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Chapter 2

THEORY OF ION BEAM
TRANSPORT

2.1 Introduction

An ion beam transport system consists of focusing, deflection and often additional en-
ergy or momentum selection elements. Most often these devices are magnetic elements,
although at low beam velocity electrostatic elements are also used. To provide focussing
in both transverse planes solenoids, Einzel lenses or multiplets of quadrupoles are used.
Usually various beam transport configurations can be used to achieve the same beam
properties. However, the system design always represents a compromise between flex-
ibility, ease of operation, complexity and cost. In order to achieve a high quality beam
transport a thorough understanding of the beam requirements at the end of the system
and of the beam characteristics at the start of the line are crucial.

The physical principles of multiply-charged ion production in ECR ion sources and
the extraction of intense multiply-charged ion beams will be discussed in chapter 3. In
this chapter we describe the basic principles of ion beam transport in section 2.2. Causes
of beam distortions are discussed in section 2.3. Simulation tools used in the transport
calculations are briefly described in the last section 2.4.

2.2 Ion beam transport

In order to optimize the performance of a charged particle transport system it is very
important to understand two aspects of charged particle dynamics, i.e. the single-particle
dynamics in external electric and/or magnetic fields and the collective effects caused by
the electric and magnetic fields generated by the beam itself. In this section the basics of
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6 THEORY OF ION BEAM TRANSPORT

single particle dynamics in external electric/magnetic fields are discussed.
In general optical elements are either magnetic or electrostatic devices depending

upon the applications. In the case of high energy beams magnetic devices are used,
because for relativistic particles (v ≈ c) the force due to a magnetic field of 1 T , which
is easily produced, is equivalent to that for an electric field of 300 MV/m, which is
practically impossible to achieve [17]. For low energy beams (v << c) this is not an
issue and other considerations come into play. Quadrupoles and bending magnets along
with field free drift spaces are the main building blocks of a beam transport system. The
function of a quadrupole is focusing, while the electrostatic and magnetic bends provide
guiding and focusing.

2.2.1 Charged particle motion

A beam is an ensemble of charged particles that moves along a straight or curved path,
usually defined as the longitudinal direction and that are confined in the transverse direc-
tion by external magnetic or electric fields [18]. The dynamical state of each individual
particle is at any given instant of time defined by three space coordinates (x, y, z) and
three momentum coordinates (px, py, pz). The six dimensional (6D) space spanned by
the three spatial and three momentum components, i.e. (x, y, z, px, py, pz) is known as
phase-space. The transport of a beam through a beamline can be visualized as a flow of
the beam particles in phase-space. Liouville’s theorem states that the density of particles
or the volume occupied by a given number of particles in the 6D phase-space remains
invariant as one moves along with the flow although the shape of the volume may change
continuously. In other words, the phase-space flow of the beam particles is incompress-
ible. This theorem is valid if the forces acting on the particles are conservative and
differentiable. These conditions are mostly met in beam transport systems, provided col-
lisions between particles can be neglected. In some cases Liouville’s theorem is violated,
e.g. electron cooling, stochastic cooling and synchrotron radiation.

The force acting on a point charge q in an electromagnetic field (Lorentz force) is
given by F = q(E + v×B). The motion of a charged particle due to the Lorentz force is
determined by Newton’s equation

d p
dt

= F = q(E + v×B) (2.1)

with p the momentum of the charged particle. The particle’s trajectory can be determined
by solving Newton’s equation for a given configuration of electric E and magnetic fields
B.

In general the trajectory of a charged particle through the optical elements can be
calculated in two ways: either analytically using an expansion of the equation of motion
in a power series of the coordinates up to a given order or by integrating the equation
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of motion numerically. Here, we briefly describe the analytical method and introduce
various important beam parameters. This helps to understand the basic principles of
beam dynamics through a beam transport system. Numerical tools used in this thesis
will be discussed in Sec. 2.4.

Let us consider a local Cartesian coordinate system (x, y, z) to describe the trajectory
of a particle in the vicinity of the reference trajectory (i.e. the optical axis). The origin of
this coordinate system moves along the reference trajectory of the beam. The horizontal,
vertical and longitudinal (beam direction) axes are labeled x, y and z, respectively. Instead
of the (x, y, z, px, py, pz) phase-space coordinates it is customary in beam physics to use
the set (x, x′, y, y′, l, δ ). In this notation x′ and y′ are defined as dx/ds and dy/ds, where
s is the coordinate along the reference trajectory, while l is the path length difference and
δ the fractional momentum deviation between an arbitrary particle and the reference
particle. The dynamical state of a beam particle at any given time t is fully defined by the
6D state-vector X = [ x, x′, y, y′, l, δ ] T . The time evolution of the beam is obtained by
integrating the Newton-Lorentz equation of motion (Eq. 2.1). Its solution can be viewed
as a 6D mapping of the phase-space, i.e.

−→
X (1) =

−→
F 0→1(

−→
X0) (2.2)

This mapping is generally speaking nonlinear, but beam transport systems are de-
signed in such a way that the nonlinearities are small so that a power expansion of equa-
tion 2.2 converges rapidly. The power expansion of equation 2.2, which obtained directly
from the power expansion of the equation of motion, can be written as

Xi(1) = ∑
j

Ri jX j(0)+∑
j,k

Ti jkX j(0)Xk(0)+ ... (2.3)

with Xi the i-th component of the particle’s state vector X , Ri j the first-order and Ti jk the
second-order coefficient of the transfer map F . In linear systems where all higher-order
terms in equation 2.3 are neglected one can represent each beamline element with its
characteristic transfer matrix R, so that the transfer matrix of the entire line is simply the
product of the matrices of the successive beamline elements [19].

However, low energy ion beams as considered in this thesis generally have large
cross-sections and divergences, so that the higher-order terms in the power expansion
(Eq. 2.3) are important. Solution methods based on power expansions then become very
cumbersome and it is much more practical to numerically integrate the equation of mo-
tion (Eq. 2.1).

2.2.2 Beam emittance

A real beam consists of many particles and each particle can be represented by a point
with coordinates (x, x′, y, y′, l, δ ) in the 6D phase space. The phase-space density
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f (x, x′, y, y′, l, δ ) is defined such that f (x, x′, y, y′, l, δ )dxdx′dydy′dldδ is the number
of particles in the 6D volume-element dV = dxdx′dydy′dldδ . The total number of beam
particles N is then given by

N =
∫

f (x, x′, y, y′, l, δ )dxdx′dydy′dldδ (2.4)

By dividing the phase-space density f by the number of beam particles N we get the
normalized phase-space density ρ(x, x′, y, y′, l, δ ) = 1

N f (x, x′, y, y′, l, δ ), which is
convenient for calculating various phase-space averages.

In many cases there is no correlation between the four transverse coordinates (x, x′, y,
y′) and the longitudinal coordinates (l, δ ), so that the phase-space density can be factor-
ized into a transverse and longitudinal one: ρ(x, x′, y, y′, l, δ ) = ρt(x, x′, y, y′) ρl(l, δ ).
For many beamline elements, e.g. drift sections, Einzel lenses, quadrupoles and bending
magnets, the 4D transverse phase-space distribution ρt(x, x′, y, y′) can be separated in
horizontal and vertical 2D distributions: ρt(x, x′, y, y′) = ρx(x, x′) ρy(y, y′). However,
solenoids and skew quadrupoles couple the two transverse phase spaces and for these
elements one has to consider the full transverse phase-space distribution ρt(x, x′, y, y′).
As we are in this thesis only considering DC beams with a very small momentum spread
(∆p/p≤ 2.5×10−4) we do not consider the longitudinal phase space. In the remainder
of this section we will assume that the horizontal and vertical phase spaces are decoupled.

In the first-order formalism the so-called σ -matrix is used, which transforms as

σ(1) = Rσ(0)RT (2.5)

The elements of the σ -matrix are the second-order moments of the phase-space den-
sity distribution ρ(x,x′), i.e.

σ =

(
x2 xx′

xx′ x′2

)
(2.6)

Here the overbar denotes a phase-space average of a function g(x, x′) defined by

g(x,x′) =
∫∫

g(x,x′)ρ(x,x′)dxdx′ (2.7)

The product XT σ−1X = 1 with row vector XT = (x, x′) defines the phase-space
ellipse, which has an area Ax given by

Ax = π
√

det(σ) = π

√
σ11σ22−σ2

12 (2.8)

It contains a certain fraction of the beam particles which depends on the phase-space
distribution function ρ(x, x′). An example of such a phase-space ellipse is shown in
Fig. 2.1. The tilt of the ellipse indicates a correlation between x and x′ which shows
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Figure 2.1: A two dimensional phase-space ellipse (adopted from Ref. [20]).

whether the beam is divergent (positive tilt angle, σ12 > 0), convergent (negative tilt
angle, σ12 < 0) or at a so-called beam waist (tilt angle = 0◦,90◦, σ12 = 0). The area Ax of
the phase-space ellipse is related to the so-called root-mean-square (rms) beam emittance
εxx′−rms defined as:

εxx′−rms =
Ax

π
=
√

σ11σ22−σ2
12 (2.9)

The rms-emittance of a beam is an important quality parameter, i.e. the smaller its
value the higher the beam quality for a given beam current. Following Lapostolle we
define the effective rms-emittance as [21]

εxx′ = 4εxx′−rms (2.10)

It can be shown that for a beam with a uniform phase-space distribution the phase-
space ellipse with area Ax = πεxx′ contains all the beam particles while for a Gaussian
phase-space distribution it encompasses 90% of the beam particles [22]. From now on
we will denote the effective rms-emittance simply as the effective emittance.

According to Liouville’s theorem the area of the phase-space ellipse and thus also the
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Figure 2.2: Simulated ray trace and beam envelope through a magnetic quadrupole using the code
COSY INFINITY [23]. Configuration-space view (a) and transverse phase-space views in (x,x’)
plane at different locations (b).

effective emittance is conserved during beam transport as long as there are no collisions
and the beam is not accelerated or decelerated, although the shape and orientation of the
ellipse change continuously [22]. This is illustrated in Fig. 2.2 which shows the transport
of a beam through a beamline consisting of two drift spaces and a magnetic quadrupole.
Both individual ion trajectories, the beam envelope and a few phase-space ellipses at
different positions along the beamline are plotted.

As we already mentioned the transport of low-energy beams often suffers from non-
linearities and tends to be non-paraxial. Because of these effects the simple linear matrix
transformations no longer hold, i.e. ellipses do not transform into ellipses. Nonlinear
forces cause a distortion of the phase-space distribution as is illustrated in Fig. 2.3. Al-
though according to Liouville’s theorem the phase-space area occupied by the beam parti-
cles does not change during the beam transport, the effective emittance εxx′ does increase
because of ion-optical aberrations and/or nonlinear space-charge forces.
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Figure 2.3: Transverse phase-space area of the beam due to linear forces (a) and due to non-linear
force (b).

When the beam is accelerated the effective emittance εxx′ will decrease because of
a decreasing beam divergence. In order to compare beam emittances at different beam
energies it is better to take this trivial dependence into account by defining the so-called
normalized effective emittance εxx′,n as

εxx′,n = βγεxx′ (2.11)

with β = v/c and γ = 1/
√

1−β 2 the relativistic factor. According to Liouville’s theorem
the normalized effective emittance εxx′,n is invariant for all energies as long as collisions
are not important and the beam transport is linear.

2.3 Beam distortion

During beam transport the emittance of the beam should be matched to the acceptance
of the optical elements in order to avoid losses. In general the effective emittance of the
ion beam increases due to optical aberrations and nonlinear space-charge forces, which
leads to mismatch between the emittance of the transported beam and the acceptance of
the optical elements and/or accelerator and consequently to beam losses. The increase of
the effective emittance is in particular an issue for low energy ion beams. They have a
small (magnetic) rigidity so one has the tendency to use short optical elements resulting
in important contributions from the fringe fields, which are responsible for nonlinear
effects. Image aberrations in the low energy beamline are often large because of the
large filling factors. The most important causes of effective emittance growth in LEBT
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Index Multipoles Term Effect
n = 0 Dipole q

pz
By0 Deflection

n = 1 Quadrupole q
pz

dBy
dx x Focusing

n = 2 Hexapole q
pz

1
2!

d2By
dx2 x2 2nd order correction /Chromaticity compensation

n = 3 Octupole q
pz

1
3!

d3By
dx3 x3 3rd order correction

Table 2.1: The most important multipoles and their principle effects on the beam transport [24,25]
.

are nonlinearities in the applied forces and self-fields (space-charge forces of the beam).
These will be discussed in the following subsections.

2.3.1 Optical aberrations

Each multipole has a different effect on the path of the charged particle. The most impor-
tant multipoles and their purpose are listed in table 2.1. In addition to their main purpose
higher-order multipoles with n > 2 introduce aberrations during beam transport [24].

Different higher order terms in the expansions of the transfer function cause various
types of image aberrations, which result in distorted phase-space distributions of the
beam transported through the optical elements. Quadrupoles and rotationally symmetric
lenses have a straight optical axis. In these systems the imperfectly formed electrodes
and pole face cause higher order aberrations and this could be an odd order aberration
(n = 3,5, ...), because all electromagnetic forces are anti-symmetric with respect to the
horizontal (x) and vertical plane (y).

Mid-plane symmetric systems such as magnetic or electric bending systems have a
curved optical axis. As in the case of quadrupoles, here also higher multi-pole fields are
added by imperfectly formed electrodes or pole faces. In the case of mid-plane sym-
metric systems aberrations of even order can exist (n = 2, 4, ...), since all electromag-
netic forces are symmetric with respect to the midplane (y = 0) in the bending plane (x)
and antisymmetric in the non-bending plane (y). The magnetic flux density distribution
By(x, 0) proportional to xn influences only image aberrations of nth and higher order but
not aberrations of smaller than nth order. For example a hexapole magnet can be used
to correct the second order image aberration produced by a dipole. In order to do this
the hexapole strength (n = 2) is adjusted in such a way that the overall second-order
coefficient vanishes. Aberrations of n = 4, 6, ... are modified slightly but aberrations
of zeroth and first order, i.e. the deflection of the beam and position of the image, are
unchanged [24]. In addition to the image aberrations dipoles and quadrupoles also intro-
duce chromatic aberrations.

In order to achieve a high quality beam transport it is important to minimize and/or
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correct optical aberrations as much as possible. Aberration correction or compensation
can be achieved by using higher-order multipole fields at suitable locations in the sys-
tem [24].

2.3.2 Space-charge effects on ion beam transport

In addition to the guiding fields (focusing/bending) the beam generates internal fields
which, depending on the beam intensity, can influence the beam properties significantly.
These are the electric fields caused by the space-charge and magnetic field of the ion
beam current. The radial or transverse electromagnetic field that is generated by the
beam as a whole can have a major influence on the trajectories of individual particles
in the beam. For a cylindrically symmetric beam with uniform charge density ρ0 and
velocity v the radial electric field Er at a distance r is given by (Coulomb’s law)

Er =
1

2ε0
ρ0r (2.12)

Similarly, for the azimuthal magnetic field (Ampere’s law)

Bϕ =
1
2

µ0ρ0vr (2.13)

The total force acting on a beam particle is then [17]

Fr = e(Er− vBϕ) =
eρ0r
2ε0γ2 (2.14)

In the case of a high energy beam (v ≈ c) the repulsive force due to the electric
field is almost completely compensated by the attractive force due to the magnetic field.
In a low energy ion beam the magnetic component can be neglected with respect to the
electric component [26].

It is important to note that as long as the space-charge forces are linear (e.g. in a beam
with uniform particle density) the effective emittance does not increase. However, in
practice beam density is often non-uniform which can lead to an increase of the effective
beam emittance because of nonlinear space-charge forces.

In practice collisions of beam particles with residual gas atoms and interactions with
the walls generate secondary electrons in the beamline. These electrons become trapped
in the electrostatic field of the beam, thereby reducing the effective charge density in
the beam. This process is called space-charge compensation. Depending on the degree
of space-charge compensation the radial electric field and the defocusing it causes are
reduced [27]. The degree of space-charge compensation depends on the particular low
energy ion beam transport design and the residual gas pressure [28]. Space-charge com-
pensation is not efficient in ultra high vacuum pressures and in systems with electrostatic
focusing and/or bending elements. In order to minimize the influence of the space-charge
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effect in the transport of intense ion beams it is essential to provide a high degree of space-
charge compensation within the beam transport system by means of carefully optimizing
the gas pressure along the beamline [28–30]. However, increasing the gas pressure also
reduces the ion current via charge exchange processes. In Ref. [31] it has been shown
that the emittance values decrease with increasing gas pressure. Comparison of measure-
ments and simulations conducted at LBNL for helium beams give an estimate of 80 %
compensation for beamline pressures in the 10−8 mbar range [32].

2.4 Computational tools

Computer codes play an important role in the understanding of ion beam transport and
beamline design and optimization. In this thesis four different codes have been used
according to the specific issues addressed, which are briefly described in this section.

The initial 6D phase-space distribution of the ions at the extraction aperture of the
ECR ion source is calculated with a PIC-MCC code developed at KVI [33]. This code
is described in Sec. 3.4 of this thesis. The General Particle Tracer (GPT) code and the
LORENTZ3D code have been used to simulate the extraction of an ion beam from the
ECR ion source and its subsequent transport through the low-energy beamline. The
code COSY INFINITY has been used for the beam envelope calculation from the an-
alyzing magnet to the matching section of the cyclotron injection system. GPT and
LORENTZ3D are commercially available codes, while COSY INFINITY is in the pub-
lic domain. A survey of computer codes available for simulating the behavior of charged
particle beams including space-charge effect is given in Ref. [34].

2.4.1 LORENTZ3D-EM

LORENTZ3D-EM [35] is a combined 3D electrical and magnetic field solver pack-
age that incorporates ray tracing. To solve both electrostatic and magnetic problems
LORENTZ3D uses the so-called Boundary Element Method (BEM) [36] and Finite El-
ement Method (FEM) hybrid solvers. The advantage of this code is that problems with
complex geometry and nonlinear material properties can be modeled. Space-charge ef-
fects can be taken into account in an iterative way.

In our simulations we used this code to calculate the full 3D magnetic fields of the
AECR ion source’s solenoid and hexapole magnets, the magnetic field of the analyzing
magnet and the electrostatic fields of the accel-decel extraction system. In addition to
this, the optimization of the design of the 110◦ analyzing magnet has been performed
using the ray tracing functionality of the code.
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2.4.2 GPT

The General Particle Tracer (GPT) code [37] is a full 3D code tracking particles through
the electromagnetic fields of optical elements and the self-fields. This code has been
used to study non-linear effects of charged-particle dynamics in the extraction region and
beam transport through the analyzing magnet. The techniques used in the GPT code are
described in detail in Ref. [38]. The initial particle distribution, 3D electromagnetic field
configuration (optical element), the required accuracy of the calculations and the output
method are specified in an input file.

The initial particle distribution consists of a number of macro-particles, each typically
representing a large number of real particles and can be produced by using a built-in
particle generator. In our case the 6D phase-space distributions from the ECR ion source
calculated with the PIC-MCC code were used as input for GPT.

The fields of physical structures are represented by so called elements. Most stan-
dard beamline components are represented in GPT. Built-in models have been used for
the quadrupoles and bending magnets. GPT allows bending magnets with rotated pole
faces and fringe fields. The fringe fields are modeled with a second order Enge func-
tion [38]. Also 2D field maps of ion-optical elements calculated by external programs
like POISSON/SUPERFISH and 3D field maps computed with LORENTZ3D can be
used in GPT. We used this option for the ECR ion source solenoid, hexapole, electro-
static extraction system and the magnetic focussing solenoid of the GSI-EIS Beamline
(see chapter 8). The equation of motion for the macro-particles is solved using a 5th
order embedded Runge-Kutta integrator with adaptive step-size control.

In order to calculate particle trajectories including space-charge forces we used a 2D
point-to-line model for continuous beams. In this model every particle represents a com-
plete line and the force on each particle depends on the position of all other particles. A
mean field approximation is used for the interaction between the particles and collisions
between individual particles are neglected.

GPT is computationally fast compared to LORENTZ3D, but lacks the electric and/or
magnetic modeling of a real geometry. We have used GPT for trajectory calculations
including space-charge forces and calculated the 3D electric/magnetic fields with the
LORENTZ3D code.

2.4.3 COSY INFINITY

COSY INFINITY is well suited for studying aberrations of ion-optical systems, because
one can include arbitrary orders in the beam dynamics simulation [23] using the so-called
the Differential Algebraic (DA) approach [39]. It allows the study of accelerator lattices,
spectrographs, beamlines, electron microscopes and it is quite useful to calculate the ion
beam envelope quickly. We used this code to study the aberrations of the KVI-AECR
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110◦ analyzing magnet and for beam envelope calculations of the entire beamline up to
the matching section.




