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Chapter1
Introduction

We are just an advanced breed of monkeys on a minor planet of a very average star. But we can
understand the Universe. That makes us something very special.

—Stephen Hawking—

Our Universe surrounds us with darkness and is full of invisible hidden secrets. From
the beginning of the history of humankind, we always wondered its beginning and
fate. This was a more philosophical curiosity. In a way our modern view of the Uni-
verse is built up from ideas accumulated from ancient times such as Egyptians, Baby-
lonians and Greek civilizations to the modern day. The turning point in our intellec-
tual progress of understanding the Universe, in a more profound way, was achieved
by Greek astronomers. They were the first known to describe universal laws using ob-
servations and experiments which formed the core of the collective systematic ideas of
what we know today as the concept of science and the philosophy of science. Their ex-
planations of the Universe were based on the mathematical descriptions which were
the backbone of a scientific approach. According to Plato, we do not invent mathematical
truths, we discover them.

When humankind evolved and improved their ways to observe, experiment and
decode mathematics as the language of nature, we found answers to some of its se-
crets. These discoveries left us with more questions and unknowns about our Uni-
verse than before, like the tip of an iceberg. Although we have learned and decoded
many aspects of its unknown nature, we are still curious and amazed by its beauty. It
is Cosmology that explains the origin, evolution, and fate of the Universe as well as its
components and their evolution by using a scientific method. As a science, cosmology
is based on predictions from hypothesis that can be tested with observations.

The seeds of modern cosmology that we know were planted in 1543 by Nicolaus
Copernicus as a successor of Platonist philosophy. In his book De revolutionibus orbium
coelestium (On the Revolutions of the Heavenly Spheres), he mentioned that there is
no special observer. Related with this idea, he established the Sun centered Universe
model instead of the Earth centered model, called the heliocentric model (see Fig. 1.1).
In De revolutionibus orbium coelestium Copernicus writes:
In the middle of all sits Sun enthroned. In this most beautiful temple could we place this
luminary in any better position from which he can illuminate the whole at once? He is rightly
called the Lamp, the Mind, the Ruler of the Universe: Hermes Trismegistus names him the
Visible God, Sophocles Electra calls him the All-seeing. So the Sun sits as upon a royal throne
ruling his children the planets which circle round him. The Earth has the Moon at her service.
As Aristotle says, in his On Animals, the Moon has the closest relationship with the Earth.
Meanwhile the Earth conceives by the Sun, and becomes pregnant with an annual rebirth (Of
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Figure 1.1: Left: The title page of the 2nd edition of De revolutionibus orbium coelestium, Basel,
Officina Henricpetrina, 1566 (Image Credit: wikipedia.org). Right: The planisphere of Nicolaus
Copernicus in which the system of the entire Universe is formed according to the hypothesis of
Copernicus exhibited in a planar view by Andreas Cellarius in 1660 (Image Courtesy: imss.fi.it).

the Order of the Heavenly Bodies 10).
His model was described by observed motions of celestial objects around the Sun.
This heliocentric model became the most influential work in the history of science
that led to the modern cosmology. His model was developed and perfected by his
scientific successors Tycho Brahe, Galileo Galilei, Johannes Kepler, and of course Sir
Isaac Newton who helped explain the force, gravity, that all bodies exert on each other.

The application of the Copernican model to the Universe indicates two important
mathematical properties: that the Universe should be homogeneous and isotropic.
Newton was the the first to establish that gravity is ruling the Universe by following
the footsteps of Copernicus, Galilei, Tyco Brahe and Kepler. On the basis of his the-
ory the first true scientific cosmological description and comprehensive model of the
world could be formulated. His theory was shaped by the following properties:

• Space and time are independent of matter.

• Space is absolute, static and infinite.

• The Universe does not have a boundary and no center.

• Dynamics: Action at a distance is instantaneous.

• Newtonian Cosmological Principle: The Universe looks the same at every loca-
tion in space at every moment in time.
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of this structure is These properties lead to a non static Universe. In 1915, Albert
Einstein developed his theory of General Relativity and he obtained a non static Uni-
verse model. However, at the time, physicists believed in a perfectly static Universe
without beginning or end based on the Newtonian cosmology. Therefore, Einstein
added a cosmological constant to his theory to try to force it to allow for a static Uni-
verse with matter in it. It is bound to eventually start expanding or contracting. In
1922 Alexander Friedmann derived a set of equations from Einstein field equations
of gravitation that describe the dynamics of a homogeneous isotropic Universe based
on the cosmological principle and a fluid with a given mass density and pressure.
These equations describe Universe models that may expand or contract. Indepen-
dently, Georges Lemaitre derived the equations of an expanding Universe from the
General Relativity equations in 1927 and he argued that this would imply a hot and
small primordial Universe. Thus, a non static Universe is also implied, independent
of observations of distant galaxies, as the result of applying the cosmological princi-
ple to General Relativity. That is why the non static Universe with matter is known as
the Friedmann Robertson Walker Lemaitre Universe. Friedman and Lemaitre’s solu-
tions were appreciated more after Edwin Hubble’s 1929 discovery that the spacetime
volume of the observable Universe expands.

1.0.1 Friedman Robertson Walker Universe

Einstein’s General Relativity theory is a metric theory and gives the connection be-
tween the geometry and the matter in the Universe. The Einstein field equations are
complex and are generally insolvable. However, the solutions of these complicated
equations came from identifying symmetries. These symmetries are embodied by the
cosmological principle and the translation of these symmetries into the geometry of
the Universe leads to the Robertston Walker metric. In 1935, Robertson and Walker in-
dependently solved the implied form of spacetime. They provided a solid mathemat-
ical derivation of the metric of spacetime for all isotropic, homogeneous, uniformly
expanding models of the Universe.

Modern cosmological models are based on the cosmological principle which states
that the Universe is isotropic and homogeneous everywhere. The metric of homo-
geneous and isotropic Universes, defined by the cosmological principle with cosmic
time, t, and spatial coordinates (r, θ and φ), is the Robertson Walker metric,

ds2 = −c2dt2 + a2(t)
(

dr2 + R2
c S2

k(r/Rc)
[
dθ2 + sin2θdφ2

])
. (1.1)

Here, r is the comoving radial distance of a body. Rc(t) is the radius of curvature at
time t and by convention, Rc is the radius of the present Universe. The function Sk
depends on which geometry our Universe has, specified through the index k. The
index k is the normalized curvature constant and it is referred to as closed (k > 0),
open (k < 0) and flat (k = 0). For Sk the following expressions hold, depending on the
geometry of the Universe,
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k = 1, S+1(r/Rc) = sin(r/Rc),

k = 0, S0(r/Rc) =
r

Rc
, (1.2)

k = −1, S−1(r/Rc) = sinh(r/Rc).

Another useful quantity is the dimensionless expansion factor a(t). It describes the
expansion (or contraction) of the Universe. The expansion factor can be normalized
in terms of its present epoch value a(t0) = 1, while at the moment of the Big Bang,
a(t = 0) = 0. The radius of curvature Rc(t) also evolves along with the expansion
factor a(t). By definition, the normalized radius of curvature is given by,

a(t) =
Rc(t)
Rc(t0)

. (1.3)

In 1922 Friedmann inferred the general Einstein equations for an isotropic and homo-
geneous medium. These Friedmann equations are given as,

(
ȧ
a

)2
=

8πG
3

ρ − kc2

R2
0

1
a2 +

Λ
3

(1.4)

ä
a

= −4πG
3

(
ρ +

3p
c2

)
+

Λ
3

, (1.5)

where R0 = R(t0) is the present day value of the curvature radius. ρ and p are the
energy density and the pressure of the Universe while Λ and G are the cosmological
and gravitational constants.

The expansion of the Universe is given by the Hubble parameter,

H =
ȧ
a

. (1.6)

The present day value of the Hubble parameter defines the Hubble constant. The
recent value of the Hubble constant based on the analysis of the Hubble Key Project
(Freedman et al. 2012) is given by,

H0 = H(t0) = 71 ± 2, km s−1 Mpc−1. (1.7)

For a given rate of expansion H, there is a critical density for which k = 0. The Wilkin-
son Microwave Anisotropy Probe (WMAP) results determined that the Universe is
flat, from which it follows that the mean energy density in the Universe is equal to the
critical density, that is equivalent to a mass density,

ρc =
3H2

8πG
= 9.9 × 10−30g/cm3. (1.8)
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The contribution of any energy component of the Universe can be expressed in terms
of the critical density by a dimensionless density parameter Ω,

Ω ≡ ρ(t)
ρc

. (1.9)

Due to contributions of the different components, the density parameter can be rear-
ranged,

Ω = Ωm + Ωr + ΩDE, (1.10)

where the matter density has the contribution from the baryon and dark matter com-
ponents Ωm = Ωb + Ωdm. Ωr and ΩDE show the contribution of radiation and dark
energy components in the total density of the Universe. Currently the favorite model
is the dark energy dominant cold dark matter model ΛCDM, with the following val-
ues;

Ωm = 0.279 ± 0.025, Ωr = 0.005, , ΩΛ = 0.721 ± 0.025. (1.11)

The values are based on the 9th year data release of the WMAP (Bennett et al. 2012).
The values of these fractional densities determine the global dynamics of the Universe.

1.1 Hot Big Bang: Observations and Theory

The theoretical developments mentioned above provided a coherent framework that
has been tested by observations. As a result of observations, today the Big Bang (also
known as the Hot Big Bang) Theory (Hoyle 1950) is the widely accepted theory on the
origin and evolution of the Universe.

The Hot Big Bang Theory is based on the cosmological principle that the Universe
is homogeneous and isotropic on large scales. According to the Big Bang Theory, the
Universe began 13.7 billion years ago as a very small, hot and dense nearly uniform
plasma of radiation in which quantum fluctuations were dominant. When the Uni-
verse was 10−34 seconds old, it expanded faster than the speed of light in the period of
inflation. During the period of inflation, that occurred in the first fraction of a second
after the Big Bang, the Universe became matter dominated while expanding expo-
nentially. The decay of inflation then reheated the Universe, returning it to a radiation
dominated state. Baryonic matter formed within the first second, and the nucleosyn-
thesis of the lightest elements occurred in the few minutes as the Universe expanded
and cooled. The baryons formed a plasma up until about 380.000 years after the Big
Bang, when the temperature of the Universe had cooled to near 3000 degrees Kelvin
(K). This was sufficiently cool for protons to capture free electrons and form atomic
hydrogen; this process is referred to as recombination. The recombination epoch oc-
curred at a redshift of zrec = 1100. The high entropy of the Universe made the rate
of electron capture only slightly faster than the rate of photodissociation. In addi-
tion, each electron captured directly into the ground state emitted a photon capable
of ionizing another newly formed atom. Neutral matter finally condensed out of the
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Figure 1.2: Illustration of the evolution of the Universe after the Big Bang. It is known that
patterns imprinted in this light carry information about events that happened just a fraction of
a second after the Big Bang. In turn, these patterns are the seeds of the development of the large
scale structure of the Universe we now see billions of years after the Big Bang (Image Courtesy::
NASA/WMAP Science Team).

plasma when the Universe cooled to temperatures below the ionization energy of hy-
drogen, through recombination into excited states. Until recombination, the Universe
was opaque to electromagnetic radiation due to scattering of the photons by free elec-
trons. During recombination, the density of free electrons diminished rapidly, leading
to the decoupling of matter and radiation as the Universe became transparent to light.
After this, during the era of decoupling, baryons from the recombination cooled faster
∝ 1/a2, than radiation, ∝ 1/a. Thus, radiation reached a temperature of T = 2.725 K
and became cooler before reionization. Fig. 1.2 illustrates the evolution of the present
day Universe in the context of the Big Bang Theory.

The cosmic microwave background (CMB) radiation released during this era of
decoupling has a mean free path long enough to travel almost unperturbed until the
present day, where we observe it peaked in the microwave region of the spectrum as
the CMB. We see this radiation today coming from the surface of last scattering which
is really a spherical shell of finite thickness at a distance of nearly 13.7 billion light
years. At the present day the CMB is our best probe of the early conditions of the
Universe.
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1.1.1 Cosmic Microwave Background and Its Anomalies

The CMB was discovered by two radio astronomers, Robert Wilson and Arno Penzias,
in 1964. Their detection of the radiation indicated that it had a diffuse character and
came from all directions in the sky uniformly, with a temperature of 2.725 K. Penzias
and Wilson first considered this radiation as an undetermined noise. But they were
informed by Robert Dicke, Jim Peebles, Todd Wilkinson and Peter Roll that this back-
ground radiation had in fact been predicted years earlier by Robert Herman, Ralph
Alpher and George Gamow, as a relic of the evolution of the early Universe in 1948.

Due to developments in technology, the number of cosmological observations has
increased. As the WMAP results greatly improved our knowledge of the CMB beyond
the Cosmic Background Explorer (COBE) mission, the recently launched European
Space Agency-led Planck mission is currently collecting data with the expectation to
greatly improve the legacy left by the WMAP mission. The Planck mission measures
the CMB with increased precision and angular resolution compared to WMAP. These
have led us to expand our understanding of the Universe we live in. Especially, the
WMAP satellite has mapped in great detail the primordial Universe at around the re-
combination epoch at zrec = 1100 (trec = 380.000 years). They have shown the validity
of the Big Bang Theory by demonstrating that the Universe is flat with zero curvature,
k = 0. In addition to these, the age of the Universe is determined as 13.7 billion years
and finally, observations independently confirm the baryon content predicted by pri-
mordial nucleosynthesis.

Theories of the formation of large scale structure predict the existence of slight in-
homogeneities in the distribution of matter in the early Universe, which later under-
went gravitational collapse to form galaxies, galaxy clusters, and superclusters. These
density inhomogeneities lead to temperature anisotropies in the CMB due to a combi-
nation of intrinsic temperature fluctuations and the baryonic acoustic oscillations that
produces a Doppler shift in the radiation that appears to the observer as a tempera-
ture anisotropy (Fig. 1.3). The Differential Microwave Radiometer (DMR) instrument
on the COBE satellite discovered primordial temperature fluctuations on large angu-
lar sales, ≈ 7◦ (Smoot et al. 1992), while the recent data release of the WMAP, 9DR,
indicates that the temperature fluctuations are ΔT/T = 5 × 10−5 (Bennett et al. 2012).

Apart from inhomogeneities, the CMB seems to display a few anomalies that have
not yet been fully understood. These anomalies can be named as the alignment of
quadrupole and octopole moments (Land & Magueijo 2005; Ralston & Jain 2004; de
Oliveira-Costa et al. 2004; Copi et al. 2004), large scale asymmetry (Eriksen et al. 2004;
Hansen et al. 2004) and the unusually cold spot (Vielva et al. 2004). There are some
attempts to explain the origin of these anomalies such as anisotropic inflation (Berera
et al. 2004; Gordon et al. 2005; Pereira et al. 2007; Gümrükçüoglu & Peloso 2007;
Yokoyama & Soda 2008; Koivisto & Mota 2008), inhomogeneous spaces (Jaffe et al.
2006; Land & Magueijo 2006; Bridges et al. 2007; Pontzen & Challinor 2007), local
spherical voids (Inoue & Silk 2006), an initial phase of inflation (Contaldi et al. 2003;
Donoghue et al. 2009) and a nontrivial spherical topology (Luminet et al. 2003).

These anomalies are particularly interesting within the context of this thesis. In
Chapter 2, we discuss possible Universe models that are based on initially anisotropic
Bianchi type I homogeneous Universes which provide generalizations of the FRW
models in the asymptotical limits. More details are given of their analytical descrip-
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Figure 1.3: All-sky images of the infant Universe, around three hundred and eighty thou-
sand years after the Big Bang, as measured by the WMAP. (Left) The uniform T ≈ 2.725 K
temperature distribution. (Right) The tiny temperature fluctuations induced by tiny matter,
energy and velocity perturbations which have evolved into cosmic structure observed today.
We observe this distribution after subtracting the average temperature and the motion of the
Earth and milky way contribution from the whole temperature distribution ( Image Courtesy:
NASA/WMPA Science Team).

tions by using the recent CMB constraints on shear and anisotropy in Chapter 2.
Despite its success, the Big Bang Theory does not specifically predict the horizon,

the flatness, the monopole and the structure problems. These are,

• The Horizon Problem
The microwave background radiation has an almost uniform temperature. If
one considers two widely separated parts of the sky, it can be shown that these
regions are too separated to have been able to have ever communicated with
each other, even via signals traveling at light velocity. Thus, how can their tem-
peratures be almost exactly the same without knowing about each other? This
general problem is called the horizon problem, because the inability to have re-
ceived a signal from some distant source due to the finite speed of light is termed
a horizon in cosmology. Thus, in the standard Big Bang Theory we must simply
assume the required level of uniformity.

• The Flatness Problem
Given today’s cosmological parameters, we know that the early Universe must
have been fantastically flat. Any small deviation from a spatially flat Universe
Ω = 1 would have lead to a Universe that would either have collapsed (Big
Crunch) a long time ago or would have expanded to emptiness (Big Chill). The
fact that neither of these occurred, approximately 13.7 billion years later, is ev-
idence that the critical density must have been extremely close and equal to 1,
after the Big Bang.

• The Monopole Problem
The only plausible theory in elementary particle physics for how nuclei in the
present day Universe were formed in the Big Bang, requires the use of what
are called Grand Unified Theories (GUTs). In these theories, the strong, weak,
and electromagnetic forces are essentially indistinguishable from each other if
the temperatures are very high, such as the conditions in the instants after the
Universe was formed. It is considered that the three forces were unified into a
single force.
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Although there is as yet no concrete evidence for the validity of such theories,
there are strong theoretical arguments that support GUTs, so it is likely that they
will eventually turn out to be essentially correct. Our current understanding of
elementary particle physics indicates that such theories predict the existence of
very massive particles called magnetic monopoles. There should in fact be many
such monopoles in the Universe today, however, these particles have never been
detected. So the final problem is: where are the monopoles?

• The Structure Problem
The Structure problem is based on the standard FRW Universe which presumes
a perfectly smooth and uniform structure formation. Yet, the Universe is filled
with a rich diversity of objects and structure, which calls up the questions of
what the origin of this structure is. The Big Bang Theory cannot explain the
presence of large scale structure of the Universe.

In the late 1970s and early 1980s, Alan Guth, and Andrei Linde came up with a set of
ideas that elegantly solved the preceding problems and formed the theory of inflation.
The general point of the Inflation Theory is that if the early Universe experienced a
period of exponential expansion, termed inflation, and then resumed ordinary expan-
sion, these problems would be solved. Inflation, a period of exponential expansion
in the very early Universe, is believed to have started at 10−34 seconds after the Big
Bang singularity. One of the major achievements of inflation is that it explains the
initial conditions of the Universe. Via inflation, the Universe we know and love grew
out of generic initial conditions. As a result, Inflation Theory explains the homogene-
ity, flatness, isotropy and the origin of the fluctuations of the present day observable
Universe. The imprints of this initially hot dense phase of the Universe can be seen in
the uniform cosmic microwave background radiation.

1.1.2 Dark Matter and Dark Energy

Dark energy and dark matter describe unresolved gravitational phenomena. So far
as we know, the two are distinct. The WMAP satellite provides very important infor-
mation, that the Universe is dominated by the dark energy component. According to
this, the present day Universe comprises energetically of only 4.6% atoms. A much
greater fraction, 24% of the Universe is dark matter. However, the biggest fraction
of the current composition of the Universe, 71.4%, is dark energy that is driving an
acceleration of the expansion of the Universe (see Fig. 1.4).

Dark Matter

Dark matter originates from our efforts to explain the observed mismatch between the
gravitational mass and the luminous, visible mass of galaxies and clusters of galax-
ies. The first evidence of dark matter was provided by Dutch Astronomer Jan Oort
in 1932. He found that the mass in the galactic plane must be more than the material
that could be seen. This discovery was followed by Swiss Astrophysicist Fritz Zwicky
in 1933. Zwicky estimated the total mass of the Coma cluster based on the motions of
galaxies near its edge. He found that there was about 400 times more estimated mass
than was visually observable. The gravity of the visible galaxies in the cluster would



18 CHAPTER 1: INTRODUCTION

Figure 1.4: Composition of the Universe by WMAP, based on the 9th year results. According
to this, the present day Universe is dominated by dark energy, which accounts for 71.4%, with
24% being dark matter, and finally 4.6% baryonic matter, the building blocks of stars and planets
(Image Courtesy: NASA/WMAP Science Team).

be far too small for such fast orbits. Zwicky inferred the presence of a nonvisible form
of matter which would keep the cluster together. In 1970s Astronomers became con-
vinced that missing mass existed in cosmologically significant amounts. However, its
origin and nature were unclear, though there were many candidates its mass should
be in the form of brown dwarfs, white dwarfs, black holes, very hot gas, or in some, as
yet unsuspected, form. In 1977 Rees (in Illingworth (1978)) suggested possible exotic
candidates such as neutrinos. This lead to a classification of hot and cold dark mat-
ter. The main difference between those candidates is their velocities. Hot dark matter
candidate moves at relativistic speeds while the cold one moves nonrelativistically
at that time. This categorization has important ramifications for structure formation,
and there is a chance of determining whether the dark matter is hot or cold from stud-
ies of galaxy formation. Hot dark matter cannot cluster on galaxy scales until it has
cooled to nonrelativistic speeds, and so gives rise to a considerably different primor-
dial fluctuation spectrum. It was shown that the properties of the neutrino aggregates
expected in a neutrino dominated Universe are incompatible with observations ir-
respective of the efficiency with which they form galaxies (Tremaine & Gunn 1979;
White et al. 1984). The idea that the missing mass might be in the form of ”cold dark
matter”, which dominates current hypothesis on this subject, appears to have been
introduced by Bond et al. (1984).

Today, the Λ Cold Dark Matter (ΛCDM or LCDM) model is the latest incarnation
of our understanding about the origin of the Cosmos. It represents an improvement of
the Big Bang Theory by postulating the most of the physical substance in the Universe
consists of a material called dark matter (Blumenthal et al. 1984). The Lambda in
the theory’s name accounts for the presence of dark energy, a hypothetical force that
appears to be accelerating the expansion of the Universe which is assumed to be the
cosmological constant Λ. Today, ΛCDM is referenced as the standard cosmological
model and it provides a successful fit to WMAP data (Komatsu et al. 2009; Bennett
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et al. 2012). Even though there are several lines of evidence indicating the presence
of dark matter such as galactic rotation curves, gravitational lensing observations of
galaxy clusters and the velocity dispersion of galaxies, the origin of CDM is still a
mystery.

Dark Energy

As dark matter, dark energy cannot be explained by the Big Bang Theory via Inflation.
As we mentioned before, in 1915 Einstein added a constant into the field equations
to construct a static Universe model. This constant term, known as the cosmolog-
ical constant, would provide a repulsive gravitational effect to counteract the force
of gravity. A few years later, Alexander Friedmann, George Lamaitre and Edwin
Hubble discovered that the Universe was indeed expanding. This caused Einstein
to remove the constant. He later called his failure to predict the expansion of the
Universe from the original equations, the biggest blunder of his life. Interestingly,
Einstein had already mentioned the possible presence of a field, and gave its descrip-
tion, which is what we call ‘dark energy’ today. When Einstein published his Cos-
mological Considerations Concerning the General Theory of Relativity including the
cosmological constant term, apparently Schroedinger presented a note providing a
solution to these same equations with the cosmological constant term transposed to
the right hand side thus making it part of the energy momentum tensor. Einstein’s
answer was brief and striking from the modern cosmology point of view. Einstein
indicated that Schroedingers approach to make the cosmological constant part of the
energy momentum tensor allowed the constant to be fixed or to vary. Then, Einstein
mentioned that the cosmological constant is either a differential geometric term in the
field equations or a manifestation of a field, driving the acceleration which can be a
non observable negative density in the Universe (Harvey 2012). In the late 1990s, Ein-
stein’s General Relativity theory was confirmed by observations of supernovae type I
a (SN1a) by Riess et al. (1998); Schmidt et al. (1998) and Perlmutter et al. (1999). These
observations indicated that the expansion of the Universe accelerates. The data indi-
cate that the cosmological constant is nonzero and positive, with a confidence of 99%,
including the identified systematic uncertainties. This acceleration of the expansion of
the Universe is associated with dark energy that balances the kinetic energy of the ex-
pansion in order to give the Universe zero spatial curvature. Nonetheless, the nature
of dark energy remains a mystery.

As a result of this, there are several attempts to discover the nature of dark energy
by proposing some models and explanations. As a result of observational studies
(Riess et al. 1998; Schmidt et al. 1998; Perlmutter et al. 1999), dark energy should be
the cosmological constant in the Einstein field equations, which gives the Universe
extra energy to expand against gravity. The cosmological constant may be driven by
an exotic equation of state related with a strange fluid that the Universe filled in. An-
other explanation came from particle physicists. It has been suggested that another
component of the Universe called quintessence, could also explain the acceleration.
Quintessence is a dynamic scalar field with potential energy tuned to provided ap-
propriate dark energy properties. Quintessence would have similar but not identical
effects as the cosmological constant. However, the nature and origin of dark energy
and dark matter are still a mystery.



20 CHAPTER 1: INTRODUCTION

1.2 Cosmic Structure

Although the accepted cosmological models are based on the cosmological princi-
ple that the Universe is isotropic and homogeneous, this is an approximately correct
statement when we look at the large scales ≥ 100 h−1Mpc. However when study-
ing smaller scales, we can see irregular and dense structures that are far from being
homogeneous and isotropic.

We can define the size of large scale structures as having a size larger than the
largest galaxies. Primordial density fluctuations evolved into large, structured objects
including groups, clusters, super clusters, filaments, walls and voids. Redshift sur-
veys allow us to define, quantify and map out this large scale structure. These data
sets can be compared with theoretical models. These redshift surveys provide a three
dimensional map of the distribution of galaxies. Among the recent redshift surveys,
the two most influential are the 2 degree Field (2dF) Survey and the Sloan Digital Sky
Survey (SDSS).

The 2dF Galaxy Redshift Survey has redshifts of approximately 250.000 galaxies,
reaching a redshift of z ≈ 0.3. The 2dF survey gives a unique view of our local cosmic
environment. The SDSS is another large, ambitious and influential survey operating
now for eight years. During this time, deep, multicolor images covering more than a
quarter of the sky have been obtained, and 3-dimensional maps containing more than
930, 000 galaxies and more than 120, 000 quasars have been produced. SDSS data have
been released to the scientific community and the general public in annual increments,
with the final public data release of SDSS-II in October 2008. SDSS is still continuing
to expand, with the Third Sloan Digital Sky Survey (SDSS-III), a program of four new
surveys using SDSS facilities. SDSS-III began observations in July 2008, has produced
two data releases to date, and will continue operating and releasing data through
to 2014. Data Release 9, the most recent, in August 2012 contains the first release
of spectroscopy from the Baryon Oscillation Spectroscopic Survey (BOSS), as well as
several significant updates to the cumulative SDSS archive. Fig. 1.5 shows the SDSS
3-dimensional map of the distribution of galaxies, revealing an impressive view of the
cosmic structures in the nearby Universe.

Another important survey is the Two Micron All Sky Survey (2MASS) project,
which was designed to greatly increase our knowledge of the near-infrared sky. It
provides a view of the local Cosmic Web due to its catalog of > 106 galaxies (Fig.1.6).

These redshift surveys provide a big picture of the large scale Universe. In this
view galaxy clusters, filamentary and wall-like structures and voids together form
a complex network, called the Cosmic Web (Bond et al. 1991). The most of these
structures contain a high degree of substructure, and the embedded structures may
have quite different properties from the overall structure.

1.2.1 Gravitational Instability Theory

The emergence of the complex features of the Cosmic Web is described by the gravi-
tational instability theory. The gravitational instability theory is based on the postula-
tion of the Big Bang Theory that quantum fluctuations in the early Universe evolved
linearly. When the fluctuations started growing in mass, their evolution started to be-
come nonlinear. As a result of this nonlinear evolution, the intricate structure of the
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Figure 1.5: The SDSS 3-dimensional map of the distribution of galaxies. Earth is at the center,
and each point represents a galaxy. Galaxies are colored according to the ages of their stars,
with the redder, more strongly clustered points showing galaxies that are made of older stars.
The outer circle is at a distance of two billion light years which equals 613.2 Mpc. The region
between the wedges was not mapped by the SDSS because dust in our own Galaxy obscures
the view of the distant Universe in these directions. (Image Courtesy: M. Blanton and the Sloan
Digital Sky Survey).
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Figure 1.6: Panoramic view of the distribution of galaxies beyond the Milky Way by Two Mi-
cron All-Sky Survey. The image is constructed from a database of over 1.6 million galaxies
listed in the survey’s Extended Source Catalog. The image is a representation of the relative
brightness of these galaxies. The brightest and nearest galaxies are represented in blue, and the
faintest, most distant ones are in red. The dark band in this image shows the area of the sky
where our Milky Way galaxy blocks our view of distant objects, which, in this projection, lies
predominantly along the edges of the image (Image Courtesy: 2MASS- T. H. Jarrett, J. Carpenter
and R. Hurt).

Cosmic Web was formed. Fig. 1.7 shows the evolution and emerging out the Cosmic
Web due to the gravitational instability in which linear density perturbations grown
in mass and become highly nonlinear in time.

In the most commonly accepted view of structure formation, galaxies, clusters and
voids emerged from Gaussian fluctuations in the primordial density field. These fluc-
tuations rapidly expanded in size during inflation. After inflation these fluctuations
were stretched out to very large scales. When these fluctuations entered the horizon
of the Universe, gravitational growth could set in. The growth of these perturbations
eventually formed the present day observable structures. The evolution of this growth
has a strong dependence on the contents of the Universe.

In the gravitational theory, the fluctuation field is described in terms of a density
contrast field,

δ(x, t) =
ρ(x, t)− ρm

ρm
. (1.12)

In this expression, t is cosmological proper time, and x = �x are the comoving coor-
dinates. Physical coordinates r are defined by r = ax. ρm is the average density of
the dark matter plus baryon density. The total peculiar gravitational acceleration g at
position x can be written as the sum of the peculiar gravitational attraction,
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Figure 1.7: Hierarchical evolution of the Cosmic Web in a series of images taken from the Mil-
lennium Simulation (Image Courtesy: Volker Springel).

g(x, t) = −∇φ

a
, (1.13)

which is exerted by all matter fluctuations in the Universe,

g(x, t) = aρuG
∫

dx′ δ(x
′) (x′ − x)

|x′ − x|3 . (1.14)

The relation between density contrast and the gravitational potential is given by the
Poisson equation,

∇2
xφ = 4πGa2ρu (1 + δ) . (1.15)

Then, the structure formation is described by the gravitational growth of these pri-
mordial density and velocity perturbations.
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In an expanding Universe, for a pressureless medium the full evolution of this sys-
tem of coupled cosmic density, velocity and gravity fields can be described by a set
of three coupled fluid equations. The Poisson equation (1.15) relates the matter distri-
bution to the gravitational field. The continuity equation ensures the conservation of
mass, as follows,

∂δ

∂t
+

1
a
∇x [(1 + δ) v] = 0. (1.16)

The Euler equation is the equation of motion which describes the induced matter
flows,

∂v

∂t
+

ȧ
a

v +
1
a

v∇xv = −1
a
∇xφ, (1.17)

where the peculiar velocity field v = �v(�x, t) is given by v = aẋ.

1.2.2 Initial Density Fluctuations

As mentioned above, the Gaussianity of the fluctuations in the primordial density is
a key assumption for the existence of the formation of structure formation, predicted
by Inflation Theory. The simplest model of inflation is the single field slow roll the-
orem. According to this model, the initial adiabatic curvature has very small devia-
tions from Gaussianity (Acquaviva et al. 2003; Maldacena 2003). Statistical properties
of the primordial fluctuations are related to those of the CMB radiation (Kogut et al.
1996; Schmalzing & Gorski 1998; Ferreira et al. 1998; Bromley & Tegmark 1999; Ban-
day et al. 2000; Contaldi et al. 2000; Mukherjee et al. 2000; Novikov et al. 2000; Sandvik
& Magueijo 2001; Komatsu & Seljak 2002; Komatsu & Spergel 2001; Cayón et al. 2003;
Park et al. 2001; Shandarin et al. 2002). Results from all the WMAP data releases (DR1-
DR9) conclude that there is no strong evidence for deviations from the density fluc-
tuations with Gaussian random phases, which is consistent with the Inflation Theory
(Komatsu et al. 2003; Page et al. 2007; Dunkley et al. 2009; Bennett et al. 2011, 2012).
Therefore, the initial density fluctuations field is described by the Gaussian random
field. The simplest form of this statistical field is given by the one point probability
distribution function, indicating a small volume element with density contrast δ in the
range of δ, δ + dδ, is,

P1 (δ) =
1√

2π〈δ2〉2
exp− δ2

2〈δ2〉2 dδ, (1.18)

where 〈δ2〉 is the variance of the density field. In addition to the one point distribution,
there are higher order Gaussian probability distributions. These probability distribu-
tions show combined probabilities of the density contrasts, indicating more then one
location in space. The two point Gaussian distribution function is the commonly used
probability distribution to describe the combined probability of two density contrast.
It describes the fluctuations and is given by,
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P2 (δ1, δ2) dδ1dδ2 =
exp

(
− 1

2 ∑2
i=1 ∑2

j=1 δi
(

M−1)
ij δj

)
(2π)

√
det|M|

2

∏
i=1

dδi, (1.19)

where δi is the spatial density filed and it is equal to δ(xi) while the covariance matrix
and its determinant are represented with M and det |M|. The element of the covari-
ance matrix is given by the autocorrelation function,

M = 〈δiδj〉2 = ξ(x1 − x2). (1.20)

The autocorrelation is a function of distance r only. The inverse Fourier transform of
the autocorrelation function is the Power Spectrum, P(k); It also defines the amplitude
of density perturbations,

σ2(M) ≡ 〈δ2(x; M)〉 =
∫ dlog k

2π2 k3P(k), (1.21)

where k3P(k) encapsulates the contribution of fluctuations at wavenumber k to the
general fluctuations field.

1.2.3 Power Spectrum and Its Amplitude

The initial density field is fully characterized by its power spectrum P(k). The power
spectrum shows the power at the related scale and specifies the amplitude of the fluc-
tuations in terms of the spatial wavenumbers k. In general, it is assumed that the
power spectrum has a power law behavior,

P(k) ≈ kn, (1.22)

where the relative amplitude between scales is dictated by the index n that determines
the balance between small and large scale power. Recent WMAP results show the
observational best fit for the spectral index n, which is (Bennett et al. 2012),

n = 0.9608 ± 0.0080. (1.23)

The power spectrum, with spectral index n ≈ 1 is known as the primordial power
spectrum. Harrison, Zel’dovich and Peebles predicted this spectrum well before in-
flation theory and observational studies (Harrison 1970; Peebles & Yu 1970; Zeldovich
1972). That is why the primordial power spectrum is often referred to as the Harrison
Zel’dovich Peebles spectrum. Note that the power law power spectrum does not pro-
vide a physical insight of the evolution of the density fluctuations. It is believed that
density fluctuations evolve until the end of the epoch of recombination by various
processes, such as growth under self-gravitation, effects of pressure and dissipative
processes. The overall effect can be encapsulated in the transfer function, T(k) in the
power spectrum. The physical power spectrum is then given by,
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P(k) = A(z)knT2(k), (1.24)

where A(z) is called the normalization constant and it is determined observationally.
Note that the power spectrum at small scales goes as n > −3 indicating that asymp-
totically it is a hierarchical scenario. On the large scales it remains as the Harrison
Zeldovich spectrum set in the inflationary epoch. The horizon scale at the time when
matter and radiation densities were equal is reflected in the power spectrum as the
turnover point. This marks the point when matter overcame radiation in the domi-
nance of the dynamics of the Universe. Apart from this, obtaining the transfer func-
tion is a difficult processes, because of existence of a mixture of matter and relativistic
particles. Bardeen et al. (1986a) found an approximation for the transfer function of
the cold dark matter which is,

T(k) =
ln(1 + 2.34q)

2.34q
1

(1 + 3.89q + (16.1q)2 + (5.46q)3 + (6.71q)4)
1/4 , (1.25)

in which q = k/Γ h−1Mpc, and Γ is the shape parameter. The shape parameter
consists of information about baryon and matter densities.

To completely specify the power spectrum, the amplitude must be fixed. There-
fore, normalizing a power spectrum involves the variance of the galaxy distribution
σgal when sampled with randomly placed spheres of radius R = 8 h−1Mpc (Davis
& Peebles 1983),

σ2
8 ≡ 〈δ2(x; R8)〉 =

∫ dk

2π2
1
k

W̃2(kR8)k3P(k)

=
σ2

gal

b2 =
1
b2 , (1.26)

where b is the bias factor. The bias factor has been proposed to overcome the uncertain
relation between the galaxy distribution σgal and mass distributions σ8 (Kaiser 1984,
1988) and this relation is parametrized in terms of a (possibly scale dependent) bias
factor between the galaxy and mass power spectra. The power spectrum is related to
the fluctuations in the density on scale R. The exact relationship between the density
fluctuation via the power spectrum and the variance depends on the window function
W(k, R) which is the Fourier representation of the real space window function W(R).

1.3 Linear Regime

When the density fluctuations are small, it is possible to linearize the equations of mo-
tion. The resulting linear theory describes the evolution of fluctuations when they are
small, δ � 1. After some algebraic work a single equation for the density perturbation
can be obtained (Peebles 1980). According to linear theory, the time evolution for the
density fluctuation for a pressureless fluid is described by a second order differential
equation as follows,
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∂2δ

∂t2 + 2
ȧ
a

∂δ

∂t
= 4πGρuδ. (1.27)

The solution of this differential equation is given by,

δ(x, t) = �1(x)D1(t) + �2(x)D2(t), (1.28)

where �1(x) and �2(x) are time independent spatial functions. D1 and D2 are only
time dependent, linearly independent functions and are called growing and decaying
modes. Since the decaying solution is damped, analysis usually focuses on the grow-
ing mode. For a generic FRW Universe in which the radiation contribution is ignored,
the growing mode D1 ≡ D depends on the cosmological parameters and is given by,

D(t) ≈ H(t)
∫ a(t)

H3(z′)
dt. (1.29)

In terms of redshift, this is equal to,

D(z) =
5Ω0H2

0
2

H(z)
∫ ∞

z

1 + z′

H3(z′)
dz′. (1.30)

For some special cases an analytic result can be obtained. At early times in a matter
dominated Universe (Ω0 = 1) the growth of structure closely resembles that in an
Einstein de Sitter Universe at the time Ωm ≈ 1. Therefore, in the Einstein de Sitter
(EdS) Universe the linear density growth factor in terms of redshift, D(z), which is
normalized to the present day D(z = 0) = 1 (or D(t0) = 1), is given by,

D(z) = D(z = 0)
1

z + 1
, D(t) ≈ D(t0)

(
t
t0

)2/3
. (1.31)

In the linear regime the peculiar velocity is directly proportional to the gravitational
acceleration and has the simple form,

v(x, t) =
2 f

3HΩ
g(x, t), (1.32)

in which f (Ω) is the linear velocity growth factor and its definition is,

f (Ω) =
a
D

dD
da

=
d ln D
d ln a

� Ωγ
m. (1.33)

In the standard pressureless matter dominated cosmology the dimensionless growth
rate f is an analytical function of the critical matter density Ωm. For Ωm ≤ 1, Peebles
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found an approximation as a power law with the growth index γ = 0.6 (Peebles
1980). Note that in the Λ dominated Universe the dimensionless growth parameter
becomes f (Ω) = Ω0.55 (Silveira & Waga 1994; Wang & Steinhardt 1998; Nesseris &
Perivolaropoulos 2008). In addition, Linder (2006) showed that the growth index γ,
measures the modification of gravity. For example, the growth index is obtained by
γ = 0.55 + 0.05(1 + ω(z)) (where ω(z) is the equation of state, ω = p/ρ) for scalar
fields within general relativity.

1.4 Nonlinear Regime: Hierarchical Evolution

The linear regime provides an analytical solution of the cosmological fluid dynamical
equations at early times of the evolution. However, later on, the density perturbations
evolve and approach unity and beyond, indicating that the fluctuations become non-
linear. Numerical methods have since provided realizations to this complex nonlinear
evolution. The most common of the numerical methods is N-body computer simu-
lations. N-body simulations based on the density field and initial conditions of the
cosmological models follow the trajectories of particles in the nonlinear regime. In the
nonlinear regime structure formation of the Universe becomes more complex in time
due to nonlinear clustering. Nonlinear clustering is formed by three main processes;

• anisotropic collapse,

• complex cellular morphology due to extended empty regions, called voids,

• hierarchical clustering.

1.4.1 Anisotropic Collapse: Zel’dovich Formalism

One of key characteristics of nonlinear clustering is anisotropic collapse, which sha-
pes the intricate structure of the present day Universe on large scales. The spatial
distribution of overdense regions shows a filamentary type network, and is known
as the Cosmic Web (Bond et al. 1996) (Fig. 1.8) due to anisotropic collapse of initially
non spherical overdensities. N-body simulations have long predicted the weblike
pattern in the clustering of matter and galaxies (Shandarin & Zel’dovich 1986). Now
it is well established that the Cosmic Web is real, and is a naturally occuring, com-
mon phenomenon (Zel’dovich 1970; Icke 1973; Bond & Myers 1996; Bond et al. 1996).
Anisotropic collapse emerges out of the effects of internal and external tidal forces.
Internal tidal force starts an anisotropic collapse along the main axes of the structure
and its evolution is described by the collapse of an homogeneous ellipsoid (Icke 1973;
White & Silk 1979; Bond & Myers 1996; Eisenstein & Loeb 1995; Desjacques 2008; Lam
& Sheth 2008; Corasaniti & Achitouv 2011). The integrated gravitational effects of all
objects is called the external tidal force and it causes the inhomogeneous matter dis-
tribution in the Universe. Fig. 1.8 shows the evolution of initially slight anisotropic
density fluctuation which later on become highly nonlinear, due to the anisotropic
collapse.

The effect of the tidal forces on large scale structure due to the anisotropic evolu-
tion and collapse of the structure formation was demonstrated by Zel’dovich (1970).
In his pioneering paper, Zel’dovich proved that cosmic patches of matter react to the
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corresponding peculiar gravitational field, causing plain ballistic linear motion by us-
ing 1st order Lagrangian perturbation analysis. It turned out that the approximation
works well way into the nonlinear regime (until shell crossing).

In the Zel’dovich approximation, the positions x of fluid/mass elements for each
later time step, then given in terms of their original particle positions q and a displace-
ment term,

x(q, t) = q + D(t)�ψ(q). (1.34)

In linear theory the gravitational potential grows as,

φ(x, t) =
D(t)
a(t)

φ0, (1.35)

in which φ0 is the linearly extrapolated gravitational potential. In the displacement
equation (1.34), � is the displacement vector that depends on the initial potential field,
the peculiar gravity and velocity field (see equations 1.13 and 1.32) as follows,

�ψ = − 2
3Ω0H2

0

�∇φ0, �g = −
�∇φ

a
, (1.36)

where Ω0 and H0 are the values of the critical density and the Hubble parameter
at present day t0, respectively. Given the mapping from the Lagrangian coordinate
q to the Eulerian coordinate x, we may infer the density evolution induced by the
displacement of the mass by the demand of mass conservation. The mass originally
contained in an infinitesimal small volume dq3 is transported to the infinitesimal small
volume dx3. The density in Lagrangian space q is equal to the average cosmic density
at time t, ρu(t). On the basis of mass conservation within the volumes we then find
that the density at position x in Eulerian space is,

ρudq3 = ρdx3. (1.37)

Hence, the density contrast evolves as follows,

1 + δ =
ρ(x, t)
ρu(t)

=

∣∣∣∣ ∂x

∂q

∣∣∣∣−1
= |J|−1 , (1.38)

where J is the Jacobian matrix of the mapping (Zel’dovich 1970). Its determinant is
given by,

|J| =
∣∣∣∣ ∂x

∂q

∣∣∣∣ = |Imn + D(t)ψmn| , (1.39)

where Imn is the identity matrix and ψmn is called the Zel’dovich deformation tensor,
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Figure 1.8: Cosmic Web in the Millennium Simulation in terms of a dark matter concordance
model at (upper) redshift z = 18.3 and (lower) z = 0. Initially slightly anisotropic structures
form a complex web of anisotropic structures, called the Cosmic Web, due to hierarchical clus-
tering and anisotropic collapse. The Cosmic Web shows filaments connecting galaxies and
galaxy clusters. Voids, regions devoid of galaxies in between filaments, present dark regions.
(Image Courtesy: http://www.mpa-garching.mpg.de/galform/virgo/millennium, based on
Springel et al. 2005).
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ψmn =
2

3a3ΩH2
∂2φ

∂qm∂qn
. (1.40)

Hence, the determinant of the jacobian matrix |J|, is known as the Jacobian. The Jaco-
bian evaluated in the coordinate system is defined by the eigenvalues of the deforma-
tion tensor ψmn, which are given by,

|J| =

∣∣∣∣∣∣
1 − D(t)λ1 0 0

0 1 − D(t)λ2 0
0 0 1 − D(t)λ3

∣∣∣∣∣∣
= (1 − D(t)λ1) (1 − D(t)λ2) (1 − D(t)λ3) , (1.41)

where λ1, λ2, λ3 are the eigenvalues of the deformation tensor. Hence, the density
contrast is rewritten in terms of the eigenvalues as,

1 + δ =
1

(1 − D(t)λ1) (1 − D(t)λ2) (1 − D(t)λ3)
. (1.42)

This equation describes the evolution of the density field in the Zel’dovich approxi-
mation. According to this, the absolute values of these eigenvalues of the deformation
tensor become the lengths of the three axes for the local deformation ellipsoid. The
Zel’dovich approximation establishes a direct connection between the deformation of
an object via the deformation tensor and tidal shear field, by following expression,

ψmn =
2

3aΩH2

(
Tmn,0 +

1
2

ΩH2δ0 Imn

)
, (1.43)

where δ0 and Tmn,0 are the linearly extrapolated values of density and tidal field.
These parameters evolve according to δ0(t) ∝ D(t) and Tmn,0(t) ∝ D/a3. In the
Zel’dovich formalism, dynamical properties are defined in terms of the value of the
eigenvalues of the deformation tensor ψmn which is related to the tidal forces and
shear. Hence, the eigenvalues become these of shear and the tidal tensors, and they
determine the morphology of the collapsing objects in the Universe. They behave as
cosmic shape parameters. For example, a positive eigenvalue indicates strong com-
pression in that direction, while a negative eigenvalue implies an expansion. As a
result, the Zel’dovich formalism provides a description of the anisotropic structures
in the Cosmic Web (see Table 1.1).

1.4.2 Cellular Morphology: Bubbly Universe

A further property of nonlinear clustering is the appearance of a complex cellular ge-
ometry, including a network of filaments and wall-like structures surrounding empty
regions called voids. This cellular morphology is formulated and described by the
Zel’dovich formalism and its subsequent elaboration, the adhesion approximation
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Structure Eigenvalue Signatures
Filament λ1 > 0, λ2 > 0, λ3 < 0
Sheet λ1 > 0, λ2 < 0, λ3 < 0
Halo λ1 > 0, λ2 > 0, λ3 > 0
Void λ1 < 0, λ2 < 0, λ3 < 0

Table 1.1: Morphology of features of large scale structure in terms of eigenvalue signatures of
the deformation tensor ψmn.

which takes into account the self-gravity of nonlinear structures in terms of an ar-
tificial viscosity term. Apart from its formulation, there are two main approaches to
explain this cellular morphology. These are the matter based description and the void
based description, like two sides of a coin.

Matter based descriptions of the cellular morphology are based on the evolution
of initially anisotropic tidal force fields that are generated by density fluctuations via
the gravitational instability. These anisotropic tidal fields form the Cosmic Web by
affecting the shape and dynamical behavior of the components of the structure forma-
tion. Related with the matter description, Bond et al. (1996) indicated that the Cosmic
Web is largely defined by the position and primordial tidal fields of rare events in the
medium, with the strongest filaments between nearby clusters whose tidal tensors are
nearly aligned. The connection between the overall matter distribution and the local
tidal fields of the Universe was addressed by van de Weygaert & Bertschinger (1996).

The other side of the coin, the void based description, defines the evolution of the
cellular morphology from of the point of view of voids, underdense regions. Accord-
ing to this description, voids are the key elements that form the intricate structure
of the Cosmic Web due to their expansion with respect to the background Universe.
When they expand, the matter in between voids is squeezed and this squeezed mat-
ter results in sheets and filaments that form at the void boundaries (Icke 1984; van de
Weygaert 1991, 2002). Numerical simulations of voids forming in hierarchical struc-
ture formation scenarios do indeed show this (Regos & Geller 1991; Dubinski et al.
1993; van de Weygaert & van Kampen 1993; Gottlöber et al. 2003; Colberg et al. 2005;
Aragon-Calvo & Szalay 2012).

A Bubbly Universe: Void Dynamics and Void Hierarchy

Early galaxy surveys have shown that voids are integral features of the observed
Universe (Chincarini & Rood 1975; Gregory & Thompson 1978; Einasto et al. 1980).
They are generally empty regions and their size range typically varies between 0.7 −
130 h−1 Mpc although exceptions have been found by observations. After the dis-
covery of the Boötes void (Kirshner et al. 1981), it has been shown that they are promi-
nent features of the Cosmic Web (Kirshner et al. 1981; Geller & Huchra 1989; da Costa
et al. 1994; Shectman et al. 1996; Einasto et al. 1997; Plionis & Basilakos 2002).

In previous sections we gave the general information of how large scale structure
forms from the initial primordial density field due to mass density perturbations, and
how these density perturbations form the complex morphology of the Cosmic Web in
the matter based description of the Universe. How do voids emerge out of the den-
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Figure 1.9: Illustration of overdensities and underdensities in the density field. Overdense re-
gions/halos are evolved from density peaks/maxima while underdensities/voids emerge out
of density dips/minima.

sity field? In a void based description of the evolution of the cosmic matter distribu-
tion, voids mark the transition scale at which density perturbations have decoupled
from the Hubble flow and contracted into recognizable structural features (van de
Weygaert & Platen 2009). In the density field, voids evolve from the underdense re-
gions/density dips while halos are formed from the overdense regions/density peaks
in the primordial density field (see Fig. 1.9).

Since voids emerge out of density dips, the density within a void is low com-
pared to the background Universe, which leads to a negative density contrast. As a
result of this negative density contrast, voids represent a region of weaker gravity.
The weaker gravity results in effectively a repulsive peculiar gravity in a void region,
and its effect decreases from the center outward. As a result of the repulsive gravity,
matter within a void is evacuated from the center to the void boundaries. Therefore,
the density within the void gradually increases outward faster than the one in the
boundary. This dynamical behavior causes a typical void density profile (Palmer &
Voglis 1983; Sheth & van de Weygaert 2004). Due to the weak gravity region, voids
expand with respect to the background Universe. Numerical studies show that voids
tend to become spherical when they evolve (Centrella & Melott 1983; Fujimoto 1983;
Bertschinger 1985), and the bubble theorem by Icke (1984) explains that voids become
spherical in time (Fig. 1.10).

A characteristic evolutionary timescale for voids is defined by shell crossing. Shell
crossing occurs when inner shells of matter within a void overtake initially exterior
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Figure 1.10: Expansion of a large void in an N-body simulation at two different epochs, a = 0.05
and 1.0 (Image Courtesy: Erwin Platen).

shells (van de Weygaert & Platen 2009). When voids reach shellcrossing they start
expanding self similarly. However, their expansion slows down with respect to the
earlier linear expansion (Suto et al. 1984; Fillmore & Goldreich 1984; Bertschinger
1983). Self similar expansion occurs when a primordial underdensity reaches a lin-
early extrapolated underdensity, δv = −2.81 in the EdS Universe, and a spherical
void expands by a factor of 1.72 at shellcrossing.

However in reality, voids are more complex than spherical, idealized structures
(van de Weygaert & van Kampen 1993; Colberg et al. 2005; Aragon-Calvo & Szalay
2012). Studies indicate that voids have rich substructures and this allows us to study
voids in the context of hierarchical structure formation scenarios (Regos & Geller 1991;
van de Weygaert & van Kampen 1993; Gottlöber et al. 2003; Colberg et al. 2005; Sheth
& van de Weygaert 2004; Aragon-Calvo & Szalay 2012). However, their hierarchical
build up is more complex than their overdense counterparts (halos) due to their en-
vironments. Two main processes influence the evolution of voids depending on their
surroundings: relatively large voids can merge into ever larger voids, and voids that
are embedded in overdense regions can collapse. In an example of the first process,
in which voids merge into even larger voids, a larger void region which has small
primordial density dips will later on emerge as true voids. Their expansion tends to
slow down when expanding sub voids meet up; the matter in between is squeezed in
thin walls and filaments (Fig. 1.11).

The second void process is void collapse. If a small scale void is embedded in a
sufficiently large scale overdense region, then the collapse of the larger surrounding
region will squeeze the underdense region. As a result of this, the small scale void will
vanish when the region around it has collapsed completely (van de Weygaert & Platen
2009) (Fig. 1.12). Fig. 1.12 shows the behavior of the particle distribution, gravitational
and the velocity fields in and around an embedded void. These processes will be
detailed in Chapter 4 and Chapter 5 in terms of hierarchical evolution scenarios.
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Figure 1.11: The void merging process at different epochs. From left to right, top to bottom,
small voids emerge, expand and are absorbed into larger spherical voids (Image Courtesy:
Dubinski et al. (1993)).

Figure 1.12: The void collapse process. The three panels show the particle distribution (left),
gravitational field (centre) and velocity field (right) in and around a collapsing void (Image
Courtesy: Rien van de Weygaert).
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1.5 Spherical Model

The spherical collapse model is a simple but very useful approximation to study the
formation and evolution of overdense (halo) and underdense (void) regions (Gunn &
Gott 1972; Lilje & Lahav 1991; Sheth & van de Weygaert 2004). The spherical model
explains the evolution of isolated spherical “mass shells” in a homogeneous cosmo-
logical background of mean density ρu. This model provides an excellent basis for
understanding the considerably more complicated evolution of halos and voids.

In the spherical model, the very first step is the same for overdense and under-
dense regions; an isolated spherical shell starts to expand at the same rate as the back-
ground. If the density of an overdense shell is high enough, its rate of expansion will
slow down and it will eventually stop. This condition defines the distinction between
over and underdense shells. Such overdense shells will reach a maximum radius and
then start to collapse and virialize. In contrast, an underdense shell evolves differently
to their overdense counterparts. The inner shells of a void are affected by a stronger
acceleration than the outer shells. This effect causes a stronger expansion from in-
side to outside the void. Shells that were initially close to the center will then reach
the shells that are outside. Following this step, they will pass the initial outer shells
which is known as shell crossing. After the shell crossing occurs, the void shell expands
self similarly (Suto et al. 1984; Fillmore & Goldreich 1984; Bertschinger 1983). This self
similar expansion occurs for voids that have deep density profiles.

1.6 Hierarchical Clustering: Press Schechter Theory

According to modern cosmological models, the seeds of the Universe are small Gaus-
sian perturbations that evolve by the gravitational instability. Due to growing den-
sity fluctuations, overdense regions collapse and become virialized, resulting in small
structures being formed. Later on, small structures form even larger structures, and
so on.

This hierarchical evolution of the Universe is approximately modeled by Press &
Schechter (1974). Here, Press & Schechter (1974) proposed a formalism called Press
Schechter (PS) formalism to compute the average number of spherically collapsed
objects from the primordial Gaussian density field. In the primordial Gaussian field,
the probability of a given point lying inside a region above the critical density for
collapse δc is given by,

P (δ > δc|M(R)) =
1
2

erfc

(
δc√

2σ(M)

)
, (1.44)

in which erfc(x) is the complimentary error function and σ is the mass variance of the
density field smoothed on the scale R. δc is the critical overdensity linearly extrapo-
lated to the present time and it is equal to δc(z) = δc/D(z). For an EdS Universe the
critical overdensity is δc = 1.69. Probability equation (1.44) explicitly shows that the
spherical collapse of mass M occurs when the smoothed density fluctuation, δc on the
appropriate scale, > R. The number of virialized objects with masses between M and
M + dM at redshift z is given by,



THESIS OUTLINE 37

dn
dM

(M, z) =

√
2
π

ρu

M2
δc(z)
σ(M)

∣∣∣∣d ln σ(M)

d ln M

∣∣∣∣ exp

[
− δc(z)

2

2σ2(M)

]
dM. (1.45)

The constant 1/2 in the probability function (1.44) indicates that half of the objects
that are low density regions and are embedded into overdense regions, are not miss-
ing. This missing mass of the PS formalism is known as cloud in cloud problem. The
solution of this problem came with an appropriate description by Bond et al. (1991)
and led the PS formalism extended by the excursion set formalism. This extended PS
(EPS) formalism not only provided a useful framework in order to describe the merg-
ing of clumps of matter into even larger objects (Lacey & Cole 1993) but it also allowed
a more proper understanding and description of the mass function of galaxies and
haloes given their nonspherical shape (Sheth et al. 2001; Sheth & Tormen 2002, 2004;
Lam & Sheth 2008). Sheth & van de Weygaert (2004) provided a mass distribution to
describe the evolution of voids and following this, Shen et al. (2006) constructed an
analytic approach for modeling structure formation in sheets, filaments, and knots by
combining models of triaxial collapse with the excursion set approach. In this the-
sis the work of Sheth & van de Weygaert (2004) is especially important. Following
their distribution function of the void evolution, we constructed two void merging
algorithms based on the EPS formalism.

1.7 Thesis Outline

In this thesis we tackle two different problems of modern cosmology. As the first goal
of this thesis, in Chapter 2, we introduce Bianchi I cosmologies that are asymptotically
Friedman Robertson Walker cosmologies. Here, we provide some constraints on the
shear and expansion parameters of the initially ansisotropic BI cosmologies by using
observational results. Therefore, these models may provide a possible framework to
describe the origin of the CMB anisotropies. It is believed that these CMB anisotropies
result in the formation of the intricate structure of the Cosmic Web in which voids are
the most prominent features. The second goal of this thesis concerns the hierarchical
evolution of the aforementioned voids. In Chapter 3, we give the basic definitions and
insights of void evolution. Following this, in Chapter 4, we introduce a void merging
algorithm of large spherical growing voids based on the one barrier EPS formalism.
Following this In Chapter 5, we constructed a more complex void merging algorithm
taking into account the environmental effects on void populations that lead to collapse
and merging behaviors in the EdS Universe. These two void merging models, based
on the EPS formalism, are particularly interesting since they represent the first void
merging algorithms to date. In the following we give the outline of the thesis.

In Chapter 2, we investigate the analytical solutions of the anisotropic and ho-
mogeneous Bianchi type I (BI) Universe models, that are asymptotically Friedman
Robertson Walker ones. Assuming an asymptotic situation emerging from an aniso-
tropic expansion in the very early Universe, we define an isotropization criteria. The
isotropization criteria is necessary to show how anisotropy parameters evolve to be-
come negligible when the Universe reaches the present epoch t = t0. Apart from this,
we consider two widely used anisotropy parameters: expansion and shear. The shear,
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known as the distortion rate while the expansion indicates the velocity divergence
and they are nonzero in the case of the BI models. We put two constraints on the
shear parameter; the first one comes from the consistency relation derived from the
field equations and the second constraint is the observational value of the anisotropy
parameters that come from the WMAP and COBE data. We treat these observational
anisotropy parameters as upper limits for the BI cosmologies and study these models
for different cosmological contexts, corresponding to different epochs.

We address these models for radiation, matter, matter radiation mixed, Λ and mat-
ter Λ dominated Universes. In each cosmology, it is shown that the anisotropic parts
of the initial directional Hubble parameters are components of the traceless shear ten-
sor. By taking this into account, we derive the anisotropy and the shear parameters as
a function of cosmic time. These parameters can be used to model initially anisotropic
BI Universes which later on turn into FRW ones in terms of different constitutes. In
this manner, physically realistic models may be obtained.

In Chapter 3, we provide the introductory formalisms to Chapter 4 and Chapter
5. Here, we give the N-point random fields of the Gaussian density fluctuation fields.
Subsequently, the discussion on the power spectra is extended by including the two
power spectra that we use in our numerical calculations. Following this, the spherical
model is derived from the point of view of overdense and underdense regions by
progressing on from the previous works. At the end of this Chapter we give and
discuss the details of the EPS formalism, in order to aid us in understanding the void
merging algorithms that we derive in the following chapters.

In Chapter 4, we formulate a model to construct a merger tree of growing spherical
voids in the Einstein de Sitter Universe. Following up on Sheth & van de Weygaert
(2004), the two barrier mass fraction function of void evolution is reduced to a one
barrier fraction function. This is achieved based on the assumption that growing voids
are not affected by overdense regions, and results in the void process being equal to
the merging of halos, hierarchically. Hence, to obtain a void merging tree algorithm
of these growing dark matter voids, first we adopt a merging tree algorithm of dark
matter halos in the Einstein de Sitter Universe. Secondly, we look at the evolution of
the volume element of voids instead of their mass since voids expand with respect to
the background Universe. Here, we define and derive the merging and absorption
rates of voids, void sizes and time survival/death probabilities and finally the void
merging tree algorithm. This growing void merging algorithm will provide a useful
framework to understand the hierarchical evolution of voids.

Finally in Chapter 5, we extend the merging tree algorithm of growing void pop-
ulations to a more complex and more realistic one by taking into account the void
collapse and merging processes together in one formalism. In this model we consider
the size of voids by using recent void catalogs and obtain a void merging tree formal-
ism of voids that merge and later on due to their environmental effects, vanish. To
obtain a merging tree formalism of this complex evolutionary path, we adopt the col-
lapse and merging void processes in the merging tree algorithm of dark matter halos
given by Lacey & Cole (1993). This void merging algorithm takes into account spher-
ical growing voids as well as voids that either collapse or do not grow in the Einstein
de Sitter Universe. In addition, we derive the merging rate, void survival probabilities
and the void merging tree algorithm. This model provides a more realistic framework
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to explain the complex void merging process based on the EPS formalism.
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Chapter2
Bianchi Type I Universe Models:

Different Epochs

Submitted:
E. Russell, R. van de Weygaert, O. K. Pashaev

General Relativity and Gravitation (2013)

Although the present day Universe is homogenous and isotropic on large
scales, the recent observations shows tiny temperature anisotropies and
hints of some large angle anomalies in the Cosmic Microwave Background
(CMB). These small anisotropy temperature fluctuations and large angle
anomalies in the CMB can provide a key importance that aid us to under-
stand the very early Universe and the effects of the early Universe on the
present day large scale structure. In this framework the anisotropic and
homogeneous Bianchi models may provide a description of these anoma-
lies in the CMB.

In this study, progressing from previous research, we here consider the
Bianchi type I (BI) models which are asymptotically Friedman Robert-
son Walker. Assuming an asymptotic situation emerging from an aniso-
tropic expansion in the very early Universe, we admit the observational
anisotropy coming from the the Wilkinson Microwave Anisotropy Probe
(WMAP) data as upper limit for the BI cosmologies and study these mod-
els for different cosmological contexts, corresponding to different epochs.
We address these models for radiation, matter, matter radiation mixed, Λ
and matter Λ dominated Universes. In each cosmology, it is shown that
the anisotropic parts of the initial directional Hubble parameters are com-
ponents of the traceless shear tensor.

2.1 Introduction

The present day Universe is homogenous and isotropic on large scales. It is defined
by the Robertson Walker (RW) metric in the de Sitter space time. However the latest
observational data of the CMB by WMAP satellite show hints of anomalies that the
isotropy seems broken in cosmological data (Bennett et al. 2003). These anisotropic
imprints in the CMB data are the alignment of quadrupole and octopole moments
(Land & Magueijo 2005; Ralston & Jain 2004; de Oliveira-Costa et al. 2004; Copi et al.
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2004), large scale asymmetry (Eriksen et al. 2004; Hansen et al. 2004) and the unusu-
ally cold spot (Vielva et al. 2004). Even though they have not been proven to any
extent, large angle anomalies in the cosmic microwave background can provide a key
importance that aid us to understand the very early Universe and the effects of the
early Universe on the present day large scale structure.

According to theories proposed by Misner (1968), Gibbons & Hawking (1977), an-
isotropy of the early stage of the Universe may turn into an isotropic present Uni-
verse and initial anisotropies die away. It is possible to see the imprints of these early
anisotropies at the present time on the CMB. There are various studies to explain
the cosmological origin of the large angle anomalies. These studies discuss mecha-
nisms for intrinsic anisotropies such as anisotropic inflation (Berera et al. 2004; Gordon
et al. 2005; Pereira et al. 2007; Gümrükçüoglu & Peloso 2007; Yokoyama & Soda 2008;
Koivisto & Mota 2008), inhomogeneous spaces (Jaffe et al. 2006; Land & Magueijo
2006; Bridges et al. 2007; Pontzen & Challinor 2007), local spherical voids (Inoue &
Silk 2006), an initial phase of inflation (Contaldi et al. 2003; Donoghue et al. 2009) and
a non-trivial spherical topology (Luminet et al. 2003).

In this framework the anisotropic and homogeneous Bianchi models may provide
a description of these anomalies in the CMB (Jaffe et al. 2005). Jaffe et al. (2005) showed
that the anomalies can be mimicked by using a specific solution of the Bianchi type
VIIh based on models developed by Collins & Hawking (1973) and Barrow et al.
(1985). The polarization signal in the Bianchi type VIIh Universe, with parameters
recently advocated to mimic the several large angle anomalous features observed in
the CMB, was studied by Pontzen & Challinor (2007).

In this study, progressing from previous research, we here consider the BI mod-
els which are asymptotically Friedman Robertson Walker (FRW) ones by following
the suggestions of Stoeger et al. (1999). Assuming an asymptotic situation emerg-
ing from an anisotropic expansion in the very early Universe (Misner 1968; Gibbons
& Hawking 1977; Wald 1983), defining an isotropization criteria is crucial. This is be-
cause it is necessary in order to show that anisotropy parameters disappear or become
negligible when the Universe reaches the present epoch t = t0. Generally speaking,
isotropization means that at late times, expansion factors of the BI Universe grow at
the same rate (Bronnikov et al. 2004; Saha 2006, 2009). However, this is not a complete
statement. It should be specifically indicated that the anisotropic parts of each scale
factor of the BI models should tend to be identical and equal to unity in the limit of
t = t0. This provides a realistic model. Apart from this general isotropization criteria,
in this study, we consider two widely used anisotropy criteria: anisotropy and shear
parameters (Jacobs 1968; Bronnikov et al. 2004; Saha 2006, 2009). The shear, known as
distortion rate, is the difference between the Hubble parameters of the matter in each
orthogonal direction. Moreover, the shear is nonzero in the case of the BI models. We
put two constraints on the shear parameter; the first one comes from the consistency
relation derived from the field equations, the second constraint is the observational
value of the anisotropy parameters coming from the WMAP and the Cosmic Back-
ground Explorer (COBE) data.

We admit these observational anisotropy parameters as upper limits for the BI cos-
mologies and study these models for different cosmological contexts, corresponding
to different epochs. We address these models for radiation, matter, matter radiation
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mixed, Λ and matter Λ dominated Universes. In each cosmology, it is shown that the
anisotropic parts of the initial directional Hubble parameters are components of the
traceless shear tensor. By taking this into account, we derive the anisotropy and the
shear parameters as a function of cosmic time. These parameters can be used to model
BI Universes which turn into FRW ones in terms of different constitutes. In addition
to this, we show that the directional Hubble parameters are not equal and they can
admit negative and positive values at the initial phase of their evolution. This is due
to the initially dominant anisotropy part in each directional Hubble parameter, which
is strongly related to the shear by anisotropy coefficients which can admit negative
as well as positive values. Under this definition, initially contracting directions indi-
cate negative anisotropy parts, related with negative shear, of the directional Hubble
parameters, while positive values imply initial expansion due to positive anisotropy
related with positive shear. In light of this, we derive the criteria of observing negative
and positive anisotropic expansion parts of the directional Hubble parameters in each
model in order to put constraints on the directional expansion rates. These criteria
result in physically realistic models that initially anisotropic and asymptotically FRW
ones.

The structure of this chapter is the following. First, we give a brief reminder of
the Friedmann Robertson Walker standard cosmological model. Following this, the
general framework of the Bianchi classification and the isotropization criteria of the
BI models to FRW ones are given. We then obtain the exact solutions of the field
equations of the BI Universe models in different contexts. In each case, we derive
the directional Hubble parameters, the normalized scale factors and the anisotropy
parameters. Finally the conclusions of this Chapter are summarized.

2.2 Isotropic and Homogeneous Cosmology and General Relativity

Cosmological models are based on the idea that the Universe is the same everywhere,
which is known as the cosmological principle. The cosmological principle is related
to two mathematical properties; that space may be isotropic and homogeneous.

Isotropy states that space looks the same no matter what direction you look in.
It is the isotropy which is indicated by modern observations of the microwave back-
ground and many more astronomical observations. Homogeneity is the statement
that the metric is the same throughout space. According to inflation theory, the Uni-
verse expanded so rapidly that there was no time for homogeneity to be broken, and
the Universe would therefore have been very uniform after inflation. However, parts
of it were still not connected with each other. In an attempt to prove inflation theory,
the COBE probe was launched in 1992 and following this WMAP launched June 2001.
COBE and later WMAP results confirmed almost exactly the amount of variation in
the cosmic microwave background radiation that was predicted by inflation theory.

Therefore, we begin construction of cosmological models with the idea that the
Universe is homogeneous and isotropic in space, but not in time. In general relativ-
ity this translates into the statement that the Universe can be foliated into spacelike
slices such that each slice is homogeneous and isotropic. It will be very useful, if we
think of isotropy as invariance under rotations, and homogeneity as invariance under
translations.
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The space time metric of homogeneous and isotropic Universes, defined by the
cosmological principle with cosmic time t and spatial coordinates (r, θ, φ), is described
by the Robertson Walker metric (see Appendix A.1 for details),

ds2 = −c2dt2 + R2
c (t)

(
d
(

r
Rc

)2
+ S2

k(r/Rc)
[
dθ2 + sin2θdφ2

])
.

The definition and detailed discussion of these basic definitions are given in the Intro-
duction of this thesis. A convenient alternative expression for the Robertson Walker
metric is therefore given by,

ds2 = −c2dt2 + R2(t)
(

dr2

1 − kr2 + r2
[
dθ2 + sin2θdφ2

])
. (2.1)

The General relativistic space time is curved and its curvature is due to active gravi-
tational mass. The relation between curvature and mass is governed by the Einstein
field equations,

Gμν = Rμν − 1
2

gμνR − Λgμν =
8πG

c4 Tμν. (2.2)

On the left hand side, the geometry of the Universe is defined by the Einstein tensor
Gμν. Rμν is the Ricci and gμν is the metric tensors (see Appendix A.1). R is the Ricci
scalar (see Appendix A.1) and Λ is the cosmological constant. The constants of equa-
tion (2.2) are defined here: the gravitational constant G (G = 6.67× 10−11 N.m2/kg2)
and the speed of light in a vacuum c (c = 2.9979 × 108m/s). The energy momentum
tensor Tμν contains all energy characteristics of the system: energy density, pressure,
stress, and so forth. On cosmological scales we can treat media as a perfect fluid, and
so the following formula holds.

Tμν =
1
c2 (ε + p)UμUν − pgμν, (2.3)

where Uμ is the 4-velocity, ε is the energy density and p is the pressure of the medium.
They are related by the equation of state, p = p(ε, S) where S is entropy. Besides
being symmetric, Tμν has the important property of being conserved. The energy
conservation equation is expressed by vanishing of the divergence,

∇μTμν = 0.

The fluid obeys an equation of state (see Appendix A.1.4),

p = ωε, (2.4)

where ω is the adiabatic parameter and it defines the composition of the Universe,
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a. for pure radiation, ω = 1
3 , then εa4 = constant (radiation/relativistic particle),

b. for pure dust, ω = 0, then εa3 = constant (dark matter/dust),

c. for cosmological constant ω = −1, then ε = constant.

If we consider an isotropic Universe which is characterized by the cosmic time and
the characteristic scale, evolution of the Universe is described by the dynamical sys-
tem. In such a Universe, the Robertson Walker metric is valid for a Universe obey-
ing the cosmological principle. This dynamical system is described by the Friedman
equations, which were derived by Alexander Friedman in 1922 (see Appendix sec-
tion A.1 for derivation). The FRW equations can be written in terms of the expansion
rate/Hubble parameter H = ȧ/a as follows,

H2 =
8πG

3
ρ − kc2

R2
0a2

, (2.5)

Ḣ + H2 = −4πG
3

(
ρ +

3p
c2

)
. (2.6)

The FRW models, that are derived from homogeneous and isotropic RW metric, pro-
vide a direct connection between the density of the Universe, ρ and its global geome-
try k. In the FRW models, the evolution of the Hubble parameter in a generic Universe,
filled with radiation, matter, dark energy and with a curvature k term, is given by,

H2a = H2
0

(
Ωrad,0

a4 +
Ωm,0

a3 + Ωvac,0 +
1 − Ω0

a2

)
, (2.7)

in which the total density Ω0 is the sum of the contributions by radiation Ωrad,0, mat-
ter Ωm,0, dark energy Ωvac,0 and the curvature components. In the next subsection,
we discuss the total density parameter in detail since it is an important parameter to
define a cosmological model.

2.2.1 Density Parameter

In order to define the geometry of the Universe, the dimensionless density parameter
Ω is more convenient than using the actual density function ρ of the Universe. The
density parameter Ω is defined as the ratio of the actual density ρ to the critical density
ρc,

Ω ≡ ρ

ρc
=

8Gπ

3H2 ρ.

The current value of the density parameter lies in the range 0.1 < Ω0 < 2 (Trodden &
Carroll 2004). The Friedman equation can be written in terms of density parameter,

1 − Ω =
kc2

H2a2R2
0

, (2.8)
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which defines the fate of the Universe as well as its geometry. The Friedman equation
2.8 can be reduced to the following form at the present time,

H2
0

c2 (1 − Ω0) =
k

R2
0

. (2.9)

This means that for a given density parameter, we can obtain the geometry of the
present Universe with respect to the index k. By using the given value of the Hub-
ble distance c/H0 we can calculate the radius of curvature R0. The geometry of the
Universe is determined by its density parameter;

• Ω > 1 (ρ > ρc) → spatially closed,

• Ω = 1, (ρ = ρc) → spatially flat,

• Ω < 1, (ρ < ρc) → spatially open.

2.3 Anisotropic and Homogeneous Bianchi Models

The Bianchi Universe models are spatially homogeneous and anisotropic models.
They provide generalizations of the Friedman Robertson Walker models. These an-
isotropic models were classified into nine different types and two main classes by
Luigi Bianchi (Bianchi 1898) as simply transitive groups of isometries G3 by using 3-
dimensional Lie algebras (see Appendix section A.2). These isometries act on space-
like 3-surfaces of the metric tensor and make these surfaces homogeneous since cos-
mological time is constant (t=const). The isometry group G3 provides a simple repre-
sentation of the Universe models based on the existence of sets of four mutually or-
thogonal basis vector fields. These vector fields are known as tedrads ei (i = 0, 1, 2, 3)
and are invariant under all transformations of the isometry group G3.

The Einstein field equations are reduced to ordinary differential equations be-
cause of the fact that there is only one essential dynamical coordinate which is time t.
Bianchi models are thus quite special in geometrical terms; nevertheless, they form a
rich set of models where one can study the exact dynamics of the full nonlinear field
equations. The solutions to the Einstein field equations will depend on the matter in
the spacetime. In the case of a fluid (with uniquely defined flow lines), there are two
different kinds of models:

• Orthogonal models: The fluid flow lines orthogonal to the surfaces of homo-
geneity (Ellis & MacCallum 1969a).

• Tilted models: The fluid flow lines are not orthogonal to the surfaces of homo-
geneity; the peculiar velocities of the fluid components enter as further variables
(King & Ellis 1973).
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2.3.1 Bianchi Classification: Geometry

Given a simply transitive group of isometries G3 on a spacelike family of hypersur-
faces, we choose a tetrad ei. The tetrad is then transported from some initial point in
each surface to all other points in the surface by use of the group of isometries G3.
This gives a basis at each point with commutator coefficients Ξc

ij(t), defined by

[
ei, ej

]
= Ξk

ijek, (2.10)

depending only on time. It follows from the symmetries that the metric tensor com-
ponents are also only functions of time,

Ξk
ij = Ξk

ij(t), gij = gij(t). (2.11)

If the tetrad ei has components ej
i (xμ, t) then it follows that (Ellis & van Elst 1999),

ei = ej
i(xμ)

(
∂/∂xj

)
→ ei( f ) = ej

i(xμ)
(

∂ f /∂xj
)

, ej
i = ei(xj). (2.12)

Hence, the metric has the form,

ds2 = −dt2 + Ξij(t)
(

ei
k(xl)dxk

) (
ej

q(xn)dxq
)

, (2.13)

where ei
k = ei

k

(
xl , t

)
are the inverse of ek

i

(
xl , t

)
, so the following holds:

ei
kek

j = δi
j, ei

kel
i = δl

k, (2.14)

where δ is the Kronecker delta. The Kronecker delta is defined as

δi
j =

{
1, if i = j,
0, if i �= j.

(2.15)

A key feature is that we can shift the time dependence between the structure constants
Ξi

jk(t) and the metric tensor gij(t) by changing the time dependence of the basis ei. To
do this, one can use an orthonormal tetrad ei, so that the metric tensor becomes di-
agonal gij = ηij = diag(−1, 1, 1, 1). This effectively puts all the time variation in the
commutators Ξjk(t) of the basis vectors. The first step in this procedure is to decom-
pose the structure constants into irreducible vector and pseudo tensor parts,

Ξi
jkη jk = = nij + εijkmj, (2.16)

nijmj = 0, (2.17)
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where εijk is the antisymmetric Levi Civita tensor and nij is a symmetric tensor. Linear
transformations can be used to diagonalize nij to obtain nij = diag(n1, n2, n3) and to
define mj as the eigenvector of nij, mj = (m, 0, 0). Hence, equation (2.17) is reduced to
the following form,

nim = 0, i = 1, 2, 3. (2.18)

This equation defines two major classes of structure constants (Ellis & van Elst 1999):

• Class A: m = 0 (Orthogonal Models).

• Class B: m �= 0 (Tilted Models).

The main difference between these classes is the motion of the matter (the eigenvector)
on the spatially homogeneous surfaces that move orthogonally or not (Table 2.1).

We may reduce the structure constants to one of 9 distinct canonical forms that
describe 9 possible group types (Ellis & MacCallum 1969a) (Table 2.1). Apart from the
tetrad representation of the Bianchi classification, it is useful to give the well known
metric representation of the Bianchi types which is listed in (2.3.1).

Class Type n1 n2 n3 m
A I 0 0 0 0

I I 1 0 0 0
VI0 0 1 −1 0
VII0 0 1 1 0
VII I −1 1 1 0

IX 1 1 1 0
B V 0 0 0 1

IV 0 0 1 1
VIh 0 1 −1

√−h h < 0
I I I 0 1 −1 1 same as VI−1

VII Ih 0 1 1
√

h h > 0

Table 2.1: The classification of Bianchi type metrics based on the Class A (m = 0) and Class
B (m �= 0). In these forms, all nonzero ni and m are either ±1 except for the two types with
mn2n3 �= 0. Parameter h in Class B, where m is nonzero, is defined by the scalar constant of
proportionality in the following relation mbmc = h

2 εbikεcjlnijnkl (Ghosh et al. 2007). In the case
of the diagonal nij, h becomes h ≡ m2/(n2n3) (Ellis & MacCallum 1969b; Ellis & van Elst 1999).
In this table, the Bianchi types I, V, VIIh, VII0 and IX admit the FRW limit.

• Type I: ds2 = c2dt2 − a2
1dx2 − a2

2dy2 − a2
3dz2

• Type I I: ds2 = c2dt2 − a2
1
(
dx2 + dy2)− a2

2 (dz + xdy)2

• Type I I I: ds2 = c2dt2 − a2
1dx2 − a2

2e−2xdy2 − a2
3dz2
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• Type IV: ds2 = c2dt2 − a2
1dx2 − a2

2dy2 − a2
3e2y (ydx − dz)2

• Type V: ds2 = c2dt2 − a2
1dx2 − a2

2e2x (
dy2 + dz2)

• Type VIh: ds2 = c2dt2 − a2
1e2(h−1)ydx2 − a2

2dy2 − a2
3e2(h+1)ydz2

• Type VIIh: ds2 = c2dt2 − a2
1e2hydx2 − a2

2dy2 − a2
3e2(h+1)ydz2

• Type VII I: ds2 = c2dt2 − a2
1

(
dx2 + cosh2 xdy2

)
− a2

2 (dz + sinh xdy)2

• Type IX: ds2 = c2dt2 − a2
1
(
dx2 + sin2 xdy2)− a2

2 (dz + cos xdy)2

where a1, a2 and a3 are the expansion factors of the related Bianchi models. Among
these models it is reasonable to consider only those types that encompass the FRW
models. These are types I and VII0 in the case of flat geometry (k = 0), V and VIIh in
the case of hyperbolic geometry (k = −1), and IX in the case of closed geometry (k =
+1). Bianchi models which do not admit FRW solutions become highly anisotropic at
late times. Type IX models recollapse after a finite time and hence do not arbitrarily
approach isotropy. In this study we take into account the BI models, we leave the rest
of the models that admit the FRW solutions to future work.

2.4 BI Models

The perfect homogeneity and isotropy of the FRW models make them the simplest
possible models for a uniformly expanding Universe. When they were proposed, the
principal justification for studying these models was their mathematical simplicity
and tractability rather than observational evidence (Collins & Hawking 1973). How-
ever, we now have observational evidence from the isotropy of the CMB and large
scale structure that the Universe on large scales must be very close to that of a FRW
model. However, there still remains some freedom to choose homogeneous models
that are initially anisotropic but become more isotropic as time goes on, and asymp-
totically tend to a FRW model.

Theoretical arguments and possible indications from recent experimental data sup-
port the existence of an anisotropic phase that approaches an isotropic one. Therefore,
it makes sense to consider models of a Universe with an initially anisotropic back-
ground. The more general anisotropic cases are Bianchi type I (BI) homogeneous
models whose spatial sections are flat but the expansion rates are direction depen-
dent. Given its importance for studying the possible effects of an anisotropy in the
early Universe on present day observations, many researchers have investigated the
BI model from different perspectives. For example, string theory (Alexeyev et al. 2001;
Rao et al. 2008; Rathore & Mandawat 2009; Bali & Gupta 2010; Adhav et al. 2011;
Rikhvitsky et al. 2012), dynamical properties (Ellis 2006; Singh & Chaubey 2012; Ap-
pleby & Linder 2012; Mostafapoor & Grøn 2013; Pradhan et al. 2013; Singh & Chaubey
2013), singularity problem (Bronnikov et al. 2004; Khalatnikov et al. 2003; Belinskij
et al. 1970), spinor/scalar field (Saha 2001a,b; Fay 2005; Saha & Boyadjiev 2004; Saha
2005, 2006; Kucukakca et al. 2012; Pradhan et al. 2012b; Saha 2013) and perturbations
in the early phase of inflation (Gümrükçüoglu & Peloso 2007; Pereira et al. 2007; Dong
2010; Bali 2011; Kofman et al. 2011).
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2.4.1 Basic Equations

The Bianchi type I admits the metric element that has different scale factors in each
direction,

dl2 = c2dt2 − a2
1dx2 − a2

2dy2 − a2
3dz2, (2.19)

where a1, a2 and a3 represent three different scale factors which are a function of time.
The scale factors are normalized to the present day Universe ai(t0) = ai0 (i = 1, 2, 3).
They satisfy the condition ∏3

i=1 ai0 = 1 when Universe models turn into isotropic ones
ai0 = 1 (i = 1, 2, 3). As can be seen, this metric is the generalization of the FRW one
with three different scale factors, one in each direction.

Its inverse metric is,

gμν =

⎛⎜⎜⎜⎜⎝
1
c2 0 0 0
0 − 1

a2
1

0 0

0 0 − 1
a2

2
0

0 0 0 − 1
a2

3

⎞⎟⎟⎟⎟⎠ , (2.20)

which satisfies gμβgβν = δ
μ
ν . By using the metric and inverse metric we obtain the

nonzero Christoffel symbols,

Γ1
01 = Γ1

10 =
ȧ1

a1
, Γ2

02 = Γ2
20 =

ȧ2

a2
, Γ3

03 = Γ3
30 =

ȧ3

a3
,

Γ0
11 =

ȧ1a1

c2 , Γ0
22 =

ȧ2a2

c2 , Γ0
33 =

ȧ3a3

c2 . (2.21)

The nonzero Ricci curvature tensors are,

R00 = − 1
c4

(
ä1

a1
+

ä2

a2
+

ä3

a3

)
, (2.22a)

R11 = − 1
a3

1c2

(
ä1 + ȧ1

ȧ2

a2
+ ȧ1

ȧ3

a3

)
, (2.22b)

R22 = − 1
a3

2c2

(
ä2 + ȧ2

ȧ1

a1
+ ȧ2

ȧ3

a3

)
, (2.22c)

R33 = − 1
a3

3c2

(
ä3 + ȧ3

ȧ2

a2
+ ȧ3

ȧ1

a1

)
. (2.22d)

Hence, the Ricci scalar of the BI Universe metric is,

R = gμνRμν = − 2
c2

(
ä1

a1
+

ä2

a2
+

ä3

a3
+

ȧ1

a1

ȧ2

a2
+

ȧ1

a1

ȧ3

a3
+

ȧ3

a3

ȧ2

a2

)
, (2.23)
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while the energy momentum tensor of the BI Universe filled with perfect fluid is equa-
tion (2.3) and the Einstein equations are (2.2). Substituting (2.22a), (2.23) and (2.3) into
equations (2.2), we obtain the field equations of the BI Universe that are given by,

ȧ1 ȧ2

a1a2
+

ȧ1 ȧ3

a1a3
+

ȧ2 ȧ3

a2a3
= 8πGρ, (2.24a)

ä1

a1
+

ä3

a3
+

ȧ1 ȧ3

a1a3
= −8πG

c2 p, (2.24b)

ä2

a2
+

ä1

a1
+

ȧ2 ȧ1

a2a1
= −8πG

c2 p, (2.24c)

ä3

a3
+

ä2

a2
+

ȧ3 ȧ2

a3a2
= −8πG

c2 p. (2.24d)

The energy conservation equation Tμ
ν;μ = 0 yields,

ρ̇ = −
(

ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)(
ρ +

p
c2

)
. (2.25)

To solve the system of equations (2.24), we define the following new variables which
are simply the directional Hubble parameters,

H1 ≡ ȧ1

a1
, H2 ≡ ȧ2

a3
, H3 ≡ ȧ3

a3
. (2.26)

Their first derivatives are,

Ḣ1 =
ä1

a1
−

(
ȧ1

a1

)2
, Ḣ2 =

ä2

a2
−

(
ȧ2

a2

)2
, Ḣ3 =

ä3

a3
−

(
ȧ3

a3

)2
. (2.27)

Inserting variables (2.26) and their derivatives (2.27) into the Einstein equations, we
reformulate the field equations in terms of the directional Hubble parameters,

H1H2 + H1H3 + H2H3 = 8πGρ, (2.28a)

Ḣ3 + H2
3 + Ḣ1 + H2

1 + H3H1 = −8πG
c2 p, (2.28b)

Ḣ1 + H2
1 + Ḣ2 + H2

2 + H1H2 = −8πG
c2 p, (2.28c)

Ḣ3 + H2
3 + Ḣ2 + H2

2 + H3H2 = −8πG
c2 p. (2.28d)

As can be seen, the first equation in system (2.28) does not include time derivatives.
It functions as an extra constraint on the three subsequent equations. To solve the
Einstein equations we need to know the composition of the Universe. The nature of
each of the components is characterized by the equation of state (2.4) in which the
adiabatic parameter ω is characterized by a component dominating its expansion,
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• −1 ≤ ω < −1/3, dark energy dominated Universe,

• ω = 0, matter dominated Universe,

• ω = 1/3, radiation dominated Universe.

In addition to this, the BI Universe has a flat metric with k = 0 which implies that its
total density is equal to the critical density. The critical density is given by

ρ = ρc =
1

8πG
(H1H2 + H1H3 + H2H3) . (2.29)

2.4.2 General Solution

In this subsection we derive the analytical solutions of the field equations of the BI
models in terms of directional Hubble parameters. To do this, first we add the last
three equations of system (2.28), which yields,

2
d
dt

(
3

∑
i=1

Hi

)
+ 2

(
H2

1 + H2
2 + H2

3

)
+ (H3H2 + H1H2 + H3H1) =

−24πG
c2 p. (2.30)

After substituting the following term into equation (2.30),

3

∑
i=1

H2
i =

(
3

∑
i=1

Hi

)2

− 2 (H3H2 + H1H2 + H3H1) .

Here, we use the constraint equation of system (2.28) and obtain,

d
dt

(
3

∑
i=1

Hi

)
+

(
3

∑
i=1

Hi

)2

= 12πG
(

ρ − p
c2

)
. (2.31)

Let us define a new parameter H which is the mean of the three directional Hubble
parameters in the BI Universe,

H ≡ 1
3
(H1 + H2 + H3) =

1
3

(
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)
. (2.32)

Substituting the mean (2.32) into equation (2.31), we obtain a nonlinear first order
differential equation. This shows the evolution of the Hubble parameter of the related
BI cosmologies. This nonlinear evolution equation is also known the Riccati equation,

Ḣ + 3H2 = 4πG
(

ρ − p
c2

)
. (2.33)
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In addition to this, it is possible to write equation (2.33) in terms of volume element V
by using definition (2.32),

H =
1
3

d
dt

ln(a1a2a3) =
1
3

V̇
V

. (2.34)

Here, the multiplication of the scale factors in different directions is defined as the
volume element of the BI Universe V ≡ a1a2a3. If we substitute equation (2.34) into
equation (2.33), the volume evolution equation of the BI models is found,

V̈ − 3
[
4πG(ρ − p

c2 )
]

V = 0. (2.35)

On the basis of the above, we find the following alternative form for equations (2.28),

Ḣ1 + 3H1H = 4πG
(

ρ − p
c2

)
, (2.36a)

Ḣ2 + 3H2H = 4πG
(

ρ − p
c2

)
, (2.36b)

Ḣ3 + 3H3H = 4πG
(

ρ − p
c2

)
. (2.36c)

These expressions allow us to write down the generic solution of the directional Hub-
ble parameters (see the proof in Appendix A.1.5),

Hi(t) =
1

μ(t)

[
Ki +

∫
μ(t)4πG

(
ρ(t)− p(t)

c2

)
dt
]

i = 1, 2, 3, (2.37)

where Kis are the integration constants. The integration factor μ is defined as,

μ(t) = e
∫ t 3H(s)ds. (2.38)

As can be seen, the initial values/integration constants determine the solution of each
directional Hubble parameter and these values are the origin of the anisotropy. Later
we show that Kis in the solutions (2.37) are not simply integration constants, they
become the components of the traceless shear tensor and the anisotropy parameter
of the BI models. Moreover, these constants can admit positive or negative values
depending on their sign. This property defines the character of the directional Hubble
parameter which can contract or expand or can be zero. In the latter case (Ki = 0), the
directional Hubble parameters become equal and satisfy the FRW case of the related
epoch.

Before giving the analytical formalisms of the different epochs of the BI models, it
is useful to define the isotropy criteria of the BI Universe which is asymptotically the
FRW one.
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2.4.3 Isotropization of BI Models into FRW Universe

As was stated before, the isotropic and homogeneous nature of the large scale struc-
ture may be an asymptotic situation emerging from an anisotropic expansion in the
very early Universe. That is why it is important to define an isotropization crite-
ria. This should explain how the anisotropy parameters disappear or become negli-
gible when the Universe evolves into the present epoch, t = t0. Generally speaking,
isotropization means that at late times, expansion factors of the BI Universe grow at
the same rate (Bronnikov et al. 2004; Saha 2006, 2009). It is assumed that a model
becomes isotropic if,

ai
a
→ Ci(constant), i = 1, 2, 3. (2.39)

Here Ci’s are constants while a is the mean scale factor and is defined as
a = (a1a2a3)

1/3 = V1/3. These ratios give the anisotropic parts Cis of the scale factors.
The anisotropic models satisfying the condition (2.39) become isotropic. However this
condition is not strong enough to say that the Bianchi models satisfying this condition
are as isotropic as the FRW ones. Although this statement is correct, it is insufficient to
construct a realistic model that it starts its evolution highly anisotropic then evolves
into the FRW Universe. It should be specifically indicated that the anisotropic parts of
each scale factor of the BI models should tend to be identical and equivalent to unity
in the limit of t = t0. Fig. 2.1 shows this constraint. This allows the scale factors to
intersect at the present time t0, which is isotropy by the following definition,

ai
a
→ 1, i = 1, 2, 3. (2.40)

This isotropy criteria leads to a vanishing divergence between the directional expan-
sion and the mean rate of expansion,

Hi − H = 0, (2.41)

where the mean Hubble parameter is given by,

H =
1
3
(H1 + H2 + H3) . (2.42)

In a BI model, which satisfies the isotropization criteria (2.40), each directional Hubble
parameter also evolves into a Hubble parameter of the FRW one,

[Hi,0]BI →︸︷︷︸
Isotropization

[H0]FRW , i = 1, 2, 3. (2.43)

Then, the critical density of the BI models is reduced to,

ρ0 = ρc,0 =
3H2

0
8πG

, i = 1, 2, 3. (2.44)
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Apart from this general isotropization criteria (2.39), we consider the following two
widely used anisotropy criteria in the literature (Jacobs 1968; Bronnikov et al. 2004;
Saha 2006, 2009),

A =
1
3

3

∑
i=1

H2
i

H2 − 1 → 0, (2.45)

Σ2 =
3
2

AH2 → 0, (2.46)

where A is the mean anisotropy parameter while Σ2 is the shear parameter. The mean
anisotropy parameter A is correlated with the velocity divergence Θ which is defined
as follows,

Θ ≡ 1
3
∇.−→v

H
=

3

∑
i=1

Hi
H

− 1, (2.47)

in which v represents the velocity field and H is the mean Hubble parameter of the
Universe. The isotropy of every point of the Universe implies that the vorticity and
shear of the matter are zero (Collins & Hawking 1973). The vorticity is the rate of
rotation of a set of axes fixed in the matter, relative to a set of inertial axes defined
by gyroscopes. In the BI Universe the vorticity parameter is zero since there is no
rotation by definition. The shear, known as distortion rate, is the difference between
the Hubble parameters of the matter in each orthogonal direction, and it is nonzero
for the BI models.

For simplicity, in our calculations we introduce the mean anisotropy A and the
shear parameters Σ of the BI Universe models as dimensionless. The parameters are
as follows,

A =
1
3

1
H2 f 2(t)

3

∑
i=1

K2
i , (2.48)

Σ2 =
1
2

f 2(t)
3

∑
i=1

K2
i → 0, (2.49)

in which f (t) is a function of time and a model dependent parameter. In this study
each model we addressed here have different form of f (t). As is seen in equations
(2.48) and (2.49), the integration constants Ki of the directional Hubble parameters
in equation (2.37) are actually the components of the mean anisotropy A and shear
Σ. These parameters (A and Σ) have two constraints; one of them is theoretical and
it directly comes from the consistency relation of the analytical solution of the field
equations of the BI metric via the integration constants (Jacobs 1968; Bronnikov et al.
2004; Saha 2006, 2009; Pereira et al. 2007; Gümrükçüoğlu et al. 2008)

3

∑
i=1

Ki = 0. (2.50)
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The second constraint is the observational value of the shear parameter (2.49) which
comes from the observational studies. There are two different methods for measur-
ing large scale anisotropies of the observable Universe. The first of these methods is
based on searching for deviations from spherical symmetry in the distributions and
redshifts of extragalactic sources of light and radio waves. The second and most com-
mon method is to search for deviations from isotropy in the CMB. The first theoretical
models of the observable large scale anisotropy use the ratio of shear and Hubble
constant as the anisotropy limit (Kantowski & Sachs 1966; Thorne 1967a). This limit
is found from observations of the velocity redshift relation of extragalactic sources in
the neighborhood of the Milky Way. This limit value is,

[
Σ
H

]
0
≤ 0.3. (2.51)

This means that the Hubble expansion of the Universe is isotropic today by less than
30 percent (Kantowski & Sachs 1966; Kristian & Sachs 1966; Thorne 1967a; Pradhan
et al. 2011). Some studies have pointed out that for a spatially homogeneous metric,
the normal congruence to the homogeneous expansion shear and divergence ratio
should be constant Collins et al. (1980); Pradhan et al. (2011), which is given by,

Σ
3H

→ const. (2.52)

Unlike the velocity redshift observations of local anisotropy, the early CMB obser-
vations detected the isotropy to within 3 percent, at least around the celestial equator
(Roll & Wilkinson 1966; Thorne 1967b). Later on the Differential Microwave Radiome-
ter (DMR) on board the COBE satellite searched for the specific anisotropy patterns.
Bunn et al. (1996) analyzed four year data of DMR to constrain the allowed parame-
ters of the Bianchi type VIIh model. This model evolves into a FRW Universe and the
definitive upper limits on the amount of shear, [Σ/H]0 and vorticity, [ω/H]0. These
limits are orders of magnitude stronger than previous constraints and they are,

[
Σ
H

]
0

< 3 × 10−9,[ ω

H

]
0

< 10−6, Ω0 = 1. (2.53)

where ω is the vorticity parameter. Stoeger et al. (1999) show how to place limits
on those anisotropies and inhomogeneities simply by using CMB quadrupole and oc-
tupole limits in the large scale structure of the present Universe. Contrary to the above
limits, they find that all the anisotropy measures are less than 10−4 in the case of those
not affected by the expansion rate H, and less than 10−6 Mpc−1. These anisotropy
limits are,

Σ
3H

< 4.4 × 10−5, (2.54)

ω

3H
< 1.5 × 10−6. (2.55)
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In their estimates they assume the Hubble parameter H = 100 h km/sec/Mpc,
0.4 < h < 1.0. They also neglect the contribution of the radiation density Ωr since it is
rather small Ωr = 4.11h−2 × 10−5 (Roos 1994). In the same study, it is also mentioned
that the observable Universe is indeed close to the FRW on the largest scales, and can
be adequately modeled by an almost FRW model. Moreover, this near FRW model
with small anisotropies should characterize the observable Universe on the largest
scales (Stoeger et al. 1999). To construct BI models which are asymptotically FRW
ones, we admit the values (2.55) as upper limits in our BI models.

By adopting these anisotropy values as upper limits, we will find the explicit so-
lution of H1, H2 and H3 in terms of the given mean rate function H(t) at different
epochs.

2.5 Matter Dominated BI Universe

In the matter dominated BI Universe the pressure term vanishes. Hence, we take into
account the presence of matter in the equation of state. To obtain the exact solution of
the system (2.37), first we find the form of the mean Hubble parameter Hm by solving
the Riccati differential equation,

Ḣm + 3H2
m = 4πG

(
ρm − pm

c2

)
. (2.56)

Substituting the mean Hubble parameter in terms of volume evolution, which is given
by,

Hm =
1
3

V̇m

Vm
(2.57)

into (2.56), we obtain the volume evolution equation of the matter dominated BI Uni-
verse,

V̈m − 12πG
(

ρm − pm

c2

)
Vm = 0, (2.58)

where pm = 0 and by using the energy conservation equation (2.25) for the matter
dominated Universe, we find that the energy density ρm evolves as,

ρm =
ρm,0

V
. (2.59)

This leads to the following evolution equation,

V̈m − 12πGρ0,m = 0. (2.60)

Multiplying equation (2.60) with V̇ and integrating it, yields,
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Figure 2.1: Evolution of the scale factors of the different BI models with three different sets
of anisotropic parts of scale factors Ci,0 indicating the three different expansion directions of
BI models. While each row (from top to bottom) represents the evolution of the three scale
factors of the BI Universes in terms of different epochs ( matter, radiation, radiation matter, Λ
and matter Λ dominated ), each column depicts the different anisotropic parts Ci,0 of the scale
factors. The central column shows that the scale factors with anisotropic parts Ci,0 = Ci(t =
t0) = 1 of the BI models approach the FRW models at present day t = t0. The other BI models
with the anisotropy parts different to each other and not equal to unity C1,0 �= C2,0 �= C3,0 �= 1
provide highly anisotropic models for each case.
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1
2

d
dt

[
V̇2

m − 24πGρm,0Vm

]
= 0 → V̇2

m − 24πGρ0,mVm = cst, (2.61)

where ρm,0 = ρc0,mΩm,0 = Ωm,03H2
m,0/8πG and cst is the integration constant which

is the curvature term. The curvature is zero since the BI Universe has a flat geometry
Ω = Ωm,0 = 1. Hence, the exact solution of the volume evolution equation can be
obtained easily,

Vm = Ωm,0

(
3
2

H0t
)2

. (2.62)

Note that we assume Vm0 = 1. Therefore, the normalized volume element of the
matter dominated BI Universe is,

Ṽm =
Vm(t)
Vm(t0)

=

(
t
t0

)2
. (2.63)

Substituting (2.57) into equation (2.62), the general form of the mean scale factor can
be written as,

Hm =
2
3

1
t

. (2.64)

The integrating factor is,

μm = t2. (2.65)

If we normalize the integration factor we can see that it is equal to the normalized
volume element (2.63),

μ̃m = Ṽm =

(
t
t0

)2
. (2.66)

The Hubble parameters for each direction are,

Hm,i = Sm,i + Hm, i = 1, 2, 3, (2.67)

where the anisotropy parts Sm,i of the directional Hubble parameters are define as,

Sm,i ≡ Ki fm. (2.68)
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Here, Kis, the integration constants, are derived directly from the solution (2.37) and
the parameter fm is,

fm =
1
t2 . (2.69)

Another simple representation of the directional Hubble parameters (2.67) of the mat-
ter dominated case can be written as,

Hm,it0 = αi

(
t0

t

)2
+

3
2

t0

t
, i = 1, 2, 3, (2.70)

where the coefficients of the anisotropy part αi are defined as,

αm,i ≡ Ki
t0

. (2.71)

Here, t0 is the time of the present day Universe. As we normalize the integration
constants Kis to the present time, we hereafter name the α parameters the normalized
anisotropy coefficients. Note that in each of the following sections, we define the
anisotropy coefficients consisting of Kis with different normalization factors.

As can be seen, the anisotropy parts Sm,i of the directional Hubble parameters
(2.67) can have negative and positive values depending on the choice of the anisotropy
coefficient. These negative and positive anisotropic parts of the directional Hubble
parameters are obtained by taking into account two directional expansion instead of
three in the BI Universes, with a residual isotropy between two spatial dimensions,
by assuming the inflation is at rest (vacuum energy case) (Gümrükçüoglu & Peloso
2007; Gümrükçüoğlu et al. 2008). Under these assumptions, they explain that the rea-
son for the negative directional expansion rates is due to contracting directions while
the positive values of the directional Hubble parameters indicate expansion. They
point out that the shear, which behaves like a massless scalar field, is the reason for
the contracting directional Hubble parameter. Although we do not use the standard
cosmological perturbation method, we derive the similar solution in each BI model
depending on the choice of the anisotropy coefficient by adopting three dimensions.
However, it is crucial to note that the full directional Hubble parameters do not have
negative values, only the anisotropy part accepts negative values due to its coefficient
that is part of the traceless shear tensor in each model. As a result, the directional
Hubble parameters can have initially negative values which indicate contraction in
the related direction, or initially positive values showing that there is an initial expan-
sion in the related direction. Later on, with increasing cosmic time, the three direc-
tional parameters Hm,i converge and become one, mean Hubble parameter Hm. That
is why pointing out that the directional Hubble parameters can have negative values
is physically not acceptable.

The following describes the criteria of observing negative and positive anisotropy
parts of the directional Hubble parameters,
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Positive Sm,i =

{
If αi < 0 and |αi| < | − 2

3
t
t0
|

If αi > 0
(2.72a)

Negative Sm,i =
{

If αi < 0 and |αi| > | − 2
3

t
t0
|. (2.72b)

It is useful to note that, although one or more of the directions may contract depending
on the anisotropy parameters in terms of the criteria αm,i < 0, |αm,i| > | − 2

3
t
t0
|, the

volume expands over all. We define the limits of observing negative anisotropy parts
of the directional Hubble parameters in each model. One can see the evolution of
the directional Hubble parameters within these limits (see Fig. 2.2). In Fig. 2.2, the
emerging of a negative anisotropy part of a directional Hubble parameter is shown
when its normalized anisotropy coefficient αi approaches the limit value −0.000667
obtained from (2.72). We must mention that observationally, space does not contract in
any direction, so we use these limits to put constraints on the BI models with positive
anisotropy parts of expansion Sm,i in each direction to obtain a realistic BI cosmology
evolving into a FRW one.

The normalized scale factors are such that their value is unity when t approaches
t0, and are given by,

anm,i =
am,i(t)
am,i(t0)

= Cm,i(t)am,FRW(t) = e−αi

(
t0
t −1

) (
t
t0

)2/3
, i = 1, 2, 3, (2.73)

where am,FRW is the standard normalized scale factor of the matter dominated FRW
Universe while Cm,is are the anisotropy parts of the matter dominated BI Universe
and it holds that,

3

∏
i=1

Cm,i(t0) = 1. (2.74)

When t = t0, the integration constants Km,i satisfy the consistency condition,

3

∑
i

Km,i ≡ t0

3

∑
i

αm,i = 0. (2.75)

In Fig. 2.3, the evolution of the scale factors of the matter dominated BI Universe are
presented. These models are asymptotically matter dominated FRW ones satisfying
the two criteria (2.74) and (2.75). Interestingly, in the directional Hubble parameter
with the initially negative anisotropy part, the scale factor of the anisotropic direction
experiences a bounce due to initial contraction and soon later expansion 2.3. This
behavior was mentioned in Gümrükçüoglu & Peloso (2007) and Gümrükçüoğlu et al.
(2008) for the dark energy dominated Universe. Here, we show that in all models, it
is possible to observe this bouncing behavior of the scale factors of the BI Universe
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Figure 2.2: Time evolution of three expansion rates in the matter dominated BI Universe with
three different anisotropy coefficients αi in each direction. (Top-left): The first plot depicts the
matter dominated FRW Universe which is also a matter dominated BI Universe with αi = 0.
Then, from left to right, we choose the two positive anisotropy coefficients (α1 > 0 and α2 > 0)
as representing the expansion of the anisotropy parts of the directional Hubble parameters.
We show the emerging of the negative anisotropy part of the third directional expansion rate
Hm,3, when its coefficient α3 (chosen α3 < 0) gets close to, equivalent to and bigger than the
limit value −0.000667 (defined from criteria (2.72)) in each plot. The negative anisotropy part
of the third directional expansion rate Hm,3 indicates that there is contraction in the directional
Hubble parameter during the initial phase of the BI Universe. Note that the initial time starts at
t/t0 = 0.001 to show emerging of the negative anisotropy part of the third directional expansion
rate.

models around a singularity depending on the emerging of the negative anisotropy
parts of the directional Hubble parameters in the related direction.

As we know the Bianchi type I model is the generalization of the Friedman Robert-
son Walker. In the isotropic case, the expansion rates (2.73) equal each other and the BI
solution is reduced to the EdS Universe when t equals t0. The symmetric expansion
means that the mean Hubble parameter Hm and the directional Hubble parameters
Hm,i become equivalent,

Hm = Hm,i =
2
3

(
1
t

)
, i = 1, 2, 3. (2.76)

Therefore, the normalized scale factors satisfy the expansion rate of the EdS Universe,
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Figure 2.3: Dynamical behavior of the scale factors of the matter dominated BI Universe in
terms of normalized cosmic time t/t0 with three different anisotropy coefficients αi. The first
three plots on the top represent normalized scale factors of the FRW Universe by fixing the
anisotropy parameters of the BI Universe as αi = 0 and the scale factors. One of the directions
with negative initial anisotropy banm,3 is equivalent (α3 = −6.67 × 10−4) and slightly higher
(α3 = −9.1 × 10−3) than the limit value for initial time t/t0 = 0.001. In these plots contractions
of the third axis close to the singularity are not strong. However, the higher the absolute value
of the anisotropy coefficients of the expansion factors on the directional Hubble parameters
with negative anisotropy, the slower the contranction/bounce rates of the related axes, while at
late times they expand and become isotropic at t = t0 (Bottom panels from left to right).

anm,i = anm = aFRW,m

(
t
t0

)2/3
. (2.77)

2.5.1 Isotropization Criteria of Matter Dominated BI Universe

Here, we discuss the isotropization criteria of the matter dominated BI Universe. This
is a very important criteria to see how an anisotropic matter dominated Universe
evolves into a completely isotropic one. The isotropy criteria of the matter dominated
Universe is defined by the mean anisotropy and Σ2 which is the shear parameter,
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ABI,m = 3
4

(
t0
t

)2
∑3

i α2
i → 0 if t → t0 (t → ∞) ,

Σ2
BI,m = 9

8 H2
m,0

(
t0
t

)4
∑3

i α2
i → 0 if t → t0 (t → ∞) .

(2.78)

In our calculations we use 4.4 × 10−5 as the present day upper limit of shear based
on the recent CMB observations (Stoeger et al. 1999). This upper limit constrains the
anisotropy coefficients of the matter dominated BI model as, ∑3

i=1 α2
i ≤ 1.549× 10−8 at

t = t0. This provides a set of coefficients to construct an anisotropic matter dominated
BI Universe which is asymptotically the FRW Universe. We choose the anisotropy
coefficients to satisfy the observed shear value and we exclude the coefficients causing
the negative anisotropy parts of the directional Hubble parameters. In this way, we
can construct an initially anisotropic, matter dominated, model that evolves into an
isotropic FRW one.

In the general case of anisotropy, the anisotropy coefficients become nonzero due
to the asymmetric expansion leading to Ki �= 0. Contrary to this, in the FRW model
the anisotropy and shear parameters become zero, since all the directional expansion
rates are the same as the mean rate Hubble parameter due to the symmetric expansion,
leading to Km,i = 0, i = 1, 2, 3,

FRWisotropy−criteria =

{
AFRW = 0 if Hi = H; Ki = 0, i = 1, 2, 3,
Σ2

FRW = 0 if Hi = H; Ki = 0, i = 1, 2, 3. (2.79)

2.6 Radiation Dominated BI Universe

The radiation dominated BI Universe is filled with radiation only. The adiabatic pa-
rameter of radiation is ω = 1/3. By using the volume representation of the mean
Hubble parameter from equation (2.34) we find the energy density function of radia-
tion in terms of volume element Vr,

ρr =
ρr,0

V4/3
r

. (2.80)

The evolution of the mean Hubble parameter follows from the corresponding Riccati
equation,

Ḣr + 3H2
r = 4πG

(
ρr − pr

c2

)
. (2.81)

After the linearization of (2.81) and by substituting (2.80), we obtain the volume evo-
lution of the radiation dominated case of the BI Universe,

V̈r − 8πGρr,0V−1/3
r = 0. (2.82)

If we multiply this equation by V̇r and integrate it, we obtain,
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Figure 2.4: Time evolution of the mean anisotropy ABI,m (upper) and shear ΣBI,m/3Hm,0
(lower) parameters in the matter dominated BI Universe. As we expect, the shear and
anisotropy are stronger in the very early Universe than the present day. (Lower): Here, two
observed shear values are considered as limits: the one coming from the galactic neighbor-
hood, 0.3 (Thorne 1967b; Pradhan et al. 2011, 2012a) and the present day upper limit on the
recent CMB observations, 4.4× 10−5 (Stoeger et al. 1999). The upper limit 4.4× 10−5 constrains
the anisotropy coefficients of the matter dominated BI model as their sum should be at least
∑3

i=1 α2
i ≤ 1.549 × 10−8 at t = t0 and one of the anisotropy coefficients should be equal to

−9.9 × 10−5. These conditions provide sets of coefficients to construct an anisotropic matter
dominated BI Universe which becomes the FRW one.
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1
2

d
dt

[
V̇2

r − 24πGρ0,rV2/3
r

]
= 0 → V̇2

r − 24πGρr,0V2/3
r = 0, (2.83)

where ρr,0 = 9H2
r,0Ωr,0. Because, this is a single component model, the density param-

eter for present day of the radiation dominated BI Universe is Ωr,0 = 1. The equation
on the right hand side is analogous to the first Friedman equation as in the same form
in which the constant term is the curvature of the Universe. The exact solution of
equation (2.83) is,

Vr = (2Hr,0t)3/2 . (2.84)

Hence, the normalized volume element of radiation dominated Universe becomes,

Ṽr =

(
t
t0

)3/2
. (2.85)

Using volume element (2.84), we obtain the general form of the mean Hubble param-
eter which can be written as,

Hr =
1
2

1
t

. (2.86)

Hence, the integration factor to obtain the directional expansion rates is,

μr = t3/2. (2.87)

The normalized form of this integration factor is equal to the normalized volume ele-
ment (2.85),

μ̃r = Ṽr =

(
t
t0

)3/2
. (2.88)

By direct substitution of the integration factor into the exact solution of the radiation
dominated BI Universe, we derive the Hubble parameters of each direction,

Hr,i = Sr,i + Hr, i = 1, 2, 3. (2.89)

Here, the anisotropic part of the directional Hubble parameters Sr,i are defined as,

Sr,i ≡ Ki fr. (2.90)

In the anisotropic parts Sr,i of equation (2.89), the parameter fr is given by,
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fr ≡ 1
t3/2 . (2.91)

Similarly to the method we use in the matter dominated epoch of the BI Universe, the
dynamical evolution of each Hubble parameter can also be shown as,

Hr,it0 = βi

(
t0

t

)3/2
+

1
2

t0

t
, i = 1, 2, 3, (2.92)

in which the normalized anisotropy coefficients of the radiation dominated case are
defined as βi and are,

βi ≡ Ki√
t0

. (2.93)

Note that this definition is similar but not identical to that of αi of the matter dom-
inated case. These coefficients (2.93) satisfy the following criteria in which negative
and positive anisotropy parts of the directional expansion rates can be found at a
given time,

Positive Sr,i =

{
If βi < 0 and |βi| < | − 1

2

√
t
t0
|,

If βi > 0.
(2.94a)

Negative Sr,i =
{

If βi < 0 and |βi| > | − 1
2

√
t
t0
|. (2.94b)

The normalized scale factors of each direction in the radiation dominated BI Universe
are,

anr,i =
ar,i(t)
ar,i(t0)

= Cr,i(t)ar,FRW(t) = e
−2βi

(√
t0
t −1

) (
t
t0

)1/2
, i = 1, 2, 3, (2.95)

where ar,FRW is the standard normalized scale factor of the radiation dominated FRW
Universe. Cr,is are the anisotropy parts of the radiation dominated BI Universe satis-
fying the criteria (2.75) and (2.74), where in the latter equation, we replace Cm,i with
Cr,i for this radiation dominated case. The anisotropy coefficients of Cr,is satisfy the
consistency relation (2.75). Note that although we can derive asymptotically isotropic
radiation dominated models, all of them become anisotropic when they reach the limit
t = t0, without an exception (Fig. 2.5). It is crucial to mention that this is just a toy
model, since the radiation dominated epoch does not reach the present epoch obser-
vationally. In this case, the radiation dominated case stays anisotropic at all times due
to radiation pressure. In addition to this, in Fig. 2.5, we can see the bouncing behav-
ior of the scale factors, which hold negative valued anisotropy parts of the directional
Hubble parameters, around the singularity as in the matter dominated case.
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Figure 2.5: Evolution of the scale factors of the radiation dominated BI Universe models in
terms of normalized cosmic time t/t0 with three different anisotropy coefficient values in each
plot. The anisotropic coefficients are chosen particularly to show the evolution of the scale fac-
tors around the limit value of the directional Hubble parameters with the negative anisotropic
parts Sr,i < 0. The coefficients chosen around the limit value −0.05, by choosing the initial time
t/t0 = 0.01, do not show high divergence from the isotropic case of the FRW one (Top: from
left to right). Coefficients β1 > 0 above the limit of emerging of the negative anisotropy parts
show highly divergent features around the singularity (Bottom: from left to right).

2.6.1 Isotropization Criteria of Radiation Dominated BI Universe

The isotropy criteria of the radiation dominated BI Universe is given by the following
mean anisotropy ABI,r and shear Σ2

BI,r parameters,

ABI,r =
4
3

(
t0
t

)
∑3

i β2
i =

2
3

1
Hr,0

(
t0
t

)
∑3

i α2
i → 0 if t → t0 (t → ∞)

Σ2
BI,r = 2H2

r,0

(
t0
t

)3
∑3

i β2
i = Hr,0

(
t0
t

)3
∑3

i α2
i → 0 if t → t0 (t → ∞) .

(2.96)

The anisotropy and the shear parameters of the radiation dominated BI Universe are
stronger in the early phase of its evolution and survive at later times compared to the
matter dominated case (Fig.2.6). Again, this is far from realistic estimates since the
radiation dominated epoch cannot be observed at present day.
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Figure 2.6: Evolution of the mean anisotropy ABI,r (upper) and shear ΣBI,r/3Hr,0 (lower) in the
radiation dominated BI Universe. In this model the present day upper limit of shear 4.4 × 10−5

puts the constraint ∑3
i=1 β2

i ≤ 8.712 × 10−9 on the anisotropy coefficients while 0.3 in the y-axis
indicates the measured shear in the local neighborhood at t = t0.
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2.7 Radiation and Matter Dominated BI Universe

In the Friedman Robertson Walker Universe, radiation matter equality took place at
a scale factor arm ≡ Ωr,0/Ωm,0 ≈ 2.810−4. The energy conservation equation of this
Bianchi type I Universe becomes,

ρ̇rm = −3Hrm

(
ρrad +

prad
c2 + ρm +

pm

c2

)
. (2.97)

The volume evolution of the mixture of radiation and matter dominated Universe is,

V̈rm − 4πG
(

ρm,0 +
2
3

ρrad,0

V1/3
rm

)
= 0. (2.98)

If we multiply this equation with V̇rm and integrate it, we obtain,

V̇2 − 9H2
rm,0Ωm,0V − 9H2

rm,0Ωrad,0V2/3 = 0. (2.99)

Here, we obtain a relation between the mean Hubble parameter and the volume ele-
ment. If we rearrange this equation as follows,(

V̇rm

Vrm

)2

= 9H2
rm,0

(
Ωm,0

Vrm
+

Ωrad,0

V4/3
rm

)
. (2.100)

The integration of the above equation allows us to derive a relation for the time com-
ponent as a function of volume in the radiation and matter mixture era,

Hrm,0t =
4
3

V2/3
rme√

1 − Ωm,0

⎛⎝√
1 +

(
Vrm

Vrme

)1/3
(

1
2

(
Vrm

Vrme

)1/3
− 1

)⎞⎠ , (2.101)

where Vrme ≡
(

Ωrad,0
Ωm,0

)3
. Hence, the volume element can be found,

Vrm ≈ 9
4

H2
rm,0Ωm,0t2 + 5

(
Ωrad,0

Ωm,0

)3
= Vm + 5Vrme. (2.102)

Therefore, the mean Hubble parameter is,

Hrm ≈ 2
3

1
t

1[
1 + 5 Vrme

Vrm

] . (2.103)

Here, in the limit of Vrm � Vrme (t → ∞), the solution of equation (2.100) approaches
the mean Hubble parameter of the matter dominated BI Universe,
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Hrm → Hm =
2
3

1
t

.

Another limit is that when Vrm � Vrme (t → 0), the mean Hubble parameter (2.103)
tends to the Hubble parameter of the radiation dominated epoch,

Hrm → Hr =
1
2

1
t

.

We obtain that the radiation and matter become equivalent when V1/3
rme = 2.963 ×

10−4. By using this value, we find the redshift zeq when matter and radiation become
equivalent. To do this, we write the ratio of the density parameters in matter and
radiation as follows,

Ωm

Ωr
= V−1/3

rme
a
a0

=
Ωm,0

Ωr,0

1
1 + z

1 + zeq ≈ 3.375 × 103. (2.104)

This result leads to the redshift value zeq ≈ 3374. Here, we assume that the particles
that are nonrelativistic today were also nonrelativistic at zeq; this should be a safe as-
sumption, with the possible exception of massive neutrinos, which make a minority
contribution to the total density (Trodden & Carroll 2004). It follows that the integra-
tion factor of the epoch in terms of the volume element 2.102 is obtained by,

μrm = 4Ω3
m,0Vrm.

Therefore, the directional Hubble parameters are,

Hrm,i = Srm,i + Hrm, (2.105)

in which the anisotropy parts of the directional Hubble parameters Srm,i are defined
as,

Srm,i ≡ Ki frm =
Ki

4Ω3
m,0Vrm

. (2.106)

Here, the time dependent parameter frm is defined as,

frm ≡ 1

4Ω3
m,0

(
9
4 H2

rm,0Ωm,0t2 + 5
(

Ωrad,0
Ωm,0

)3
) . (2.107)
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For simplification, we can write the directional Hubble parameters of the radiation
matter mixture BI Universe,

Hrm,it0 =
γi

4Ω3
m,0

(
t0

t

)2
b +

2
3

(
t0

t

)
b, (2.108)

where the parameter b and the normalization coefficient γi are defined as,

b ≡ Vm

Vrm
, γi ≡ Kit0. (2.109)

In the radiation matter mixture BI Universe, the criteria to obtain the positive and
negative anisotropy components of the directional Hubble parameters is,

Positive Srm,i =

{
If γi < 0 and |γi| < | − 8

3 Ω3
m,0

(
t
t0

)
|,

If γi > 0.
(2.110a)

Negative Srm,i =
{

If γi < 0 and |γi| > | − 8
3 Ω3

m,0

(
t
t0

)
|. (2.110b)

We show how the directional parameters change in terms of time by taking into ac-
count different normalized anisotropy coefficients in Fig. 2.7. In addition to this, in
Fig. 2.7, we show the emerging of the negative values anisotropy component of the
directional Hubble parameters in the z direction when the normalized anisotropy co-
efficient γ3 approaches the limit −7.2 × 10−4 calculated from the criteria (2.110).

Then, the normalized scale factors of each direction are,

anrm,i =
arm,i(t)
arm,i(t0)

= Crm,i(t)arm,FRW(t)

= e

⎡⎣ γi
4
√

5ι
tan−1

⎛⎝ι

(
1− t0

t

)
1+5 Vrme

Vm
t

t0

⎞⎠⎤⎦ ⎡⎢⎣1 +

⎛⎜⎝
(

t
t0

)2 − 1

1 + 5 Vrme
Vm

⎞⎟⎠
⎤⎥⎦

1/3

,

i = 1, 2, 3, (2.111)

where the density dependent parameter ι is defined as,

ι ≡ (Ωr,0Ωm,0)
3/2 . (2.112)

In equation (2.111), arm,FRW is the isotropic part of scale factor of the radiation matter
dominated BI Universe. This scale factor is equivalent to the normalized scale factor
of the radiation matter dominated FRW model. The anisotropic parts of the expan-
sion factors anrm,i are given by Crm,i. These parts satisfy the criteria (2.75) and (2.74) as
for the other cases (replacing Cm,i with Crm,i). In Fig. 2.8, we present the evolution of
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Figure 2.7: Emerging of the negative anisotropy part Srm,3 < 0 of the directional Hubble param-
eters Hrm,3 in the radiation matter dominated BI models for a matter density Ωm,0 = 0.3 in the z
direction. This behavior is represented initially by the special case with zero coefficients, which
is the FRW model. In these figures the anisotropy coefficients of the two axes of expansion are
kept positive (γ1 > 0 and γ2 > 0) to represent directional Hubble parameters Hrm,1 and Hrm,2
with positive anisotropy parts indicating expansions. Meanwhile, the coefficients of the third
axis Hrm,3 approach the limit value −7.2 × 10−4 (see 2.110) where, the Hubble parameter with
the negative anisotropy part appears for initial time t/t0 = 10−2 and its negativity (contraction
rate) gets stronger for the values of anisotropy coefficient γi higher than this limit.

these normalized scale factors anrm,i with different choices of normalized anisotropy
coefficients γi. In contrast to the radiation and matter dominated models, the oscil-
latory/bouncing behavior cannot be seen around the limit value of emerging of the
negative anisotropy parts of the directional Hubble parameters. This is possible to see
as long as the limit value of the normalized anisotropy coefficient γi gives highly neg-
ative anisotropy parts of the directional expansion rates satisfying the criteria (2.110).

2.7.1 Isotropization Criteria of Radiation and Matter Dominated BI Universe

The isotropization criteria of the radiation matter dominated BI Universe is,

ABI,rm = 3
4

1
(4Ω3

m,0)
2

(
t0
t

)2
∑3

i γ2
i → 0 if t → t0 (t → ∞) ,

Σ2
BI,rm = 9

8 H2
rm,0

1
(4Ω3

m,0)
2

(
t0
t

)4
∑3

i γ2
i → 0 if t → t0 (t → ∞) .

(2.113)
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Figure 2.8: The time evolution of the normalized scale factors in the radiation matter dom-
inated BI models with different sets of anisotropy coefficients γi. The oscillatory behavior
is obtained around the singular point of the directional expansion rates with highly nega-
tive valued anisotropy parts satisfying the criteria (2.110). (Top: from left to right) When we
choose any of the anisotropy coefficients with negative value γi < 0 satisfying the condition
|γi| > −7.2 × 10−4, we can see that the oscillatory/bouncing behavior of the related scale is
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Figure 2.9: Evolution of the mean anisotropy ABI,rm (upper) and shear ΣBI,rm/3Hrm,0 pa-
rameters (lower) in the radiation matter dominated BI Universe. The constraint ∑3

i=1 γ2
i ≤

2.23027 × 10−8 on the anisotropy coefficients defines radiation matter dominated BI Universe
models which are asymptotically the FRW models at present day.

The mean anisotropy and shear parameters approach the ones in the matter domi-
nated BI Universe (2.78) after the radiation matter equality. This BI Universe has less
shear and anisotropy than the radiation dominated case in the very early Universe.
Moreover, it asymptotically reaches the shear value for isotropy faster than the radia-
tion case due to the presence of the matter component (Fig. 2.9).
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2.8 Λ Dominated BI Universe

We take into account the presence of dark energy in the equation of state. To obtain
the exact solution of the system 2.37 for the Λ dominated BI Universe, first we find
the form of the mean rate Hubble parameter H(t) by solving the Riccati differential
equation,

ḢΛ + 3H2
Λ = 4πG

(
ρΛ − pΛ

c2

)
. (2.114)

We can rearrange this equation in terms of the volume element,

V̈Λ − 12πG
(

ρΛ − pΛ

c2

)
VΛ = 0. (2.115)

Using the energy conservation equation (2.25) of the dark energy dominated BI Uni-
verse, we arrive at the following,

ρ̇Λ = 0. (2.116)

This leads to a constant density ρ = ρΛ,0. If we substitute this into equation (2.115),
we obtain the form,

V̈Λ − 24πGρΛ,0VΛ = 0 → 1
2

d
dt

[
V̈Λ − 24πGρΛ,0VΛ

]
= 0. (2.117)

Note that 24πGρΛ,0 ≡ 9H2
Λ,0ΩΛ,0. Hence, the volume element of the dark energy

dominated case is,

VΛ = e3HΛ,0
√

ΩΛ,0t. (2.118)

This leads to the normalized volume element which is given by,

ṼΛ =
VΛ

VΛ(t0)
= e3HΛ0

√
ΩΛ,0(t−t0). (2.119)

The mean rate Hubble parameter of the dark matter dominated BI Universe is,

HΛ = HΛ,0

√
ΩΛ,0. (2.120)

To obtain the directional Hubble parameters the integration constant derived is equal
to the volume element,

μΛ = VΛ = e3HΛ0
√

ΩΛ,0t. (2.121)
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Then, the Hubble parameters in different directions are obtained,

HΛ,i = SΛ,i + HΛ,0

√
ΩΛ,0. (2.122)

Here, the anisotropy parts of the directional Hubble parameters of the Λ dominated
case SΛ,i are defined as,

SΛ,i ≡ Ki fΛ, (2.123)

in which the time dependent parameter fΛ is,

fΛ ≡ e−3HΛ0
√

ΩΛ,0t. (2.124)

Following the same procedure as previous sections we normalize the directional Hub-
ble parameters to the present day t0,

HΛ,i

HΛ,0
√

ΩΛ,0
= θie

−3HΛ,0
√

ΩΛ,0(t−t0) + 1. (2.125)

Here, the normalized anisotropy coefficients θi are given by,

θ ≡ Ki

HΛ,0
√

ΩΛ,0
e−3HΛ,0

√
ΩΛ,0t0 . (2.126)

The criteria of observing the positive and negative anisotropy parts of the directional
Hubble parameters of the Λ dominated BI Universe is,

Positive SΛ,i =

{
If θi < 0and|θi| < | − e3HΛ,0

√
ΩΛ,0(t−t0)|,

If θi > 0.
(2.127a)

Negative SΛ,i =
{

If θi < 0 and |θi| > | − e3HΛ,0
√

ΩΛ,0(t−t0)|. (2.127b)

In Fig. 2.10, we show the evolution of the directional Hubble parameters of the Λ
dominated BI Universe. These directional expansion rates, depending on the choice
of the epoch related anisotropy parameter θi, show contraction or expansion.

The normalized scale factors are,

anΛ,i = exp
(
− θi

3

(
e−3HΛ,0

√
ΩΛ,0(t−t0) − 1

))
eHΛ,0

√
ΩΛ,0(t−t0), i = 1, 2, 3, (2.128)

in which aΛ,FRW is the standard normalized scale factor of the Λ dominated FRW
Universe. CΛ,is are the anisotropy parts of the Λ dominated BI Universe satisfying
the same criteria as in previous cases, (2.75) and (2.74). The evolution of the scale
factors of the Λ dominated BI model can be seen in Fig. 2.11 which takes into account
different choices of anisotropy coefficients θi.
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Figure 2.10: Evolution of the directional Hubble parameters in the Λ dominated BI Universe.
From top to bottom each panel represents the behavior of the Hubble parameter in the z di-
rection with respect to the other directional Hubble parameters. As the anisotropy coefficient
of the directional Hubble parameter in the z direction, θ, decreases depending on the criteria
(2.127), the anisotropy part of directional Hubble parameter HΛ,3 becomes more positive. In
other words, contraction behavior turns into expansion.

2.8.1 Isotropization Criteria of Λ Dominated BI Universe

The mean anisotropy and shear parameters of the Λ dominated BI Universe are,

ABI,Λ = 1
3 e−6HΛ,0

√
ΩΛ,0(t−t0) ∑3

i θ2
i → 0 if t → t0 (t → ∞) ,

Σ2
BI,Λ = 1

2 H2
Λ,0ΩΛ,0e−6HΛ,0

√
ΩΛ,0(t−t0) ∑3

i θ2
i → 0 if t → t0 (t → ∞) .

(2.129)

In the Λ dominated BI Universe the shear parameter is stronger than the anisotropy
term in the early stages of evolution (Fig. 2.12).
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Figure 2.11: The normalized scale factors in the Λ dominated BI Universe with different sets
of anisotropy coefficients θi. In each plot, we choose two anisotropy coefficients to be positive
representing expansion in two directions and the third coefficient to be negative indicating
contraction behavior. It can be seen that when the values of the coefficients get close to the
limit value of |θi| > | − 9.4 × 10−14|, the scale factors become more and more isotropic in each
direction.

2.9 Matter and Λ Dominated BI Universe

Consider a Universe that is spatially flat, but contains both matter and a cosmological
constant. Such a Universe is of particular interest to us, since it appears to be a close
approximation to our own Universe at the present day. In a spatially flat Universe,
the density parameter Ωm,0 and dark energy ΩΛ,0 require,

Ωm,0 = 1 − ΩΛ,0. (2.130)

In this Universe the energy conservation becomes,

ρ̇m + ρ̇Λ = −3HmΛ

(
ρm +

pm

c2 + ρΛ +
pΛ

c2

)
. (2.131)

The dark matter interacts with itself only and it does not couple to the gravitational
field. As a result, the energy conservation equation decouples,

ρ̇m = −3HmΛρm, ρ̇Λ = −3HmΛ

(
ρΛ +

pΛ

c2

)
. (2.132)
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Figure 2.12: Dynamical behavior of the mean anisotropy ABI,Λ (upper) and shear ΣBI,Λ/3HΛ,0
(lower) parameters in the Λ dominated BI Universe. The best models, consistent with the ob-
served shear value 4.4 × 10−5, satisfy ∑3

i=1 θ2
i ≤ 3.49 × 10−8 and at least one of the anisotropy

coefficients θi ≤ −1.498 × 10−4. In this plot, 0.3 the measured shear in the local neighbor-
hood. These constraints can be used to model dark matter dominated BI Universes which are
asymptotically dark matter dominated FRW ones.
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We derive this for matter and Λ dominated cases separately,

ρm =
ρm,0

V
, ρΛ = ρ0,Λ. (2.133)

Hence, the volume evolution of the mixture of matter and Λ dominated Universe is,

V̈mΛ − 12πGρm,0 − 24πGρΛ,0VmΛ = 0. (2.134)

If we multiply this equation with V̇mΛ and integrate it, we obtain,

1
2

d
dt

[
V̇2

mΛ − 24πGρm,0VmΛ − 24πGρΛ,0V2
mΛ

]
= 0, (2.135)

where 24πGρm,0 = 9Ωm,0H2
0 , 24πGρΛ,0 ≡ 9ΩΛ,0H2

0 and Ωm,0 + ΩΛ,0 = 1 for a flat
geometry. If we rearrange the right hand side of this equation, we obtain a relation
between the mean Hubble parameter and the volume element,

V̇mΛ

VmΛ
= 3HmΛ,0

(
Ωm,0

VmΛ
+ ΩΛ,0

)1/2
. (2.136)

The right hand side of equation (2.136) is the reduced form of the Friedmann type
equation of the flat matter plus Λ mixture BI Universe. The first term on the right
hand side of this equation represents the contribution of the matter component, which
is always positive. In the same part of the equation, the second term represents the
contribution of the cosmological constant; it is positive if Ωm,0 < 1, implying ΩΛ,0 >
0, and it is negative if Ωm,0 > 1, implying ΩΛ,0 < 0. Thus, the flat Universe with
positive ΩΛ,0 will continue to expand forever if it is expanding at t = t0. However, in a
Universe with negative ΩΛ,0, this term provides an attractive force. This Universe will
collapse after expanding at a maximum volume VmΛe ≡ Ωm,0

ΩΛ,0
. Although a negative

cosmological constant is allowed by the laws of physics, it appears that we live in a
Universe where the cosmological constant is positive. For a flat, ΩΛ,0 > 0 Universe,
equation (2.136) can be integrated to yield the analytical solution,

HmΛ,0t =
2
3

1√
1 − Ωm,0

ln

[(
VmΛ

VmΛe

)1/2
+

√
1 +

(
VmΛ

VmΛe

)]
, (2.137)

where VmΛe ≡ Ωm,0
ΩΛ,0

. Therefore, the dynamical evolution of the volume element is,

VmΛ =
VmΛe

4
e−3HmΛ,0

√
ΩΛ,0t

(
−1 + e3HmΛ,0

√
ΩΛ,0t

)2

= VmΛe sinh2
(

3
2

HmΛ,0
√

ΩΛt
)

. (2.138)
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The normalized volume element can be written,

ṼmΛ = e−3HmΛ,0
√

ΩΛ,0(t−t0)

×
⎛⎝1 +

(
e3HmΛ,0

√
ΩΛ,0t − e3HmΛ,0

√
ΩΛ,0t0

)
e3HmΛ,0

√
ΩΛ,0t0 − 1

⎞⎠2

, (2.139)

lim
t→t0

ṼmΛ = 1.

At early times when the matter component is more dominant than the dark energy
component, the total volume (2.138) is reduced to the matter dominant counterpart,

lim
ΩΛ,0→0

VmΛ =

(
3
2

HmΛ,0t
)2

Ωm,0. (2.140)

At late times, when V � VmΛe the volume element of the matter Λ dominated Uni-
verse is reduced to only a Λ dominated BI Universe,

lim
t→∞

VmΛ ≈ e−3HmΛ,0
√

ΩΛ,0t. (2.141)

The mean Hubble parameter of this Universe is,

HmΛ = HmΛ,0

√
ΩΛ,0 coth

(
3
2

HmΛ,0

√
ΩΛ,0t

)
. (2.142)

The relation between the integration factor μmΛ and the total volume element,

μmΛ
Ωm,0

ΩΛ,0
= VmΛ → μ =

V
VmΛe

, (2.143)

helps us to derive the directional Hubble parameters of the matter and Λ mixture BI
Universe,

HmΛ,i = SmΛ,i + HmΛ. (2.144)

Here, the anisotropic parts of the directional Hubble parameters SmΛ,i are,

SmΛ,i ≡ Ki fmΛ, (2.145)

where fmΛ is given by,

fmΛ ≡ sinh
(

3
2

HmΛ,0

√
ΩΛ,0t

)−2
. (2.146)



MATTER AND Λ DOMINATED BI UNIVERSE 83

Hence, the normalized directional Hubble parameters are given by,

HmΛ,i

HmΛ,0
√

ΩΛ,0
=

[
ξie

−3HmΛ,0
√

ΩΛ,0(t−t0) + 1
]

, (2.147)

where the normalized anisotropy coefficients for the matter Λ dominated Universe
are defined as,

ξi ≡ 4
Ki

HmΛ,0
√

ΩΛ,0
e−3HmΛ,0

√
ΩΛ,0t0 . (2.148)

The separation criteria of the negative and positive anisotropy components of the di-
rectional expansion rates of this model are,

Positive SmΛ,i =

{
If ξi < 0 and |ξi| < | − e3HmΛ,0

√
ΩΛ,0(t−t0)|,

If ξi > 0.
(2.149a)

Negative SmΛ,i =
{

If ξi < 0 and |ξi| > | − e3HmΛ,0
√

ΩΛ,0(t−t0)|. (2.149b)

The normalized scale factors in each direction are,

anmΛ,i = exp
(
− ξi

3

[
e−3HmΛ,0

√
ΩΛ,0(t−t0) − 1

])
eHmΛ,0

√
ΩΛ,0(t−t0). (2.150)

amΛ,FRW is the isotropic part of the matter Λ dominated BI Universe, while CmΛ,i are
the anisotropic parts. As in the previous cases, CΛ,is satisfy the same criteria (2.75)
and (2.74). In Fig. 2.13, the evolution of the scale factors of the matter Λ dominated
BI model are shown in which different choices of anisotropy coefficients ξi are taken
into account.

2.9.1 Isotropization Criteria of Matter and Λ Dominated BI Universe

The anisotropy and shear parameters of the matter Λ dominated BI Universe are,

ABI,mΛ = 1
3 e−6HmΛ,0

√
ΩmΛ,0(t−t0) ∑3

i ξ2
i → 0 if t → t0 (t → ∞) ,

Σ2
BI,mΛ = 1

2 H2
mΛ,0ΩΛ,0e−6HmΛ,0

√
ΩmΛ,0(t−t0) ∑3

i ξ2
i → 0 if t → t0 (t → ∞) .

(2.151)

When the Universe evolves, the anisotropy and the shear parameters approach the Λ
dominant case,

lim
t→∞

ABI,mΛ ≈ 16AΛ , lim
t→∞

ΣBI,mΛ ≈ 4ΣBI,Λ. (2.152)

Similar to the Λ dominated BI Universe, in the matter Λ dominated counterpart the
shear parameter is stronger than the anisotropy term in the early stages of the evo-
lution of this model (see Fig. 2.14). In addition to this, the normalized anisotropy
coefficients become so small that detecting a contracting direction becomes impossi-
ble.
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Figure 2.13: The normalized scale factors in the matter Λ dominated BI Universe models with
anisotropy coefficient values around the limit value of obtaining the negative anisotropy com-
ponent of the directional expansion factors. (From left to right): when coefficients reach the limit
of obtaining the negative anisotropy component ξi = −3 × 10−12 they show highly isotropic
features instead of anisotropic features.

2.10 Conclusions

In this study we have derived analytical formalisms from the Einstein field equations
of anisotropic BI models in different cosmologies. These analytical formalisms allow
us to obtain directional expansion rates in each direction of the initially anisotropic
Universe, over all volume elements, the mean anisotropy and shear parameters. Tak-
ing into account our present day FRW Universe, we infer constraints on the primor-
dial anisotropic expansion rate of the Bianchi models (Table 2.2). By choosing the most
appropriate set of coefficients in each model, we find the most stringent upper lim-
its for anisotropic BI Universe models such that they turn into the observed present
day Universe (Table 2.2). Specifically, they should satisfy the observational value of
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Figure 2.14: The mean anisotropy ABI,mΛ (upper) and shear Σ/3HmΛ,0 (lower) parameters in
the matter Λ dominated BI Universes modeled by choosing the observational shear values at
present time. The best models are the ones that satisfy ∑3

i=1 ξ2
i ≤ 4.9783× 10−8 with at least one

of the anisotropy coefficients ξ ≤ −4.685× 106 constrained by the present day shear value 4.4×
10−5 as an upper limit while 0.3 is the value of the observed shear in the local neighborhood.
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the present day shear as well as the criteria of the initially increasing expansion rates.
This is particularly important to give a realistic framework for these anisotropic mod-
els. The conclusions we have obtained from the results are,

1. Our first main result is the following. We show that the directional Hubble pa-
rameters are directly related to the shear and the mean anisotropy parameters of
the BI Universe models via integration constants. Interestingly, these constants
become the components of the traceless shear parameters of all the BI models as
shown in (2.78, 2.96, 2.113, 2.129 and 2.151) namely, the matter, radiation, matter
radiation mixture, Λ and matter Λ mixture dominated cases. It is useful to note
that the integration factors are simply the volume elements in the BI models.

2. It is shown that in models where dark energy is included, the rate of shear and
the mean anisotropy drop faster than in the matter and radiation dominated
cases. In the matter and radiation dominated cases shear decreases gradually
with time. Gümrükçüoglu & Peloso (2007) and Gümrükçüoğlu et al. (2008) sug-
gested that the shear parameter Σ acts as an extra massless field. Even though,
this statement is not approved any extent, it may explain the shear parameter
decaying very fast (as the inverse of the second power of the scale factor) in the
dark energy and matter Λ dominated BI Universes. In addition in our analy-
sis, we show that the scale factors come close to each other, become one and
equivalent to the relevant FRW model in each BI Universe model with respect to
time evolution due to vanishing anisotropy. We expect this behavior from dark
energy dominated models but not from the radiation dominated one. Possi-
bly, shear may be responsible for holding the scales together in the BI Universes.
This is why they may become isotropic at present time. This behavior of BI mod-
els have also been derived by Appleby & Linder (2012) and Singh & Chaubey
(2013).

3. In all cases, shear and mean anisotropy parameters dominate at early times
of the BI models. As a result of this, the BI Universes have expanding and
contracting solutions around a singularity. We therefore obtain negative and
positive anisotropy parts of the directional Hubble parameters depending on
choice of the anisotropy coefficients in the early phase of the Universe models.
These negative and positive anisotropy parts of the directional Hubble param-
eters can be physically interpreted as contractions and expansions of the scale
factors in the related direction. Similar results are obtained by Gümrükçüoglu
& Peloso (2007) and Gümrükçüoğlu et al. (2008) for two distinct solutions of
the mean Hubble parameters by using a different method; cosmological pertur-
bations. In this sense, our study is an extensive generalization of their work.
Besides, Gümrükçüoglu & Peloso (2007) interpreted these negative and positive
anisotropy parts of the directional Hubble parameters as negative and positive
directional Hubble parameters and call these solutions as negative and posi-
tive branches. This interpretation has a problem since the full directional Hub-
ble parameters do not have negative values, only anisotropy parts can accept
negative values due to its coefficient that is part of the traceless shear tensor in
each model. Consequently, the directional Hubble parameters can accept ini-
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tially negative values due to their anisotropy pars. This indicates contraction in
the related direction or initially positive values showing that there is an initial
expansion in the related direction. Later on, with increasing cosmic time, three
directional parameters Hm,i converge each other and become, one, mean Hubble
parameter Hm. That is why pointing out that the directional Hubble parameters
can have negative values is physically not acceptable. Therefore, we define the
criteria to obtain negative and positive anisotropy parts of the directional Hub-
ble parameters for each epoch in terms of a given time. We choose anisotropy
coefficients that result in positive anisotropy part indicating initial expansion
in the very early Universe (see Table 2.2). The reason of choosing the positive
anisotropy coefficients resulting in expansion in the related direction is based on
observational evidence since it has not been detected a single sign of contraction
in any direction of the present day Universe. This is why it is useful to adopt
the criteria of positive anisotropy parts in each directional Hubble parameters.
This is an important constraint to construct a realistic BI model that turns into
an isotropic FRW one.

4. By using the constraints on the shear directly from the observations, and our
criteria of obtaining positive directional Hubble parameters, one can realistically
model BI Universes. Under these conditions the initially anisotropic Universe
will turn into a highly isotropic one. For example, we can find anisotropy and
shear values at the time of the CMB (z = 1100) or at arbitrary redshifts z � 0.



Chapter3
Void Hierarchy and Press

Schechter Formalism:
Preliminaries

In this Chapter we give a detailed discussion and background formalism of necessary
definitions that form the backbone of the void merging algorithms that we construct
in Chapters 4 and 5.

Here, by progressing from the Introduction, random Gaussian fields, power spec-
tra, the spherical model and the Press Schechter formalism are extended in the context
of dynamics of underdense regions. In the section concerning power spectra, CDM
and self similar models that we use in our numerical and analytical calculations are
given. We show what parameters are used and how the power spectra are normalized
for both CDM and self similar models. Following this, the spherical model is derived
for overdense and underdense regions by progressing from previous works. In the
concept of void hierarchy algorithms that we construct in this thesis, the spherical
model of linear theory has a crucial importance since it defines critical values of the
linear under and over densities, indicating emerging of void and halo regions in the
excursion set theory. Subsequently, the excursion set/EPS theory, which is the key
element of Chapters 4 and 5, is given in the last section of this Chapter.

3.1 Initial Conditions: Random Gaussian Fields

Recent observational studies (Kogut et al. 1996; Schmalzing & Gorski 1998; Ferreira
et al. 1998; Bromley & Tegmark 1999; Banday et al. 2000; Contaldi et al. 2000; Mukher-
jee et al. 2000; Novikov et al. 2000; Sandvik & Magueijo 2001; Komatsu & Seljak 2002;
Komatsu & Spergel 2001; Cayón et al. 2003; Park et al. 2001; Shandarin et al. 2002;
Komatsu et al. 2003; Page et al. 2007; Dunkley et al. 2009; Bennett et al. 2011, 2012),
agreeing with the single field inflation model (Acquaviva et al. 2003; Maldacena 2003),
showed that the initial density field is well explained by Gaussian random field. From
a mathematical point of view, detecting a Gaussian distribution from the independent
density fluctuations is more likely, based on the Central Limit Theorem. The central
limit theorem states, given certain conditions, the mean of a sufficiently large number
of independent random variables, each with finite mean and variance, will be approx-
imately a Gaussian distribution (Fischer 2011).

In light of observational evidence and the Central Limit Theorem, the primordial
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density field of the Universe is assumed to have a nearly Gaussian random field. Any
spatial random field may be described in terms of its N-point probability distribution,
PN (δ1, δ2, δ3, ...δn) which is given by the following expression,

PN (δ1, δ2, δ3, ...δN) dδ1dδ2dδ3...dδN =
exp

(
− 1

2 ∑N
i=1 ∑N

j=1 δi
(

M−1)
ij δj

)
(2π)N/2

√
det|M|

N

∏
i=1

dδi, (3.1)

where the field δ has values that are in the range δ(xj) to δ(xj) + dδ(xj) for each of the
values j = 1, 2, , ..., N (with N an arbitrary integer and x1, x2, ..., xN arbitrary locations
in the field). The field δ is the fractional density perturbations also known as the
density contrast and its definition is given in the Introduction of this thesis. In the
N-point density probability distribution , Mij is the correlation matrix,

M = 〈δiδj〉2 = ξ
(
xi − xj

)
,

where ξ
(
xi − xj

)
is the autocorrelation of the density field. It is equivalent for a dis-

crete point distribution and is referred to as a two point correlation function. The two
point correlation function is isotropic and homogeneous since it is only a function of
the distance between the points xi and xj, which leads to its invariance under rotation
and translation.

The statistical properties of a Gaussian random field are completely determined by
their two point correlation function which is the Fourier transform of the power spec-
trum. To define the power spectrum in terms of the correlation function, we introduce
the Fourier transform of the density contrast,

δ̃(k) =
∫

eik.xδ(x)dx, (3.2)

where the wavenumbers k are inversely proportional to wavelength λ, (k = 2π/λ).
Hence, the inverse Fourier transform of (3.2) is given as follows,

δ(x) =
∫ dk

(2π)3 e−ik.xδ̃(k). (3.3)

The power spectrum P(k) is defined through the correlation function of the Fourier
components of the density field,

〈δ̃(k)δ̃∗(k′)〉 = (2π)3δD(k − k′)P(k), (3.4)

where δD is the Dirac delta function. The power spectrum P(k) is the Fourier trans-
form of the correlation function,

P(k) =
∫ dk

(2π)3 eik.xξ(x). (3.5)
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This turns out to be the 3-dimensional Fourier transform of the correlation function
considered as a function of only one variable. Because ξ(x) is only a function of the
magnitude of the length vector, x = |x|, P(k) is similarly only a function of the mag-
nitude of the wavenumber, k = |k|.

The correlation function and power spectrum are the second order moments of
the density. The main characteristic of a Gaussian field is that its statistical properties
are fully specified by the first two moments. Given the power spectrum, we may
derive the density contrast on a mass scale M, which is called the mass variance σ2.
Mathematically, the mass scale M on a given sphere of radius R is defined as,

M =
4
3

πρR3. (3.6)

Therefore, the mass variance of the matter density fluctuations smoothed by some
radius R is related to the power spectrum P(k). It follows that the mass variance σ2,
inside a volume V whose shape and size depend on the smoothing scale via a window
function is given by,

σ2(M) ≡ 〈δ2(x; M)〉 =
∫ dk

2π2
1
k

W̃2(kR)k3P(k), (3.7)

where W̃2(kR) is the Fourier component of the window function W(R) at wave num-
ber k. The forms of the three most commonly used window functions and their inverse
Fourier transforms are (Bond et al. 1991):

• Gaussian:

WG(x; RG) =

(
1

2πR2
G

)3/2

exp

(
− x2

2R2
G

)
, (3.8)

W̃G(k; RG) = exp

(
−R2

Gk2

2

)
. (3.9)

• Top Hat:

WTH(x; RTH) =
3

4πR3
TH

Θ
(

1 − x
RTH

)
=

3
4πR3

TH

{
1, (for x ≤ RTH),
0, (for x > RTH),

(3.10)

W̃TH(k; RTH) = WG(x; RG) =
3

k3R3
TH

(sin kRTH − kRTH cos kRTH) . (3.11)
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• Sharp k-space:

WK(x; RK) =
9

4π

(
sin

x
RK

− x
RK

cos
x

RK

)
, (3.12)

W̃K(k; RK) = Θ (1 − kRK)

=

{
1, (for k ≤ 1

RK
),

0, (for k > 1
RK

).
(3.13)

where Θ is the Heaviside step function, Θ(y) = 1 for y ≥ 0 and Θ(y) = 0 otherwise.

3.2 Power Spectrum

A major goal of observational cosmology is the determination of the primordial power
spectrum of mass fluctuations, P(k). This spectrum is a direct prediction of theories
of cosmic structure formation, and precise measurements of P(k) would allow one to
test these theories and constrain cosmological parameters.

3.2.1 Primordial Power Spectrum

Standard Inflation Theory generically predicts a power law form of power spectra
(Kinney 2003),

P(k) = A(k∗)
(

k
k∗

)n
, (3.14)

in which A is the normalization constant that defines the amplitude of the spectrum.
It is characterized by the characteristic scale k∗, is a pivot point usually taken to be
the scale where observations of the power spectrum are most accurate. In equation
(3.14), n is the spectral index of the scalar perturbations, quantifying the tilt/slope of
the power spectrum. Inflation predicts the fluctuations in the gravitational potential,
which can be related to density fluctuations through the Poisson equation, are almost
independent of scale. The power spectrum of the potential fluctuations is given by,

PΦ = k−4P(k) ∝ kn−4, (3.15)

and the variance of the potential perturbations is given by,

ΔΦ(k) = k3PΦ(k) ∝ kn−1. (3.16)

Here, the spectral index n also determines the balance between small and large scale
power. n = 1 is boundary for potential fluctuations which diverges to small scales
(n > 1) or to large scales (n < 1). The recent WMAP result shows that the obser-
vational best fit for the spectral index n is n = 0.9608 ± 0.0080 (Bennett et al. 2012).
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Here, assuming that the primordial fluctuations are adiabatic with a power law spec-
trum, which requires that the perturbations of all contributions to the energy density
are initially in thermal equilibrium, WMAP establishes dark matter, baryonic matter,
dark energy, neutrinos and radiation as integral components of the Universe. For the
case of n = 1 in equation (3.14), the power spectrum is known as a primordial power
spectrum,

P(k) = Ak. (3.17)

This primordial power spectrum is also called the Harrison-Zel’dovich-Peebles model
(Harrison 1970; Peebles & Yu 1970; Zeldovich 1972). The primordial power spectrum
indicates that different wavelengths will have the same potential fluctuation ampli-
tudes.

3.2.2 Physical Power Spectrum

The cosmological imprint on the dark matter power spectrum can be seen for any fluc-
tuation that entered the horizon. Note that the physical spectrum is the CDM spec-
trum while the dark matter spectrum is the physical spectrum since it shows contribu-
tions from the early phase of the Universe since the density fluctuations were smaller
than the super horizon scale. However, at the radiation matter transition phase of
the Universe zeq ≈ 1100, the dark matter component started growing in mass. The
resulting cold dark matter power spectrum shaped by these processes is given by,

PCDM(k) = AknT2(k), (3.18)

where T(k) is the transfer function and it represents differential growth at early epochs
and shapes the CDM spectrum. We adopt the transfer function T(k) (Bond & Efs-
tathiou 1984) as,

T(k) =
1[

1 +
[
aq + (bq)3/2 + (cq)2

]ν
]1/ν

, (3.19)

in which the parameters are a = 6.4 h−1Mpc, b = 3 h−1Mpc, c = 1.7 h−1Mpc and
ν = 1.13 (Jenkins et al. 1998). As we are using linear perturbation theory, it is appro-
priate to work in Fourier space where the transfer function depends on the comoving
wavenumber k via q,

q =
k
Γ

h Mpc−1, (3.20)

where the comoving wave number k is parametrized relative to the shape parameter
Γ,
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Models Ω0 Λ0 Γ σ8 h
L3 0.3 0.7 0.172 1.05 0.65
L3S 0.3 0.7 0.25 1.13 −
SCDM 1.0 0.0 0.5 0.55 0.5
ΛCDM 0.3 0.7 0.21 0.9 0.7

Table 3.1: The numerical values of the COBE normalized set of models of an Einstein de Sitter
model (Ω = 1) including three flat CDM models Ω0 + Λ0 = 1: L3, L3S, SCDM and one ΛCDM
model normalized by the abundance of galaxy clusters. The rows of the table show the critical
density parameter Ω0, cosmological constant Λ0, power spectrum shape parameter Γ, the nor-
malization parameter σ8, and the Hubble parameter h (based on Cole et al. (1998) for L3, L3S,
SCDM and Jenkins et al. (1998) for the ΛCDM model).

Γ = Ω0h exp
(
−Ωb − Ωb

Ω0

)
. (3.21)

Here, the baryon density Ωb dependence accounts for the effect of baryons in the
transfer function (Sugiyama 1995). The transfer function (3.19) provides a good ap-
proximation of the accurate numerical power spectrum calculated by Seljak and Zal-
darriaga using a Boltzman code called CMBFAST based on the Boltzman, the Einstein
and the fluid dynamical equations (Seljak & Zaldarriaga 1996). This is a method for
calculating linear cosmic microwave background anisotropy spectra by integrating
the full phase space solution for a plasma. This method is useful for accurate determi-
nations of cosmological parameters from cosmic microwave background anisotropy
measurements (Seljak & Zaldarriaga 1996). Another important transfer function is
derived for adiabatic cold dark matter scenarios that account for all baryon effects to
better than 10% in the large scale structure (Eisenstein & Hu 1998).

The CDM spectrum is then written as,

PCDM(k) = A
kn[

1 +
[
6.4q + (3q)3/2 + (1.7q)2

]1.13
]1/1.13 . (3.22)

Fig. 3.1 shows some favored CDM power spectra in the Einstein de Sitter (EdS) Uni-
verse based on the parameters in Table (3.1). These parameters are chosen from a
comprehensive set of the mock 2-degree Field (2dF) and SDSS galaxy redshift sur-
veys constructed from a set of large, high resolution cosmological N-body simulations
(Cole et al. 1998), and one ΛCDM model from (Jenkins et al. 1998). According to this,
L3S, L3 and ΛCDM have more power at large scales than the standard CDM (SCDM).
However when the wave number increases, in small scales the SCDM model has more
power than the other CDM models. Note that in the meantime much more is known,
e.g., from WMAP and SDSS.
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Figure 3.1: The CDM spectra of some favorable models: L3S, L3, SCDM and one ΛCDM model
in the Einstein de Sitter (EdS) Universe plotted by using the numerical values given in Table
(3.1) (all assuming n = 1).

3.2.3 Self Similar Spectra

Here, a brief background is given, about self similar spectra that are featureless. These
spectra indicate that the physical processes that are dominant in the early Universe
cannot be detected. Note that the power law power spectra are toy or test models. This
means that these models are not warranted by observations, but they offer advantages
towards understanding the role of relevant parameters. A self similar power spectrum
is given by,

P(k) = A(k∗)
(

k
k∗

)n
.

Fig. 3.2 shows power law power spectra for different spectral indices. The initial
power spectrum produced by inflation is assumed to have the form P(k) ≈ k (n = 1).
The normalization of this power spectrum is arbitrary.

3.2.4 Normalization: Amplitude of Power Spectra

There is one more crucial parameter that defines the amplitude of the CDM spectra.
The amplitude of power spectra is set by the value of the normalization constant A
and it is defined by observations. As we mentioned before it is defined by obser-
vations. The amplitude of the mass fluctuation spectrum has been difficult to obtain.
There are two main methods to normalize the power spectrum of density fluctuations.
The main method is based on relating the mass variance in a tophat sphere of radius
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Figure 3.2: The self similar power law power spectrum in terms of five spectral indices n:
1, 0,−1,−2,−3, normalized by A = (5.9 ± 1.0)× 105(h−1 Mpc)4.

R8 ≡ 8 h−1Mpc to the variance of galaxy counts σ2
gal(R) which is observed to be one

on that scale σ2
gal(R8) ≡ σ2

gal (Davis & Peebles 1983),

σ2
8 ≡ 〈δ2(x; R8)〉 =

∫ dk

2π2
1
k

W̃2(kR8)k3P(k)

=
σ2

gal

b2 =
1
b2 .

Kaiser (1984, 1988) defined the bias parameter b which is,

b =
δgal

δ
=

σ2
gal

σ8
=

1
σ8

. (3.23)

As an extension of this method, the second method counts the number of hot X ray
emitting clusters in the local Universe. The abundance of these rare objects is very
sensitive to the amplitude of density fluctuations on scales around 8 h−1Mpc, which
corresponds to a characteristic mass of roughly ∼ 5 × 1014 h−1M�, in a critical den-
sity Universe, Ω = 1 (Evrard 1989; White et al. 1993). Because clusters represent high
density peaks, their present day abundance directly reflects the amplitude of density
fluctuations on the relevant cluster mass scale. Observations of the present day clus-
ter abundance indeed place one of the strongest constraints on cosmology and the
amplitude of mass fluctuations (Eke et al. 1996):

σ8Ω0.52−0.13Ωm ∼ 0.52 ± 0.004 for Ω0 + Λ0 = 1,
σ8Ω0.46+0.1Ωm ∼ 0.52 ± 0.004 for Λ0 = 1. (3.24)
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Based on the latest observation (WMAP DR9), Bennett et al. (2012) showed that in
ΛCDM models,

σ8Ω0.6 ∼ 0.382 ± 0.029, σ8Ω0.5 ∼ 0.434 ± 0.029. (3.25)

The last method is based on the amplitude of temperature anisotropies in the CMB,
which can be related to density fluctuations at the last scattering surface. The COBE
detection of temperature fluctuations on angular scales around 7◦ constrains the power
spectrum amplitude on very large scales, k ≈ 0.001 hMpc−1 (Smoot et al. 1992; Bunn
& White 1997).

Furthermore, galaxy redshift surveys primarily probe structure at a single epoch,
redshift zero. There are studies of clustering evolution, but the noise problems that
affect power spectrum measurements are even more severe in dilute, high redshift
samples, and the evolution of bias is uncertain. That is why normalizing the power
law power spectra is arbitrary. In the matter power spectra power spectrum, this
simple power law is multiplied by a transfer function T2(k). On COBE scales, T(k) ≈
1, which means that the dimensions of A for the primordial power spectrum will
depend on the spectral index n and L4 (White 1994). The COBE group’s best estimate,
measured from our sky, of the power spectrum normalization including the effects of
systematic error (Smoot et al. 1992; Wright et al. 1994; Bennett et al. 1994) is,

A = (5.9 ± 1.0)× 105 (h−1Mpc)4. (3.26)

Note that different estimators probe the value of σ8 in different cosmological scales
and do not take into account the nonlinear evolution of the parameter at late times.
Juszkiewicz et al. (2010) shows that estimates of the amplitude of cosmological density
fluctuations derived from cosmic flows are systematically higher than those inferred
at early epochs from the CMB because of nonlinear evolution at later times.

The normalization of the self similar power spectrum is similar to the physical
spectrum. Hence, the mass variance of the self similar spectrum is given by,

σ2 = δ2
c

(
M
M∗

)− n+3
3

, (3.27)

in which δc is the linear density of a collapse object while M∗ is the characteristic mass
and it is given by following expression (van de Weygaert & Bond 2008),

M∗ =
(

σ2
8

δ2
c

)− 3
n+3

, (3.28)

where n is the spectral index of the self similar spectrum and δc is linear collapse
density which is a function of time only. Note that, by taking into account in the
characteristic mass, one may normalize the mass variance of the self similar spectra
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arbitrarily (van de Weygaert & Bond 2008). The bias of self similar models is equal to
b ∼ σgal ∼ 1 which implies an unbiased Universe, where mass follows light on these
scales (assuming a self similar bias) (Davis & Peebles 1983). Therefore, in equation
(3.28), σ8 = δc.

3.3 Spherical Model

In this section, our aim is to understand and clarify the complex hierarchical evolution
of voids/underdense regions in the EdS Universe (Ω = 1). To do this, we consider a
spherical model which provides a fundamental and mathematically tractable formal-
ism which has been studied well and its derivation has been given by Gunn & Gott
(1972); Lilje & Lahav (1991); Sheth & van de Weygaert (2004). In this concept it is use-
ful to give background equations of the spherical model of overdense and underdense
structures. The spherical model is also important in the context of critical densities, at
the core of the Press Schechter formalism.

In the spherical model, overdense and underdense regions are represented by mass
shells (Sheth & van de Weygaert 2004). The spherical model describes the evolution
of a perfectly isotropic and spherical mass concentration. In linear theory, shells do
not cross each other in the boundary. In these mass shells matter is constant. This
indicates that when a shell radius changes with expansion, the total mass remains the
same. The profile is such that no shell crossing occurs.

3.3.1 Definitions

In the spherical model it is assumed that the related structure is in the form of uniform
mass shells inserted in each other. A shell with physical initial radius ri, starts its
expansion at the initial time ti and its initial motion is formulated by,

ri = r(ti) = a(ti)x(ti), (3.29)

where x(ti) is the initial comoving radius while a(ti) is the initial scale factor of the
shell. The motion of the spherical shell in terms of full time evolution is characterized
by its initial condition. Its motion is given by,

r(ri, t) = R(ri, t)x(xi, t). (3.30)

As is seen, the motion of the expanding shell is characterized by the physical expan-
sion factor defined by the initial radius of the shell, R(ri, t). Here, r(ri, t) is the physical
shell radius at time t and x(xi, t) is the comoving radius of the shell defined by its ini-
tial size xi. The equation of motion of the spherical perturbations is characterized by
the physical expansion factor of each shell r(ri, t) and is given by,

d2ri
dt2 = −GM(< ri)

r2
i

, (3.31)

where we adopt the mass element of the spherical tophat model, which is,
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M =
4π

3
r3

i ρu (1 + Δi) . (3.32)

Here, ρu is the background density at initial time ti. Note that the implicit assump-
tion of nonshell crossing implies the mass encompassed by a shell remains the same
throughout. The mean density contrast within the radius of the shell, for which its
expansion is given by its physical expansion factor at time t, is,

Δ(r, t) =
3

4πr3
i

∫ ri

0
4πδ(y, t)y2dy. (3.33)

Hence, the density contrast with respect to a Ω = 1 Universe at initial time ti is defined
as Δci,

1 + Δci = Ωi [1 + Δ(ri, ti)] , (3.34)

where Ωi = Ωti is the cosmological density parameter at initial time ti.The critical
density parameter is given by,

Ω(t) =
8πG

3
H2

uρu(t), (3.35)

in which Hu is the Hubble parameter of the background Universe, respectively. An-
other important parameter is αi,

αi =

(
vi

Hiri

)2
− 1, (3.36)

which depends on Hi = Hti , ri = rti and the physical velocity of the mass shell
at t = ti. Note that the physical velocity vi is the sum of the peculiar velocity and
the Hubble expansion velocity. Growing mode solutions of the density fluctuations
require the velocity fluctuation vpec,i for a spherical fluctuation at the initial time ti,
which is,

vpec,i = −Hiri
3

f (Ωi)∇(ri, ti),

αi =
2
3

f (Ωi)∇(ri, ti). (3.37)

Here, αi is a measure of the kinetic energy of the shell because of its relation with
the peculiar velocity. The mode of evolution of the shell is determined by the two
parameters αi and Δci(ri, ti),

• Open Shell: Δci < αi,

• Critical Shell: Δci = αi,

• Closed Shell: Δci > αi.
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3.3.2 Overdensities and Collapse in EdS Universe

Consider the evolution of an initially overdense, bound shell. This shell will ini-
tially expand slightly slower than the background. This expansion gradually slows
down and stops, after which it turns around and starts to contract. At turnaround,
tta, v(r, t) = 0, so shell’s development angle becomes Θr = π (Note that Θ, here, in
the spherical model represents an angel while Θ is the step function in the window
function W(kr). Note that they represents different concepts), and the density is,

1 + Δ(r, tta) = (3π/4)2. (3.38)

At turnaround, the comoving radius of a spherical perturbation is shrunk by a factor
of (3π/4)2/3 = 1.771 from its initial size. In linear theory, turnaround happens at the
redshift when Δlin reaches the value δta,

Δlin(zta) = δta = (3/5)(3π/4)2/3 ≈ 1.062. (3.39)

Full collapse is associated with Θr = 2π. At this time, the linearly extrapolated initial
overdensity reaches the threshold value δc,

Δlin(zc) = δc =

(
3
5

)(
3π

2

)2/3
≈ 1.686 . (3.40)

Therefore, the collapse redshift zcoll of each bound perturbation can be obtained from
a given initial density field. In terms of the primordial field linearly extrapolated to
the present time, Δlin,0, the collapse redshift zcoll may be directly inferred from,

D(zcoll)Δlin,0 = δc . (3.41)

Hence,

1 + zcoll =
Δlin,0

1.686
. (3.42)

The comoving radius becomes very small at collapse, (r(2π) = 0). In reality, the
matter in the collapsing object will virialize as interactions between matter in different
shells exchange energy. An equilibrium distribution will then be found. Therefore, it
is usual to assume that the final size of a collapsed spherical object is finite, and equal
to its virial radius. For a perfect tophat density, the object’s final size rfin is then ≈ 5.622
times smaller than it was initially (Gunn & Gott 1972),

r̃i,coll

rfinal
= (18π2)1/3 ≈ 5.622. (3.43)

Note that ri,coll and rfinal are comoving radii here.
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3.3.3 Underdensities and Shellcrossing in EdS Universe

Underdense spherical regions evolve different to their overdense counterparts. The
outward directed peculiar acceleration is directly proportional to the integrated den-
sity deficit, Δ(r, t) of the void. In the generic case, the inner shells are affected by a
stronger deficit, and thus a stronger outward acceleration, than the outer shells.

In an Einstein de Sitter Universe, the density deficit evolves as,

1 + Δ(r, z) ≈ 9
2
(sinh Θr − Θr)2

(cosh Θr − 1)3 . (3.44)

In comparison, the corresponding linear initial density deficit Δlin(z) is,

Δlin(z) =
Δlin,0

1 + z
≈ −3

4

2/3 (sinh Θr − Θr)
2/3

5/3
. (3.45)

The peculiar velocity vpec with which the void expands into its surroundings is,

vpec(r, t) = Hur

{
3
2

sinh Θr (sinh Θr − Θr)

(cosh Θr − 1)2 − 1

}
. (3.46)

Due to the differential outward expansion inside and outside of the void, and the
decrease of the expansion rate with radius r, matter accumulates near the boundary
of the void, forming denser shells. The density deficit |Δ(r)| of the void decreases
with decreasing radius r, down to a minimum at the center. Shells which were ini-
tially close to the center will ultimately catch up with the shells further outside, until
they eventually pass them (this is whyshell crossing occurs). This gradual increase in
density would eventually turn into a dense ridge.

The subsequent evolution of the void is described in terms of a self similar ex-
panding shell (Suto et al. 1984; Fillmore & Goldreich 1984; Bertschinger 1983). Void
expansion occurs for voids with deep density profiles. The condition for void expan-
sion is met for a step function density profile near the edge of a void. In the EdS
Universe, a void that its shells are initially just outside the edge of a void, undergos a
stage of shell crossing at a precisely determined value of the mass shell’s development
angle, Θr = Θsc,

sinh Θsc (sinh Θsc − Θsc)

(cosh Θsc − 1)2 =
8
9

, so Θsc ≈ 3.53. (3.47)

During the shell crossing stage, the average density within the void is given by,

1 + Δ(r, t) = 0.1982. (3.48)

This indicates that the shell has expanded by a factor of (0.1982)−1/3 ≈ 1.7151. In
comparison, the underdensity estimated using linear theory at the time of shell cross-
ing is,



102
CHAPTER 3: VOID HIERARCHY AND PRESS SCHECHTER FORMALISM:

PRELIMINARIES

Δlin(zsc) = δv = −
(

3
4

)2/3 (sinh Θsc − Θsc)
2/3

5/3
≈ −2.81 . (3.49)

In terms of the primordial density field, the shellcrossing redshift zsc of a void with
(linearly extrapolated) density deficit Δlin,0 may therefore be directly predicted. For
an EdS Universe it is,

1 + zsc =
|Δlin,0|
2.8059

. (3.50)

At shell crossing, total expansion velocity is obtained as,

Hs = (4/3) Hu(tsc), (3.51)

where Hu = Hu(tsc) is the global Hubble expansion factor at tsc .
For a spherical underdensity, shell crossing marks a dynamical phase transition.

Also, the timescales on which this happens are intimately related to the initial density
of the perturbation.

The epoch of shell crossing is determined by the global density parameter Ωi, the
initial density deficit Δi of the shell and the steepness of the density profile. For a sim-
ple, spherical underdensity, a dynamical phase transition occurs during shell cross-
ing. The transition epoch of shell crossing is closely related to the initial density of
the perturbation. This link essentially enables the nonlinear evolution of the cosmic
void population to be predicted, given the primordial density field. Shells accumulate
near the boundaries of voids because of the differential outward expansion within and
around each void, and the accompanying decrease of the expansion rate with radius
r (Fig. 3.3).

The same expanding and evacuating behavior of void regions apply in the far
more complex circumstances of the real cosmic matter distribution In summary of the
spherical model, we see that voids and their overdense counterparts evolve differently
(see Fig. 3.4). In the spherical model, all regions with linear theory critical density
smaller than the threshold value of shell crossing δ < δv = −2.81 form void regions
while regions with linear theory critical density greater than the threshold value of
collapse δ > δc = 1.686 form halos.

3.4 Hierarchical Clustering: Press Schechter Formalism

Press & Schechter (1974) derived an analytical formalism to infer the number density
of collapsed objects at a given redshift and mass interval based on combining Gaus-
sian statistics of the linearly extrapolated density field with the nonlinear evolution
described by the spherical model. To do this, Press & Schechter (1974) give the proba-
bility of finding a region where linear density field δ smoothed on the mass scale M is
greater than or equal to the linearly extrapolated collapse density to be expressed by
the Gaussian distribution. In case of a Gaussian field this is simply given by,
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Figure 3.3: Spherical model for the evolution of voids. The figures show the evolution of a one
dimensional void. The left and right figures start with two distinct initial profiles. One may
recognize three important characteristics of the void evolution: (i) Voids expand, (ii) Voids be-
come more underdense, and (iii) Void boundaries become overdense (Sheth & van de Weygaert
2004).

fPS(≥ δc, M) =
1√

2πσ(M)

∫ ∞

δc
exp

(
− δ2

2σ2(M)

)
dδ

=
1
2

erfc
(

δc√
2S

)
. (3.52)

This probability corresponds to the mass fraction of the region with more than or
equal to δc in the density field δ with smoothing mass scale σ2(M) = S(M) compared
to the total volume in a fair sample of the Universe. Therefore, the difference between
fPS(≥ δc, M) and fPS(≥ δc, M + dM) represents the mass fraction of the region for
which δ = δc. As we see in the previous section, in the spherical collapse model,
the density contrast of a spherical shell object must be precisely equal to the linearly
extrapolated critical density δc (δc = 1.686 in the EdS Universe) to collapse. That
is why the spherical collapse critical density value δc is called the collapse barrier
because it behaves like a barrier where an object collapses after its density contrast
reaches this value.

The number density of the collapsed objects with mass M is given by,

MnPS
ρ

dM = −∂ fPS(≥ δc, M)

∂M
dM

=
1
2

√
2
π

ρu

M2
δc(z)
σ(M)

∣∣∣∣d ln σ(M)

d ln M

∣∣∣∣ exp

[
− δc(z)

2

2σ2(M)

]
dM. (3.53)
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Figure 3.4: Evolution of overdense (upper) and underdense (lower) shells in the spherical
tophat approximation, in terms of development angle Θ. The upper half of the plot (Δ > 0)
indicates the spherical collapse model while the lower half (Δ < 0) shows shell crossing. In
both cases the linear densities given by the spherical model of overdense and underdense
shells reach the linear threshold values defined by linear theory (Δlin,0c = δc = 1.686 and
Δlin,0v = δv = −2.81) after the turnaround (θ = π). Δ values outside the range between the
linearly extrapolated density values δc = 1.686 and δv = −2.81 indicate the nonlinear density
evolution.

Here, the mass number density function encapsulates the cosmological information
via σ(M) and the spherical collapse model via the linearly extrapolated density value
δc. In the mass number density function (3.53), the factor 1/2 indicates that half of the
mass in the Universe is missing. This is because they evaluated the fraction of space
with density larger than the critical density δc. In a Gaussian field, low density areas
represent 1/2 of space, and these are not included in this formalism. Therefore, Press
and Schechter multiplied the mass density function by 2 to solve this problem. This
factor of 2 has long been noted as a weak point in the PS formulism and it is named
as the cloud in cloud problem since they did not take into account the encompassed
underdense regions.

3.4.1 Extended PS Formalism (Excursion Set Theory)

The solution of the cloud in cloud problem of the PS formalism came with its modifi-
cation. This was done in an elegant mathematical way and explanation by Bond et al.
(1991) (see also Epstein (1983); Peacock & Heavens (1990); Bower (1991); Bardeen et al.
(1986a)). This modification is detailed by means of an elegant mathematical way and
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explanation by Bond et al. (1991). This is known as the extended PS (EPS) or the excur-
sion set formalism. Their work is based on the stochastic processes by Chandrasekhar
(1943) and using results from random fields as described in Bardeen et al. (1986b) by
Adler (1981, 2008).

The EPS formalism is based on the idea of selecting mass elements of a virial-
ized object of various sizes. This is the main difference between the EPS and PS
formalisms. While the PS model depends only on the Gaussian distribution of the
density field for one particular mass scale S(M), the excursion set considers all mass
scales S(M1), ..., S(Mn).

The EPS formalism considers the statistical properties of δ(S(M)), the average
overdensity within some spherical window of characteristic radius R related with the
smoothed mass M = 4/3πR3. For most choices of window function, the functions
δ(S) are correlated from one S to another such that it is prohibitively difficult to cal-
culate the desired statistics directly, although Monte Carlo realizations are possible.
However, for one particular choice of a window function, the correlations between
different mass scales greatly simplify and many interesting quantities may be calcu-
lated (Bond et al. 1991). The key is to use a k-space tophat window function (see
section (3.1) and equation (3.13) for details).

The great advantage of the sharp k-space filter is that the difference at a given
point between the density contrast on one mass scale and that on another mass scale
is statistically independent from each other and the value on the larger mass scale
S(M). With a Gaussian random field, each δ is independent from the others. By
following the formalism by Bond et al. (1991), it is common to refer to the cumulative
density contrast δ(S) given by many subsequent increases of the smoothing scale by
independent increments ΔS as a trajectory for δ that they represent a random walk
behavior. Then, the cumulative density contrast or cumulative random walk is given
by,

δ(x) =
∫ ∞

|k|
dk

(2π)3 δ(k)e−ik.x. (3.54)

Fig. 3.5 represents three examples of random walks generated by the cumulative den-
sity contrast equation (3.54). As is seen, the field performs a Brownian random walk
as each increment δ(S) when S increases. These trajectories δ(S) are governed by a
simple diffusion equation,

∂Π
∂S

=
1
2

∂2Π
∂δ2 , (3.55)

where Π is the probability distribution for trajectories δ(S) that never exceed δc prior
to some specific value of S. Imagining each trajectory as absorbed and removed from
the sample of trajectories at the moment it first crosses the threshold at δc, the diffusion
equation, also known as the Fokker Planck equation, is solved under the boundary
conditions,
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Figure 3.5: Three examples of random walk trajectories of δ(S) assuming each step is indepen-
dent, as in the case of a sharp k-space window function. The collapse of virialized objects with a
smoothed density field at related mass scales can be described by Brownian random walks with
the collapse threshold δc = 1.686. As is seen above, trajectories pierce the barrier/threshold
δc = 1.686 (red dashed line) many times and drop below δc between subsequent upcrossings.
It is useful to mention that while mass scale S increases from left to right, mass function M
decreases.

• Π(δ, S) is finite as δ → ∞,

• Π(δc, S) = 0.

The solution of the Fokker Planck equation (3.55) with the barrier δc(t) gives the prob-
ability distribution of the trajectories (random walks) that never exceed the collapse
barrier (spherical linearly extrapolated critical density) δc, and is given by,

Π(S, δ) =
1√

2πΔS

[
exp

(
− (Δδ)2

2ΔS

)
− exp

(
− [2 (δc − δ0)− Δδ]2

2ΔS

)]
, (3.56)

where δ0 is the starting position (barrier) of the random walk. The increments of mass
scale and the density field are given by,

ΔS = S − S0, and Δδ = δ − δ0 (3.57)

in which S0 is the mass scale corresponding to the starting position (barrier). In equa-
tion (3.56), the first term on the right hand side is the Gaussian distribution that rep-
resents the points above the threshold at S. The second term accounts for the trajecto-
ries that have been removed because they crossed above the threshold at a filter scale
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S′ < S but would have crossed back below the threshold by S (Zentner 2007; Bond
et al. 1991).

This probability distribution function (3.56) is the backbone of the EPS formalism.
Chandrasekhar showed that the probability of the trajectories first upcrossing the bar-
rier is the same as the probability of the trajectories being reflected below the barrier
(Chandrasekhar 1943) (Fig. 3.6). Therefore, to obtain the distribution of the trajecto-
ries above the barrier, we have to subtract the reflected distribution, equation (3.56),
from the Gaussian distribution. Following this, by integrating this distribution, we
can obtain the probability of trajectories appearing above the threshold at some mass
scale S(M), which is,

f (S, δ, δ0) = 1 −
∫ δc

−∞
Π(S, δ)dδ = erfc

(
δc − δ0√

2S̃

)
. (3.58)

Note that choosing the starting point of the random walk as S0 = 0 and δ0 = 0 to
indicate a starting value at a very large smoothing scale, one can obtain the mass
fraction function given by the PS formalism, as in equation (3.52) but without having
to introduce an arbitrary factor of two.

Using the mass fraction function, equation (3.58), the first crossing distribution or
the differential probability for the trajectory up crossing the barrier first on various
mass scale S(M) is obtained as,

f (S|δ0, S0)dS ≡ d f (S, δ, δ0)

dS
dS =

δc − δ0√
2π(ΔS)3/2

exp

[
− (δc − δ0)

2

2ΔS

]
dS. (3.59)

This equation is the fundamental relation as it gives the probability for first crossing
a barrier given any starting point and any change in filtering scale S̃. The fraction of
mass in collapsed objects in a narrow range of masses is obtained by setting S0 = 0
and δ0 = 0 and rewriting equation (3.59) in terms of the mass that corresponds to the
variance M(S) as,

d f (M, δ, δ0)

dM
=

1√
2π

δc

S3/2

∣∣∣∣ dS
dM

∣∣∣∣ exp
(
− δ2

c
2S

)
. (3.60)

Hence, the number density of objects with the mass interval [M, M + dM] of the EPS
formalism is then given by using the relation between mass scale and the mass vari-
ance S = σ2(M),

dn
dM

=

√
2
π

ρ0

M2
δc

σ

∣∣∣∣ d ln σ

d ln M

∣∣∣∣ exp

(
− δc

2

2σ2

)
.

Note that analytic mass spectra are often scaled per logarithmic interval in ν (Zentner
2007),
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Figure 3.6: Illustration of the probability distributions of the random walks in the EPS theory.
For each trajectory that lies above the threshold at δc, there is an equivalent trajectory that is
its mirror image reflected around δc which was not taken into account in the PS formalism. It
supplies the missing factor of 2 of the PS formalism. The probabilities of the trajectory crossing
the barrier and its mirror image are equal (grey region). The cumulative density distribution of
the trajectories is represented by the Gaussian distribution in which the trajectories that never
cross the barrier δc have the probability Π(S, δ).

ν f (ν) ≡ d fEPS
dlnν

, (3.61)

in which ν is the height of the threshold in units of the standard deviation of the
smoothed spherical density distribution and is equal to,

ν ≡ δc

σ
. (3.62)

For standard excursion set theory the scaled mass fraction function is written as,
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Figure 3.7: The scaled mass fraction of the spherical collapsed objects in the extended Press
Schechter formalism (excursion set theory).

ν f (ν) =

√
2
π

ν exp
(
−ν2

2

)
. (3.63)

Fig. 3.7 shows the scaled fraction of mass in terms of the height of the threshold in
units of the standard deviation ν, which is independent from the cosmological models.
This mass fraction function is generally used to compare this approximate analytical
description with the simulation data (Zentner 2007). As is seen, small values of the
scaled mass fraction, ν ≤ 1, indicates low mass halos while ν > 1 represents high mass
halos. According to this, in Fig. 3.7, the EPS scaled mass fraction function predicts
more low mass halos than high mass halos.

Here, we have given the background equations and the definitions of the EPS for-
malism. This modification of the PS formalism has been successful in predicting the
mass functions found in N-body simulations. The description has been further ex-
tended to incorporate the influence of the environment on the halo mass distribution
(Bond et al. 1996; Mo & White 1996; Lacey & Cole 1994; Sheth & Tormen 2002; Abbas
& Sheth 2005).
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Observational studies show that voids are prominent features of the large
scale structure of the present day Universe. Even though their emerging
from the primordial density perturbations and evolutionary patterns differ
from dark matter halos, N-body simulations and theoretical models have
shown that voids also merge together to form large void structures.

In this study, following Sheth & van de Weygaert (2004), we formulate
an analytical approximate description of the hierarchical void evolution of
merging voids by adopting the halo merging algorithm given by Lacey &
Cole (1993) in the Einstein de Sitter (EdS) Universe. To do this, we take
into account the general volume distribution of voids which consists of
two main void sociologies: merging and collapsing. We show that the vol-
ume distribution function can be reduced to a simple form, by neglecting
the collapsing void contribution. As a result of this, the void volume frac-
tion has a contribution only from growing voids. This algorithm becomes
the analogue of the halo merging algorithm. Based on this growing void
distribution, we obtain the void merging algorithm in which we define
and formulate void merging and absorption rates, as well as void size and
redshift survival probabilities in terms of the self similar and standard cold
dark matter models in the EdS Universe.

4.1 Introduction

Early galaxy surveys have shown that voids are integral features of the observed Uni-
verse (Chincarini & Rood 1975; Gregory & Thompson 1978; Einasto et al. 1980). Voids,
as a prominent feature of the Cosmic Web, are surrounded by galaxy clusters, fil-
aments and sheet like walls (van de Weygaert & Platen 2011). After the discovery
of the Boötes void (Kirshner et al. 1981), it has been shown that they are prominent
features of the Cosmic Web (Bond & Myers 1996), filling 95% of the total volume of
galaxy distribution (Kirshner et al. 1981; Geller & Huchra 1989; da Costa et al. 1994;
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Shectman et al. 1996; Einasto et al. 1997; Plionis & Basilakos 2002). From the perspec-
tive of the void based description of Cosmic Web, voids form the structure formation
of the Universe (Icke 1984; Regos & Geller 1991; van de Weygaert 1991; Sheth & van
de Weygaert 2004). As voids expand, matter is squeezed in between them, and sheets
and filaments form the void boundaries. This view is supported by numerical stud-
ies and computer simulations of the gravitational evolution of voids in more complex
and realistic configurations (van de Weygaert & Platen 2011).

Voids can have a broad range of shapes and sizes. Observations (Plionis & Basi-
lakos 2002; Hoyle & Vogeley 2002, 2004; Tully et al. 2008; Tikhonov & Karachentsev
2006; Kraan-Korteweg et al. 2008; Pan et al. 2012; Sutter et al. 2012) and N-body sim-
ulations (Regos & Geller 1991; van de Weygaert & van Kampen 1993; Dubinski et al.
1993; Benson et al. 2003; Gottlöber et al. 2003; Colberg et al. 2005; Tinker & Conroy
2009; Aragon-Calvo & Szalay 2012) show that voids can have very diverse range in
size. There are voids that possess sizes smaller than this range; on the basis of the
Catalog of Neighbouring Galaxies (Karachentsev et al. 2004), Tikhonov & Karachent-
sev (2006) found 30 minivoids with a range of sizes, 0.7 − 3.5 h−1Mpc. However,
firm upper limits on the maximum void size have not yet been set (van de Weygaert
& Platen 2011). Aragon-Calvo and Szalay mention that at the top of the hierarchy
the peak of the void size distribution is approximately 11 h−1Mpc (Aragon-Calvo
& Szalay 2012) in their simulation and this agrees with the radius of the Local Void
estimated by Nasonova & Karachentsev (2011). Studies on the size of the Local Void
based on the dimensions of the Local Void in depth and the extent of its galaxy pop-
ulation are still debated. Tully et al. note that the region of low density extends up to
distances of ≈ 20 − 30 h−1Mpc (Tully et al. 2008). Kraan-Korteweg et al. (2008) sug-
gest that the local region of depression may be even larger, neighboring a more distant
void in Microscopium/Sagittarius. Furthermore, these authors denote the existence
of a few filaments inside this volume, dividing the supervoid into 2 or 3 voids with
the size of 10-30 h−1Mpc. Recently Courtois et al. (2012) reconstructed the full linear
density and 3-dimensional velocity fields in term of the standard ΛCDM model with
the cosmological parameters derived from the WMAP5 database. In this study, they
show that the prominent structure of the Local Supercluster is wrapped in a horseshoe
shape underdensity with the Local Void.

Furlanetto and Piran argue that voids selected from catalogues of luminous galax-
ies should be larger than those selected from faint and dark matter galaxies: the char-
acteristic radii range is from ≈ 5 to 10 h−1Mpc (Furlanetto & Piran 2006). Besides,
within large voids, the mass function is nearly independent of the size of the under-
density, but finite size effects play a significant role in small voids, R ≈ 7 −1Mpc
(Furlanetto & Piran 2006). Hoyle and Vogeley’s study represents the most elaborate
study for voids. They find that voids with characteristic radii 15 h−1Mpc fill ≈ 35 per
cent of the Universe (Hoyle & Vogeley 2004). In this study they restrict their search to
voids with radii greater than 10 h−1Mpc since smaller voids are difficult to pinpoint
because of confusion with random fluctuations in the galaxy distribution. They used
a void finding algorithm given by Hoyle & Vogeley (2002). They describe the steps
of this algorithm as classification of galaxies as wall or void galaxies, detecting empty
cells in the distribution of wall galaxies, growth of the maximal empty spheres and
the last step is the enhancement of the void volume. Their work got extended into
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the definition of a void galaxy catalogue from SDSS DR7 (Pan et al. 2012; Hoyle et al.
2012). Hoyle et al. (2012) define 1054 voids in the northern galactic hemisphere with
R > 10 h−1Mpc at redshifts z < 0.107 by using the SDSS DR7. In their survey, they
find approximately 30 h−1Mpc as the largest void size. Recently, again using SDSS
DR7, Sutter et al. (2012) released a void catalogue up to redshift z = 0.2 and the Lu-
minous Red Galaxy sample out to z = 0.44. They showed that voids have radii in
the range 5 − 135h−1Mpc. In this study, Sutter et al. (2012) identify voids by using a
modified version of the parameter free void finder ZOBOV (Neyrinck 2008; Lavaux &
Wandelt 2010), which is based on a Voronoi tessellation to reconstruct the density field
(van de Weygaert 2007; Platen et al. 2011) followed by a watershed algorithm to group
Voronoi cells into zones and voids (Platen et al. 2007). Due to the void finding algo-
rithm they used, their sample is much more complete in terms of the full hierarchical
structure of voids.

The first dynamical models of voids have been based on isolated spherical under-
dense regions in a uniform background. A very detailed study of void dynamics in
the Einstein de Sitter Universe has been done by Bertschinger (1983) and Bertschinger
(1985). He formulated the scale free solutions in terms of the nonlinear evolution of
isolated spherical voids in baryon, dark matter and mixed gases. In addition to this,
Filmore and Goldreich reached the same results for dark matter and baryon matter.
Later on it was shown that, similarly to their overdense counterparts, voids also merge
together to construct large void structures hierarchically (Regos & Geller 1991; van de
Weygaert & van Kampen 1993; Sahni et al. 1994; Gottlöber et al. 2003; Colberg et al.
2005). A significant contribution for a proper theoretical insight into the unfolding
void hierarchy is the theoretical void study by Sahni et al. (1994, 1995a,b). This in-
volved a description of void evolution in the context of a Lagrangian adhesion model.
Following this, Sheth and van de Weygaert argued that void evolution is dictated by
two processes: their merging into ever larger voids and the collapse of voids that are
embedded in overdense regions. In the same study, by identifying these two evolu-
tionary paths, Sheth & van de Weygaert (2004) derived a mass fraction function to
model the hierarchical evolution of merging and collapsing void populations. They
showed how void evolution is driven by the gradual hierarchical evolution of voids
(Sheth & van de Weygaert 2004). They were the first to point out that this void hier-
archy can be modeled by adopting the Extended Press Schechter formalism with two
critical barriers.

In this Chapter, following up on Sheth & van de Weygaert (2004), we construct
a merger tree algorithm of large spherical voids. In this, we adopt the dark matter
merging halo algorithm of Lacey & Cole (1993). To obtain the merging tree algo-
rithm of large spherical voids, we limit ourselves to the self similar models, that are
the hierarchical scenarios, with the spectral indices −3 < n < 1 and the cold dark
matter power spectrum with spectral index n = 1. We show that the general mass
fraction function of voids given by Sheth & van de Weygaert (2004), consisting of con-
tributions from growing/merging voids and voids that are embedded in overdense
regions. This fraction function is reduced to a simple form by neglecting the embed-
ded void contribution by using a physical criteria given by Sheth & van de Weygaert
(2004). As a result of this, the void volume fraction has been obtained a contribution
only from merging voids. This is analogous to the halo mass fraction. Based on this
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reduced void size distribution, we obtain the void merging algorithm, void merging
rate, void survival times and merging trees in terms of the self similar and standard
CDM models in the EdS Universe.

4.2 Origin and Dynamics

Voids are the most prominent features of the Megaparsec structure of the Universe.
It is impossible to formulate the dynamical characteristics of the cosmic web without
understanding the origin and dynamics of voids. In the primordial density fluctua-
tions, voids emerge out of density minima and they have negative density contrast
δ > 1 (van de Weygaert & Platen 2009). As a result of this negative density profile,
voids represent a region of weaker gravity, resulting in an effective repulsive pecu-
liar gravitational influence. Note that there are two correlated effects; evacuation and
expansion of voids. Evacuation occurs due to the negative gravity which forces mat-
ter to move from the center to the boundary of the void. Consequently, the density
within voids gradually increases outward and void matter in the center moves out-
ward faster than void matter towards the boundary. This results in a typical void
density profile.

Similarly to evacuation, due to the negative gravity, initially underdense regions
expand faster than the Hubble flow, and thus expand with respect to the background
Universe. This continuous matter evacuation causes voids to become emptier and
emptier. This means that the density contrast becomes more negative, δ = −1. (van de
Weygaert & Platen 2009). Numerical calculations and N-body simulations show that
voids tend to become spherical with respect to their time evolution (Centrella & Melott
1983; Fujimoto 1983; Bertschinger 1985). This tendency on the basis of expansion of
voids was explained by the bubble theorem by Icke (1984). Computer simulations
of gravitational evolution of voids in realistic cosmological environments do show
a considerably more complex situation than that described by idealized spherical or
ellipsoidal models (van de Weygaert & van Kampen 1993; Colberg et al. 2005; Aragon-
Calvo & Szalay 2012). In recent years the huge increase in computational resources
has enabled N-body simulations to resolve in detail the intricate substructure of voids
within the context of hierarchical cosmological structure formation scenarios. They
confirm the theoretical expectation of voids having a rich substructure as a result of
their hierarchical buildup (Regos & Geller 1991; van de Weygaert & van Kampen 1993;
Gottlöber et al. 2003; Colberg et al. 2005; Sheth & van de Weygaert 2004; Aragon-Calvo
& Szalay 2012).

This leads to a considerably modified view of the evolution of voids. One aspect
concerns the dominant environmental influence on the evolution of voids. To a large
extent the shape and mutual alignment of voids is dictated by the surrounding large
scale structure and by large scale gravitational tidal influences (Platen et al. 2008).
Equally important is the role of substructure within the interior of voids. This, and the
interaction with the surroundings, turn out to be essential aspects of the hierarchical
evolution of the void population in the Universe.
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4.3 Sociology of Voids

Voids have a more complex evolutionary path than their overdense counterparts due
to their environments. Two main processes influence the evolution of voids depend-
ing on their surroundings: relatively large voids can merge into ever larger voids, and
voids that are embedded in overdense regions can collapse.

Merging: The merging of subvoids within a large void’s interior usually follows
the emergence of these small scale depressions as true voids. Once they do, their
expansion tends to slow down. When the adjacent subvoids meet up, the matter in
between is squeezed in thin walls and filaments. The peculiar velocities perpendicu-
lar to the void walls are mostly suppressed, resulting in a primarily tangential flow
of matter within their mutual boundaries and the gradual fading of these structures
while matter evacuates along the walls and filaments towards the enclosing boundary
of the emerging void (Dubinski et al. 1993). The final result is the merging and absorp-
tion of the subvoids in the larger void (see Fig. 4.2). As far as the void population is
concerned only the large void counts, while the faint and gradually fading imprint
of the original outline of the subvoids remains as a reminder of the initial internal
substructure. The timescale on which the internal substructure of the encompassing
void is erased is approximately the same as that on which it reaches its maximum size
defined by the survival probability.

Collapse: The second void process, that of the collapse of mostly small and medium
sized voids, is responsible for the radical dissimilarity between void and halo pop-
ulations. If a small scale minimum is embedded in a sufficiently high large scale
density maximum, then the collapse of the larger surrounding region will eventually
squeeze the underdense region it surrounds: small scale voids will vanish when the
region around them fully collapses. The most frequent manifestation of this process is
anisotropic shearing of collapsing voids near the boundaries of prominent voids, and
is an indication of the important role of tidal forces in bringing about their demise (see
Fig. 4.2).

Fig. 4.3 illustrates the two main void processes in terms of power law power spec-
tra with spectral index n = −2,−1, 0. The emerging weblike structure is in a ΛCDM
Universe, in Lagrangian space. One may see how the initially intricate weblike net-
work in the interior of the large central underdense region gradually disappears as
voids merge while the internal boundaries (in blue) gradually fade away. In particu-
lar near the boundaries of large voids we may see the second void process, that of the
collapse of voids. It manifests itself in the form of a shearing and squeezing of less
prominent voids. This is a result of the expansion of prominent neighboring voids or
of the tidally induced filamentary or planar collapse of the weblike mass concentra-
tions at the edges of the voids.

4.4 Extended Press Schechter Formalism of Voids

N-body simulations of void evolution show a more complex situation than that de-
scribed by idealized ellipsoidal or spherical models, and indicate the intricate sub-
structure of voids within the context of hierarchical cosmological structure formation
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Figure 4.1: From top to bottom, simulations based on a ΛCDM Universe, in Lagrangian space,
show the appearance of self similar models with a power law power spectrum P(k) = kn having
the spectral index n = −2,−1, 0 at the time series from left to right.

scenarios (Martel & Wasserman 1990; Regos & Geller 1991; Dubinski et al. 1993; van de
Weygaert & van Kampen 1993; Mathis & White 2002; Arbabi-Bidgoli & Müller 2002;
Benson et al. 2003; Gottlöber et al. 2003; Goldberg & Vogeley 2004; Padilla et al. 2005;
Colberg et al. 2005; Hoeft et al. 2006; Aragon-Calvo & Szalay 2012). These studies con-
firm the theoretical expectation of voids having a rich substructure as a result of their
hierarchical buildup. Apart from these studies, Sahni et al. (1994, 1995a,b) describe
void hierarchy in Lagrangian perturbation theory and its subsequent elaboration, the
adhesion approximation. Sheth & van de Weygaert (2004) provided a considerably
modified view of the evolution of voids in the context of hierarchical scenarios. They
also showed that the hierarchical evolution of voids, akin to the evolution of over-
dense halos, may be described by the EPS formalism (Sheth & van de Weygaert 2004).
Furlanetto & Piran (2006) build a model to describe the distribution of galaxy under-
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Figure 4.2: Visualization of void evolution from N-body simulations, due to merging (upper
panels) and collapse (lower panels).Upper: The void structure evolves from left to right; three
timesteps are shown from a 1283 particle N-body simulation of structure formation in a SCDM
model (aexp = 0.1, 0.3, 0.5). A large void of diameter ≈ 25 h−1 Mpc is seen to develop, while
smaller voids and structures formed within this void are seen to merge with each other. Lower:
Three collapsing voids in a constrained N-body simulation are shown, with differing tidal shear
strength in the surrounding environment. The velocity vectors showing the matter evacuated
from the inner to the outer regions of the void due to its weak peculiar gravity, are indicated by
arrows in these panels (Image Courtesy: Rien van de Weygaert).

densities. Our model is based on the ‘excursion set formalism’, the same technique
used to predict the dark matter halo mass function.

4.4.1 Collapse and Merging Barriers

The hierarchical evolution of complex void can be modeled by a two barrier excursion
formalism. Here, the two barriers refer to the two main processes that dictate void
evolution: merging and collapse (Sheth & van de Weygaert 2004; van de Weygaert
& Bond 2008). In the two barrier excursion set, the merging threshold is the shell
crossing value of the spherical voids δv = −2.81 in the EdS Universe. The collapse
threshold of voids that are embedded within a contracting overdensity is set by the
collapse barrier of the spherical model δc = 1.686 in the EdS Universe. In linear theory,
the growing under and over densities of the spherical model are written in terms of
redshift, as follows,
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δlin,c(z) =
δc

D(z)
= δc (1 + z) ,

(4.1)

δlin,v(z) =
|δv|

D(z)
= |δv| (1 + z) . (4.2)

In this study, we use linear over and under densities of the spherical objects as time
variables by following Lacey & Cole (1993). This is a natural choice by considering
the critical over and critical under densities are constant values in the EdS Universe
(Ω = 1).

4.4.2 Normalization of Power Spectra

Here, we give the core elements of the normalization of the power law power spectra
and physical spectrum in the context of void hierarchy. To define the normalization of
the power spectrum, it is important to convert the mass fraction to a void size distribu-
tion. It is possible to do this in terms of the spherical model. All the time dependence
comes from the linearly extrapolated density, and mass is not time dependent and the
comoving volume V of the void is equal to,

V = (M/ρu)× 1.73 (4.3)

Here, the constant parameter 1.7 is the expansion factor of a shell crossing void in an
EdS Universe. Following the shell crossing, the distribution of void sizes evolves self
similarly when voids reach shellcrossing (Sheth & van de Weygaert 2004).

We can set the relation between void mass, volume and size by using the definition
of the mass variance for the self similar models, as follows,

σ2(M) = S(M) = δ2
lin,v

(
M
M∗

)−α

= δ2
lin,v

(
V
V∗

)−α

= δ2
lin,v

(
R
R∗

)−3α

, (4.4)

in which α = n + 3/3. M∗, V∗ and R∗ are the characteristic mass, volume and ra-
dius respectively, while α is the constant that is defined by (n + 3)/3 where n is the
spectral index. The self similar evolution of the mass scale is specified via the time
development of the characteristic mass by following (van de Weygaert & Bond 2008),

M∗(z) = D
6

n+3 (z)M∗,0, M∗,0 =

(
σ8

|δv|
)6/n+3

, (4.5)

where M∗,0 is the present day value of the characteristic mass.

M∗(z) =
(

σ8

|δlin,v|
)6/n+3

. (4.6)
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Here, for normalization of the power spectra, the characteristic mass M∗ can be cho-
sen as M = M∗. This indicates that in equation 4.4, the characteristic normaliza-
tion mass variance is equal to σ2(R = 8 h−1Mpc) ∼ |δv|. Therefore, we chose the
characteristic radius as R∗ = 8 h−1Mpc. Following this, the characteristic radius
R∗ = 8 h−1Mpc, and the radius R of a void region for a power spectrum approxi-
mated by a power law of slope n is given by,

R = 1.7 × 8
(

σ8

|δv|
)2/n+3

. (4.7)

Here, σ8 is the variance of the density perturbation smoothed on 8 h−1Mpc. This
makes the typical void diameter of the order of the correlation length, 8 h−1Mpc.
This normalization of the power law power spectrum, as is seen in equation (4.7) al-
lows us to compute the void volume distribution for a range of ΛCDM spectra with
different cosmological parameters (e.g. those for WMAP9, WMAP7, etc.). Apart from
this, equation 4.7 gives the identification of the initial comoving void size R of a re-
gion.

To normalize the CDM spectrum, in this Chapter, we limit ourselves to the cur-
rently favored ΛCDM model with σ8 = 0.9. We use the transfer function by Bond &
Efstathiou (1984). Hence, the power spectrum is given by,

P(k) = A
kn[

1 +
[
6.4q + (3q)3/2 + (1.7q)2

]1.13
]1/1.13 . (4.8)

where q is given by,

q =
k
Γ

hMpc−1,

in which k is the wavenumber and Γ is called the shape parameter. The shape param-
eter Γ = 0.21 and normalization σ2

8 = 0.9 for ΛCDM model by Jenkins et al. (1998).
To normalize the ΛCDM spectra we take the ratio between the observed σ8 = 0.9 and
numerically calculated σ8 by using the power spectrum equation (4.8) in terms of the
numerical Romberg integration. The ratio between observed and numerically calcu-
lated mass variances gives us the amplitude of the power spectra, in other words the
normalization constant. In ΛCDM related plots we use the Romberg numerical inte-
gration to obtain the normalized mass and volume variance parameters σM and σ(V).
Another important point that we should be careful about, is the choice of the spectral
index n in the power spectrum equation (4.8). As we mentioned in the Introduc-
tion, the spectral index gives the slope of the power spectrum and it varies between
1 and −3 depending on the scale/wavenumber of the power spectrum. The ampli-
tude of the power spectrum changes in terms of scale/wave numbers (Fig.4.3). Small
wavenumbers indicate large scales while large wavenumbers show small scales. As a
result, the slope of the spectral index varies between very large and very small scales
(Fig.4.3). Since our goal is to construct merging dark matter voids, our interest is large
scales, that is why we choose n = 1.
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Figure 4.3: Upper: The evolution of power spectrum slope n(k) in terms of wave number k for
the ΛCDM. The slope of power spectrum changes between 1 and −3. Lower: The normalized
ΛCDM power spectrum with parameters Γ = 0.21, n = 1 and σ8 = 0.9.

4.4.3 Derivation of Void Excursion Set

The analytical description of the two barrier excursion set is based on a void distri-
bution function on a mass scale M derived by Sheth & van de Weygaert (2004). By
following their formalism, here we first introduce the related functions and parame-
ters of the two barrier void excursion set in terms of mass element M . However to
obtain a physically realistic description of the void population in the context of hierar-
chical build up scenarios, it is crucial to define the void distribution function in terms
of volume/size since the volume of voids tends to grow in time. This will be taken
care of at the end of this section by using the relations between volume, mass and size
parameters which we have shown above.

The void distribution function based on the two barrier random walk problem on
a mass scale M was derived by Sheth & van de Weygaert (2004) and is approximated
by (see also van de Weygaert & Bond (2008)),
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nv(M)dM ≈
√

2
π

ρu

M2 νv exp
[
−ν2

v
2

] ∣∣∣∣d ln σ(M)

d ln M

∣∣∣∣ exp
[
−|δv|

δc

D2

4ν2
v
− 2D4

ν4
v

]
, (4.9)

where νv corresponds to a fractional under density function (Sheth & van de Weygaert
2004),

νv(M) =
δv

σ(M)
=

|δv|√
S(M)

, (4.10)

in which δv is the void threshold while the mass dependence comes in via the mass
variance function σ(M) or the mass scale function S. In equation (4.9), D is the void
and cloud parameter (Sheth & van de Weygaert 2004) and it is defined as,

D ≡ |δv|
(δc + |δv|) . (4.11)

Here, D parameterizes the impact of the halo evolution on the evolving population
of voids including two barriers for overdense δc and underdense δv regions (Sheth &
van de Weygaert 2004). The void mass distribution function (or void distribution) can
be obtained by using the following expression,

nv(M)dM = 2σ2 ρu

M2 fv(νv)

∣∣∣∣ d ln σ

d ln M

∣∣∣∣ dM. (4.12)

The mass distribution of voids on mass scale M with respect to the two barriers can
be derived from equation (4.12) as follows,

fv(M)dM =
1√
2π

νv

σ2 exp
[
−ν2

v
2

]
exp

[
−|δv|

δc

D2

4ν2
v
− 2D4

ν4
v

]
dM. (4.13)

As is seen, there are two cut offs in the void mass fraction equation (4.13) at large and
small values of the fractional density νv (see Fig. 4.4). Sheth & van de Weygaert (2004)
pointed out that this expression is accurate for values satisfying γ ≡ δc/δv ≥ 0.25.
Choosing the ratios of linearly extrapolated densities larger than 0.25 guarantees that
the void distribution is well peaked at the characteristic value v ∼ 1 (σ(M∗) ∼ |δv|).
Fig. 4.4 shows the different choice of γ parameters. As is seen, mass fraction fv with
γ ≥ 0.25 seem well peaked at the characteristic void mass which is v ∼ 1. In addition,
Fig. 4.4 indicates two cutoffs of the distribution function at small and large scaled
mass.

Up until here, we give the important parameters and functions of void evolution
that allow us to construct a hierarchical evolution of voids by taking into account
their complex evolutionary paths. In this concept, the void distribution is especially
important since it becomes the backbone of void merging tree algorithm, based on the
two barrier excursion set.
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Figure 4.4: The scaled fraction of the void population fv in terms of different barrier ratios
γ = 0.05, 0.25, 1.

In this study we construct a void merging tree by taking into account void volume
and size distribution instead of mass distribution. As was pointed out before, voids
tend to grow in size and due to their peculiar gravitational field, their mass content is
accumulated in a thin mass shell surrounding voids. Therefore, constructing a model
in order to obtain their evolution from volume or size perspective seems to be natural
and realistic approach.

To do this, as a first step, the mass dependent void distribution equation (4.13) is
obtained in terms of scale S by using the relation between mass variance and mass
scale σ2(M) = S(M) in equation (4.12, which leads to,

nv(M)dM = S
ρu

M2 fv(S, δc, |δv|)
∣∣∣∣ d ln S
d ln M

∣∣∣∣ dM. (4.14)

Then, by using this equation, we obtained the mass scale S dependent void distribu-
tion function as follows,

fv(S)dS ≈ 1√
2π

δv

S3/2 exp
[
− δ2

v
2S

]
exp

[
−1

4
|δv|
δc

D2 S
δ2

v
− 2D4 S2

δ4
v

]
dS. (4.15)

This void distribution is particularly important since it defines the transition between
barriers, which is the base of the void merging algorithm. Sheth & van de Weygaert
(2004) indicated the distribution function can be transformed into void mass, void
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volume and void size distributions with respect to the definition of the variance in
terms of simple self similar spectra (4.4),

fv(S)dS ∝ fv(M)dM ∝ fv(V)dV ∝ fv(R)dR. (4.16)

This simple approximation allows us to use volume scale function S(V) instead of
mass scale function S(M). Due to this approximation, void distribution equation
(4.15) represents the void volume distribution.

Under these circumstances, the void volume distribution function has contribu-
tions from both growing and collapsing minor void populations. These two dynami-
cal characteristics are encapsulated by collapse and shell crossing barriers in the void
volume distribution function. The description of the two barriers void excursion set
can be given as follows: a trajectory crosses the collapse threshold δc on a volume scale
S and then crosses δv on a larger volume scale S′ > S. This indicates that a void is em-
bedded in an overdense region and later on, due to the contracting overdense region,
it will collapse at volume scale S (Fig. 4.5). The trajectories that do not cross the col-
lapse barrier indicate voids that merge or become mature without collapsing. These
gradually merging or mature voids have sizes above a critical size in which case they
are not effected by the overdense regions (Sheth & van de Weygaert 2004). In Fig. 4.5
two different random walks are given. These trajectories represent examples of void
evolution processes. While the blue trajectory relates to void formation through the
merging of voids, the red trajectory represents a collapsing void evolution. As is seen
from the figure, the trajectory is related with merging void events and its associated
random walk (blue). This random walks shows that the present day void V6 corre-
sponds to a larger volume than the smaller void V2 which merged into V6. The red
random walk at largest S concerns a location which at early times was found within a
small void V1. This void, however, is embedded in an overdense halo H1 which later
merge into a massive halo H2. Once this entity collapses into a massive virilized halo,
void with volume V1 will vanish.

4.5 Lacey and Cole’s Merging Tree Algorithm for Growing Voids

In this section we have formulated a merging tree algorithm of growing voids. This
algorithm is based on the application of the two barrier volume scale distribution
function (4.15) to the halo merging tree algorithm by Lacey & Cole (1993) to the void
merging tree algorithm.

Here, we limit ourselves to voids that grow in volume. The size criteria of voids
that will grow without vanishing is established by Sheth & van de Weygaert (2004).
This criteria is based on the statement that there are no large scale voids embedded in
large scale halos, on the scales where,

σ � (δc + |δv|) , (4.17)

and here the collapse barrier δc does not have any effect on the void population. If we
rearrange this statement in terms of the void size by using the relations 4.4, we obtain
a void size criteria,
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Figure 4.5: Two barrier EPS formalism of the two void processes: void merging (blue) and void
collapse (red). Random walk represented by the average spherical smoothed density δ(x) by
the mass scale S (large volumes are on the left, small volumes on the right). The smoothed
density is centered on a randomly chosen position in a Gaussian random field. Dashed hori-
zontal lines indicate the collapse barrier δc and the void shell crossing barrier δv of the spherical
collapse model. Arrows represent the mass scales at barriers where voids and halos are formed.

R
R∗

� (δc + |δv|)
−1
3

2
α , (4.18)

where the characteristic void size R∗ and in this study, it is chosen as 8h−1Mpc. This
size criteria leads to a classification between void sizes. Here, we name voids with
radius < R as minor voids that are most likely embedded in an overdense region. Due
to the gravitational collapse of the overdense region, minor voids vanish, collapse.
Voids with radii larger than the radius criteria (4.18) grow in size and merge gradually.
Here, we name these voids as growing voids. In the case of growing voids, the relation
between the overdense and underdense linear densities is given by Sheth & van de
Weygaert (2004),

δc � δv. (4.19)

As a consequence of this, the void and cloud parameter in the volume fraction func-
tion (4.13) vanishes (D = 0). When the void and cloud parameter tends to zero
D → 0, the second exponential term, corresponding to the contribution of the em-
bedded voids, in equation (4.15) becomes unity. Due to the vanishing void and cloud
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δc >> |δv| = 2.81. When δc → ∞, the void in cloud parameter becomes negligible, such that
then the mass fraction function includes only the under density function δv (Sheth & van de
Weygaert 2004).

parameter D, the second exponential term in equation (4.15) disappears. This means
that the contribution of subvoids embedded in overdense regions become unimpor-
tant (Fig. 4.6).

In this limit, the two barrier mass fraction distribution (consisting of δv and δc)
reduces to a single barrier at δv (Sheth & van de Weygaert 2004), as follows,

fLarge−void(S, δv)dS =
1√
2π

|δv|
S3/2 exp

[
− δ2

v
2S

]
dS. (4.20)

This mass fraction indicates that large voids do not get affected by overdense regions.
In other words, they are not squeezed under collapsing regions due to lack of collapse
barrier. This fact provides a useful framework to construct a large void merging tree
with one barrier |δv| called the void in void process in the EPS formalism, which is
analogous to the one barrier cloud in cloud process.

To construct the merging tree of large voids, we use the Lacey & Cole (1993) halo
merging tree algorithm (hereafter LC93 algorithm). This algorithm is originally an
analytical description of merging virilized halos based on the EPS formalism and it
can be applied to any hierarchical model in which structure grows via gravitational
instability (Lacey & Cole 1993). This halo merging algorithm is also known as the
binary method due to its choice of parent halo which splits into two (and only two)
progenitors. Later on this algorithm has been modified because its assumption of bi-
narity is an oversimplification (Kauffmann & White 1993; Sheth & Lemson 1999; Cole
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et al. 2000; Somerville & Kolatt 1999a; Zhang et al. 2008). In this study, the reason to
choose this algorithm is due to its simplicity in implementing a void merging tree, and
its fast executable property. This algorithm provides a simple exercise to understand
the complex void evolution in terms of the two barrier EPS formalism. Therefore, this
method may lead us to apply the two barrier EPS formalism of voids to more up to
date merger algorithms to construct more realistic void merger trees.

We adapt the LC93 merging algorithm to construct a void merging tree by taking
into account the one barrier EPS formalism. To do this, we take into account the sym-
metry properties of probability densities of overdense and underdense regions in EPS
formalisms. In Fig. 4.7, halo and void random walks are represented in which we
look at merging bubbles instead of merging collapsed regions. The probabilities of
these regions (P1 and P′

1, also P2 and P′
2) are analogous to each other. This analogy

indicates that the trajectories at the lower part of the diagram represent large voids
with mass scale S1(M1) which is equivalent to S1(V1) since M ≈ V at the time corre-
sponding to the barrier |δv1 |. Later they will merge and construct the larger voids after
reaching the second barrier |δv2 | with scale S2(M2) ≈ S2(V2). Therefore, we can see
that the void merging tree and halo merging tree are analogous to each other. Note
that the only difference between the halo and void merging comes from their barrier
heights which are the linear extrapolated smoothed densities; their growth is only
dependent on the growth factor D of the EdS Universe (Ω = 1). As a result of dif-
ferent linearly extrapolated densities (4.1) void and halo merging events have slightly
different timescales though they show the same merging characteristics.

The conditional probability fS1(S1, |δv1 |
∣∣S2, |δv2 |)dS1 that one of these trajectories

makes its first upcrossing at |δv1 | in the interval S1 + dS1 can be obtained directly from
(4.20) but with a difference that the source of the trajectories moved from the origin to
the point (S2, |δv2 |) (by following the algorithm derived by Lacey & Cole (1993); Bond
et al. (1991), also this formula was deduced by Bower (1991)). Then, the conditional
probability density of a void whose trajectory in the interval S1 + dS1 making its first
upcrossing at |δv1 | which later on crosses the point (S2, δv2 ) is,

fS1(S1, |δv1 |
∣∣S2, |δv2 |)dS1 =

1√
2π

|δv1 | − |δv2 |
(S1 − S2)

3/2 exp

[
− (|δv1 | − |δv2 |)2

2 (S1 − S2)

]
dS1, (4.21)

where the void barriers are given by |δv1 | > |δv2 | and the volume scales related with
the void barriers should be S1 > S2. This conditional probability function of voids is
the same as equation (2.15) in LC93 which is derived for halos. The evolution of the
two void barriers is defined by the linear theory,

δv1(z1) = δlin,v1(z1) = |δv| (1 + z1) , δv2(z1) = δlin,v2(z2) = |δv| (1 + z2) , (4.22)

where |δv| = 2.81 is the threshold value of the spherical underdense perturbations in
the EdS Universe. We can transform the conditional probability equation (4.21) of void
volume scale distribution into the conditional probability of void size distribution for
the ΛCDM and self similar models. For the CDM model, scale functions or variances
σ1 = S1 and σ2 = S2 are obtained for R1 and R2 which is equal to 2R1 in LC93 binary
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Figure 4.7: Upper: The diagram illustrates the probability densities of the regions P1, P′
1 and

P2, P′
2 which are equivalent to each other (P1 = P′

1 and P2 = P′
2). The upper part of the diagram

shows the simple illustration of the probability of one trajectory in LC93 for overdense regions.
The lower part in this diagram is the mirror image of random walk of overdense regions around
the x-axis, representing the underdense (void) regions. Note that there is an asymmetry in
that |δv| > δc because the threshold values of the linear theory are equal to |δv| = 2.81 and
δc = 1.686. Lower: The void random walk representation as a mirror image of overdense
random walks. Note that void volume increases in terms of time while void volume scale S(V)
decreases.



128 CHAPTER 4: MERGING TREE ALGORITHM OF GROWING VOIDS

merging method, by using numerical integration. Therefore, the void size distribution
function for the ΛCDM model in terms of size scale is,

fS(R1)(S(R1)|δv1 |
∣∣S(R2), |δv2 |)dS1 =

1√
2π

|δv1 | − |δv2 |
(S(R1)− S(R2))

3/2 exp

(
− (|δv1 | − |δv2 |)2

2 (S(R1)− S(R2))

)

exp

(
−1

4
1
γ̃

1

(1 + γ̃)2
S(R1)− S(R2)

(|δv1 | − |δv2 |)2

) ∣∣∣∣ dS(R1)

dR1

∣∣∣∣
exp

(
−2

1

(1 + γ̃)4
(S(R1)− S(R2))

2

(|δv1 | − |δv2 |)4

)
dR1, (4.23)

in which the void size scale functions S(R1) and S(R2) are obtained numerically for
the ΛCDM model. The void size distribution function of the self similar models by
using the differentiation relation that,

∣∣∣∣ d ln S
d ln M

∣∣∣∣ = ∣∣∣∣ d ln S
d ln V

∣∣∣∣ = α,
∣∣∣∣ d ln S
d ln R

∣∣∣∣ = 3α. (4.24)

This leads to,

fR1(R1, |δv1 |
∣∣R2, |δv2 |)dR1 =

3α√
2π

δ2
v1

R∗

(
R1

R∗

)−3α−1 |δv1 | − |δv2 |(
δ2

v1

(
R1
R∗

)−3α − δ2
v2

(
R2
R∗

)−3α
)3/2

exp

⎡⎢⎢⎣ − (|δv1 | − |δv2 |)2

2
(

δ2
v1

(
R1
R∗

)−3α − δ2
v2

(
R2
R∗

)−3α
)
⎤⎥⎥⎦ dR1. (4.25)

Equation (4.25) indicates the void size probability distribution of a void corresponding
to size R1 at time δv1 which later on will incorporate into another void corresponding
to size R2. It is important to stress that here we follow the LC93 algorithm and this
algorithm is a binary method. In the case of a binary method, we choose the initial
void size R1 which should be equal to its double size R2 = 2R1 after merging at z2.
Another important point that we should stress out that LC93 basically assumes that
S ≈ V by neglecting the time parameter, linear void density δv. Above we took into
account time parameters. However after this point, we will follow LC93 assumption
in order to obtain a merging tree formalism in their approximate analytical formalism.

Fig. 4.8 and Fig. 4.9 show the conditional void size distribution (4.25) in terms of
self similar models (n = 0,−1,−2) and the CDM with at given redshift (z1 values).
In each self similar model, the characteristic void size R∗ = 8 h−1Mpc is obtained
by equation (4.7). Figs. 4.8 and 4.9 provide some interesting properties that give
an insight to understanding void merging in terms of the size distribution based on
toy models as well as the physical spectrum. In Fig. 4.8, the void size distribution
function or void size probability distribution for relatively small size voids increases
with decreasing spectral index for self similar models. In all panels, the exponential
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cut off in the size of the void distribution moves to very large sizes with decreasing
index and decreasing redshift values. It is also obvious that in all models the small
size void distribution is higher at large redshifts, z1 ≥ 0.5 than at small redshift values.
This may be an indication of a void hierarchy that is actually in agreement with the
theoretical work of Sheth & van de Weygaert (2004) in which they infer that the small
size voids present at large redshift values (early times) must merge with each other
to make larger voids that are present at smaller redshifts (late times). Similar to the
self similar models, the void size distribution of the physical spectrum shows that the
void size distribution probability of small size voids at large redshift values z1 ≥ 0.5
is higher than the one at lower redshift values (see In Fig. 4.9). The statistical study
of Conroy et al. (2005) pointed out that voids are both smaller and rarer at z ≈ 1. Our
results here agree with Conroy et al. (2005) in terms of small void size distribution
at large redshifts by setting z ≥ 0.5. However, we cannot conclude from Fig. 4.9 that
small size voids are rare at large redshifts since they have the same distribution values
as their larger counterparts.

Note that since the conditional probability of the void size distribution has a more
complex expression than the distribution for volume scale equation (4.21), as of now,
we will obtain the merging algorithm of voids in terms of scale functions by follow-
ing LC93. However in our plots we adopt the related distributions as a function of
void size. That is why that for accuracy, we use the differentiation relations when the
transformation is necessary.

Another probability density function that can be derived from the random walks
is the probability of a trajectory first upcrossing |δv2 | then |δv1 | at S1,

fS2(S2, |δv2 |
∣∣S1, |δv1 |)dS2 =

|δv2 | (|δv1 | − |δv2 |)√
2π|δv1 |

[
S1

S2 (S1 − S2)

]3/2

exp

[
− (S1|δv2 | − S2|δv1 |)2

2S1S2 (S1 − S2)

]
dS2, (4.26)

which helps to obtain merging rates.

4.5.1 Void Merging and Absorption Rates

To obtain merging and absorption rates, first we derive the mean transition rate by
taking the limit |δv2 | → |δv1 | = |δv| from equation (4.26),

d2 p
dS2d|δv| (S1 → S2, |δv|) =

1√
2π

[
S1

S2 (S1 − S2)

]3/2

exp
[
−|δv|2 (S1 − S2)

2S1S2

]
dS2d|δv|. (4.27)

This equation can be interpreted as one or more merging void events depending on
the barrier |δv|, by following LC93. While any finite interval of Δδv at ΔS shows the
cumulative effect of more than one merger, an infinitesimal interval dδv at dS indicates
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Figure 4.8: The conditional void size distribution (4.25) at given redshift z1 in terms of
R1 [h−1 Mpc] with respect to the self similar models with index n = 0,−1,−2. In each case,
the relation between a void with size R1 at given redshift z1 and the size of the system in which
void R1 is incorporated into, is given as R2 = 2R1. From left to right and top to bottom, at
relatively small void sizes (left hand side of each plot), the void size distribution increases with
decreasing spectral index. However, the void size distribution decreases in relatively larger
voids as the spectral index decreases.
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Figure 4.9: The conditional void size distribution (4.25) at given redshift z1 in terms of
R1 [h−1 Mpc] for the CDM model. In this model, the characteristic void size R∗ = 8 h−1 Mpc
is obtained by equation (4.7). From left to right the void size probability distribution in-
creases with increasing radius R1 and reaches the peak values. After reaching the peak radius
value, the void size distribution decreases in relatively larger voids. The CDM model indi-
cates that redshift z1 approaches the present day (z1 → z2 = 0) we start observing large voids
≥ R2 = 2R1 = 100 h−1 Mpc.

a single void merger event. Hence, equation (4.27) represents the probability of a
void with volume scale S1 at later times merging with another void of volume ΔV =
V2 − V1. That is why we can define this probability transition function (4.27) as the
void probability transition. Thus, by following the halo merging algorithm by Lacey
& Cole (1993), the rate of merging, divided by the volume ΔV of the void that is being
merged with. This gives a function, the so called merging rate.
The void merging rate is defined as the rate of change in the transition probability p of a void
V1 in terms of the total volume increasing due to merging events per unit time t,

d2 p
dΔVdt

(V1 → V2, |t) = Void Merging Rate, (4.28)

Hence, the explicit form of the void merging rate is given by,

d2 p
d ln ΔVd ln t

(V1 → V2, |t) =
√

2
π

ΔV
V2

|δv(t)|√
S2

∣∣∣∣d ln
√

S2

d ln V2

∣∣∣∣ ∣∣∣∣d ln |δv(t)|
d ln t

∣∣∣∣×
1

(1 − S2/S1)
3/2 exp

[
−|δv(t)|2

2

(
1
S2

− 1
S1

)]
, (4.29)

where S1 = S(V1) and S2 = S(V2) are the volume variance functions of voids smoothed
on the scales of interest. The merging of the self similar models with index n =
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−2,−1, 0 and the CDM with redshift values z = 0 are shown in Figs. 4.10 and 4.11.
In Figs. 4.10 and 4.11 each plot shows voids with higher initial volume than their
lower volume counterparts have higher merger rates than others. The merger rates of
initially larger voids decrease when the ratio of progenitor and main volumes V2/V1
increases. In self similar models (see Fig. 4.10), when the index decreases the merger
rates of each curve representing different progenitor volumes get closer to each other.

Here, we define another important parameter of void hierarchical build up, void
absorption rate. The void absorption rate is analogous to the accretion rate of a halo
(see Lacey & Cole 1993). The definition of absorption rate is given as:

The void absorption rate is the rate at which a void absorbs volume from surrounding small
void(s).

ΔV
V1

d2 p
d ln ΔVd ln t

(V1 → V2, |t)︸ ︷︷ ︸
Void Merging Rate

= Void Absorption Rate. (4.30)

In terms of the random walk concept, void absorption behaves as analogous to the
accretion of halos. Void absorptions can be interpreted as small random walk steps
in S corresponding to upward steps in the trajectory of δ versus S. This behavior
corresponds to incremental absorption events that add only a small amount of volume
to the total merging rate. That is why the distinction between absorption and merger
rates is strongly correlated with the resolution ΔS = S2 − S2.

Figs. 4.12 and 4.13 show the absorption rates of self similar and the CDM models.
The figures indicate that mergers with small volume or small comoving radius (in
the CDM model) dominate the absorption rate numerically while the merger rates are
dominated my large voids as we see in Figs. 4.10 and 4.11. This indicates that the
voids with relatively small volume are absorbed by their larger counterparts.

4.6 Timescales in Growing Void Merging Tree Algorithm

In the Lacey and Cole’s halo merging tree algorithm, halo survival and formation
times are well defined within the context of probability theory. By following their
method we obtain these times for growing spherical voids. Recall that LC93 define
the barriers of the EPS formalism as time parameters of the hierarchical evolution
such as |δv1 | ≈ z1 and |δv2 | ≈ z2 since the barrier is a volume independent parameter
and they are time dependent only.

4.6.1 Void Survival and Failure Times

The survival time of a void is the time when a void with volume scale S(V) lives
before being incorporated into, or absorbed by, a larger void. The volume of this
larger void is chosen to be double the size of the absorbed void at the volume scale
S(2V) since LC93 is based on the binary method, as we mentioned before. This leads
to the survival time of a void with volume V being defined as the time when the
volume gets doubled, 2V due to merging. The survival probability function (see the
details in Appendix B.1) of a void succeeding to merge into its double size is given by,
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Figure 4.10: The merger rates of the growing voids given by equation (4.29) for the self similar
models with index n = −1,−2, 0. In each panel, the curve which is the highest on the left of
each plot, V1/V∗ = 16 and successive curves are V1/V∗ = 8, 4, 2, 1.
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40, 20, 10, 5h−1 Mpc3.

P [S > S2] = 1 − P [S < S2]

P(S > S2, δv2 |S1, δv1)︸ ︷︷ ︸
probability of survival beyond S2

= 1 − P(S < S2, δv2 |S1, δv1)︸ ︷︷ ︸
probability of a void failing before reaching S2

(4.31)

Here, the probability function P(S < S2, δv2 |S1, δv1) indicates the probability of a void
with volume scale S(V1) at time δv1 that cannot merge into its double volume to V2
at time δv2 . Therefore, this probability is called failure or failing probability since the
void at S(V1) dies or fades away at barrier δ > δv2 , before evolving into volume scale
S(V2) and its explicit form is given by,

P(S < S2, δv2 |S1, δv1 ) =
∫ S2

0
fS2

(
S′

2, |δv2 ||S1, |δv1 |
)

dS′
2. (4.32)

As a consequence of the survival probability of merging voids is given as follows,

P(S > S2, δv2 |S1, δv1 ) = 1 −
∫ S2

0
fS2

(
S′

2, |δv2 ||S1, |δv1 |
)

dS′
2

= 1 −
√

2
π
|δv1 − δv2 |

∣∣∣∣ δv2

δv1

∣∣∣∣
[√

S2
S1 (S1 − S2)

e−
δ2
v1
2

(
1

S1
− 1

S2

)

+

√
π

2
1

|δv1 |

(
δ2

v1

S1
− 1

)
erf

√
|δ2

v1 |
2

(
1
S1

− 1
S2

)⎤⎦ , (4.33)
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Figure 4.12: The absorption rates given by equation (4.30) for the self similar models with the
index n = −1,−2, 0. The quantity plotted is the fractional volume absorption per Hubble time,
ΔV/V1d2 p/d ln ΔVd ln t. The models have the curve which is the highest on the left of each
plot V1/V∗ = 16 and successive curves are V1/V∗ = 8, 4, 2, 1.
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Figure 4.13: The absorption rates given by equation (4.30) for the CDM model at redshift value
z = 0. In the CDM model, the curves represent the comoving volume with radii Rcom,1 =

40, 20, 10, 5 h−1 Mpc3.

where the scales should be set as S1 ≈ S(V), S2 ≈ S(2V), δv1 = δv(t) and δv2 =
δv(tsurv). The survival probability function P(S > S2, δv2 |S1, δv1) is usually assumed
to approach zero as volume increases while volume scale decreases as V2 → ∞ (see
Fig. 4.14 and Fig. 4.15). Figs. 4.14 and 4.15 show the survival probabilities of void size
distributions based on equation (4.33) in terms of self similar and the CDM models.
As is seen, as redshift decreases the distribution of survival void sizes increases while
the small size voids have more chance to survive than their larger counterparts. This
means that at large redshifts z1 ≥ 2 detecting a void with size � 10 h−1Mpc does not
seem possible. Instead, there are very small size survival voids with a narrow range
of radii depending on the model. In Fig. 4.14, when the spectral index is decreasing
as an indication of hierarchical clustering, the size of survival voids at large redshifts
becomes smaller and their survival probabilities decreases. The similar behavior is
seen in the CDM model as well (Fig. 4.14). This behavior of voids that we obtain from
the conditional probability based on the EPS formalism (4.25) is in agreement with
the results from studies by Hoyle & Vogeley (2004); Sheth & van de Weygaert (2004);
Shang et al. (2007); Conroy et al. (2005); Viel et al. (2008). Also with decreasing spectral
index the survival void size distribution gets smaller in size.

Apart form the survival probability, in their dark matter halo algorithm, Lacey
& Cole (1993) defined this failure rate as a halo will incorporate into a system with
scale S2 during the time interval d|δv2 | in terms of |δv2 | the density distribution of
the survival times by using the negative valued derivative of the failure probability
distribution equation (4.32). By adapting this to void populations, the void survival
time distribution is given by the following expression,
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Figure 4.14: The void size survival probabilities with respect their present size R2 in terms of
self similar models with index n = 0,−1,−2. According to this, a void with size R1 at redshift
z1, later on, is incorporated into a void such that the size of the system becomes R2 ≥ 2R1 at
present day z2 = 0.
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Figure 4.15: The void size survival probabilities in terms of the CDM model at given redshifts.

F|δv2 | = −d|δv2 |
(

∂P(S < S2, |δv2 ||S1, |δv1 |)
∂|δv2 |

)

=

√
2
π

∣∣∣∣1 − 2
δv2

δv1

∣∣∣∣
[√

S2

S1 (S1 − S2)
e−
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(
1

S1
− 1

S2

)

+

√
π

2
1
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(
δ2

v1

S1
− 1

)
erf

√
|δ2

v1
|

2

(
1
S1

− 1
S2

)⎤⎦⎞⎠ . (4.34)

In this equation, the time derivative of the failure probability equation (4.34) is known
as the conditional failure rate or hazard function in statistical mathematics (Cleves
et al. 2008),

Failure Rate = d|δv2 |
(

∂P(S < S2, |δv2 ||S1, |δv1 |)
∂|δv2 |

)
(4.35)

The instantaneous rate of failure with the emphasis on the word rate, means that it has
units 1/T. Recall that in our notations we adopt δv2 as the time element as it is defined
in LC93. In contrast to the survival probability distribution, the failure rate can vary
between zero and infinity. Over time, the failure rate can increase, decrease, remain
constant, or even take more serpentine shapes (Cleves et al. 2008). There is a one to one
relationship between the probability of survival past a certain time and the amount of
risk that has been accumulated up to that time, and the failure rate measures the rate
at which risk is accumulated. Hence, equation (4.34), the failure rate of merging voids,
provides important information by showing at what time/redshift interval what size
of voids will fail and what size of voids will survive; in other words, what size voids
at what redshift have the risk of not merging into their double size.
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Figs. 4.16 and 4.17 illustrate the failing rate, depending of the incorporated void
size R2, defined by equation (4.34) in the self similar (n = 0,−1,−2) and the CDM
models. These figures tell us at what size voids fail to merge/grow at a given redshift
interval [z1 − z2] = 0. As is seen, in each model, the failure rate shows the same
behavior. According to this, in all models, the risk of a void with radius R1 = R2/2
not growing/merging into its double size dramatically increases until reaching an
asymptotic value at a certain radius at a given redshift. In each model, the asymptotic
failure rate/risk at a given redshift indicates maximum 100% failing of a void to merge
into its double size. The void radius at the maximum failure rate (asymptote) Rasym
decreases with increasing redshift and decreasing spectral index. This means that a
void with asymptote radius Rasym at z = 3 has a smaller size compared to the one
at redshift z = 0. However, in all models, the risk of failing to merge is very low
with small size voids < Rasym while the risk increases with large size voids. Another
feature we can see from Figs. 4.16 and 4.17 is that in all models, the risk of failing to
merge is zero after the asymptote radius Rasym reaches z = 0. This indicates that the
voids with radius > Rasym will never fail, in other words, they survive, merge or grow
with 100% confidence. As is seen from Figs. 4.16 and 4.17, Rasym values at z1 = 0, for
the self similar models with index n = 0,−1,−2, are ∼ 35,∼ 60 ∼ 100 h−1Mpc
while the asymptote radius for the CDM model is ∼ 20 h−1Mpc. This allows us to
say that voids with radius > Rasym at redshift z = 0 in a given model may merge into
their double size continuously.

Apart from obtaining the size distribution of voids that can fail to merge or grow
at a given redshift value, we can obtain the redshift distribution of a void with a given
radius that cannot grow or merge. Fig. 4.18 represents the failure rates of three dif-
ferent size voids 5 h−1Mpc, 10 h−1Mpc, 8 h−1Mpc for two self similar n = 0,−2
and the ΛCDM models. In all models, the failure rate of voids with 10 h−1Mpc size
have a distinctive peak at a redshift ∼ z1 = 0.3. Moreover, in all models larger size
voids have higher failure rates. Smaller size voids < 10 h−1Mpc, however have
constant failure rates up until a critical redshift. At redshifts greater than this value,
the failure becomes much lower. This indicates that at higher redshift values than the
critical redshift value for a given size, voids have very high merging/ growing rates
while at small redshifts z1 � 1, the voids have a risk of failing to merge. Hoyle &
Vogeley (2004) and Conroy et al. (2005) pointed out that there is no strong void evo-
lution between z = 0.1 and z = 0.3. Agreeing with this statement, the void failure
time distribution indicates that especially at z = 0.3, voids do not show high merg-
ing/growing behavior.

4.6.2 Volume Formation Time and Large Void Merging Tree

Before giving the details of the void counting method, it is useful to define a very
important property of the void hierarchical build up process; their formation history.
By following and adapting previous studies (Lacey & Cole 1993; Lemson & Kauff-
mann 1999; van den Bosch 2002; Gao et al. 2005; Wechsler et al. 2006) on halos to
voids, the void formation history is characterized by a single parameter which is the
formation time δ f ∼ z f . The formation time is the time when a void acquired half of its
final volume V2/2 = V1 (based on LC93). The formation time indicates when the main
body/progenitor is accumulated.
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Figure 4.16: The failure rate of voids with respect to the incorporated size R2 (present size) at
redshift interval [z1, z2 = 0] for a void with size R1 at a given redshift z1 in terms of self similar
models with index n = 0,−1,−2.
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Figure 4.17: The failure rate of voids with respect to the incorporated size R2 (present size) at
redshift interval [z1, z2 = 0] for a void with size R1 at a given redshift z1 for the CDM model.

Based on the LC93 algorithm, after the formation time, the choice of the largest
volume progenitor as the main progenitor defines a continuous track through the
merging tree. It is obvious that formation times have key importance to construct
a merging tree of voids as well as halos. Obtaining formation times from random
walks is more problematic than obtaining the survival times. This is because the halo
volume assigns more to a particle by tracking its density δ, and is not its actual vol-
ume but is an approximate value (see Lacey & Cole (1993)). However this fact does
not lead to any self inconsistency in merger rates and survival times,...etc. In addition
to this, it has been shown that the Monte Carlo method and analytical counting argu-
ment of generating merging histories provide similar results (Lacey & Cole 1993). We
discuss these methods from the void perspective in the following.

Void Counting, Analytical Method to Void Merging Tree:

The void counting is based on defining the number density of voids at a given volume
range which evolves into a larger range at later times. This number density allows us
to obtain the probability distribution of a void with volume V2 which had a parent in
the volume range V2/2 < V1 < V2 at δv1 . This probability equals the probability that
its formation time is earlier than δv1 > δ f . The counting method provides analytical
solutions in terms of self similar models which can be extended into the CDM model
numerically. After giving the general idea of this method, the details can be given as
follows.

The number density of voids (V1, V1 + dV1) at time δv1 , which is incorporated into
voids of volume (V2, V2 + dV2) at time δv2 > δv1 is,

d2n =
dn
dV1

(V1, |δv1 |)dV1 fS2 (S2, |δv2 ||S1, |δv1 |) dS2. (4.36)
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Figure 4.18: The failure rate of voids with respect at the redshift interval [z1 : z2 = 0] for self
similar models for a given void with size R1 at a redshift z1 which doubles its size R2 at the
present day z2 = 0.
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So long as V2 ≤ V1 < V2/2 each trajectory must connect unique voids because there
cannot be two paths each of which contain more than half of the final volume. How-
ever, it is possible that a volume of a void, V2 at δv2 has no progenitor of mass < V2/2
at time δv1 . The probability that a void with volume V2 at δv2 has a progenitor in the
volume range V2/2 < V1 < V1 at time δv1 is then given by the ratio of voids that
evolve to another volume V2 relative to the total number of void volume V1,

dP (V1, δv1 |V2, |δv2 |)
dV1

=

(
dn(V1)/dV1

dn(V2)/dV2

)
fS1 (S1, |δv1 ||S2, |δv2 |)

∣∣∣∣ dS1

dV2

∣∣∣∣ , (4.37)

which leads to

dP (V1, δv1 |V2, |δv2 |)
dV1

dV1 =

(
V2

V1

)
fS1 (S1, |δv1 ||S2, |δv2 |) dS1. (4.38)

Integration of equation (4.38) over the volume range V2/2 < V1 < V2 gives the prob-
ability distribution of void V2 having a parent in this volume range at time δv1 . This
equals the probability that its formation time is earlier than this,

P
(

δ f < |δv1 ||V2, |δv2 |
)

= P (V1 < V2/2|δv1 ||V2, |δv2 |)

=
∫ Sh=S2(V2/2)

S2

(
V2

V1

)
fS1 (S1, |δv1 ||S2, |δv2 |) dS1,(4.39)

where V2/V1 is the weighting factor and Sh = S(V2/2). Interestingly, the integral
(4.38) is the expectation (see Appendix B.1) or mean value of volume ratios V2/V1 on
the probability density function fS1 (S1, |δv1 ||S2, |δv2 |) at the interval [Sh, S2]. In terms
of self similar models we derive the exact solutions of the probability function for
n = 1, 0,−1.5,−2 (see Appendix B.2). However the probability in terms of self similar
models with index n = −1 does only have a numerical solution.

The probability distribution of formation times can be given by the following ex-
pression (based on (Lacey & Cole 1993)),

P
(
> δ f

)
=

∫ 1

0

1
2π

[
S̃ (2α − 1) + 1

]1/α δ f

S̃3/2
exp

(
−1

2

δ2
f

S̃

)
dS̃,

where α =
n + 3

3
, (4.40)

and where the parameters are defined as,

S̃ ≡ S − S2

Sh − S
, δ f ≡ δ − δv2√

Sh − S2
. (4.41)

It is crucial to mention Lacey & Cole (1993) suggested that since the scaled volume S̃
varies slowly between 1 and 0 (0 ≤ S̃ ≤ 1) in equation (4.40), this probability equation
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can be extended to CDM models due to the slowly varying CDM power spectra. Note
that the reason of this suggestion is mathematical tractability rather than physical
interpretation.

Here, the analytical solutions are derived from (4.40) (see Appendix B.2) for the self
similar models, although Lacey & Cole (1993) mention that there is only one analyti-
cal solution to the probability distribution of the formation times for n = 0. Differing
from the solutions derived from (4.39), the analytical results of (4.40) are only depen-
dent on the barrier height/time δ f ≈ z f . In this sense we can say that the probability
distribution of voids can be represented in terms of redshift or both redshift and scale
parameters (see Appendix B.1). Analytical solutions of void volume distributions (see
Appendix B.2) provide the merger histories of large voids (Fig. 4.19). Note that they
are the exact solutions based on the rough approximations of LC93. According to this,
when formation barrier height/redshift increases the probability distribution of void
V2 which had a parent in the volume range V2/2 < V1 < V2 at δv1 decreases. This
shows from the probability of the most obvious feature of formation times, that small
voids form early and large voids form relatively late in accordance with our general
expectation in hierarchical models of structure formation. However at least they can
provide an idea to see the behavior of merging history.

Formation time probability densities computed from analytical solutions (B.10) are
shown in Fig. 4.20 for different self similar models. Fig. 4.20 indicates the probability
densities in terms of barrier height and scale factor. These plots depict the fact that
models have similar distributions and their difference is so small that it can be neg-
ligible. This is because of a slowly varying S̃. Here, we should be careful about the
probability theory jargon. These are the probability densities not the actual probability
functions of the merger history. The cumulative probability functions can be defined
with the integral of its density function in a given interval, that is why the probability
density functions can have values greater than one (more details see Appendix B.1).

Monte Carlo Method to Void Merging Tree:

In the preceding section, we applied the probability of first upcrossing at a second bar-
rier given a particular starting point to derive relations about various aspects of void
survival and formation in terms of time. So far, these quantities have been averages
or probability distributions. Based on the LC93 halo algorithm, the key element of
the merging tree of voids is the conditional probability function which is a transition
between barriers,

fS1(S1, |δv1 |
∣∣S2, |δv2 |)dS1 =

1√
2π

Δδ

(ΔS)3/2 exp

[
− (Δδ)2

2 (ΔS)

]
dS1,

where the void barriers are given as |δv1 | > |δv2 |. By using this transition function one
can draw specific volume scale increments ΔS probabilities repeatedly for a number
of time intervals. As a result of this, for each trajectory we can obtain trajectories of
volume versus cosmic expansion factor, z f or the formation time δ f . This enables one
to follow the fragmentation of voids on an object by object basis. This is the logic
behind the algorithm for the generation of Monte Carlo merger trees described by
Cole & Kaiser (1988); Cole (1991); Lacey & Cole (1993) based on halos.
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Figure 4.19: Analytical merging history of voids based on analytical solutions with index n =
1, 0,−2, represented by red, blue and black colors, respectively. The upper panel shows the
distribution as a function of threshold height δ f ∼ z f , while the lower panel shows the same
probability but in terms of scale factor. The difference between models is negligible since the
scale parameter S̃ varies slowly between 1 and 0.

The trajectories have structure on arbitrarily small scales corresponding to mergers
with small size voids. This is a restatement of the divergence of the mean number of
transitions with small volume changes. Consequently, it is necessary to examine tra-
jectories with a particular resolution in order tosmooth over the mergers with many
small size voids. In practice, each application to the prediction of a specific physi-
cal quantity has a minimum volume scale of interest Vmin, so it is natural to set the
resolution with which trajectories are computed according to this minimum scale.

The trajectories ΔS have structure on arbitrarily small scales corresponding to
mergers with very small volume. This is a restatement of the divergence of the mean
number of transitions with small volume changes shown in Figures (4.10-4.12). Con-
sequently, it is necessary to examine trajectories with a particular resolution in order
to smooth the mergers with numerous small sizes. In practice, each application to
the prediction of a specific physical quantity has a minimum volume scale of interest
Vmin ≈ Mmin, so it is natural to set the resolution with which trajectories are computed
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Figure 4.20: The probability density distributions of void merging histories in the self similar
models n = 0,−1.5,−2 (blue, red and black lines, respectively) based on analytical solutions.
The upper panel shows the distribution as a function of threshold height δ f , while the lower
panel shows the probability distribution of formation scale factors a f .

according to this minimum scale. They consider (4.21) in the limit δ f /
√

ΔS � 1 which
leads to a transition probability,

f =
δ f√

2πΔS3/2 , (4.42)

where δ f is equal to Δδ. This transition probability is directly proportional to the time
interval Δδ. Lacey and Cole interpret this as indicative of a probability of a single
merger event. This is the reason δ f /

√
ΔS � 1 is used to obtain binary regime and this

limit leads to define a particular choice of step size δ f which is given by,

δ f ≤
√∣∣∣∣dS(V)

dV

∣∣∣∣ Vmin. (4.43)
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The LC93 algorithm for generating merger histories is as follows. First, determine the
appropriate time step using (4.43). Second, select a transition ΔS from the probability
distribution of (4.21) and invert the S(V) relation to obtain both the change in volume
ΔV and the new main progenitor volume Vnew = V − ΔV. One then repeats this
procedure at the new values of δ f and S(Vnew) to obtain the next fragmentation of the
main progenitor. This process continues until the remaining volume is less than Vmin.

The trajectory for the main progenitor, defined as the largest progenitor at each
timestep according to this algorithm, may form the trunk of a merger tree. For each
volume ΔV above the threshold Vmin, one can generate an independent history for the
infalling branch on the tree using the same algorithm. The process of constructing a
volume accretion history or merger tree in this way must be repeated numerous times
in order to sample the variety of ways in which a void of a fixed volume at a fixed time
might build up its volume. This is a Monte Carlo method for exploring the various
volume accretion histories. It is conventional to refer to each individual tree generated
in this way as a particular realization in an ensemble of merger histories.

The algorithm for generating Monte Carlo merger trees described above is conve-
nient because of its simplicity. Unfortunately, while this algorithm conserves volume
by construction, it overpredicts the number of progenitor voids with volume V > Vmin
at previous timesteps relative to the analytic distribution of equation (4.36). This point
has been emphasized by Somerville & Kolatt (1999b) for halos. In other words, the
Monte Carlo procedure does not lead to a mean population of voids at high redshift
that is consistent with the excursion set relations of the previous sections. In Fig. (4.21)
different merger trees are represented for selfsimilar model n = 1 for 5 h−1Mpc size
voids. Here, we can see the problematic part of the EPS formalism that at higher
redshifts/earlier times (t/t0) merging activity is drastically low which we do not ex-
pect from the hierarchical evolution scenario. However the analytic halo counting
method provides an insight on a hierarchical build up of a growing void population.
In Fig. 4.19 shows the the approximate analytical merging history of growing voids
in terms of formation time/redshift for self similar models. As is seen, growing void
merging events start at large redshifts/delta f and merging events increase in time as
an expected procedure from a merging tree algorithm. However, the Monte Carlo
method of LC93 merging algorithm does not show any sign of merging events at
large redshifts. To treat this problem for obtaining a physically reasonable void merg-
ing algorithm, the different Monte Carlo methods should be considered and checked
for consistency in the context of the excursion set void hierarchy. Alternatively, tak-
ing into account the full two barrier void distribution function for growing and minor
void populations as well as a more convenient Monte Carlo method for merging voids
can be the solution.

4.7 Conclusions

In this study, we have formulated a void merging tree model of isolated spherical
models based on one barrier excursion set theory by following up on Sheth & van
de Weygaert (2004). Here, we limit this study to the void merging process called the
‘void in void problem’ in excursion set theory. The interpretation of this process is in
analogy with the merging of overdense regions/halos. To construct a merging tree



148 CHAPTER 4: MERGING TREE ALGORITHM OF GROWING VOIDS

Figure 4.21: Seventeen examples of volume merging histories as a function of redshift ∼ δ
based on the EPS formalism by adopting LC93 halo merging algorithm. The solid lines corre-
spond to voids with a radii 5 h−1 Mpc at z = 0.

model of growing voids, we have used the two barrier void distribution function in
the context of two barrier excursion set. This distribution function is then reduced to
the one barrier excursion set by assuming the minor void contribution to the distribu-
tion function is negligible in the case of growing voids, by following (Sheth & van de
Weygaert 2004). By taking into account this reduced void distribution, a merging tree
algorithm is constructed based on a halo merging tree algorithm derived by Lacey &
Cole (1993). Here, we state our main results:

1. Based on the LC93 dark matter halo merging algorithm, the conditional vol-
ume and size distribution probabilities have been derived in terms of self sim-
ilar models (n = 0,−1, 2) and the ΛCDM model in the EdS Universe. For self
similar models, the void size distribution function or the void size probability
distribution for relatively small size voids therefore increases with decreasing
spectral index. In all models, the small size void distribution is larger at high
redshifts z1 ≥ 0.5 compared to small redshifts. This may indicate a void hierar-
chy that agrees with the theoretical work of Sheth & van de Weygaert (2004), in
which they show that small size voids at high redshifts (early times) must merge
to make larger voids that are present at low redshifts (late times). As is the case
for self similar models, the void size distribution of the physical spectrum shows
that the void size distribution of small size voids at large redshifts, z1 ≥ 0.5 is
higher than voids at lower redshifts. The statistical study of Conroy et al. (2005)



CONCLUSIONS 149

pointed out that voids are both smaller and rarer at z ≈ 1 compared to lower
redshifts. Our results here agree with Conroy et al. (2005) in terms of the small
void size distribution at large redshifts by setting z ≥ 0.5. However, small size
voids have the same distribution values as their larger size counterparts.

2. Assuming void and halo merging events are analogous, void merging and ab-
sorption rates are defined and derived by following LC93 halo merging algo-
rithm Lacey & Cole (1993). According to these, void mergers with small volume
have very high absorption rates compared to large volume mergers. The reason
that small size voids have higher absorption rates is that they are absorbed by
large voids. However, large voids show higher merger events than the small
size voids.

3. We obtain survival probability in terms of size of growing void population.
It has been shown that as redshift decreases the distribution of survival void
sizes increases. This means that at large redshifts detecting a large void, �
10 h−1Mpc is not possible. Instead, there are very small size survival voids
with narrow ranges of radii depending on the model. When the spectral index
decreases (hierarchical clustering) the size of survival voids at large redshifts
becomes smaller and their survival probabilities decreases. This behavior of the
void size distribution is in agreement with that from the conditional probability
we obtained (transition rate) and the results from studies Conroy et al. (2005);
Hoyle & Vogeley (2004); Sheth & van de Weygaert (2004); Shang et al. (2007);
Viel et al. (2008).

4. The failing/failure rate of voids is here defined and derived in terms of radius, at
a given redshift interval in the context of survival analysis. The void failure rate
at a given redshift interval is therefore the risk of a void failing to grow or merge
into its double size. Based on the analytical derivation of the failure rate, it has
been shown that the amount of accumulated risk up to a given radius (named
asymptotic radius Rasym) and redshift, do not fail to merge or grow in size. In
addition, in all models, for a given redshift the risk of failing to double in size
is very low compared to relatively large size voids. In addition, they obtain the
failure time distribution of voids in self similar and the CDM models. According
to this, the failure rate of voids with 10 h−1Mpc size has a distinctive peak at a
redshift ∼ z1 = 0.3. Moreover, in all models, larger size voids have higher fail-
ure rates. Smaller size voids < 10h−1Mpc however have constant failure rates
up until a critical redshift. At redshifts higher than this value, the failure rate is
much lower. This indicates that at redshift values higher than the critical value
for a given size, voids have very high merging/growing rates, while at small
redshifts z1 � 1, the risk of failing to merge is higher. Hoyle & Vogeley (2004)
and Conroy et al. (2005) state that there is no strong void evolution between
z = 0.1 and z = 0.3. In agreement with this statement, the void failure time
distribution indicates that voids do not show high merging behavior, especially
at z = 0.3.

5. The approximate analytical void formation probabilities are obtained. These for-
mation probabilities give an insight of what to expect in the Monte Carlo method
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of voids. However, due to the simplification of LC93 Monte Carlo merging tree
method, void progenitors are overpredicted.

6. As a minor result, we show that there are analytical solutions for the expected
void distribution, which defines the void merging history for self similar mod-
els, which may be interpreted as a rough analytical merger tree solution. Lacey
& Cole (1993), suggested that analytical solutions for the expected void distribu-
tion for self similar models can be extended to CDM models due to the slowly
varying dark matter power spectrum. However this assumption does not based
on a physical understanding of the merging tree problem. The reason is the
mathematical tractability rather than a physical understanding.

On the basis of the algorithm, we define and obtain merging and absorption rates of
void hierarchical build-up. In addition to this, the cumulative void size distribution as
well as the void survival probability times are formulated. Analytical approximations
obtained in these merging tree formalisms have key importance to understand the
evolution of voids in different Universe models. The void merging tree algorithm in
this study is based on an approximate analytical formalism, in which time elements
are given by the linear density in the EdS Universe. This allows us to construct a
relatively simple approximate void merging formalism based on the EPS formalism.
However, the key issues are how we would translate this into real time such as the
Hubble time or the expansion factor, and how to do this for non EdS Universes in
which this assumption is not valid for later times of the evolution. These issues lead
us to look for more advanced techniques to construct more realistic void merging algo-
rithm(s). However, as a first step to obtaining an insight to understand a void merging
algorithm, this is a particularly important model given the often ill-defined nature of
voids. Since voids are prominent features of the Universe and a good probe of cos-
mological parameters, a proper full understanding of the formation and dynamics of
the Cosmic Web is not possible without understanding the structure and evolution of
voids (Sheth & van de Weygaert 2004). At this point, our void merging tree formalism
can provide a guideline to define and trace the evolution of voids as seen in N-body
simulations.



Chapter5
Extension of Void merging Tree

Algorithm

In nature, nothing is perfect and everything is perfect. Trees can be contorted, bent in weird ways, and
they’re still beautiful.

—Alice Walker—

In the hierarchical evolution procedure, voids exhibit two different behav-
iors related with their surroundings and environments, they can merge or
collapse. These two different types of void processes can be described by
a two barrier excursion set formalism based on Brownian random walks.

In this study, we have extended the analytical approximate description
of the growing void merging algorithm by taking into account the con-
tributions of voids that are embedded into overdense region(s) which are
destined to vanish due to gravitational collapse. Following this, to con-
struct a realistic void merging model that consists of both collapse and
merging processes, we have used the two barrier excursion formalism of
the void population following up on Sheth & van de Weygaert (2004). As-
suming spherical voids in the Einstein de Sitter Universe (Ω0 = 1), we
obtain the void merging algorithm which allows us to consider the two
main processes of void hierarchy in one formalism. In addition to this, we
derive the merger rates, void survival probabilities, void size distributions
in terms of the collapse barrier and finally, the void merging tree algorithm
in the self similar and the cold dark matter models.

5.1 Introduction

The present day Universe shows a complex pattern of structures, called the Cosmic
Web (Bond et al. 1996). Galaxy redshift surveys found that voids are dominant fea-
tures of the large scale structure (Kirshner et al. 1981; Geller & Huchra 1989; da Costa
et al. 1994; Shectman et al. 1996; Einasto et al. 1997; Plionis & Basilakos 2002; Jõeveer
et al. 1978; van de Weygaert & van Kampen 1993; van de Weygaert & Platen 2011; van
de Weygaert & Bond 2008; van de Weygaert 1991; Maurogordato et al. 1992; Strauss
et al. 1992; Fisher et al. 1995; Saunders et al. 2000; Jones et al. 2004). Voids have prop-
erties that are different to overdense regions. Voids evolve out of the underdensities
in the primordial gravitational fluctuations. Due to their internal weak gravity driven
by a negative density profile, they expand with respect to the background Universe
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rather than collapse. According to void based description of the cellular morphology
of the Cosmic Web, voids are important components of hierarchical structure forma-
tion since the growth of the large scale structure may be driven by the expansion of
voids (Icke 1984; van de Weygaert 1991, 2002). In addition to this, numerical cal-
culations and N-body simulations show that the voids tend to be spherical in time
(Centrella & Melott 1983; Fujimoto 1983; Bertschinger 1985; Regos & Geller 1991; Du-
binski et al. 1993; van de Weygaert & van Kampen 1993; Colberg et al. 2005) and this
tendency is explained by the bubble theorem (Icke 1984).

Like overdense regions, voids evolve hierarchically (Regos & Geller 1991; van de
Weygaert & van Kampen 1993; Gottlöber et al. 2003; Sheth & van de Weygaert 2004;
Colberg et al. 2005; Sheth & van de Weygaert 2004; Paranjape et al. 2012; Sutter et al.
2012; Aragon-Calvo & Szalay 2012). An important step towards understanding void
hierarchy is the void simulations by Dubinski et al. (1993) that are based on the ana-
lytical model of isolated spherical voids (Blumenthal et al. 1992). Another significant
contribution is the work of Sahni et al. (1994). They applied the Lagrangian adhesion
model description to the evolution of voids, resulting in revealing the unfolding void
evolution. In their study, they found a strong correlation between the size of voids
and the primordial gravitational potential at their center. Another important result
is shown in the same study; that large voids have more substructures than small size
voids, and as voids grow older they become progressively emptier indicating less sub-
structures within them (Sahni et al. 1994). This result that voids have substructures is
in agreement with N-body simulations, indicating that the interiors of voids are filled
with subvoids, galaxies and even filaments (van de Weygaert & van Kampen 1993;
Gottlöber et al. 2003; Mathis & White 2002; Benson et al. 2003). The effect of these
substructures on void evolution is important as they interact with their surroundings
and have impact of void evolution.

Based on these theoretical and numerical results, Sheth & van de Weygaert (2004)
pointed out that contrary to overdense regions, the evolution of voids is dictated by
two processes depending on their environment: they can merge into larger voids
and/or voids embedded in overdense regions can collapse. Sheth & van de Wey-
gaert (2004) suggested that the hierarchical evolution of these two different types of
void processes can be described by the two barrier excursion set formalism (Sheth &
van de Weygaert 2004). Representing merging and collapsing dynamical behaviors of
void populations, these two barriers encapsulate what it takes to let a void merge and
collapse. In linear theory, the merging barrier of a spherical void is represented by a
constant critical density, δv = −2.81 in the EdS Universe while the collapse barrier of
a spherical void is given by a fixed critical density value, δc = 1.686.

Following up on Sheth & van de Weygaert (2004), in Chapter 4 we obtained an
approximate analytical description of the merging tree based on the excursion set/ex-
tended Press Schechter (EPS) formalism by assuming only growing spherical voids in
the EdS Universe. This formalism leads to a considerably modified view of the evolu-
tion of voids. However, to define a more realistic void hierarchy model, it is essential
to consider the dominant environmental influence on the evolution of voids by follow-
ing Sheth & van de Weygaert (2004). Environmental influence strongly affects void
sizes and distribution. The different aspects of void populations have been discussed
by observational and numerical studies (Regos & Geller 1991; Dubinski et al. 1993;
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van de Weygaert & van Kampen 1993; Plionis & Basilakos 2002; Gottlöber et al. 2003;
Hoyle & Vogeley 2002; Benson et al. 2003; Hoyle & Vogeley 2004; Colberg et al. 2005;
Tikhonov & Karachentsev 2006; Tully et al. 2008; Kraan-Korteweg et al. 2008; Tinker &
Conroy 2009; Kreckel et al. 2011; Pan et al. 2012; Sutter et al. 2012; Aragon-Calvo & Sza-
lay 2012). Today we know that the void size range is approximately 5− 135 h−1Mpc
(Sutter et al. 2012). However there are some studies claiming that voids can have very
small sizes 0.7 − 3.5 h−1Mpc (Karachentsev et al. 2004; Tikhonov & Karachentsev
2006; Tikhonov & Klypin 2009). Based on these studies, Tikhonov et al. (2009) com-
pare the observed spectrum of minivoids in the local volume within an 8 Mpc size
sphere in the Local Group with the spectrum of mini voids determined from the sim-
ulations in the cold dark matter (CDM) and warm dark matter (WDM) models. They
showed the difference between the observed spectra of minivoids in the ΛWDM and
ΛCDM models. Viel et al. (2008) made a preliminary attempt to link the population
of voids in the transmitted Lyman α flux to the underlying gas density, temperature
and dark matter density. The use of Lyman α high resolution spectra is important
in the sense that it explores a new regime at scales, redshifts and densities which are
currently not probed by other observables: the scales are of the order of a few to tens
of Mpc, the redshift range is between z = 2 and 4, while the densities are around the
mean density.

There are more attempts to understand the dynamical, thermal and chemical evo-
lution of the void population and the interplay between the galaxy and the intergalac-
tic medium (Shang et al. 2007; D’Aloisio & Furlanetto 2007). Motivated by the empir-
ical evidence for significant preheating of at least parts of the intergalactic medium
at z ∼ 3, Shang et al. (2007) made a simple model for the spatial distribution of pre-
heated regions. The model assumes spherical ionized bubbles around collapsed dark
matter halos and allows these spheres to merge into larger superbubbles. The number
of voids that such ionized bubbles would produce in Lyman α absorption spectra of
background quasars is predicted. D’Aloisio & Furlanetto (2007) present analytic esti-
mates of galaxy void sizes at redshifts z ∼ 5 − 10 using the excursion set formalism.
Another interesting study on void excursions addresses the issue of void formation in
modified gravity models. Some of these involve a scalar field that couples to matter
and introduces a fifth force. This force leads to a universal enhancement of gravity
(Farrar & Peebles 2004; Gubser & Peebles 2004b,a; Farrar & Rosen 2007; Brookfield
et al. 2008; Hellwing & Juszkiewicz 2009; Clampitt et al. 2012). Clampitt et al. (2012)
investigate the fifth force in voids in chameleon models by using void statistics based
on the excursion set formalism. They pointed out that driven by the outward pointing
fifth force, individual voids in chameleon models expand faster and grow larger than
voids in the ΛCDM Universe.

In this study, we formulate a model to construct a merger tree formalism consist-
ing of collapse and merging processes as an extension of the large void merging tree
(Chapter 4 in this thesis). In this model we define the size of voids by using recent
void catalogs and obtain a void merging tree formalism taking into account the merg-
ing process of void populations as well as the collapse process. To do this, we adopt
the Lacey and Cole’s merging tree algorithm (Lacey & Cole 1993) of dark matter haloes
in the EdS Universe for spherical voids and extend this to the two barrier excursion
set formalism in order to describe void merging and collapse in one model.
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5.2 Cosmology

In this section we explain the normalization of the cosmological models that we use
in our EPS formalism. Here, we take into account two power spectra; the power law
power spectrum and the CDM power spectrum. The CDM power spectrum is the
physical spectrum and its normalization is particularly important since it determines
the physical scales and hence the void scales of the void merging algorithm.

To normalize the CDM spectrum, the variance σ2(R), the amplitude of density
fluctuations in a particular window, is given by,

σ2(R) = 〈δ2(x; R)〉 = 1
(2π)3

∫ ∞

0
P(k)WR(k)

24πk2dk, (5.1)

where WR(k) is the Fourier transform of the real space window function WR(r). In
our numerical solutions we used the real space spherical top hat of radius R for the
CDM model,

WR(k) =
3

(kR)3 [sin (kR)− (kR) cos (kR)] . (5.2)

In mass variance equation (5.1), P(k) is the power spectrum and as in the previous
chapter, we use the power spectrum by Bond & Efstathiou (1984),

P(k) = A
kn[

1 +
[
aq + (bq)3/2 + (cq)2

]1.13
]1/1.13 , (5.3)

in which q = k
Γ and the parameters a, b, c are defined as a = 6.4 h−1Mpc, b =

3 h−1Mpc and c = 1.7 h−1Mpc (Jenkins et al. 1998). Γ is the shape parameter
(Γ = Ω0h exp

(
−Ωb − Ωb

Ω0

)
). Its baryon density Ωb dependence accounts for the effect

of baryons in the transfer function (Sugiyama 1995). In our numerical calculations we
use the dark energy dominated cold dark matter model (ΛCDM) with power spec-
trum shape parameter Γ = h = 0.21 and the normalization parameter σ8 = 0.9 given
by Cole et al. (1998).

The normalization of the spectra of the self similar models is relatively easier to
calculate given the form of the power spectrum,

P(k) ≈ kn, (5.4)

where n is the spectral index which defines the slope of the primordial power spec-
trum. The variance of the self similar spectra as a function of mass, volume and size
is given by,

σ2(M) = S(M) = δ2
v

(
M
M∗

)−α

= δ2
v

(
V
V∗

)−α

= δ2
v

(
R
R∗

)−3α

, (5.5)
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in which α is defined as (n + 3)/3 where n is the spectral index. Here, M∗, V∗ and
R∗ are the characteristic mass, volume and radius. The characteristic mass of the self
similar spectra is given by,

M∗(z) =
(

σ8

|δv|
)6/n+3

. (5.6)

To normalize the self similar power spectra, we choose the mass function in mass
variance in equation (5.5) as M = M∗. Hence, the characteristic mass variance is equal
to the linear density σ2(M∗) ∼ |δv|. By following this definition of characteristic mass
in relation (5.5), the comoving radius R of a void region for self similar models is given
by (Sheth & van de Weygaert 2004),

R = 1.7 × R∗
(

σ8

|δv|
)2/n+3

. (5.7)

Here, the constant 1.7 represents the expansion factor of a shell crossing void in an
EdS Universe. Note that in our calculations we choose the characteristic void size as
R∗ = 8 h−1Mpc in the self similar models. This rights us fix the variance σ at the
scale M = M∗. Then, we can obtain the void excursion set of the toy models in terms
of physical scales.

In this Chapter, we take into account spherical contraction and expansion rep-
resenting the collapse and merging void processes. These dynamical processes are
described with respect to linear theory. According to linear theory, an object of linear
density δ will collapse or shellcross at redshift z when its value dominates δc(z) or
δv(z),

δc(z) =
δc(0)
D(z)

∼ δc(0) (1 + z) (5.8)

δv(z) =
|δv(0)|
D(z)

∼ |δv(0)| (1 + z) , (5.9)

in which δc(z = 0) = 1.686 and δv(z = 0) = −2.81 are the linearly extrapolated
densities in the linear regime. Note that the growth factor D(z) encapsulates the ge-
ometry of the collapsing/expanding objects to denote the linear density perturbation.
The growth factor normalized to the present day Universe D(z = 0) = 1. In linear
theory, the growth factor D(z) has the same form for overdense and underdense re-
gions which is D(z) ∼ 1/ (1 + z) in the EdS Universe. Here, by taking into account
the fact that the shellcrossing and collapse barriers only redshift dependent in the EdS
Universe as defined in equations (5.8) and (5.9), the linear densities are used as time
variables following the algorithm of Lacey & Cole (1993).

5.3 Two Barrier EPS Formalism

The analytical evaluation of the two barrier random walk problem takes into account
a distribution function fv(M) on a mass scale M (Sheth & van de Weygaert 2004),
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fv(M)dM ≈ 1√
2π

νv

σ2 exp
[
−ν2

v
2

]
exp

[
−|δv|

δc

Υ2

4ν2
v
− 2Υ4

ν4
v

]
dM, (5.10)

corresponding to a fractional under density function νv(M) which is defined as,

νv(M) ≡ δv

σ(M)
=

δv√
S

, (5.11)

where δv is the void threshold density, the mass variance function is σ(M) and the
mass scale function is S. In equation (5.10) Υ is the void and cloud parameter. It is
defined as,

Υ ≡ |δv|
(δc + |δv|) . (5.12)

The void and cloud parameter Υ has a key importance, since it shows the effect of
the overdense regions/halos on the void population. Therefore, the mass fraction
equation (5.10) represents the hierarchical evolution of voids that are dominated by
two different behaviors: merging or collapsing. These two behaviors are represented
by two barriers in the excursion set formalism; the merging barrier is defined by the
linear collapse δc and shellcrossing δv densities. Since void and cloud parameter Υ is
a time dependent function and consists of the ratio of the barriers, we rearrange it as,

Υ =
1

γ(zc, zv) + 1
, γ(zc, zv) ≡ δc(zc)

|δv(zv)| , γ(zc, zv) =
δc0

|δv0|
1 + zc

1 + zv
, (5.13)

and we define a new parameter γ which is the barrier ratio δc/|δv|. For a given col-
lapse redshift zc when collapse happens and a shell crossing redshift zv when merging
occurs, the parameter γ becomes constant. Note that the mass fraction function can be
transformed into mass, volume or size scales by following Sheth & van de Weygaert
(2004),

fv(S)dS ∝ fv(M)dM = fv(V)dV ∝ fv(R)dR.

This leads us to construct void evolution in terms of volume S(V) and size scales
S(R) implicitly. Considering this and substituting the barrier ratio by using equation
(5.13) in the two barrier mass distribution equation (5.10), we obtain the distribution
function in terms of volume/size scale as follows,

fv(S)dS ≈ 1√
2π

δv

S3/2 exp
(
− δ2

v
2S

)
exp

(
−1

4
1
γ

1

(1 + γ)2
S
δ2

v
− 2

1

(1 + γ)4
S2

δ4
v

)
dS. (5.14)
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Figure 5.1: The illustration of the EPS formalism presenting two important void processes in
terms of volume scales and two barriers; collapse δc and one shellcrossing δv. The void merging
and collapse processes are indicated by red and back lines.

The volume/size distribution equation (5.14) shows the hierarchical evolution of voids
that are dominated by two processes; merging and collapsing in terms of the EPS for-
malism. Fig. 5.1 illustrates the two main void processes in the context of the EPS
formalism. As is seen from the figure, a spherical void with volume scale S1 = S(V1)
starts its evolution at barrier δv1 and its volume grows due to a merging event when
the random walk of the density function crosses a new barrier δv2 with volume scale
S2 = S(V2) (V2 > V1). At this point, the void processes are classified into two main
groups. The first one is the void merging/growing gradually. According to this, there
are two possible scenarios to explain a gradual merging event: i) if a void is not em-
bedded in an overdense region, it will merge gradually (lower red line in Fig. 5.1),
or an embedded void is large enough that is not affected by collapse regions. This
indicates that in the context of the two barrier formalism, the collapse barrier is larger
than the shell crossing barrier (δc � δv which leads to the collapse barrier moves to
δc → ∞) (upper red line in Fig. 5.1). In Fig. 5.1, the second void process is void
collapse. The random walk of voids, that are of a relatively small size compared to
their large volume counterparts, merge until reaching the collapse barrier δc and when
they reach this barrier they are squeezed at overdense boundaries and collapse under
gravitational collapse (black lines).

These two evolutionary paths can be described in terms of the barrier ratio or void in cloud
parameter since these parameters have the key importance of indicating which process is dom-
inant to other one. When the value of the overdense barrier δc becomes higher than the un-
derdense barrier δc � δv or δc → ∞, the barrier ratio becomes infinite, which makes the void
and cloud parameter zero, Υ → 0. Due to this fact, the second exponential term in equation
(5.14) disappears. This means that the contribution of embedded/minor voids in the distribu-
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Figure 5.2: The scaled fraction of the void population in terms of different barrier ratios γ.
When the ratio increases δc � δv, the distribution turns into the void in void distribution (most
upper line) in the limit of γ = 10. When the ratio value reaches unity, γ = 0.5 or higher values
than this, the distribution is well peaked around the characteristic mass ν = 1 (σ = |δv|).

tion equation (5.14) is unimportant. In this limit, the two barrier distribution reduces to a single
barrier at δv and then the abundance of voids is given by the void in void process which is anal-
ogous to the cloud in cloud process (Chapter 4 in this thesis; D’Amico et al. 2011; Sheth & van
de Weygaert 2004). Fig. 5.2 shows the distribution function of the scaled density with respect
to different barrier ratio parameters γ. As is seen for larger values γ � 0.5, the mass frac-
tion function approach to the void in void problem of the one barrier excursion set, indicates a
gradually merging void process. However the void distribution function with the barrier ratio
γ ≤ 0.5 has more contributions from the embedded voids, which leads to the void in cloud
problem. In this case, the distribution function shows two cut offs at small and large fractional
underdensities ν, in other words at small and large void volumes, indicating embedded voids
are unlikely have volumes larger or smaller than these cut off values. Sheth & van de Weygaert
(2004) pointed out that the distribution function is well peaked around v ∼ 1 (σ ∼ |δv|) for the
barrier ratio γ ≥ 0.25. They also mentioned that the distribution function is not correct for the
barrier ratio γ ≤ 0.25.

These basic descriptions and formulations frame the center of this Chapter. Here, the main
goal is to construct a void merging algorithm that takes into account the two void processes into
one hierarchical model by using the two barrier volume/size distribution function of Sheth &
van de Weygaert (2004) based on the excursion set formalism.

Before giving the details of the void merging algorithm based on the two barrier excursion
set, it is crucial to treat the void in cloud problem in the context of excursion set theory. The
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problem of the void in void process is based on the derivation of the EPS formalism. The EPS
formalism is a random walk (Brownian motion) excursion process that is conditioned to be
positive δ > 0 in terms of increasing scales S. Here, a problem arises in the void in cloud
process, that random trajectories of this process change from positive δ > 0 to negative δ < 0
values with increasing scales S. In other words, random trajectories of a void in cloud process
make their first crossing at a negative barrier then by crossing δ = 0, reach the positive collapse
barrier (see void collapse random walk in Fig.5.1).

In the following subsection we introduce a very simple method based on the idea of con-
structing a sequence of random walks converging almost surely to a Brownian motion (Marchal
2003). This simple method allows us to treat the complex evolution of the void processes in the
EPS theory based on the scaled void distribution function.

5.3.1 Method to Treat Void in Cloud Problem

Here, we introduce the definition of Brownian motion and its classification. Then, we show the
interpretation of this classification in terms of the EPS formalism. After defining the random
walk property of the void in cloud, we give the details of the method and application of this
simple method to the two barrier void distribution given by Sheth & van de Weygaert (2004) in
order to obtain a merging algorithm of void populations based on the halo merging algorithm
of Lacey & Cole (1993; hereafter LC93).

Press & Schechter (1974) derived an analytical formalism to infer the number density of
collapsed objects at a given redshift and mass interval based on combining Gaussian statistics of
the linearly extrapolated density field with the nonlinear evolution described by the spherical
model. However, their formalism indicates a problem that is named as the cloud in cloud
problem since they did not take into account low density areas representing small embedded
structures. Bond et al. (1991) proposed a solution to this problem by taking into account the
probability that a subsequent filtering of larger scales results in having linear density contrast
larger than the collapse barrier δ > δc at some point. Bond et al. (1991) identify the mass fraction
of matter in virialized objects with mass greater than M in which the initial density contrast lies
above a critical overdensity when smoothed on some filter of radius greater than or equal to
R f (M). The mass density function is then given by the rate of first upcrossing of the critical
overdensity level as one decreases R f at a constant position R (Bond et al. 1991). The shape of
the mass function depends on the choice of filter function. The simplest case is sharp-k space
filtering, in which the field performs a Brownian random walk as each increment to δ(S) when S is
increased comes from a new set of Fourier modes in a thin spherical shell in k-space. Thus for a
Gaussian random field it is not correlated with any of these previous steps. As a consequence of
this, these trajectories δ(S) are governed by a simple diffusion equation in which δ(S) increases
with S.

5.3.2 Brownian Random Walk Characteristics

Here, we give the definition and properties of a Brownian random walk in terms of the EPS
formalism:

Definition 1 A standard (1-dimensional) Brownian motion with respect to a filtration R f is a collection
of random variables δ(S), S ≥ 0 satisfying the following (Pitman 1999):

• δ(S = 0) = 0;

• if S′ < S, then δ(S)− δ(S′) is a measurable random variable, independent of the previous incre-
ment, with a Gaussian distribution;

• with probability one, S �→ δ(S) is a continuous function.
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There are three characteristics of the Brownian random walk; bridge, excursion and meander:

Theorem 1 There exists a family of random walks in the interval [0, S] where all numbers in the interval
are integers for every S (Marchal 2003):

1. a Brownian bridge is defined as a random walk of cumulative density contrast δ(S) which has
length S and is conditioned to return to 0 at scale S in the interval (Fig. 5.3). In the EPS
formalism, a Brownian bridge can be described as minima of the excursion characteristic with
negative barriers which form underdense regions.

2. a Brownian excursion is defined as a cumulative random walk of density contrast, δ(S) which has
length S and is conditioned to stay positive in the interval (Fig. 5.3).

3. a Brownian meander is defined as a cumulative random walk of density contrast, δ(S) which has
length < S and δ(S) is conditioned to stay positive in the interval (Fig. 5.3). In the EPS formal-
ism, meander represents local maxima with positive barriers in a Brownian excursion, indicating
collapse regions.

In the context of the EPS/ excursion set theory, the cloud in cloud problem can be related to the excursion
characteristic of the Brownian random walk, while the void in cloud problem admits the combination of
two characteristics of the Brownian random walk, that of a meander with positive barrier, indicating a
collapse region, and a bridge with a negative barrier, indicating a merging region.

There is a simple and an effective method developed by Marchal (2003) that allows one to
transform a negative definite bridge into a positive definite meander/excursion. Recall that
there is a bijection between the bridge and the meander. To construct a meander/excursion
of length 2S + 1 from a bridge of length 2S, one must replace each negative excursion of the
bridge by its symmetric positive excursion and replace the last negative step of this symmetric
positive excursion by a positive step. Finally a first positive step must be added to the whole
path (barrier uplifting) (Fig. 5.4).

5.3.3 Void in Cloud Problem: From Bridge to Excursion

Following the definitions of the Brownian characteristics of the random walk and the method
to obtain a positive definite excursion, here we give a simple treatment to the void in cloud
random walk to describe it in terms of the EPS formalism.

As mentioned before, the void in cloud random walk has one negative signed deep bridge
on large volume scales (see panel A in Fig 5.5) with a negative barrier (δv) and one positive
signed meander or excursion on the small mass scales with a positive barrier (δc). Note that as
of now, we adopt the volume distribution function in terms of volume scale S(V) to describe
volume evolution in the context of void hierarchy. The distribution of the void population is
given by Sheth & van de Weygaert (2004) as follows,

fvdS ≈ 1√
2π

δv

S2/3 exp
[
− δ2

v
2S

]
exp

⎡⎢⎣− δv

δc

S

4δ2
v

(
δc
δv
+ 1

)2 − 2
S2

δ4
v

(
δc
δv
+ 1

)4

⎤⎥⎦ dS. (5.15)

Here, we take this distribution function with a partially negative random walk and make this a
complete positive excursion without changing its probability distribution. To do this by follow-
ing the remark of Theorem (1), we replace each excursion of the whole walk by their symmetric
excursion. This happens by taking the mirror of the distribution around the x-axis (S) (see B in
Fig. 5.5). However here we still have a negative bridge crossing the negative collapse barrier
which is not allowed in the EPS formalism. To solve this problem, the barriers are shifted up by
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Figure 5.3: Three characteristics of the Brownian random walk: excursion, meander (upper)
and bridge (lower). (Upper) The excursion characteristic of Brownian motion is a positive def-
inite random walk. It is shown in red and it increases in each increment δ(S1) < δ(S1 − S2).
Meander is always a positive definite local maximum in the positive definite excursion. How-
ever a Brownian bridge has negative values (δ(S) < 0) for positive definite steps (S > 0).
(Lower) Brownian bridges are defined as minima in a Brownian random walk. Note that the
excursion characteristic of random walks can be described as a positive definite bridge.



162 CHAPTER 5: EXTENSION OF VOID MERGING TREE ALGORITHM

Figure 5.4: Method of transforming a bridge to a meander. There is bijection (one to one cor-
respondence) between the negative valued walk (bridge) and the positive valued local max-
ima (meander) characteristics of Brownian random walk. To obtain a positive valued mean-
der/excursion of certain length from a bridge, one needs to replace each negative excursion
(barrier) of the bridge by its symmetric positive excursion. Then, the last negative step of this
symmetric positive excursion should be replaced by a positive step. The final step is to add a
first positive step to the whole path (Marchal 2003).

Figure 5.5: Steps of constructing excursion with positive barriers from the void in cloud random
walk with a negative definite bridge characteristic.
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2δc with an accompanying shift in the probability distribution (see C-D in Fig. 5.5). Then, none
of the barriers have a negative value and the resulting distribution function is given by,

fvdS ≈ 1√
2π

|δ̃v|
S2/3 exp

[
−

(
δ̃v

)2

2S

]
exp

[
− 1

γ̃

1

(γ̃ + 1)2
S

4δ̃2
v
− 2

S2

δ̃4
v (γ̃ + 1)4

]
dS, (5.16)

where we define a new barrier δ̃v which is given by,

δ̃v ≡ |δv|+ 2δc. (5.17)

while the new barrier height ratio γ̃ is defined as,

γ̃ ≡ δc

|δ̃v|
. (5.18)

Therefore, we obtain a positive excursion random walk (Brownian random walk) of the void
evolution. This allows us to form the void massvolume scale function that mimics the excursion
set formalism of halos. By applying this method which constructs an excursion set from a
negative defined bridge:

1. The distance of the barriers is not changed (see Fig. 5.4). In addition to this, the scales
where the random walk meets the barriers is not changed either. The only change is that
the distribution with negative barriers becomes a completely positive Brownian random
walk like the excursion set formalism (see Bond et al. 1991).

2. Since the distance of the barriers and the volume scales where the trajectories make their
first upcrossing are not changed by the barrier shifting up process, the probability dis-
tribution does not change. This allows us to use the volume fraction of Sheth & van de
Weygaert (2004).

Now the questions are: how will we obtain a merger tree algorithm from this distribution, and
what is the physical interpretation of this distribution from the void perspective?

Fig. 5.6 shows random walk of the void in cloud which is converted into a positive excur-
sion set from by following the method we introduced above. This method has a key role since
it allows one to treat random walk of the void in cloud as cloud in cloud random walk. As a
result, in Fig. 5.6, a given trajectory δ(S) describes the merging history for a given void which
starts its evolution with volume scale S1 at barrier δ̃v, and later it will merge into other voids
with larger volume at smaller barrier values < δ̃v and eventually will collapse at barrier δc cor-
responding to volume scale S2. Note that in Fig. 5.6, the random walk makes horizontal jumps
when S decreases. These jumps correspond to sudden jumps in the volume of the void. The
small steps in between two barriers correspond to adding only a small amount of volume to
the void. These events are called void absorption events, since bigger voids absorb small ones.
Note that after several merges with other voids, the void will reach the end of its lifetime when
its random walk crosses the collapse barrier δc. This means that the collapse barrier represents
the end of void merging events.

5.3.4 Redshift and Size Constraints on Voids

The parameters γ and γ̃ are defined as the ratio of the collapse and underdense barriers of the
random walks,
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Figure 5.6: Excursion set interpretation of the void in cloud process. A given trajectory δ(S)
describes the history of an embedded/minor void that starts merging with volume scale S1 =
S(V1) at shell crossing/merging barrier δ̃v and later on collapses at barrier δc corresponding
volume scale S2.

γ =
δc

|δv| and γ̃ ≡ δc

δ̃v
=

δc

|δv|+ 2δc
. (5.19)

We can obtain some constraints on the ratio parameter for a given redshift value indicating
the time when collapse and expansion/merging happen. These constraints are based on the
two different processes of the void population: merging and collapse. We know that the void
distribution equation (5.14) is accurate if γ ≥ 0.25 (Sheth & van de Weygaert 2004) which leads
to γ̃ ≥ 0.16. In addition to this, we show that when γ ≥ 0.6 (γ̃ ≥ 0.5) the distribution turns into
the one barrier distribution of the void and void problem in Fig. 5.2. The barrier height ratio
has values of 0.25 ≤ γ < ∞ (0.16 ≤ γ̃ < ∞). Based on this, two different void behaviors are
modeled by the following constraints:

1. Void collapse: Contribution of the small voids into the distribution is dominant: ”Voids
are squeezed” γ ≤ δc0

δv0
= 0.6 (or γ̃ ≤ 0.5).

2. Void merging: When the ratio of collapse and merging barriers is high, γ � 0.6 or δc �
|δv|, the new barrier height parameter becomes γ̃ � 0.5. The two barrier EPS formalism
is reduced to the one barrier void in void problem. Therefore, voids do not vanish due
to collapsed regions where they are embedded and their evolution is dominated only by
merging events (Chapter 4 in this thesis).

An important result on the void volume scale is given by Sheth & van de Weygaert (2004). This
criteria is based on the statement that there are no large scale voids embedded in large scale
halos, on the scales where,
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σ � (δc + |δv|) , (5.20)

and the collapse barrier δc does not have any effect on the void population. If we rearrange this
statement in terms of the void size, we obtain a size criteria on void sizes in which they do not
feel the environmental effects,

R
R∗

� [|δv| (γ + 1)]−
2

n+3 , γ ≥ 0.6, γ̃ ≥ 0.5, (5.21)

where the characteristic radius R∗ is chosen as R∗ = 8 h−1 Mpc. This size criteria leads to a
classification between void sizes. Some of voids are embedded in the overdense regions and
eventually collapse while other voids that satisfy this size criterion and expand, merge contin-
uously. In the limit of the above redshift and the size criteria their EPS formalism should satisfy
the one barrier EPS formalism of the large voids (Chapter 4 in this thesis). In a way, the last
case is just a theoretical statement since it is not possible for some voids to merge and expand
forever.

In the following subsection we investigate the evolutionary paths of these two void groups
in terms of the EPS formalism by following the LC93 merging tree algorithm.

5.4 Merging Tree Algorithm of Growing and Embedded Voids

We wish to determine the merger probability per unit time for a void of a given volume and
time. Let us therefore consider the subset of trajectories, depicted in Fig. 5.7, which make their
first upcrossing of a barrier δc at S2 and then continue until they eventually cross a second
barrier of height δ̃v at various scales S1 > S2. These trajectories represent voids which at the
time corresponding to δ̃v have volumes corresponding to S1, which by the later time correspond
to the scale δc and have merged and died. Note that in between the first merging barrier and
the last collapse barrier, many merging barriers can be replaced as long as the last barrier is the
collapse one, δc.

The scale fraction function derived in equation (5.16) is,

fvdS ≈ 1√
2π

δ̃v

S2/3 exp

[
−

(
δ̃v

)2

2S

]
exp

[
− 1

γ̃

1

(γ̃ + 1)2
S

4δ̃2
v
− 2

S2

δ̃4
v (γ̃ + 1)4

]
dS. (5.22)

The conditional probability fS1 (S1, |δv|
∣∣S2, δc)dS1in which one of these trajectories makes its

first upcrossing at δ̃v in the interval S1 + dS1 can be obtained directly from (5.22) but with a
difference that the source of the trajectories moved from the origin to the point (S2, δc) (by
following the algorithm derived by Lacey and Cole, 1993). Then, the conditional probability
density of a void whose trajectory is in the interval S1 + dS1 making its first up crossing at δ̃v
which collapses at the point (S2, δc) is,

fS1 (S1, δ̃v
∣∣S2, δc)dS1 =

1√
2π

δ̃v − δc

(S1 − S2)
3/2 exp

(
− (

δ̃v − δc
)2

2 (S1 − S2)

)

exp

(
−1

4
1
γ̃

1

(1 + γ̃)2
S1 − S2(
δ̃v − δc

)2

)

exp

(
−2

1

(1 + γ̃)4
(S1 − S2)

2(
δ̃v − δc

)4

)
dS1. (5.23)
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Figure 5.7: Subset of trajectories making their first upcrossing of a barrier δc at S2 and then
continue until crossing a second barrier δ̃v at various scales S1 > S2. These trajectories represent
voids which at the time corresponding to δ̃v have volumes corresponding to S1(V), which by
the later time correspond to the scale δc at volume scale S2(V) where they will vanish due to
collapse.

Here, δ̃v > δc (≈ zv > zc) and the volume scale is S1 > S2. Note that high volume scale
indicates small size radius. Hence, the void size fraction derived from equation (5.23) for the
CDM model is given by,

fS(R1)(S(R1), δ̃v
∣∣S(R2), δc)dS1 =

1√
2π

δ̃v − δc

(S(R1)− S(R2))
3/2 exp

(
− (

δ̃v − δc
)2

2 (S(R1)− S(R2))

)

exp

(
−1

4
1
γ̃

1

(1 + γ̃)2
S(R1)− S(R2)(

δ̃v − δc
)2

) ∣∣∣∣ dS(R1)

dR1
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exp

(
−2

1

(1 + γ̃)4
(S(R1)− S(R2))

2(
δ̃v − δc

)4

)
dR1, (5.24)

where S(R1) and S(R2) are size scale functions that are obtained numerically. Follow-
ing the CDM model, the size distribution of the self similar models is given by,
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fR1 (R1, δ̃v
∣∣R2, δc) dR1 =

3α√
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⎞⎟⎟⎟⎠ dR1. (5.25)

Depending on the value of barrier ratio, equations (5.25) and (5.24) display the size
distribution of the embedded voids in one formula for the CDM and the self similar
models.

The void size distribution equation (5.25) in terms of self similar (n = 0,−2) and
ΛCDM models at given redshift zv for embedded/minor with barrier ratio γ̃ = 0.5
and growing void processes (from the embedded void distribution (5.25)) with barrier
ratio γ̃ = 100 are shown in Fig. 5.4 and in Fig. 5.9. These figures show the embedded
void with radius R1 at redshift zv will incorporate its double size R2 by merging and
collapse at redshift zc = 0.

As is seen in Fig. 5.4, the peaks of size distributions of embedded/minor voids
increases with increasing redshift, though this relation in small redshifts (zv < 0.5 )
not as prominent as large redshifts in the self similar models as well as the ΛCDM
one. This result may indicate that there are more minor voids at large redshifts that
were filling the Universe. This is what we expect from the bottom up hierarchical
scenarios that small size voids merge together and construct larger size voids.

In addition, the peaks of size distribution of embedded/minor voids decreases
with decreasing spectral index (from n = 0 to n = −2) while the size range of minor
voids increases drastically when the spectral index decreases (from n = 0 to n = −2).
As a result, the void size distribution fR1 in self similar model with spectral index
n = −2 at redshift z = 0.5 show very large size voids then one with spectral index
n = 0 at the same redshift.

In Fig. 5.9, differing from the embedded/minor voids, the peaks of growing void
size distribution increases with decreasing spectral index (from n = 0 to n = −2).
However, like the minor void case, the peaks of size distribution increases with in-
creasing redshift.

Fig. 5.10 shows that in both embedded/minor and growing void populations, the
distribution function fR1dR1 indicates large void sizes with decreasing spectral index
(from n = 0 to n = −2). As is seen, the range of void sizes increases with decreas-
ing spectral index. Taking into account that decreasing spectral index indicates the
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Figure 5.8: Size distribution of voids embedded in overdense regions at given redshift zv in
terms of R1 [h−1 Mpc] with respect to the self similar models with index values n = 0,−2
and ΛCDM at small redshifts z = 0, 0.1, 0.15, 0.2 (Left column) and relatively large redshift and
z = 0.5, 1, 2, 3 (Right column) for the barrier height ratio γ̃ ≤ 0.5. Later on voids with size R1
at redshift zv will double their size, R2 = 2R1 at redshift zc = 0 when it will vanish due to the
presence of a collapse region.
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Figure 5.9: Size distribution of voids that do not feel the effect of collapse regions in terms of
size R1 at given redshift zv of self similar models with index values n = 0,−2 and ΛCDM at
redshift z = 0, 0.1, 0.15, 0.2 for the gradually merging model where the barrier height ratio is
chosen to be γ̃ � 0.5. Initial void size R1 at redshift zv incorporates its double size R2 = 2R1 at
redshift zc = 0 and it will collapse at this redshift value.
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Figure 5.10: Size distribution of (upper) embedded/minor voids and (lower) embed-
ded/growing voids that do not collapse in terms of self similar models with spectral index
n = 0,−1,−2 at redshift z = 0.

hierarchical clustering, obtaining larger voids in the self similar models with smaller
spectral index is expected.

Note that the size distribution of growing voids of the two barrier EPS formalism
obtained from equation (5.25) for the barrier height ratio δc/δ̃v � 0.5 indicates smaller
size voids than the size distribution function is derived from one barrier excursion set
formalism (Chapter 4 in this thesis). This is because of the second barrier value in the
conditional fractional function. In the one barrier excursion set formalism, the second
barrier in the conditional distribution function is a merging barrier δv while in the
two barrier approach the second barrier in the conditional distribution function is the
collapse barrier. Fig. 5.11 explicitly represents this distinction between growing and
embedded void populations with different spectral index. As was aforementioned,
void sizes increases with decreasing spectral index. Fig. 5.11 shows that this behavior
is more striking in growing void size distribution than embedded ones.
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Figure 5.11: Comparison of size distribution of void populations in terms of self similar models
with different spectral index ng = 0,−2 for growing and nm = 0,−2 for embedded/minor
voids at redshift z = 0.

As was pointed out before, the barrier height ratio has the key importance of defin-
ing hierarchical evolution of the void population by making a significant difference
between embedded/minor and growing voids in the two barrier EPS formalism. The
barrier ratio dependence of the size probability distribution function (5.23) is shown
in Fig. 5.12 at low redshift (zv = 0) and the collapse barrier is replaced at redshift
zc = 0. According to this, γ̃ = 0.5 behaves like a transition parameter between em-
bedded/minor and growing voids. When the barrier height ratio increases γ̃ � 0.5,
the conditional size distribution starts behaving like the size distribution of growing
voids that are not affected by their environments as much as minor voids are (see up-
per panel of Fig. 5.12). As is seen in the upper panel of Fig. 5.12 the peaks of the size
distribution shift to small initial sizes when the barrier height ratio increases. While
this shifting peak behavior is not striking at γ̃ ≤ 0.5, for the values � 0.5 the shift-
ing behavior becomes prominent and peaks become flattened with increasing barrier
height ratios. Therefore, there is a large diversity of sizes for growing voids. The
peaks become flatter when the barrier ratio approaches the one barrier δ̃v (δc � δ̃v)
and the distribution turns into the ”void in void” one.

Another probability density function that can be derived from the random walks
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Figure 5.12: The barrier ratio dependence of the size distribution of growing and embed-
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(upper) and small values γ̃ ≤ 0.5 (lower).

is the probability of a trajectory first up crossing |δv2 | then |δv1 | at S1,
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This helps one to obtain merging rates of the two types of void processes. To do this,
first we derive the mean transition rate by taking the limit on the barriers, used by
Lacey and Cole in order to derive the merging rates of halos, δc → δ̃v. This limit leads
to γ̃ → 1. Hence, we obtain a distribution function which changes in terms of barrier
steps d|δ| = δ̃v − δc and the volume scale (5.26),

d2 p
dS2dδ̃v

(
S1 → S2, δ̃v

)
=

1√
2π

[
S1

S2 (S1 − S2)

]3/2

exp
[
− δ̃2

v
2
(S1 − S2)

S1S2

]
dS2d|δ|. (5.27)

This equation is the same as the form of the one barrier void merging distribution
(Chapter 4 in this thesis). The only difference comes from the behaviors of the barri-
ers; while one of them barriers is the collapse barrier δc instead of a second void/shell-
crossing barrier δv2 . Equation (5.27) also can be interpreted as one or more merging
void events depending on expansion/underdense δv and collapse/overdense δc barri-
ers. While any finite interval of Δδ = δ̃ − δc at ΔS shows the cumulative effect of more
than one merger, an infinitesimal interval dδv at dS indicates a single void merger
event. Hence, equation (5.27) represents the probability of a void with volume scale
S1 merging at later times with another void of volume ΔV = V2 − V1. Thus the rate
of merging, divided by the volume ΔV of the void that it is being merged with, is,

d2 p
d ln ΔVd ln t

(V1 → V2, |t) =

√
2
π

ΔV
V2

δ̃v(t)√
S2

∣∣∣∣d ln
√

S2

d ln V2

∣∣∣∣ ∣∣∣∣d ln δ̃

d ln t

∣∣∣∣ 1

(1 − S2/S1)
3/2 ×

exp
[
− δ̃2

v
2

(
1
S2

− 1
S1

)]
. (5.28)

The merger rates of embedded/minor and growing voids are formulated by the same
equation. As a natural result of this, their merging rates have the same appearance.
Fig. 5.13 and Fig. 5.14 show merger rates of voids for given size in terms of self similar
and the ΛCDM models. Fig. (5.13) represents the merger rates of the self similar
models that decrease with increasing spectral index. This behavior is less prominent
in voids with smaller size ratios R/R∗ ≤ 5h−1Mpc than their large size counterparts
R/R∗ > 5 h−1Mpc. Due to this result, large size voids contribute the merging events
more than smaller size voids. Fig. 5.13 represent the merger rate of the ΛCDM model
at redshifts z = 0 and z = 2. According to this, the contributions of smaller size
voids to merging events seem less than larger voids in each redshift. In addition, the
merger rates of voids increases with increasing redshift. This is an expected result by
taking into account that merging events should be more frequent in the context of a
hierarchical build up model.

5.5 Timescales in Merging Tree Algorithm

In the following sections we define and formulate survival and formation times of
two barrier void hierarchy. Recall that here we use the linear over and underdensities
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Figure 5.13: The merger rates of voids given by equation (5.28) for the self similar models with
the index n = 0,−1,−1.5 − 2 in terms of different initial radius ratios. They have the curve
which is the highest on the left of each plot R1/R∗ = 40 and successive curves are R1/R∗ =
20, 10, 5, 2.5.

as time parameters. This is only is allowed in the EdS Universe since the linearly
extrapolated densities are constant and only time dependency comes from the linear
growth factor D.

5.5.1 Void Survival and Failure Times

As is shown in the previous section, the merging rates of embedded voids have the
same merging features as growing voids. The question is: What is the main distinction
of these populations if it is not their merging character? The answer is their survival
probabilities which form a separation between two groups. Due to their environmen-
tal characteristics, we expect their survival times should be different since one of the
groups vanishes under the gravitational collapse and the other one merges gradually.
However in reality before they collapse we can not really distinguish between them.

By following the definition of the survival time of a halo by Lacey & Cole (1993),
the void survival time is defined as the time δsurv when the volume gets doubled 2V
due to merging. The survival probability function of a void succeeding to merge into
its double size with respect to the two barrier EPS formalism, is given by,
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Figure 5.14: The merger rates of voids given by equation (5.28) for the ΛCDM model
at redshift z = 0, 2 and curves represents the comoving volume with radii Rcom,1 =

40, 20, 10, 5, 2.5 h−1 Mpc.
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P(S > S2, δc|S1, δ̃v)︸ ︷︷ ︸
probability of survival beyond S2

= 1 − P(S < S2, δc|S1, δ̃v)︸ ︷︷ ︸
probability of a void failing before reaching S2

, (5.29)

where the survival probability distribution P(S > S2, δc|S1, δ̃v) varies between one
and zero indicating survival and death processes. Although we expect the same sur-
vival profile from both void populations, the survival probability of void popula-
tion shows two different behavior related based on their survival size distribution,
strongly related with their environmental properties. For example for embedded
voids it is expected that the probability of a void failing before reaching its double
size should be related with the collapse event due to the presence of overdense re-
gions in their environment. The effect of gravitational collapse of overdense regions
slows down the void merging process and forces the void evolution to stop, or may
even make them vanish. Here, we obtain these two different behaviors depending on
the barrier ratios. As it is mentioned before, the value of the barrier ratio is the key
element of the two barrier excursion set since it make distinction between merging
and collapsing behaviors of void population. In this sense, the barrier ratio γ can be
considered as an environmental indicator. When the ratio of the two barriers is higher
than the value δc0/δ̃v0 � 0.5, the collapse barrier becomes larger δc � δ̃v and as we
know, this is the indication of gradual merging events (Chapter 4 in this thesis; Sheth
& van de Weygaert 2004). In the limit of γ ≤ 0.5, the two barriers get closer. Due to
the collapse barrier, merging event can not be a continuous event. By taking this into
account these two possibilities, here we obtain two survival probability functions of
voids whereby they merge gradually and first they merge and later on collapse:

• Survival probability of growing voids: The survival probability of voids that
merge at the volume scale S2 and survive and continue merging after this certain
scale, is defined as the probability of a void making its transition from S < S2 to
S > S2 at barrier δ > δc → ∞ and its explicit form is,

P(S > S2, δc → δ̃v2 |S1, δ̃v1 ) = 1 −
∫ S2

0
fS2

(
S′

2, δ̃v2 |S1, δ̃v1
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2
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S2
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δ̃2
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2

(
1
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− 1

S2
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+

√
π

2
1
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(
δ̃2

v1

S1
− 1

)
× erf

√
δ̃2

v1

2

(
1
S1

− 1
S2

)⎤⎦ .

Since the collapse barrier tends to be infinite, this makes the collapse event at
sometime in the infinite future. Therefore, a void embedded in a collapsed re-
gion will not strongly get affected by overdense region/s. As a result, void con-
tinues merging behavior gradually. Then, the two barrier problem is reduced to
a one barrier problem. This leads us to rederive the survival probability of the
large void probability density as in the previous chapter. As a result, the sur-
vival time distribution is given as it is defined for large voids where the scales
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should be set as S1 = S(V), S2 = S(2V), δ̃v1 = δ̃v(t) and δ̃v2 = δ̃v(tsurv) to obtain
the formation time. It is possible to derive the distribution of times (see Chapter
4 for the explicit form),

Fδ̃v2
= −dδ̃v2

(
∂P(S > S2, δ̃v2 |S1, δ̃v1)

∂δ̃v2

)

= dδ̃v2

(
∂P(S < S2, δ̃v2 |S1, δ̃v1)

∂δ̃v2

)

Lacey & Cole (1993) defined this function as survival probability time distribu-
tion. Based on their definition, it is the probability of a void with volume scale
S1 = S(V1) that is incorporated into a system of volume larger than the corre-
sponding scale S2 = S(V2) during the time interval dδ̃v2 . As was pointed out in
Chapter 4, this function is known as the conditional failure rate or hazard func-
tion in statistical mathematics (Cleves et al. 2008). It is a function and measures
the failure rate of void radii that could not merge at redshift or measures the risk
of voids not merging/growing for a given size with respect to interval.

• Collapse probability of embedded/minor voids: The concept of survival proba-
bility of embedded/minor voids is slightly different than their growing counter
parts. Embedded voids collapse at the volume scale S2 and this is defined as
the collapse probability of a void making its transition from S < S2 to S > S2
at barrier δc and vanishing at this collapse barrier δc. Hence, this probability is
given by,

Pcoll−n(S ≥ S2, δc|S1, δ̃v) = 1 − e
− 2

3
S1
δ̃2
v
−yn

S2
1

δ̃4
v

× erf

(
δc√
2S1

(
S1 − 2S2√
S2 (S1 − S2)

))
, (5.30)

where yn in which n = CDM, 0,−1,−2 is model dependent numerical value
that admits the following values for the CDM and the self similar models,

yCDM = 1.45, y0 = 2.77, y−1 = 2.98, y−2 = 3.86 (5.31)

Equation (5.30) also defines the probability that a void merges into a system
of volume larger than the corresponding S2 at collapse when the time interval
changes around δc. Recall that equation (5.30) gives the size or volume distribu-
tion of voids that will collapse. Fig. 5.15 and Fig. 5.16 show the collapse void
size probability distributions of the embedded/minor voids for given redshifts
that are destined collapse when they incorporate into radius R2 for self similar
and ΛCDM models. According to this, in all models, the collapse probability
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does not show drastic change with redshift. In other words, in a given model
the probability distributions in terms of different redshifts slightly deviates from
each other. In addition, in all models the collapse probabilities decreases with
increasing radius. This is an expected result and is in agreement with Sheth
& van de Weygaert (2004); D’Aloisio & Furlanetto (2007) since growing/large
size voids are less affected by their environments. Note that the radius range
of collapse probability distribution with value P(R2) = 1 indicates 100% suc-
cess in collapsing. After the maximum collapse radius, the probability distri-
bution starts decreasing to large radii and reaches the value zero indicating no
collapse at given redshift for the large radii at depending on the model. In self
similar models, the collapse probability of voids represents that the probabil-
ity of a void that will collapse increases with increasing value of the spectral
index. In the self similar models with index n = 0,−1,−2, voids with radius
up to � 8 h−1Mpc, � 5 h−1Mpc and � 2 h−1Mpc are destined to col-
lapse at z = 0. In the ΛCDM model, this upper limit of collapse void radius
is � 10 h−1Mpc. All voids with radii above these limits in the related model
unlikely collapse. These collapse radii with zero probability P(R2) = 0 define
the lowest radius limit of immortal voids that continuously grow/merge with-
out collapsing. The radii of embedded voids that do not collapse ever depend-
ing on the models are � 28 h−1Mpc, � 32 h−1Mpc and � 300 h−1Mpc in
the self similar models with index n = 0,−1,−2. This lower limit to gradually
growing/merging voids is � 25 h−1Mpc in the ΛCDM model.

Here, we define the collapse survival function or the collapse failure rate of the
embedded/minor void population. The collapse failure rate can be defined as
the change of probability of a void that will not collapse at given redshift in-
terval. It is given by the derivative of the survival or negative value of failure
probabilities in terms of δc. Hence, the collapse failure rate of embedded/minor
voids is given by,

Fδc,coll−n = −dδc

(
∂P(S > S2, δc|S1, δ̃v)

∂δc

)
= dδc

(
∂P(S < S2, δc|S1, δ̃v)

∂δc

)

=

√
2
π

e
− 2

3
S1
δ̃2
v
−yn

S2
1

δ̃4
v e

− (S1−2S2)
2

2S1S2(S1−S2)
δ2

c (S1 − 2S2)√
S1S2 (S1 − 2S2)

, (5.32)

in which yn are the numerical values and given by equation (5.31). Equation
(5.32) then provides important information by showing at what redshift interval
and what size of voids have chance to collapse or survive. Fig. 5.17 and Fig.
5.18 show the collapse failure rates of embedded/minor voids in terms of red-
shift z when voids collapse before reaching the collapse redshift zc for self sim-
ilar and ΛCDM models based on equation (5.32). According to this, Fig. 5.17
represents that in the self similar models the collapse failure rate of large size
voids ≥ 15 h−1Mpc slightly increases with decreasing spectral index while
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the failure rate of the small size void 7.5 h−1Mpc increases prominently with
the decreasing index. This result indicates that in self similar model with spec-
tral index n = −2 voids with larger radius unlikely to collapse than models
with bigger spectral values. As a results, larger voids in the self similar model
n = −2 rather than the model with index n = −2. In Fig. 5.18, like the self sim-
ilar models, in the ΛCDM model, the collapse failure rate of the small size void
R1 = 7.5 h−1Mpc is very low, even negligible compare to its larger size coun-
terparts. In Fig. 5.17 and 5.18, the collapse failure rates remain constant until
a critical redshift is reached, after which the collapse failure rate decreases with
increasing redshift in each model for a given radius. According to this, small
size voids at large redshifts show lower collapse failure rate than their larger
radius counter parts.

Apart from the collapse failure rate of void population in terms of redshift, it
would be interesting to see the failure rate in terms of the size distribution for
given redshifts. Therefore, the Fig. 5.19 shows instantaneous probability of fail-
ing rate in terms of void radius R2, in which a void doubled its initial size, for
self similar models with index n = 0,−1,−2 and ΛCDM. As is seen in the figure,
the collapse failure rate is first increasing and then decreasing with increasing
void radius at given redshift in each model. This special shape of the collapse
failing rate model is called lognormal survival model in the context of survival
analysis (Kleinbaum & Klein 2011). In Fig. 5.19, the collapse failure rate of
voids increases with increasing size and decreasing redshift. Naturally, we do
not expect growing voids since they are large enough not to vanish. Similarly,
the collapse failing rate of smaller size voids decreases since embedded/minor
voids tend to be small in size and strongly feel the effect of overdense regions
in their neighborhood. Besides, the failing rate of a collapse void region dras-
tically small (means that they are destined to vanish) with increasing redshift.
However, in all models, the collapse failure rate increases until reaching a cer-
tain radius at a given redshift, then it starts decreasing. This means that in each
redshift there is a characteristic (or turn around) void radius that behaves as
a transition criteria between collapsing and growing void radius. As a conse-
quence of this, voids with smaller radii than their characteristic failure radius at
given redshift will most likely collapse when it reaches its double size at redshift
zc = 0. However the radii values bigger than the characteristic failure radius,
have slightly more chance to survive. Note that the peak of the failure rate is
model dependent. As is seen in Fig. 5.19, in self similar model, the peak of
the failure rate increases with decreasing spectral index and decreasing redshift.
Similarly, in the ΛCDM model, the peaks of the collapse failure rate increases
with decreasing redshift.

5.5.2 Volume Formation Time and Extended Void Merging Tree

Formation time for voids in two barrier excursion set is the same as growing voids
in the one barrier excursion set. Then, formation time of a void is defined as red-
shift when a progenitor void of the main void forms with half of the volume of the
main void. Following LC93, it is mentioned that after the formation time (or S < S1),
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Figure 5.15: The survival size distribution probabilities of the voids embedded in an overdense
region in terms of self similar models. According to this, the survival probability of a void
embedded in an overdense region with radius R2 = 2R1, starting merging at redshift zν and
collapsing at zc = 0, decreases with decreasing index in the self similar models.
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Figure 5.17: The failure rate of embedded void regions in terms of collapse time δc ≈ zc distri-
bution for given radii 120, 60, 30, 15, 7.5 h−1 Mpc in the self similar (n = 0,−1,−2) models.

the choice of the largest volume progenitor as the main progenitor defines a contin-
uous track through the merging tree. It is obvious that formation times have key
importance in constructing a merging tree of voids. However it is pointed out that
obtaining formation times from random walks is problematic compared to obtaining
the survival times since the volume assigned for a particle by tracking its density δ
is not its actual volume but its approximate value (based on (Lacey & Cole 1993)).
However this fact does not lead to any self inconsistency in merger rates and survival
times. In addition to this, it has been shown that the Monte Carlo method and analyt-
ical counting argument of generating merging histories provide similar results (Lacey
& Cole 1993). We discuss the void counting method from the void perspective in the
following.

Void Counting, Analytical Method to Extended Void Merging Tree

The void counting is based on defining the number density of voids in a given volume
range which evolves into a larger range at later times. This number density then al-
lows us to obtain the probability distribution of void with volume V2 that had a parent
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Figure 5.19: The failure rate of embedded/minor void regions in terms of the incorporated
radius R2 at given redshifts zv when voids start merging and they collapse at zc = 0 in the self
similar (index n = 0,−1,−2) and the ΛCDM models.
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in the volume range V2/2 < V1 < V2 at δ̃v and this probability equals the probability
that its formation time is earlier than δ̃v > δ f . The counting method provides ana-
lytical solutions in terms of self similar models which can be extended into the CDM
model as well (Lacey & Cole 1993).

The number density of voids (V1, V1 + dV1) at time δ̃v, which are incorporated into
voids of volume (V2, V2 + dV2) at time δ̃v > δc is,

d2n =
dn
dV1

(V1, δ̃v)dM1 fS2

(
S2, δc|S1, δ̃v

)
dS2. (5.33)

As long as V2 ≤ V1 < V2/2 each trajectory must connect unique voids because there
cannot be two paths each of which contain more than half of the final volume. How-
ever, it is possible that the volume of void V2 at δc has no progenitor of volume < V2/2
at time δ̃v. The probability that a void with volume V2 at δc has a progenitor in the
volume range V2 > V1 > V2/2 at time δ̃v is then given by the ratio of voids that evolve
to another volume V2 relative to the total void volume V1,

dP
(
V1, δ̃v|V2, δc

)
dV1

=

(
dn(V1)/dV1

dn(V2)/dV2

)
fS1

(
S1, δ̃v|S2, δc

) ∣∣∣∣ dS1

dV2

∣∣∣∣ , (5.34)

which leads to,

dP
(
V1, δ̃v|V2, δc

)
dV1

dV1 =

(
V2

V1

)
fS1

(
S1, δ̃v|S2, δc

)
dS1, (5.35)

Integration of equation (5.35) over the volume range V2/2 < V1 < V2 gives the proba-
bility distribution of void V2 that had a parent in this volume range at δ̃v, which equals
the probability that its formation time is earlier than this

P
(

δ f < δ̃v|V2, δc

)
= P

(
V1 < V2/2δ̃v|V2, δc

)
=

∫ Sh=S2(V2/2)

S2

(
V2

V1

)
fS1

(
S1, δ̃v|S2, δc

)
dS1, (5.36)

where V2/V1 is the weighting factor and Sh = S(V2/2). Volume ratios V2/V1 in the
probability density function fS1

(
S1, δ̃v|S2, δc

)
have defined interval [Sh, S2]. In addi-

tion, probability (4.39) defines the distribution of formation times as well,

P
(
> δ f

)
=

∫ 1

0

1√
2π

[
S̃ (2α − 1) + 1

]1/α δ f

S̃3/2 exp

(
−1

2

δ2
f

S̃

)
exp

(
−2

9
S̃
δ2

f
− 32

81
S̃2

δ4
f

)
dS̃ (5.37)

by substituting the following transformations of where S̃ and δ f into the probability
distribution (4.39),
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Figure 5.20: Numerical solution of the probability distribution of merging voids based on an
analytical solution. This shows the distribution as a function of threshold height δ f ∼ z f in
terms of self similar models. As is seen, the difference between models is small and negligible
and the probability distributions of formation times form a peak around δ f = 1.25 for all self
similar models.

S̃ ≡ S − S2

Sh − S
, δ f ≡ δ − δc√

Sh − S2
. (5.38)

For embedded voids, obtaining model dependent analytical solutions is not possi-
ble. Therefore, we look for the numerical solution of the merging probability (5.37).
Fig. 5.20 indicates the probability densities in terms of barrier height δ f which is ap-
proximately formation redshift z f . This depicts the fact that the models have similar
distributions and their difference is so small that it can be negligible.

5.6 Conclusions

In this study, we extend the analytical large void merging tree model based on the one
barrier excursion set/EPS formalism to the two barrier excursion set by taking into
account collapsing subvoids as well as merging ones. To do this, first we construct
excursion Brownian walk from void in cloud random walk by using a simple method
given by Marchal (2003). This method allows us to use the fraction function of void
populations given by Sheth & van de Weygaert (2004). We modify the merging tree
algorithm of overdense regions derived by Lacey & Cole (1993) into a void merging
one in terms of the spherical model. We define the barrier height ratios γ and γ̃ which
are proportional to each other. These parameters have key importance since they
define the collapse and merging behaviors of the distribution function of the void
population. For example, the spherical model leads to the barrier ratio γ̃ = 1/2 which
is defined also by (Sheth & van de Weygaert 2004). Assuming spherical voids and
binary merging which gives the relation of scales depending on the self similar model
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S2 ≈ 2αS1, we obtain the void merging algorithm for void populations. According to
this, we find results,

1. Following on from the halo merging algorithm for spherical voids of LC93, it
is obtained that the merger rates of embedded voids we derive in this Chapter
and growing void populations of Chapter 4 are the same. Therefore, we can
conclude that embedded and growing void populations have the same merger
characteristics. As an extension of this result and Chapter 4, it may be possible
to generalize that embedded/minor and growing voids have the same merger
rate characteristic as dark matter halos.

2. Here, we obtain the size distribution of the void populations. Making the dis-
tinction between growing and collapse voids based on a choice of the barrier
ratios γ, it is shown that in the self similar and the ΛCDM models, the peaks of
size distribution of minor voids increases with increasing redshift, though this
relation at small redshifts is not distinctive as in the case of large redshift. This
result can be related to the fact that embedded/minor voids at early times were
prominent in the Universe, which agrees with hierarchical scenarios. We then
compare the size distribution of growing voids of the two barrier EPS formal-
ism with the size distribution function derived from the one barrier excursion
set formalism of growing voids (Chapter 4 in this thesis). As a result, the grow-
ing void distribution of the two barrier formalism shows a small range of void
sizes, while the one barrier size distribution indicates a drastically larger void
radius spectrum. This difference is based on the presence of the collapse barrier
δc in the two barrier formalism.

3. Following the void size distributions, we formulate the survival probabilities of
the void population in terms of the two barrier excursion set formalism. We then
make a distinction between the survival probability of growing voids based on
the one barrier formalism and the survival probability of the two barrier for-
malism which has the contribution from both the growing and the embedded
void populations. According to this, while the survival probability of the grow-
ing void population is defined by the distribution of voids that will continue
merging after reaching double their size, the survival probability of embedded
collapse voids is defined as the probability of voids that merge until the col-
lapse barrier/redshifts will double in size and collapse. In addition, the sur-
vival probability of voids that will vanish under collapse regions, indicates small
void size ranges. This is due to the fact that large size/growing voids are not
strongly affected by collapse regions (Sheth & van de Weygaert 2004; D’Aloisio
& Furlanetto 2007). Here, model dependent upper limits on the radius of the
embedded voids that will collapse with 100% probability are obtained; these
are � 8 h−1Mpc, � 5 h−1Mpc and � 2 h−1Mpc for the self similar models
with the index n = 0,−1,−2 respectively and � 12 h−1Mpc for the ΛCDM
models. Besides this, lower limits on the radius of embedded voids are calcu-
lated. According to this, all voids with radii above these limits in the related
model continuously grow/merge without collapsing. These lower limits are
� 28 h−1Mpc, � 32 h−1Mpc and � 300 h−1Mpc in the self similar models
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with index n = 0,−1,−2 and � 25 h−1Mpc for the ΛCDM model.

4. Here, we define the collapse failure rate of the embedded voids as the change
of probability of a void that will not collapse at given redshift interval which
is given by the negative derivative of the survival probability distribution in
terms of δc. Consequently, in the self similar models the collapse failure rate of
large size voids gradually increases with decreasing spectral index, while the
collapse failure rate of the small size voids increases prominently with decreas-
ing spectral index. Similarly, in the ΛCDM model, the collapse failure rate of
the small size voids R1 = 7.5 h−1Mpc is very low, even negligible compare to
its larger size counterparts. Moreover, the failure rates increase with decreasing
redshift for a given radius. These results indicate that the collapse failure, or
risk of a void not collapsing, increases with increasing size. Given the definition
of growing voids which do not collapse, this is an expected result and agrees
with Sheth & van de Weygaert (2004). As well as the collapse failure rate of void
regions in terms of redshift, it would be interesting to see how the risk rate of
the size distribution changes at different redshifts.

5. Although the survival size distribution of growing voids has a similar appear-
ance to the survival probabilities of embedded voids, their failure rates represent
completely different behavior (see Fig. 5.21). The shape of the collapse failure
rate of the embedded voids is related to the lognormal survival model, while
growing voids show the shape of another special failure rate called the Weibull
survival model (Kleinbaum & Klein 2011). The failure rates of embedded voids
are extremely small. For example, the maximum value of the failure rate is ap-
proximately 10−5 at zv = 0 in the ΛCDM model. In addition, the failure rates for
embedded voids increase up to a turnaround point at a certain radius at a given
redshift. After these particular radii are reached, the failure rate starts decreas-
ing. In contrast to the embedded voids, the failure rates of the growing voids
can be very large, indicating that voids cannot continue merging continuously.
Besides this, in all models, the failure rates show asymptotic behavior at certain
radii (≤ 10 h−1Mpc) at a given redshift. This asymptotic behavior shows that
voids larger than a certain size > 10 h−1Mpc do not collapse at a given red-
shift. These different dynamical behaviors of the growing voids in terms of one
barrier excursion set and and embedded voids in terms of two barrier excursion
set formalisms are given by the definitions of the failure rates of these void pop-
ulations. The failure rate of growing voids measures the change in probability
distribution of a void which incorporate its double size at a shell crossing barrier
δv2 while the failure rate of embedded voids measures the change in probability
distribution of a void that incorporate its double size and collapse at a collapse
barrier δc.

6. We show that although there are analytical solutions for the probability func-
tions of void formation times in one barrier approach, there are no analytical
solutions for the expected void distribution in terms of the formation barrier
based on two barrier. Fig. 5.22 shows the comparison of the two and one bar-
rier EPS formalism of void formation probability distributions for three different
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Figure 5.21: Comparison of the failure rates of growing (upper) and embedded (lower) voids
for the ΛCDM model. In other words, the failure rates of voids in terms of one barrier (upper)
and two barrier (lower) EPS formalism.

self similar models. The two barrier approach provides a better solution of the
hierarchical void evolution than the one barrier EPS formalism. The reason for
this is the probability function of void formation times in the one barrier EPS
formalism has negative values for small δ f or redshift z f values which is not
acceptable due to the definition of the probability function. However the two
barrier approach does not have this problem. Nevertheless, the formation time
distribution of the two barrier approach is lower than the one barrier one. This
indicates that there are more void structures in the one barrier EPS formalism
than the two barrier formalism.

As an extension of the one barrier void merging tree algorithm, we obtained merging,
survival, failure and formation time distributions of voids that are located in different
environments. Unlike the one barrier void merging tree algorithm, the algorithm of
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Figure 5.22: Comparison of numerical solutions of the probability distribution of formation
times of voids in the two barrier (upper) and one barrier (Chapter 4 in this thesis) (lower) EPS
formalisms in the self similar models with spectral index n = 0,−1.5,−2. In each plot, when
the index decreases the probability distribution decreases as well. As can be seen, the difference
between self similar models in each plot is small and negligible.

the two barrier void merging tree has complex mathematical derivations. Although
its mathematical derivation is complex, it can be seen that its structure leads to the
extension of the one barrier void merging algorithm. This extended void algorithm
will help us to have a proper full understanding of the formation and dynamics of the
Cosmic Web.



AppendixA

A.1 Basic Definitions and Derivations of General Relativity

A.1.1 Curvature of Space Time and Einstein Field Equations

In this section of the appendix, we give the basic equations and definitions of General
Relativity theory we used in our calculations.

In pseudo-Riemannian geometry the metric is symmetric and compatible with
the connection called the Levi Civita connection. In addition to this, the covariant
derivative in the tensor formalism is defined using the Levi- Civita connection Γμ

νβ,
which physicists generally refer to as the Christoffel symbol named after Elwin Bruno
Christoffel (1829-1900). In pseudo-Riemannian geometry the Levi-Civita connection
is symmetrical, compatible with the metric and is determined by two conditions: the
covariant constancy of the metric and the absence of torsion. In the tensor notations,
these conditions are,

• Metricity:

gμν;α = ∂αgμν − Γλ
αμgλν − Γλ

ανgμλ = 0,

• No Torsion:

Tμ
αβ =

1
2

(
Γμ

αβ − Γμ
βα

)
= 0.

From these conditions the Christoffel symbols are then uniquely determined in terms
of the metric to be,

Γμ
νβ =

1
2

gλμ
(

gβλ,ν + gλν,β − gνβ,λ
)

, (A.1)

where the matrix gλμ is an inverse of the matrix gλμ, defined as gλμgσμ = δλ
σ . By using

Christoffel symbols, the Riemann curvature tensors, which characterize the curvature
of space, are defined as,
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Rμ
νσβ = Γr

νσΓμ
rβ − Γr

νβΓμ
rσ +

∂Γμ
νσ

∂xβ
−

∂Γμ
νβ

∂xσ
. (A.2)

The Ricci tensor is symmetric, and only occurs under the condition of a nonzero con-
traction of the Riemann curvature tensor. The Ricci tensor is defined by,

Rμν = Rβ
μβν = gσβRμσνβ. (A.3)

and,

2Rμν = Rα
ν,μα + Rμα,ν

α − Rμν,α
α − R,μν. (A.4)

The Ricci scalar is given by,

R = gμνRμν. (A.5)

A.1.2 Robertson Walker Metric

Before discussing full four dimensional space time, we consider a particular case,
when space is represented by a two dimensional surface in three dimensional Eu-
clidean space from the geometry of surfaces. We know that there are three classes of
isotropic and homogeneous two dimensional spaces,

• 2-sphere S2 whose Gaussian curvature is positive, k > 0

• x-y plane (R2) whose Gaussian curvature is zero, k = 0

• hyperbolic plane (H2) whose Gaussian curvature is negative, k < 0.

We will now compute what the metric for these spaces looks like. Differential dis-
tance, ds, in Euclidean space, (R2),

ds2 = dx1
2 + dx2

2, (A.6)

gives the metric tensor gμν = δμν. Changing this to polar coordinates r′, θ,

x1 =: r′ cos θ, x2 =: r′ sin θ.

It is easy to see that,

ds2 = dr′2 + r′2dθ2.

Substituting r′ = ar by re-scaling, we have,
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ds2 = a
(

dr2 + r2dθ2
)

.

A more complicated case occurs if space is curved. For example, the surface of a
three-dimensional sphere with radius a in R3 can be described as,

x1
2 + x2

2 + x3
2 = a2. (A.7)

The length element of this sphere R3 is,

ds2 = dx1
2 + dx2

2 + dx3
2.

Then, equation (A.7) gives,

x3 =
√

a2 − x1
2 − x22,

such that,

dx3 =
∂x3

∂x1
dx1 +

∂x3

∂x2
dx2 = − x1dx1 + x2dx2√

a2 − x1
2 − x222

.

Introducing again polar coordinates r′, θ in x1x2 plane is,

x1 =: r′ cos θ, x1 =: r′ sin θ.

Note that r′ and θ are only unique in the upper or lower half-sphere. The differentials
are given by,

dx1 = cos θdr′ − r′ sin θdθ,

dx2 = sin θdr′ + r′ cos θdθ. (A.8)

In cartesian coordinates, the length element on S2 is,

ds2 = dx1
2 + dx1

2 +
(x1dx1 + x2dx2)

2

a2 − x1
2 − x22 .

Inserting equation (A.8), we obtain,
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ds2 = r′2dθ2 +
a2

a2 − r′2
dr′2. (A.9)

After redefining r = r′a, we get the result,

ds2 = a2
(

dr2

1 − r2 + r2dθ2
)

.

In spherical coordinates,

x1 = a sin φ cos θ,
x2 = a sin φ sin θ,
x3 = a cos φ,

where the boundaries are (θ ∈ [0, π] , φ ∈ [0, 2π]). This line element is,

ds2 = a2
(

dθ2 + sin2θ
)

.

In the hyperbolic plane, H2, this is defined by,

x1
2 + x2

2 − x3
2 = −a2.

If we work in Minkowski space,

ds2 = dx1
2 + dx2

2 − dx3
2.

Then, the line element of the hyperbolic plane is written as,

ds2 = dx1
2 + dx2

2 − (x1dx1 + x2dx2)
2

a2 + x1
2 + x22 .

Again, using polar coordinates to obtain the metric as we derived for the sphere (A.9),
we get,

ds2 = a2
(

dr2

1 + r2 + r2dθ2
)

.

The analogy to spherical coordinates on the hyperbolic plane are given by,
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x1 = a sinh θ cosh φ,
x2 = a sinh θ sinh φ,
x3 = a cosh θ,

where the boundaries are (θ ∈ [−∞,+∞] , φ ∈ [0, 2π]). Hence, the line element in
terms of spherical coordinates can be written as,

ds2 = a2
(

dθ2 + sinh2 θdφ2
)

.

If we summarize, a line element for a sphere is,

ds2 = a2
(

dr2

1 − r2 + r2dθ2
)

.

The line element of a plane is,

ds2 = a2
(

dr2 + r2dθ2
)

,

and of a hyperbolic plane is,

ds2 = a2
(

dr2

1 + r2 + r2dθ2
)

.

We can write these line elements in one form as follows,

ds2 = a2
(

dr2

1 − kr2 + r2dθ2
)

, (A.10)

where curvature k defines the geometry

k =

⎧⎨⎩
+1, spherical
0, planar
−1, hyperbolic.

Because of the homogeneity, we can choose the same time coordinate for each point
in space, and at each time slice. Then, we must have the isotropic and homogeneous
three dimensional metric,

ds2 = a2
(

dr2

1 − kr2 + r2dΩ2
)

, dΩ2 = dθ2 + sin2θdφ2, k = 0 ± 1. (A.11)

The angles φ and θ are the usual azimuthal and polar angles of spherical coordinates,
with boundaries (θ ∈ [0, π] , φ ∈ [0, 2π]). As before, the parameter k can take on three
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different values. However, there is no constraint relating to the scale factor a at differ-
ent time slices, which can therefore be a function of time a = a(t). Aside from isotropy
and homogeneity, general relativity requires that locally the line element is,

ds2 = c2dt2 − dx̃2,

and is invariant under Lorentz transformation. Thus we arrive at the Robertson-
Walker (RW) metric, which is the metric fulfilling the cosmological principle:

ds2 = c2dt2 − a(t)2
(

dr2

1 − kr2 + r2dΩ2
)

, dΩ2 = dθ2 + sin2θdφ2, k = 0 ± 1.

Coordinates t, r, θ, φ are called co-moving coordinates. The reason is because two
objects at different spatial coordinates can remain at those coordinates at all times,
while the proper distance between them changes with time according to how the scale
factor a(t) changes with time.

A.1.3 Friedman Equations

The Friedman equations are,

3
(
ȧ2 + c2k

)
a2 − c2Λ =

8Gπ

c2 ρ(t), (A.12)

and,

(
2aä + ȧ2 + c2k

)
a2c2 − Λ = −8πG

c4 p(t). (A.13)

Proof: Firstly, the metric which describes the evolution of space is given in the form,

ds2 = c2dt2 − a(t)2
(

dr2

1 − kr2 + r2dΩ2
)

, dΩ2 = dθ2 + sin2θdφ2, k = 0 ± 1,

which we defined before. Then, the metric tensor and its inverse are represented by
using the following matrix forms,

gμν =

⎛⎜⎜⎝
c2 0 0 0
0 −a2(t)

(
1 − kr2)−1 0 0

0 0 −a2(t)r2 0
0 0 0 −a2(t)r2sin2θ

⎞⎟⎟⎠ , (A.14)

gμν =

⎛⎜⎜⎝
c−2 0 0 0
0 − (

1 − kr2) a−2(t) 0 0
0 0 −a−2(t)r−2 0
0 0 0 −a−2(t)r−2sin−2θ

⎞⎟⎟⎠ , (A.15)
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which satisfy the gμνgμν = I where I is the identity matrix. Then, we consider the
modified Einstein equations,

Gμν = Rμν − 1
2

gμνR =
8πG

c4 Tμν,

and find components of the Einstein’s tensor Gμν in terms of Ricci tensors Rμν and
Ricci scalar R by using the matrices (A.14) and (A.15). To obtain the Ricci tensor, we
need to obtain Christoffel symbols and then the Riemann tensor.

After substituting metric tensors (A.14) and (A.15) into (A.1), the nonvanishing
Christoffel symbols are,

Γ1
01 = Γ1

10 = Γ2
02 = Γ2

20 = Γ3
30 = Γ3

03 =
ȧ(t)
a(t)

,

Γ1
22 = r

(
−1 + r2k

)
,

Γ1
33 = r

(
−1 + r2k

)
sin2θ,

Γ2
12 = Γ2

21 = Γ3
13 = Γ3

31 =
1
r

,

Γ2
33 = − cos θsinθ,

Γ0
11 =

ȧ(t)a(t)
c2 (1 − kr2)

,

Γ0
22 =

r2 ȧ(t)a(t)
c2 ,

Γ0
33 =

r2 ȧ(t)a(t)sin2θ

c2 ,

Γ3
23 = Γ3

32 = cot θ. (A.16)

Then, the Riemann tensors are,

R0101 =
aä

−1 + kr2 ,

R0202 = −r2aä,
R0303 = −r2aäsin2θ,

R1212 = − r2a2 (c2k + ȧ2)
c2 (−1 + kr2)

,

R1313 = − r2a2sin2θ
(
c2k + ȧ2)

c2 (−1 + kr2)
,

R2323 =
1
c2

(
r4a2sin2θ

) (
c2k + ȧ2

)
. (A.17)

Hence, the Ricci tensors are,
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R00 =
3ä
a

,

R11 =
2c2k + 2ȧ2 + aä
c2 (−1 + kr2)

,

R22 = − 1
c2 {r2

(
2c2k + 2ȧ2 + aä

)
},

R33 = − 1
c2 {r2sin2θ

(
2c2k + 2ȧ2 + aä

)
}. (A.18)

The Ricci scalar is,

R = R00g00 + R11g11 + R22g22 + R33g33 =
6
(
c2k + ȧ2 + aä

)
c2a2 . (A.19)

The Einstein’s tensors are derived as,

G00 = −3

(
c2k + ȧ2)

a2 ,

G11 = −
(
c2k + ȧ2 + 2aä

)
c2 (−1 + r2k)

,

G22 = G33 = 0, (A.20)

and finally, the energy momentum tensor components are,

T00 = −c2ρ,

T11 =
a2

(1 − kr2)
p, (A.21)

T22 = T33 = 0.

Substituting equations (A.14), (A.20) and (A.21) in the Einstein Equation equation,
lead to the Friedman Equations,

(
ȧ
a

)2
+

c2k
a2 =

8Gπ

3c2 ρ

and

(
2aä + ȧ2 + c2k

)
a2 = −8πG

c2 p.
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A.1.4 Adiabatic Expansion and Friedman Differential Equation

From the Friedmann equations, it is straightforward to appreciate that cosmic expan-
sion is an adiabatic process:

d
dt

E + p
d
dt

V = 0. (A.22)

Proof: Let us differentiate the first Friedman equation, which we derived above, in
terms of time t, then we obtain,

6ȧä
a2 − 6ȧ

(
a2 + k

)
a3 = 8πρ̇. (A.23)

After multiplying this equation by 1
8π it becomes,

6ȧä
8πa2 − 6ȧ

(
a2 + k

)
8πa3 = ρ̇. (A.24)

Multiplying the second Friedman equation by −3ȧ
8πa , it is found that,

− 6ȧä
8πa2 − 3ȧ

(
a2 + k

)
8πa3 +

3ȧΛ
8πa

= 3p
ȧ
a

. (A.25)

Adding (A.24) and (A.25), we get

3ȧ
8πa

[
3ȧ + 3

a2 − Λ

]
= 3p

ȧ
a
+ ρ̇. (A.26)

By using the first Friedman equation, we can write 8πρ instead of
[

3 (
ȧ2+k)

a2 − Λ
]

.

Hence, equation (A.26) can be reduced to,

−3
ȧ
a

ρ = −3p
ȧ
a
+ ρ̇. (A.27)

Multiplying (A.27) through by a3, we get,

ρ̇a3 + 3ρȧa2 = −3pȧa2,

or

d
dt

(
ρa3)+ p

d
dt

a3 = 0. (A.28)
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Since the volume V of a co-moving ball of the substratum is proportional to a3 (V ∼
a3), then we can write V instead of a3, and equation (A.28) becomes,

d
dt

(
ρa3)+ p

d
dt

V = 0.

We assume the total mass energy in the volume to be E. Hence, E = ρV = ρa3 and,

d
dt

E + p
d
dt

V = 0.

�
We can represent adiabatic expansion equation (A.22) as the equation of state,

ρa3(ω+1) = constant,

where ω is the adiabatic parameter. Its value is defined by the related epoch of the
universe model.
Proof: By taking into account the following relation,

ρa3 = E, (A.29)

we take its time derivative which is,

ρ̇a3 + 3ρȧa2 = −3pȧa2.

Using the equation of state (2.4) in the last equation, we obtain,

ρ̇a3 = −3(ω + 1)ρȧa2. (A.30)

After rearranging the equation (A.30), we get the first order differential equation,

ρ̇

ρ
= −3(ω + 1)

ȧ
a

, (A.31)

resulting in,

ρa3(ω+1) = constant

�
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A.1.5 Derivation of Generic Solution of the Hubble Parameters

The generic solution of the Hubble parameters,

Hi(t) =
1

μ(t)

[
Ki +

∫
μ(t)4πG

(
ρ(t)− p(t)

c2

)
dt
]

i = 1, 2, 3, (A.32)

is derived from,

Ḣ1 + 3H1H = 4πG
(

ρ − p
c2

)
Ḣ2 + 3H2H = 4πG

(
ρ − p

c2

)
Ḣ3 + 3H3H = 4πG

(
ρ − p

c2

)
.

Proof: The evolution of the directional Hubble parameters are given by this set of
equations,

Ḣi + 3Hi H = 4πG
(

ρ − p
c2

)
, i = 1, 2, 3, (A.33)

which are linear first order non-homogeneous differential equations in the form of

dy
dt

+ P(t)y(t) = Q(t),

where the parameters are defined as,

y(t) = Hi(t), P(t) = 3H(t), Q(t) ≡ 4πG
(

ρ(t)− p(t)
c2

)
. (A.34)

The exact solutions of this system of non-homogeneous equations are given by,

yi(t) =
1
μ

(
Ki +

∫
Q(t)μ(t)dηdt

)
, (A.35)

where Ki are the integration constants and their values are defined by the initial value
problem. μ is the integration factor,

μ = e
∫

P(t)dt = e
∫

3H(t)dt.

Substituting the components of the first order system, defined in equation (A.34), into
solution (A.35), we obtain the general solution of the first order non-homogeneous
equations as,
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Hi(t) =
1

μ(t)

[
Ki +

∫
μ(t)4πG

(
ρ(t)− p(t)

c2

)
dt
]

i = 1, 2, 3.

�

A.2 Basic Definitions for Bianchi Models

A.2.1 Isometry

Let M be a metric space with d as its metric. A map T : M → M is an isometry if it is
invertible and preserves distances, so

d (T(x), T(y)) = d(x, y), (A.36)

for all x, y in M. We can say that isometry is a transformation that is invariant with re-
spect to distance. In addition to this, the set of isometries of M form a group Isom(M)
under composition.

A.2.2 Group

A group is a set, G, together with an operation that combines any two elements x
and y to form another element, denoted xy or xy. To qualify as a group, the set and
operation, (G, ), must satisfy four requirements known as the group axioms:

• Closure: For all x, y in G, the result of the operation, xy, is also in G.

• Associativity: For all x, y and z in G, (xy)z = x(yz).

• Identity element: There exists an element e in G, such that for every element x
in G, the equation ex = xe = x holds. This element is called identity element.

• Inverse element: For each x in G, there exists an element y in G such that xy =
yx = e.

Simply, a group action means that a group acts on a set. Extensively, a group action is
the definition of a symmetry group in which all the elements of the group act as one
to one transformations on a set. Every action of a group on a set decomposes the set
into orbits. A group action is called transitive when there is only one orbit.

A.2.3 Lie Algebra

A Lie algebra is a vector space g over some field F together with a binary operation
[., .] : g × g → g called the Lie bracket, which satisfies the following axioms,

• Bilinearity:

[ax + by, z] = a [x, z] + b [y, z] , [z, ax + by] = a [z, x] + b [z, y] , (A.37)

for all scalars a, b in F and all elements x, y, z in g.
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• Alternating on g:

[x, x] = 0, (A.38)

for all x in g.

• Jacobi identity,

[x, [y, z]] + [y, [z, y]] + [z, [x, y]] = 0, (A.39)

for all x, y, z in g.

• Anticommutativity,

[x, y] = [y, x] , (A.40)

for all elements x, y in g.
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AppendixB

B.1 Probability Density Function

Probability distributions are typically defined in terms of the probability density func-
tion. However, there are a number of probability functions used in applications. Due
to our interest in the continuous distributions of the void merging, we consider con-
tinuous distribution of void merging.

For a continuous function, the probability density function (pdf) is the probability
that the variate has the value x. Since for continuous distributions the probability at a
single point is zero, this is often expressed in terms of an integral between two points.

P[b ≤ X ≤ a] =
∫ a

b
f (x)dx (B.1)

B.1.1 Cumulative Distribution Function

The cumulative distribution function (cdf) is the probability that the variable takes a
value less than or equal to x. That is

P[X ≤ x] = F(x) (B.2)

For a continuous distribution the cumulative distribution is,

F(x) =
∫ x

−∞
f (η)dη (B.3)

B.1.2 Survival Function

The survival function is the probability that the variate takes a value greater than x.

S(x) = P [X ≥ x] = 1 − F(x) (B.4)

The survival function should be compared to the cumulative distribution function.
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B.1.3 Expectation of Life

Let μ denote the mean or expected value of R. By definition, one would calculate μ
multiplying r by the density f (r) and integrating, so

μ(R) =
∫ ∞

0
r f (r)dr (B.5)

Integrating by parts, and making use of the fact that f (r) is the derivative of S(r),
which has limits or boundary conditions S(0) = 1 and S(1) = 0, one can show that

μ(R) =
∫ 1

0
S(r)dr (B.6)

which indicates that the expectation values is simply the integral of the survival func-
tion.

B.2 Analytical Derivations of Formation Probabilities

Appendix Analytical solutions derived from formation time probabilities (4.39) and
(4.40) and in the subsubsection 4.6.2 as follows,

P
(

δ f < δv1 |V2, δv2

)
= P (V1 < V2/2δv1 |V2, δv2)

=
∫ Sh=S2(V2/2)

S2

(
V2

V1

)
fS1 (S1, |δv1 ||S2, |δv2 |) dS1

where V2/V1 is the weighting factor and Sh = S(V2/2). The exact solutions of this
probability function in terms of self-similar models n = 1, 0,−1.5,−2 (n = −1 has a
numerical solution) as follows,
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P1 =

√
2
π

k2

S3/4
2

(Sh − S2) e
− k2

2(Sh−S2)

[
k + e

k2
2(Sh−S2)

√
π

2 (Sh − S2)

×
(

k2 − S2

)
erf

(
k√

2 (Sh − S2)

)]
(B.7)

P0 =
1
S2

[
erf

(
k√

2
√

Sh − S2

)(
k2 − S2

)
−

√
2
π

k
√

Sh − S2e
−k2

(Sh−S2)

]
(B.8)

P−1.5 =
k

S2
2

(
erf

(
k√

2
√

Sh − S2

)(
2kS2 − k3

3
− S2

2
k

)

+
1
3

√
2
π

√
Sh − S2

(
Sh + 5S2 − k2

)
e
− k2

2(Sh−S2)

)
(B.9)

P−2 =
k

S3
2

(
erf

(
k√

2
√

Sh − S2

)(
k5

15
− k3S2 + 3kS2

2 −
S3

2
k

)

+
1
15

√
2
π

√
Sh − S2

(
k4 − k2Sh + 3S2

h + S2(9Sh − 14k2) + 33S2
2

)
e
− k2

2(Sh−S2)

)
(B.10)

In terms of

k ≡ |δv1 | − |δv2 |. (B.11)

The solutions of the probability distribution of formation times is given by the follow-
ing expression,

P
(
> δ f

)
=

∫ 1

0

1
2π

[
S̃ (2α − 1) + 1

]1/α δ f

S̃3/2
exp

(
−1

2

δ2
f

S̃

)
dS̃

where the parameters S̃ and δ f are given by,

S̃ ≡ S − S2

Sh − S
, δ f ≡ δ − δv2√

Sh − S2
.

Hence, analytical solutions of this probability distribution in terms of self similar mod-
els n = 1, 0,−1.5,−2 are given by,
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P1(δ f ) =
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2
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e

δ2
f

2S̃

(
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)

× erf
(

δ f√
2S̃

)]
(B.12)

P0(δ f ) = δ f
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+ e−

δ2
f

2

√
2
π

)
+ erf

[
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] (
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(B.13)

P−1.5(δ f ) =
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P−2(δ f ) = e−0.5δ2
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Nederlandse Samenvatting

Alles is perfect in het heelal - zelfs je verlangen om het te verbeteren.
— Wayne Dyer —

De geschiedenis van vragen zoals Wat is de oorsprong van het heelal? Wanneer is
het ontstaan? Wat is het uiteindelijke lot? Wat is onze plaats in het heelal? is zo
oud als de geschiedenis van de mensheid zelf op deze planeet. Door middel van
deze filosofische vragen is onze huidige kennis van het universum ontstaan door op-
hoping van ideeën, kennis en technologische verbeteringen sinds de oude bescha-
vingen tot de moderne wetenschappelijke methoden. De moderne kosmologie zoals
we die kennen, is begonnen met het Heliocentrische model van Nicolaus Coperni-
cus, wat beschouwd kan worden als het meest invloedrijke werk in de geschiedenis
van de wetenschap. Bovenop de door hem gevestigde fundamenten, stichtten Tycho
Brahe, Galileo Galilei, Johannes Kepler en Isaac Newton het model van het zonnestel-
sel. Meer bepaald, Newton formuleerde de basis van de eerste statische kosmologi-
sche modellen die zonder begin of einde zijn. Deze statische opvatting van het heelal
veranderde volledig toen Albert Einstein in 1915 de algemene relativiteitstheorie uit-
werkte waarin een niet-statisch heelal model werd geconstrueerd. Om de evolutie
van zijn model te voorkomen voegde Einstein een kosmologische constante toe in
zijn model te voorkomen voegde Einstein een kosmologische constante toe aan zijn
vergelijkingen om toch tot een statisch heelal te komen. De invoering van deze con-
stante beschouwde Einstein later als zijn grootste blunder. In 1922 leidde Alexander
Friedmann in een onafhankelijk onderzoek een reeks vergelijkingen af van de veld-
vergelijkingen van Einstein die heelal modellen beschrijven die uitdijen of inkrimpen.
Onafhankelijk daarvan gebruikte Georges Lemaitre in 1927 de algemene relativiteits-
theorie om vergelijkingen van een uitdijend heelal af te leiden, dat een warm en klein
primordiaal heelal impliceert. Zodus, onafhankelijk van de huidige waarnemingen
van verre sterrenstelsels kan een niet-statisch heelal worden beschreven door het kos-
mologisch principe toe te passen op de Algemene Relativiteitstheorie. Om deze re-
den staat het niet-statisch heelal met materie bekend als het Friedmann-Robertson-
Walker-Lemaitre universum. De Friedmann en Lemaitre oplossingen werden meer
gewaardeerd in 1929 na de ontdekking van de uitdijing van het heelal door Edwin
Hubble via de snelheid-afstand relatie, maar de gevolgen ervan werden niet beseft.
De ontdekking van Hubble liet toe om twee tegengestelde hypothesen voor te stellen.
Éen daarvan was de Oerknal ‘Big Bang’ theorie van Lemaitre, bepleit en ontwikkeld
door George Gamow. Het andere model was de ‘Steady State’ theorie van Fred Hoyle,
waarin nieuwe materie zou moeten worden gecreëerd als de sterrenstelsels zich van
elkaar verwijderden. In de Steady State model zou het heelal nagenoeg identiek moe-
ten zijn op elk moment. Het was in feite Hoyle die de naam verzon van Lemaitre’s
Oerknal theorie, door met sarcasme te verwijzen naar de theorie als ‘dit Big Bang idee’
tijdens een radio uitzending van de BBC ‘Third Programme’ op 28 maart 1949.
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Big Bang Tijdlijn en de Kosmische Achtergrond Straling

Het universum werd geboren met een Oerknal vanuit een zeer compact en heet punt,
waarna het heelal verder uitdijde. Toen het heelal slechts 10−34 seconden oud was,
dijde het sneller uit dan de snelheid van het licht, een fenomeen dat bekend staat als
inflatie. De inflatie wordt verondersteld geproduceerd te zijn door een scalair veld,
het inflaton veld. Er kwam kwam een einde aan de inflatie toen het inflaton veld ver-
viel in gewone deeltjes in een proces genaamd ‘heropwarming’. Tijdens de periode
van heropwarming begon de gewone Big Bang uitdijing. Toen de kosmische infla-
tie eindigde, was het heelal gevuld met een quark-gluon plasma. Tijdens de eerste
drie minuten van het universum trad Big Bang nucleosynthese op die voor een groot
deel verantwoordelijk is voor de overvloed aan derivaten van Helium (Helium-3 met
1 neutron en 2 protonen en Helium-4 met 2 neutronen en 2 protonen) en waterstof
(Protium met 1 proton en deuterium met 1 proton en 1 neutron) in de kosmos. Het
komt erop neer dat vrije deeltjes, elektronen, anti-elektronen, fotonen en neutrino’s,
geboren werden in de eerste momenten van het heelal (tijdens de eerste t = 10 secon-
den van de Oerknal) tijdens het proces van nucleosynthese. Na de inflatie bleef het
heelal groeien in een langzamer tempo. Als gevolg van de uitdijing, begon het heelal
af te koelen van 1032 graden K (Kelvin) tot 109 graden K. Ongeveer 376 duizend jaar
na de Oerknal (bij een roodverschuiving van zrec ∼ 1.091), tijdens het Recombinatie
tijdperk, begon het heelal zodanig af te koelen dat de elektronen en protonen samen-
smolten tot neutrale waterstof atomen (atomen met één proton en één elektron) en
helium atomen. De fractie van zwaardere elementen was destijds te verwaarlozen.
Door de afwezigheid van elektronen verplaatsten de fotonen zich zonder verstrooid
te worden. Hierdoor begon het ondoorzichtige heelal doorzichtig te worden. Het on-
doorzichtige heelal begon transparant te worden. Het Recombinatie tijdperk uit de
geschiedenis van de Oerknal kunnen we vandaag de dag waarnemen als de kosmi-
sche achtergrondstraling (CMB). De fotonen die we nu in de CMB zien, zijn de fotonen
die op het moment van recombinatie als laatste verstrooid zijn. De CMB heeft de kos-
mos gevuld met een rode, gelijkmatige heldere gloed die gekend staat als ’blackbody’
straling.

Het meest bestudeerde bewijs van de Big Bang theorie is de CMB straling die vrij
gekomen is tijdens het Recombinatie tijdperk. De waargenomen CMB straling toont
een diffuus karakter, heeft een temperatuur van ongeveer 2.725 K, en komt gelijkmatig
uit alle richtingen van de hemel. De Cosmic Background Explorer (COBE) en vooral
ook de Wilkinson Microwave Anisotropy Probe (WMAP) experimenten hebben de
hele hemel in kaart gezet wat een revolutie in het onderzoek heeft voortgebracht en
heeft toegelaten om de isotropie van het universum op een grootschalige manier te
testen. Deze observationele studies tonen aan dat, hoewel de CMB straling perfect
uniform lijkt te zijn, kleine anisotrope temperatuurfluctuaties ter grootte van ∼ 10−5

aanwezig zijn (zie Fig. 1) na de gemiddelde dichtheidsfluctuaties gecorrigeerd te heb-
ben voor locale verstoringen zoals de Melkweg en de aardrotatie. Het wordt algemeen
aangenomen dat deze kleine anisotropieën de vingerafdrukken zijn van de processen
en eigenschappen van het vroege heelal en de zaadjes zijn van de gecompliceerde
structuren van het hedendaagse heelal.

Nadat de CMB werd uitgezonden, werd de tijdlijn van het heelal voortgezet met
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Figuur 1: De drie hemelkaarten illustreren de CMB anisotropie en zijn gebaseerd op WMAP
data. Het bovenste paneel toont de kaart van de hemel met een dipool temperatuur aniso-
tropie van ΔT/T ∼ 10−3. De middelste kaart illustreert de bijdrage van de Melkweg aan de
anisotrope schommelingen. De onderste kaart toont dezelfde kaart als de bovenste maar met
de bijdragen van de dipool en de Melkweg ervan afgetrokken. De anisotropie wordt hierdoor
gereduceerd tot ongeveer ΔT/T ∼ 10−5. Deze kleine temperatuur schommelingen zijn gecor-
releerd met kleine dichtheidsfluctuaties die mogelijk de zaadjes zijn van de complexe groot-
schalige structuren van het hedendaagse heelal (Foto met toestemming van: NASA/ WMAP
Science Team).
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het verlagen van de CMB foton temperatuur en de verschuiving van de CMB golf-
lengte naar het infrarood. Op dat moment was het heelal een totaal duistere plaats.
Er ging een lange periode voorbij voordat de eerste objecten in elkaar stortten en zo
de eerste sterren vormden. De periode tussen de Recombinatie en de opkomst van de
eerste sterren wordt de Donkere Eeuwen genoemd. Rond de 453 miljoen jaar na de
Oerknal (op roodverschuiving z=10.6) eindigde de Donkere Eeuwen en achtereenvol-
gens werden de eerste sterren, sterrenstelsels met Populatie III sterren van metallici-
teit nul, tweede generatie Populatie II sterren, supermassieve zwarte gaten, bronnen
gedreven door een zwart gat, mini-quasars, en röntgen dubbelsterren gevormd. Deze
objecten waren energiek genoeg om de in het Recombinatie tijdperk gevormde neu-
trale waterstof te ioniseren. Als gevolg hiervan onderging het heelal een faseovergang
van neutraal naar geı̈oniseerd plasma. Deze periode staat bekend als het tijdperk van
Herionisatie. De door deze eerste bronnen geleidelijk uitgezonden straling veroor-
zaakte eerst een lokale verwarming en vervolgens werden de meest energieke bron-
nen omringd door geı̈oniseerde belletjes van waterstof (H II). Deze belletjes groeiden
als gevolg van de geleidelijke ionisatie en hun aantal nam toe door onder gravitatio-
nele instorting gevormde nieuwe objecten. De H II bellen begonnen mettertijd elkaar
te overlappen. In de laatste fase van dit dynamisch proces werd het hele heelal geheri-
oniseerd, wat resulteerde in het ontsnappen van fotonen van de vroege sterrenstelsels
en quasars, en openbaarde het verre heelal dat we vandaag kunnen zien met optische
en infrarood telescopen. Ongeveer 1 miljard jaar na de Oerknal was het hele heelal
geherioniseerd, wat overeenkomt met een roodverschuiving van ongeveer 6.5. De Ja-
mes Webb Space Telescope (JWST), een infrarood geoptimaliseerde ruimte telescoop,
is ontworpen om de allereerste sterrenstelsels te observeren die gevormd zijn in het
vroege heelal. JWST zal worden gelanceerd in 2018. Na, ongeveer, de eerste genera-
tie sterren en sterrenstelsels, leek het heelal al veel op wat het nu is. Grootschalige
complexe structuren, zoals sterrenstelsels, clusters, en superclusters, hadden hun fun-
damenten al gelegd in de eerste reusachtige wolken van gas. Sterren die in dezelfde
omgeving geboren werden, waren gravitationeel aan elkaar verbonden en vormden
sterrenstelsels, clusters van sterrenstelsels en superclusters van sterrenstelsels. De
door zwaartekracht gebonden clusters en superclusters vormen samen de megapar-
sec grote draderige structuren, oftewel filamenten, die gelegen zijn tussen de relatief
lege grootschalige bubbel-achtige structuren met lage dichtheid. Vandaag de dag is
de beste schatting is de beste schatting van de leeftijd van het heelal sinds de Oerknal
ongeveer 13, 7 miljard jaar. Fig. 2 vertegenwoordigt de tijdslijn van het heelal vanaf
het moment van de Oerknal tot de vorming van het hedendaagse universum. Omdat
de uitdijing van het heelal aan het versnellen is, is de bestaande complexe structuur
mogelijk de grootste structuur die ooit zal vormen in het heelal. De versnelde uitdijing
van het heelal weerhoudt nieuwe structuren uit het vroege heelal ervan om onze ho-
rizon binnen te komen en belet ook de vorming van nieuwe gravitationeel gebonden
structuren.

Het Kosmische Web en haar Intrinsieke Kenmerk: Holtes

Hoewel recente observaties van de CMB duiden op de homogeniteit en isotropie van
het hedendaagse heelal op grote schaal ≥ 100h−1 Mpc, bestaat het heelal op kleine
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Figuur 2: Illustratie van de geschiedenis van het heelal over een periode van 13, 7 miljard jaar.
Vanaf de linkerkant zien we eerst het inflatie tijdperk waarin exponentiële expansie optreedt.
Over de volgende paar miljard jaar zien we de uitdijing van het heelal die geleidelijk aan ver-
traagt als gevolg van de gravitationele aantrekkingskracht van de materie in het heelal. Nog
recenter zien we dat de uitdijing weer op gang komt doordat de afstotende werking van don-
kere energie begint te domineren. De nagloed gezien door WMAP werd uitgezonden ongeveer
376.000 jaar na de inflatie en heeft sindsdien het heelal grotendeels ongehinderd doorkruist.
’Deze nagloed bevat informatie over de omstandigheden van het vroege heelal en het vormt
ook de achtergrondverlichting voor latere ontwikkelingen van het heelal volgens het model
van de Hete Oerknal (Illustratie met dank aan: NASA / WMAP Science Team).

schaal uit onregelmatige en dichtbevolkte structuren in een complex netwerk die sa-
mengesteld is van clusters van sterrenstelsels, draderige en wand-achtige structuren
en lage dichtheid regio’s genaamd Holtes. Dit netwerk wordt over het algemeen het
Kosmische Web of het Kosmische Schuim genoemd. Fig. 3 toont een N-body simu-
latie van het Kosmische Web. Hier zijn de individuele kenmerken van het Kosmi-
sche Web gekenmerkt door een verzameling van afzonderlijke elementen waarvan
de karakteristieke vormen, maten en dichtheden zeer verschillend zijn. De meeste
van deze structuren hebben een ingewikkelde onderbouw en de ingebedde structu-
ren kunnen heel andere eigenschappen hebben dan de algehele structuur. Draderige
en wandvormige superclusters bestaan bijvoorbeeld uit een groot aantal kleinere ster-
renstelselgroepen, met elk een hogere dichtheid dan de gemiddelde dichtheid van
de supercluster als geheel. Holtes zijn bovendien heel anders dan deze compacte
en dichte structuren. Holtes zijn megaparsec grote cocons die zeer lage dichtheids-
profielen hebben en zijn omgeven door sterrenstelsels, clusters van sterrenstelsels en
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draderige structuren.

Figuur 3: Het Kosmische Web weergegeven door een N-body simulatie. De gecompliceerde
structuur van het Kosmische Web is opgebouwd door draderige structuren. De draadvormige
structuren worden gevormd door sterrenstelsels en clusters van sterrenstelsels. Holtes worden
gekenmerkt door gebieden met een relatief lage dichtheid en zijn omgeven door filamenten en
clusters van sterrenstelsels. (Foto met dank aan Wojtek Hellwig).

Vroegere studies, en in het bijzonder de ontdekking van de Boötes Holte, stelden
vast dat Holtes intrinsieke kenmerken zijn van het complexe netwerk dat het waar-
genomen heelal is. Daarnaast zijn ze een van de meest opvallende kenmerken van de
fijnmazige structuurvorming van het heelal aangezien zij 95% van het totale volume
van het heelal vullen. We merken op dat bij de beschrijving van alle materie in het
Kosmische Web, filamenten de totale massa domineren, aangezien ze bestaan uit gra-
vitationeel gebonden sterrenstelsels, clusters van sterrenstelsels en superclusters van
sterrenstelsels. Anderzijds, voor de beschrijving van de leegtes in het heelal in het
algemeen, en de beschrijving van de dynamische kenmerken van het Kosmische Web
in het bijzonder, is het fundamenteel om de oorsprong en de dynamiek van de Holtes
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te begrijpen.
De eerste stap in het begrijpingsproces van de oorsprong en dynamiek van Hol-

tes is de beschrijving van het meest algemene beeld van de structuurvorming van
het heelal op grote schaal. Dit verheldert ons begrip van de vorming en evolutie van
de holtes in het heelal. Volgens de moderne kosmologische modellen zijn de zaadjes
van het universum kleine Gaussische verstoringen die evolueren door instabiliteiten
van de zwaartekracht. In dit evolutionaire plaatje ontstaan holtes uit de dichtheids-
minima van het oorspronkelijke dichtheidsveld. Als gevolg daarvan hebben ze lage
dichtheden in vergelijking tot hun omgeving, de clusters en draadvormige structuren.
Deze lage dichtheidsprofielen zorgen voor een vreemde negatieve zwaartekracht in
holtes. Door de aanwezigheid van deze vreemde kracht, expanderen holtes ten op-
zichte van het achtergrond heelal en materie wordt continue van binnen naar buiten
getransporteerd waardoor de holtes met steeds minder materie komen te zitten. Door
deze leegloop als gevolg van de vreemde zwaartekracht, hebben holtes de neiging om
steeds bolvormiger te worden. Naast de eigenschappen van de leegloop dynamiek,
zijn holtes ook essentiële ingrediënten voor de vorming van het Kosmisch Web. Sheets
en megaparsec grote filamenten vormen omdat de materie tussen de expanderende
holtes zit ingeklemt. In Fig. 4 zien we deze structuurvorming op Sheets en mega-
parsec grote filamenten vormen omdat de materie tussen de expanderende holtes zit
ingeklemt. Dit zijn waterbelletjes. Fig. 4 toont waterschuim, waarbij de expanderende
bellen de holtes representeren die het dichtere materiaal, als filament-achtige structu-
ren, steeds verder samenknijpt. Deze illustratie kan inzicht geven op de manier hoe
grootschalige structuren gevormd worden door de holtes.

Figuur 4: Illustratie van waterbellen als analogie van de holtes in het grootschalige heelal. De
omschrijving van holtes in het grootschalige heelal verklaart de vorming van het Kosmisch Web
vanuit het perspectief van de holtes. Omdat deze sferisch expanderen wordt de materie tus-
sen hen wordt samengeperst om zodoende megaparsec grote draderige structuren te vormen.
Zoals blijkt vertonen de holtes hetzelfde dynamische gedrag als waterbellen. Ook waterbellen
breiden zich sferisch uit en vormen enkele centimeter grote draderige structuren tussen hen.

In werkelijkheid zijn holtes echter nog gecompliceerder dan bolvormige geı̈deali-
seerde structuren. Studies geven aan dat holtes substructuren hebben en dit gunt ons
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de mogelijkheid om holtes te bestuderen in de context van hiërarchische structuurvor-
ming. Volgens de hiërarchische scenario’s worden de overdichte karakteristieken van
het Kosmisch Web, zoals filamenten, muren en clusters van sterrenstelsels gevormd
door kleine dichtheidsverstoringen als gevolg van de zwaartekrachtsinstabiliteiten.
Dit wordt veroorzaakt omdat de zelf graviterende kleine structuren samenklonteren
tot grotere objecten. Deze fusiegeschiedenis wordt ook wel de Hiërarchische evolutie
genoemd. Studies tonen aan dat holtes ook kunnen samensmelten en op hiërarchische
wijze de grote holte structuren vormen. In het kader van de holte dynamiek tonen de
hiërarchische scenario’s daarom geen verschil met de overdichte halo evolutie. Als
gevolg hiervan fuseren holtes met elkaar om ook grote holtes te vormen. In feite zijn
de holte en de halo hiërarchische evolutie gelijkaardig aan elkaar. Fig. 5 geeft de
analogie tussen halo en holte fusie-bomen in het kader van de hiërarchische evolutie
weer. Volgens deze constructie zijn de relatief lage massa halo’s de kleinere takken
van de fusie-boom. Deze lage massa halo’s smelten samen om grotere takken van de
boom/massievere halo’s te vormen.

Dit fusieproces gaat onafgebroken door tot de vorming van de hoofdstam van
de boom die de grootste massa halo .van de fusie-boom van het hedendaagse heelal
representeert. Zoals blijkt uit Fig. 5 is de holte fusie-boom analoog aan de halo fusie-
boom. Het belangrijkste verschil tussen de halo en de holte fusie-bomen zijn de ver-
smeltende componenten. In holte fusie-bomen zijn het de lege volumes die samen-
smelten terwijl de halo massa toeneemt als gevolg van de gravitationele fusie van
de verschillende massa halo’s. Daarom kan de holte fusie-boom omschreven wor-
den als kleinere volume’s die fuseren tot een groter volume, met het grootste volume
gevormd tijdens de laatste ”recentelijke”fusie.

Figuur 5: Fusie-boom illustraties van Halos (links) en Holtes (rechts). In elk paneel begint het
fusie geschiedenis aan de bovenkant van de figuur en evolueert de samenvoegingsgebeurtenis-
sen tot op de dag van vandaag t0 (de onderkant van de figuur) totdat de grootste Halo of Holte
van de fusie-boom verschijnt Illustratie met dank aan: Cedric Lacey en Shaun Cole.

De hiërarchische modellen van structuurvorming, gebaseerd op de koude don-
kere materie modellen verklaren met succes de samenvoegingsgeschiedenis van de
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gravitationeel gebonden objecten, halo gebieden, die variren van sterrenstelsels tot
clusters. De analytische beschrijving van de ineenstorting van overdichte regionen die
uit donkere materie halo’s bestaan, is geopperd door Press en Schechter. Dit bij bena-
dering analytische formalisme is gebaseerd op twee eenvoudige aannames, namelijk
dat de initiële dichtheid een willekeurig Gaussisch veld is en dat de gravitationele im-
plosie van de massa bij sferisch en homogeen verloopt. Het uitgebreide formalisme
van deze bij benadering analytische beschrijving biedt een fundamenteel kader om
de geschiedenis van de massa groei in de hiërarchische structuurvorming die de con-
structie van de fusie-bomen mogelijk maakt, te begrijpen. Als gevolg hiervan kan de
fusie-boom van holtes geconstrueerd worden aan de hand van dit formalisme. Van-
wege hun omgeving is de hiërarchische opbouw van holtes is echter nog complexer
dan halo’s. Afhankelijk van hun omgeving kunnen twee belangrijke processen de
evolutie van holtes benvloeden: zowel relatief grote als kleine holtes kunnen fuse-
ren tot nog grotere holtes, en holtes die zich in overdichte gebieden bevinden kunnen
imploderen.

Samenvatting van de proefschrift

In dit proefschrift worden twee verschillende problemen van de moderne kosmolo-
gie onderzocht. In hoofdstuk 2 worden anisotropische en homogene heelal model-
len ontwikkeld die gebaseerd zijn op Bianchi I kosmologieën. Tegenwordig is het
bekend dat het heelal goed kan worden beschreven door het Friedman-Robertson-
Walker model, die het heelal op grote schaal, > 100h−1Mpc, beschrijft als homogeen
en isotroop. Echter, het Kosmisch Web is niet homogeen of isotroop, maar wordt
gevormd door complexe structuren die kleiner zijn dan 100h−1 Mpc. Anisotrope in-
storting en hiërarchische clustering scenario’s van de koude donkere materie wordt
geacht verantwoordelijk te zijn voor de vorming van het Kosmisch Web. Deze aniso-
tropische implosies leiden tot getijdekrachten die op hun beurt de complex uitziende
structuren vormen op kleine schalen. In hoofdstuk 3 borduren we verder op het voor-
afgaande en onderzoeken de mogelijkheid of de heelal modellen die in eerste instantie
anisotrope en asymptotisch Friedman-Robertson-Walker kosmologieën zijn, in de he-
dendaagse heelal isotroop worden. In deze aanvankelijk anisotrope modellen moeten
wrijving en uitdijing in het zeer vroege heelal de dominante factoren zijn, die later
onbelangrijk worden maar nooit helemaal zullen verdwijnen. We construeren rea-
listische modellen die vergelijkbaar zijn met het waargenomen heelal door gebruik te
maken van recente waarnemingen met WMAP van de anisotropie parameters van het
hedendaagse heelal. Op deze manier kunnen we de wrijving en uitdijing parameters
bepalen voor de aanvankelijke anisotrope BI kosmologieën. Deze aanvankelijk ani-
sotrope modellen samen met observationele beperkingen van de anisotropie parame-
ters, kunnen mogelijk een kader vormen om de oorsprong van de CMB anisotropieën
te beschrijven.

De CMB anisotropieën kunnen de zaadjes zijn voor de vorming van de gecompli-
ceerde structuren van het Kosmisch Web. 95% van het waarneembare volume van
het Kosmisch Web wordt gevuld met holtes. Hoe deze holtes evolueren in de he-
dendaagse heelal is een van de belangrijkste aspecten van de moderne kosmologie
en kennis van deze is nodig om de dynamische evolutie van het hedendaagse heelal
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te begrijpen. De hiërarchische evolutie van holtes is het tweede doel van dit proef-
schrift. In hoofdstuk 4 wordt, gebaseerd op het uitgebreide Press Schechter formu-
lisme, een holte fusie-boom algoritme van grote bolvormige groeiende holtes gecon-
strueerd. Naar aanleiding hiervan, construeren we in hoofdstuk 5 een meer com-
plex holte-fusie algoritme dat rekening houdt met het effect van de omgeving op de
holte-populaties die zullen instorten en fuseren in een Einstein-de Sitter heelal, dat
een platte Ω = 1 geometrie heeft. Deze twee holte fusie modellen gebaseerd op het
uitgebreide Press Schechter formalisme vormen de eerste holte fusie algoritmen die
ooit gecreerd zijn.
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English Summary

Everything is perfect in the Universe - even your desire to improve it.
— Wayne Dyer —

The history of questions like What is the origin of the Universe? When did it orig-
inate? What is its final fate? What is our place in the Universe? are as old as the
history of humankind on this planet. On the basis of these philosophical questions,
today our knowledge of the present day Universe has emerged out of the accumula-
tion of ideas, knowledge and technological improvements from ancient civilizations
to modern scientific methods. The modern Cosmology we know started with Nico-
laus Copernicus’ Sun centered solar system model; likely the most influential work in
the history of science. On the basis of his foundation, Tycho Brahe, Galileo Galilei, Jo-
hannes Kepler and Isaac Newton created the model of the solar system. In particular,
Newton formed the basics of the very first cosmological models that are static with-
out beginning or end. This static view of the Universe changed completely in 1915,
when Albert Einstein developed the General Relativity Theory in which a non static
Universe model was constructed. To prevent evolution in his model, Einstein added
a cosmological constant in order to make a static Universe, which he later admitted
was his biggest blunder. Independently, in 1922 Alexander Friedmann derived a set
of equations from the Einstein field equations of gravitation that describe Universe
models that expand or contract. Furthermore, Georges Lemaitre independently de-
rived the equations of an expanding Universe from the General Relativity equations
in 1927 and he argued that this would imply a hot and small primordial Universe.
Thus, a non static Universe is also implied, independent of observations of distant
galaxies, as the result of applying the cosmological principle to General Relativity.
That is why the non static Universe with matter is known as the Friedmann Robert-
son Walker Lemaitre Universe. Friedman and Lemaitre’s solutions were appreciated
more after Edwin Hubble’s 1929 discovery of the expansion of the Universe via the
velocity distance relation, but its implications were not realized at the time. Hubble’s
discovery allowed for two opposing hypotheses to be suggested. One was Lemaitre’s
Big Bang, advocated and developed by George Gamow. The other model was Fred
Hoyle’s Steady State theory, in which new matter would be created as the galaxies
moved away from each other. In this model, the Universe is roughly the same at any
point in time. It was actually Hoyle who coined the name of Lemaitre’s theory, re-
ferring to it sarcastically as ”this big bang idea” during a radio broadcast on 28 March
1949, on the BBC Third Programme.

Big Bang Timeline and Cosmic Microwave Background

The Universe was born with the Big Bang, an expansion that started everywhere in
the very early Universe, which at the time was a hot, dense point. When the Universe
was just 10−34 seconds old, it expanded faster than the speed of light, a phenomenon
known as inflation. Inflation was produced by a hypothesized scalar field, the in-
flaton. Inflation ended when the inflaton field decayed into ordinary particles in a
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process called reheating. During the period of reheating, ordinary Big Bang expan-
sion started. After cosmic inflation ended, the Universe was filled with a quarkgluon
plasma. Big Bang nucleosynthesis occurred within the first three minutes of the be-
ginning of the Universe and is responsible for much of the abundance of derivatives
of Helium (Helium-3 with 1 neutron and 2 protons and Helium-4 with 2 neutrons and
2 protons) and derivatives of Hydrogen (Protium with 1 proton and Deuterium with
1 proton and 1 neutron) in the Universe. Essentially in the process of nucleosynthe-
sis, at earlier times (during the first t = 10 seconds of the Big Bang) free particles;
electrons, anti-electrons, photons and neutrinos were born. After inflation, the Uni-
verse continued growing at a slower rate. Due to the expansion, the Universe started
cooling down from 1032 degrees Kelvin to 109 degrees Kelvin. Approximately 376
years after the Big Bang (at a redshift of zrec ∼ 1091) in the Recombination era, the
Universe started cooling down and this made electrons and protons pair up and form
neutral hydrogen (hydrogen atoms with one proton and one electron) and helium
atoms; the fraction of heavier elements was negligible. As a result of the absence of
electrons, the photons started traveling without being scattered by electrons. There-
fore, the opaque Universe became transparent. The recombination era is the era of Big
Bang history that today we can observe as the Cosmic Microwave Background (CMB)
and the photons we see in the CMB are the same photons last scattered at the time
of recombination. The CMB filled the Universe with a red, uniformly bright glow of
blackbody radiation.

The most examined evidence of the Big Bang Theory is the CMB radiation that was
released during the recombination era. The CMB radiation indicates that it has a dif-
fuse character and came from all directions in the sky uniformly, with a temperature of
approximately 2.73 degrees Kelvin. The Cosmic Background Explorer (COBE) and es-
pecially the Wilkinson Microwave Anisotropy Probe (WMAP) experiment produced
full sky maps that revolutionized our ability to test the isotropy of the Universe on
its largest scales. These observational studies show that, even though the CMB radi-
ation seems perfectly uniform, after subtracting the local effects on the perturbations
such as the Milky Way and the rotation of earth from the average distribution, tiny
anisotropic temperature fluctuations on the order of ∼ 10−5 are obtained (see Fig. 1).
It is believed that these small anisotropies are the imprints of processes and features
of the early Universe and seeds of the intricate formation of the present day Universe.

After the CMB was emitted, the timeline of the Universe continued with the CMB
photon temperature dropping and its wavelength shifting to the infrared. Then, the
Universe would have appeared as a completely dark place. A long period of time had
to pass until the first objects collapsed, forming the first stars. The period between the
recombination and the emergence of first stars, is called Dark Ages.

The dark ages ended around 453 million years (at redshift z = 10.6) after the Big
Bang, and the first stars, then galaxies with their zero metalicity Population III stars,
second generation Population II stars, super massive black holes, black hole driven
sources, mini quasars and X ray binaries formed. They were energetic enough to
ionize neutral hydrogen formed in the recombination era. As a result, the Universe
went through a transition from being neutral to being an ionized plasma. This period
is known as the Epoch of Reionization. The radiation emitted by these first sources
caused local heating, and then ionization bubbles of the hydrogen (H II) surrounded
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Figure 1: Three sky maps presenting the CMB anisotropies based on the WMAP data. The up-
per panel is the map of the sky with the dipole temperature anisotropy ΔT/T ∼ 10−3. The
middle map represents the Milky Way contribution to the anisotropy fluctuations. The lower
map shows the same map with the dipole and Milky Way contributions subtracted from the
upper map. Here the anisotropy is reduced to approximately ΔT/T ∼ 10−5. These tiny tem-
perature anisotropies are correlated with small density fluctuations that may be the seeds of the
complex large scale structures of the present day Universe (Image courtesy: NASA / WMAP
Science Team).
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the most energetic sources. These bubbles grew due to gradual ionization and their
number increased because of newly formed objects created by gravitational collapse.
Following this, H II bubbles started to overlap. At the very last step of this dynam-
ical process, the whole Universe was reionized, resulting in photons escaping from
the early galaxies and quasars, revealing the distant Universe that we see today with
optical and infrared telescopes. Reionization was complete about 1 billion years after
the Big Bang, corresponding to a redshift of about 6.5. The James Webb Space Tele-
scope, an infrared-optimized space telescope, is designed to find the first galaxies that
formed in the early Universe, and is due to launch in 2018.

After the first generation or so of stars and galaxies, the Universe started to look a
lot like it does today. Large scale complex structure formation of the Universe, such
as galaxies, clusters, and superclusters, had their frameworks laid in the initial giant
clouds of gas. As stars formed in the same vicinity, they became gravitationally bound
and they formed galaxies, clusters of galaxies and superclusters. These gravitationally
bound galaxy clusters and superclusters form the megaparsec size filamentary type
structures that are located in between low density, relatively empty large scale bubble-
like structures. Today, the best estimate the age of the Universe since the Big Bang is
13.7 billion years. Fig. 2 represents the timeline of the Universe, starting with the Big
Bang and evolving until the formation of the present day Universe.

Since the expansion of the Universe is accelerating, the complex structure forma-
tion may be the largest structure that will form in the Universe. The accelerating
expansion stops any more structures entering the horizon from the early phases of
the Universe and prevents the formation of gravitationally bound new structures.

Cosmic Web and its Integral Feature: Voids

Although recent observations of the CMB indicate the isotropy and homogeneity of
the present day Universe on large scales ≥ 100 h−1Mpc, at smaller scales, the Uni-
verse consists of irregular and densely populated structures in a complex network,
that comprise galaxy clusters, filamentary and wall-like structures and low density
regions called voids. This network is often called the Cosmic Web or the cosmic foam.
Fig. 3 shows an N-body simulation of the Cosmic Web. Here the individual features
of the Cosmic Web are characterized by an assembly of individual elements whose
characteristic shapes, sizes and densities are very different. Most of these structures
contain a high degree of substructure, and the embedded structures may have quite
different properties from the overall structure. For example, filamentary and wall-like
superclusters consist of a large number of smaller galaxy groups, each of which has
a higher density than the average density of the supercluster as a whole. Moreover,
quite different from these overdense structures, voids are megaparsec size cocoons
that have very low density profiles and they are surrounded by galaxies, galaxy clus-
ters and filaments.

Early surveys, especially the discovery of the Boötes void, established voids as in-
tegral features in this complex network of the observed Universe. In addition, they
are one of the most prominent features of the intricate structure formation of the Uni-
verse since they fill 95% of the total volume of the Universe. Note that in the concept of
the matter description of the Cosmic Web, filaments consist of gravitationally bound
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Figure 2: Illustration of the history of the Universe over 13.7 billion years. From left to right:
Inflation era in which exponential expansion occurs. For the next several billion years, the
expansion of the Universe gradually slowed down as the matter in the Universe attracted itself
via gravity. More recently, the expansion has begun to speed up again as the repulsive effects
of dark energy have come to dominate the expansion of the Universe. The afterglow light
seen by WMAP was emitted about 376,000 years after inflation and has traversed the Universe
largely unimpeded since then. The conditions of earlier times are imprinted in this light; it also
forms a backlight for later developments of the Universe according to the Hot Big Bang (Image
Courtesy: NASA / WMAP Science Team).

galaxies, galaxy clusters and super clusters that dominate the total mass of the Cosmic
Web. However, in the context of the void description of the Universe, it is impossible
to formulate the dynamical characteristics of the Cosmic Web without understanding
the origin and dynamics of voids.

To explain the origin and dynamics of voids, the very first step should be to de-
scribe the most general picture of the structure formation of the large scale Universe.
This will help clarify how voids form and evolve in the Universe. According to
modern cosmological models, the seeds of the Universe are small Gaussian perturba-
tions and they evolve by gravitational instabilities. In this evolutionary picture, voids
emerge out of density minima in the primordial density field. As a result, they have
low densities with respect to their surroundings which are galaxy clusters and fila-
mentary type structures. This low density profile causes a peculiar negative gravity
inside voids. Due to this peculiar force, voids expand with respect to the background
Universe and matter in voids is evacuated continuously from inward to outward,
making voids devoid of matter. In addition, when they become emptier and emp-
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Figure 3: The Cosmic Web represented by an N-body simulation. Intricate structure of the
Cosmic Web is formed by filamentary type structures. The filamentary type structures are
formed by galaxies and galaxy clusters. Voids are represented by relatively low density regions
wrapped by filaments and galaxy clusters (Image Courtesy Wojtek Hellwig).

tier because of the peculiar gravitational force, voids tend to become more spherical.
Apart from these properties of void dynamics, voids are vital key ingredients in the
formation of the Cosmic Web. As voids expand, matter is squeezed in between them,
and sheets and megaparsec size filaments form the void boundaries. In Fig. 4 we can
see this structure formation on very small scales, in the form of water bubbles. So,
Fig. 4 shows water foams which are analogous to large scale voids that form dense
structures which are squeezed in between expanding foams, like filamentary type
structures. This illustration may give an insight into how large scale structures are
formed by void bubbles.

However in reality, voids are more complex than spherical, idealized structures.
Studies indicate that voids have substructures and this allows us to study voids in
the context of hierarchical structure formation scenarios. According to hierarchical
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Figure 4: Illustration of water bubbles representing the analogy with voids of the large scale
Universe. The void description of the large scale Universe explains the emerging of the Cosmic
Web from the void perspective in which voids expand spherically and matter between them is
squeezed to form megaparsec size filamentary type structures. As is seen, the void description
is analogous to the water bubbles that show the same dynamical behavior. According to this,
water bubbles expand spherically and form a few centimeter size filamentary type structures
between them.

scenarios, overdense features of the Cosmic Web such as filaments, walls and galaxy
clusters are formed by small density perturbations driven by the gravitational insta-
bility. This occurs due to self gravitating small structures merging together to form
larger objects. This merging history has been called the Hierarchical evolution. Stud-
ies showed that voids also merge together to construct the large void structures hier-
archically. Therefore, in the context of void dynamics, the hierarchical scenarios show
no difference from overdense halo evolution. As a result, voids merge to form large
voids as well. In this sense, void and halo hierarchical evolution are analogous to each
other. Fig. 5 depicts the analogy between halo and void merger trees in the context of
hierarchical evolution. According to this, relatively small mass halos are the smaller
branches of the merging tree. These small mass halos merge in order to form larger
branches of the tree/more massive halos. These merging events continue successively
until forming the main trunk of the tree that represents the largest mass halo of the
merging tree at the present day. As is seen in Fig. 5 the void merging is analogous
to the halo merging tree. The main difference between halo and void merging trees
is their merging components. In void merging trees, void volumes merge, while halo
mass increases due to the gravitational merging of different mass halos. Therefore, the
void merging tree can be described as small volume voids that merge to form larger
volume voids, and in the very last merging event the largest volume void is formed
at the present day.

The hierarchical models of structure formation, based on the cold dark matter
models, have successfully explained the merging history of the gravitationally bound
objects, halo regions, ranging from the galaxies to galaxy clusters. The analytical
description of the collapse of the overdense regions consisting of dark matter halos
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Figure 5: Merger Tree illustrations of Halos (left) and Voids (right). In each panel the merging
history begins at the top of each panel and merging events evolve until the present day t0 (the
bottom of each panel) when the assembled largest halo or void of the merging events appears
(Image Courtesy: Cedric Lacey and Shaun Cole).

has been proposed by Press and Schechter. This approximate analytical formalism
is based on two simple assumptions; that the initial density is a Gaussian random
field, and that the gravitational collapse of mass is spherical and homogeneous. The
extended formalism of this approximate analytical description provides a basic frame-
work for understanding the growth mass history in the hierarchical structure forma-
tion, which allows construction of the merging trees. As a consequence, the merging
tree of voids can be constructed by using this formalism. However, hierarchical build
up of voids is more complex than halos, due to their environments. Two main pro-
cesses influence the evolution of voids depending on their surroundings: relatively
large voids as well as small ones can merge into ever larger voids, and voids that are
embedded in overdense regions can collapse.

Summary of thesis

In this thesis, two different problems of modern cosmology are investigated. An-
isotropic and homogeneous Universe models are developed in Chapter 2, based on
Bianchi I cosmologies. Today, it is known that the Universe is well represented by
the Friedman Robertson Walker model, which describes it as being homogeneous
and isotropic on large scales, ≥ 100 h−1Mpc. However, the Cosmic Web is not ho-
mogeneous and isotropic, but is formed of intricate structures on size scales smaller
than 100 h−1Mpc. Anisotropic collapse and cold dark matter hierarchical clustering
scenarios are thought to be responsible for the formation of the Cosmic Web. This
anisotropic collapse leads to tidal forces that form the complex looking structures on
small scales. In Chapter 2 we progress from this and investigate the possibility of
Universe models that are initially anisotropic and asymptotically Friedman Robert-
son Walker cosmologies, that become anisotropic at the present day Universe. Shear
and expansion factors should be dominant in the very early Universe in these ini-
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tially anisotropic models, but later these factors will become unimportant, but not
completely vanish, in the present day Universe. We construct realistic models which
are compatible with the observed Universe by using recent observational results on
the anisotropy parameters on the present day Universe, such as shear and expansion,
from WMAP. In this way we constrain the shear and expansion parameters of the
initially anisotropic BI cosmologies. These initially anisotropic models, with observa-
tional constraints on the anisotropy parameters, may provide a possible framework
to describe the origin of the CMB anisotropies.

These CMB anisotropies could be the seeds of the formation of the intricate struc-
ture of the Cosmic Web. Voids fill 95% of the observable volume of the Cosmic Web,
so how voids evolve in the present day Universe is one of the key issues of modern
cosmology, and knowledge of this is required to understand the dynamical evolution
of the present day Universe. The hierarchical evolution of voids is the subject of the
second goal of this thesis. In Chapter 4, a void merging tree algorithm of large spher-
ical growing voids is constructed, based on the extended Press Schechter formalism.
Following this in Chapter 5, we construct a more complex void merging algorithm,
that takes into account the environmental effects on void populations that lead to col-
lapse and merging behaviors in the Einstein de Sitter Universe, which has flat geom-
etry Ω = 1. These two void merging models, based on the Extended Press Schechter
formalism, represent the first void merging algorithms to date.
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