Again, these master curves can be used in
predicting the channel dimensions in the design phase. The buckle morphologies obtained
from the simulations show a good agreement with the experimental observations. However,
a quantitative comparison was not made due to the absence of experimental data. Similar
to line buckles studied in Ch. 3, consideration of visco-elastic material behaviour might also
improve the understanding of channel formation in these polymeric polygonal films.

Chapter 6 describes the channel formation in periodically-perforated semiconductor (In-
GaAs) films. The systems involve directional etching together with a strong interaction be-
tween the film and the substrate, thus necessitating the implementation of an evolutionary
etching process during the buckling-up stage. In this case, the process of buckling involves
two steps. In the first step, the entire film is constrained and is loaded with eigenstrains re-
sulting in compressive stresses. Then a set of nodes at a certain distance from the etch-pit
boundary are released. In this release stage, a non-uniform traction based on a cohesive in-
terface law (see Fig. 2.3(a)) is prescribed to mimic the interaction between the film and the
substrate. First, an isolated unit-cell (a square film of size P with a square hole of size W )
of the large multi-etch-pit system is studied. The effect of various system parameters (pe-
riodicity P , hole size W , film thickness t, fillet radius R) on the critical buckling strain ε∗c
and channel wavelength λ is studied in detail. The critical buckling strain of the unit-cell
approaches that of a linear channel as W → P and approaches that of a clamped square
plate as W → 0 (see Fig. 6.2(a)). For a given W , P and t combination, the buckling strain
reduces with increasing fillet radius. During the evolutionary etching process, the wavelength
of buckles increases with an increase in etch width, similar to the linear channels studied in
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chapter 4. It has been shown that for small Le values (relative toW ), the wavelength matches
very well with that of the linear channel solution and starts to deviate with increase in Le.
The system shows two important buckle morphologies: edge buckles and corner buckles. A
phase diagram of W/t vs W/P for a given eigenstrain (see Fig. 6.7(a)) has been obtained
showing regions of three different channel morphologies. Edge buckles will be formed for
large W/P values and corner buckles will be formed for small W/P values. The corner
buckle region can be further subdivided into two regions: one for small W/t values and one
for large W/t values. The region with small W/t values shows corner buckles without any
signs of secondary buckling while for large values of W/t severe secondary buckling is ob-
served. This phase diagram can be used to predict the channel morphology for a given W ,
P , t and ε∗ combination. Simulation of a large system with multiple etch-pits shows that
the presence of interface interaction during the release stage is essential for the formation of
channels in these systems. When multiple pits meet, buckles coalesce resulting in a channel
morphology that has a smaller wavelength compared to the single hole case. The results of
the multi-etch-pit system shows channel morphologies resembling experimental systems of
similar dimensions. It should be noted that the present model is based on a number of assump-
tions including isotropic linear elasticity, estimated interface energy during the release stage,
limited system size and specific fillet radius. Hence, the results presented in this chapter are
meant to give a preliminary understanding of the mechanism of formation of various channel
morphologies as a function of the system parameters. The model can be further modified
by incorporating the above assumptions in view of obtaining a more quantitative comparison
with the experiments.

In all the systems studied in this thesis a set of non-dimensional parameters has been
obtained to describe the channel formation in the corresponding experimental systems. The
buckling strain in all the systems is shown to be proportional to (t/Wch)2, where Wch is
equal to the initial crack length W0 for the one-dimensional blister problem studied in Ch. 3,
the etch width Le for linear channels studied in Ch. 4 and the equivalent film width Weq

for polygonal films studied in Ch. 5, suggesting that each system has a unique length scale.
Indeed, a similar observation for the non-dimensional numbers obtained during buckling-
up (ε∗W 2

ch/t
2) and bond-back (Γ/EWch)(Wch/t)

3 can be made in which the characteristic
length dimension Wch is replaced by the respective length scale of each system. In all the
systems studied in this thesis, bond-back is accounted for by the same phenomenological
traction-separation law (see Fig. 2.3(a)). The shape of the traction-separation law does not
influence the channel dimensions, but the area under the traction-separation curve (the in-
terface energy) does. The master curves obtained for each system can be used as a design
tool for predicting the channel dimensions. While the qualitative comparison with the exper-
imental systems is very good (we even found a good quantitative agreement in Ch. 4), the
quantitative comparisons may be further improved by incorporating more realistic material
behaviour, such as visco-elasticity, elastic anisotropy and size-dependence, and by obtaining
better estimates for the interface energy. In summary, we have developed 2D and 3D finite el-
ement models by accounting for linear elasticity and non-linear geometry in combination with
a non-linear interface traction-separation law to describe the mechanism of pattern/channel
formation in different pre-stressed film-substrate systems. This thesis demonstrates that the
otherwise-unwanted phenomenon of buckling can be exploited as a tool for generating well-
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controlled and ordered patterns at small scales based on a thorough theoretical understanding
of the mechanism of “release and bond-back”.
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SAMENVATTING

Patroon- en rimpelvorming op oppervlakken is alomtegenwoordig in de natuur: van mense-
lijke huid tot bladeren, vruchten en groenten. Dergelijke patronen zijn ook interessant voor
veel moderne technologische toepassingen, zoals in flexibele elektronica, optische roosters,
microfluidische devices en lab-on-a-chip systemen. Echter, de fabricage van deze structuren
op zeer kleine schaal (orde nano- en micrometer) is een uitdagende taak. Recentelijk is er
een nieuwe techniek ontwikkeld, gebaseerd op het release and bondback mechanisme. Deze
methode bestaat uit drie stappen: (i) het groeien van een dunne film met voorspanning op
een substraat (ii) het relaxeren van de film door het verminderen van de hechtsterkte (door
chemisch etsen of elektrolyse) en tenslotte (iii) bondback, het terugvallen van de vrijgekomen
film op het substraat als gevolg van de cohesiekracht tussen de film en het substraat.

In dit proefschrift is theoretisch onderzoek gedaan naar de vorming van micro- en nano-
kanaaltjes op basis van deze release and bondback methode. Er is een nieuwe eindige-
elementen-methode ontwikkeld om het proces van delaminatie en bondback te bestuderen.
De uiteindelijk gevormde kanaalafmetingen en structuren van verschillende systemen is on-
derzocht als functie van de verschillende systeemparameters, zoals laagdikte, laaggrootte,
elastische eigenschappen en cohesie-energie tussen de dunne laag en het substraat. Een
dimensie-analyse van de systeemvergelijkingen resulteert in een reeks dimensieloze param-
eters die het gehele proces van kanaalvorming vastleggen in de vorm van master-krommen.
In dit proefschrift zijn vier verschillende systemen onderzocht: twee-dimensionale lijnpa-
tronen (hoofdstukken 2 en 3), lineaire kanalen (hoofdstuk 4), polygoon-vormige patronen
(hoofdstuk 5) en netwerken van nanokanaaltjes (hoofdstuk 6). De resultaten laten zeer goede
overeenkomsten zien met experimentele kanaalstructuren, waardoor de resultaten gebruikt
kunnen worden als design-tool voor toekomstige kanaalsystemen.
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