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Chapter 1

Introduction

In this chapter, we briefly review the historical development of radio interferometers, some basic
terms and concepts, and some fundamental mathematical concepts. The importance of signal
processing, and application of EM (Expectation Maximization) algorithm (Dempster et al., 1977)
in radio interferometry is discussed. The aim of this thesisand a brief outline of the next chapters
is also presented in the last section of this chapter.

1.1 Radio interferometry

An introduction to radio interferometry is given by Thompson et al. (2001). A radio interferom-
eter is an array of two or more radio receivers which coherently observe the same astronomical
object. The spacing between the receivers is referred to as the “baseline” (Fig. 1.2). Signals of
every pair of receivers get combined with each other in a correlator to make a coherent signal for
the corresponding baseline. Cross-correlation in fact decreases the noise level in signal, because
noise of different receivers are un-correlated. There are two significant advantages in the usage of
radio interferometers in comparison with the traditional single element radio telescopes. An inter-
ferometer superimposes the signals of different baselinesand achieves a high level of sensitivity.
Moreover, its angular resolution scales inversely with thesize of its longest baseline. Therefore,
the array could improve the resolution up to that of a single dish telescope with a diameter as large
as the size of the interferometer’s longest baseline.

1.1.1 Invention

After several unsuccessful attempts that have been made since 1860s to detect radio emissions
from stellar objects, in 1933, Karl Jansky, an American electrical engineer with Bell Telephone
Laboratories, constructed the first radio antenna receiverwith the purpose of locating sources of
telephone interference. He discovered a daily repeated radio signal with an unknown origin in his
records and hence he was able to trace to the center of the Milky Way Galaxy. Following his work,
in 1935, Grote Reber, another American electrical engineer, built the first 9 meter diameter dish-
shaped radio telescope. After 1945, major radio astronomical research groups were formed in
England, Australia, and The Netherlands. The first radio interferometer was constructed by Mar-
tin Ryle in 1946. The interferometer had the same design as a Michelson optical interferometer
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2 Introduction

(invented by Albert Michelson at 1887). It consisted of onlytwo steerable elements (dipole an-
tennas) whose distance could vary between 17 m and 240 m. Thisinterferometer quickly became
famous for the discovery of new objects which showed extremely high velocities. Solar observa-
tions which were carried out by Ruby Payne-Scott at roughly the same time (1948) also played a
very important role in early radio interferometry. She usedthe sea interferometer for her obser-
vations which was a single receiver interferometer made during World War II in Australia. The
instrument has been installed for radar at several costal locations near Sidney. The interferometry
technique was performed via its every single receiver absorbing the direct radiation of different
sources, plus their reflections from the sea. These discoveries stablished the application of inter-
ferometric arrays in radio astronomy with the goal of improving the resolution of observations
obtained by single element telescopes.

1.1.2 Developments

By the early 1960s, advances were made in the design of radio interferometers, as well as in the
principles of interferometry. In 1964, the “One-Mile” array at Cambridge University started to
operate. The array was used for the first time for the aperturesynthesis technique which mixes
signals from different receivers to produce images having the same angular resolution as a single
receiver with the size of the longest baseline. From that time, the main goal in the design of radio
synthesis arrays was to construct extremely long baselines, as well as a large number of receivers,
in order to increase the resolution, and the sensitivity, respectively. In 1969, the first large synthesis
array, Westerbork Radio Synthesis Telescope (WSRT), was built in the Netherlands. After that,
in 1971, the 5-km Ryle aperture synthesis radio telescope, was built at Cambridge University.
This interferometer was the first in generating subarcsecond images of radio galaxies and quasars.
Following those, from 1980s, radio interferometers such asthe Very Large Array (VLA)1, the
Very Long Baseline Array (VLBA)2, the LOw Frequency ARray (LOFAR) (van Haarlem et al.,
2013), the Murchison Widefield Array (MWA) (Lonsdale et al.,2009), the Precision Array to
Probe Epoch of Reionization (PAPER) (Parsons et al., 2010),the 21-cm Array (21CMA)3, the
Hydrogen Epoch of Reionization Array (HERA)4, and, currently under development, the Square
Kilometre Array (SKA)5 were designed.

Although there is always a limit in sensitivity that can be achieved using a radio interferometer
(the achievable sensitivity is limited by the receiver’s collecting area), there has been always a
great attempt to achieve their sensitivity limit in the smallest time scale possible. The reason
is that optical telescopes have always had the advantage of operating in real-time (the optical
astronomer can directly see what is being observed through the telescope). However, radio signals
are invisible, and only after they are transfered to computer and have been processed via various
software they can result into images. Reducing the time between observations (data collection
from the instrument) and imaging procedures is one of the main challenges in the radio astronomy,
because then the instrument can be instantly steered away from unexpected events or errors.

Minimizing the time delay between collecting radio signalsby an interferometer and imaging,
the network connections as well as the processing softwaresmust operate extremely fast. Provid-

1http://www.vla.nrao.edu/
2http://www.vlba.nrao.edu/
3http://21cma.bao.ac.cn
4http://www.reionization.org
5http://www.skatelescope.org



1.2 Calibration 3

ing fast and stable connectivity between the instrument andcomputers, or the Internet, or other
local or remote network resources or functions, in order to properly collect and deliver the raw
data is essential. On the other hand, various processes, depending on the purpose and quality
of observation and on the characteristics of the specific interferometer, must be executed on the
raw data before imaging. For instance, averaging or flaggingsome data initially. Among these
systematics and the most crucial one is calibration, the main topic addressed in this thesis.

1.2 Calibration

The raw data collected by a radio interferometer is a mixtureof corrupted emissions of radio
sources plus some noise. Calibration is the procedure of estimation and correction of the corrup-
tions in data. An efficient calibration procedure must be able to compensate for inaccuracies in
the other pre-imaging processes and to perform a complete true data recovery. Therefore, it plays
a key role in achieving the scientific goal of design of any radio interferometer. To illustrate this
importance, an image of1.5 × 1 degree area of the sky at 150 MHz using LOFAR, before and
after calibration, is presented in Fig. 1.1. The applied calibration technique is SAGE (Space Al-
ternating Generalized Expectation Maximization) calibration which is extensively introduced in
chapter 2. As Fig. 1.1 shows, a significant image-quality improvement is obtained by calibrating
the raw data. There are lots of artifacts in the un-calibrated image (image (a) of Fig. 1.1) and
sources look blurry. However, in the calibrated image (image (b) of Fig. 1.1), the artifacts are
much less and source boundaries look much sharper. Moreover, some new sources have appeared
in the calibrated image which were totally invisible in the uncalibrated one, and consequently,
were not included in the sky model. This proves that an accurate calibration can correct for errors
introduced by the other pre-imaging procedures (source modeling procedure in this particular ex-
ample) as well. Thus, calibration is essential for converting a “dirty image” into a “clean image”.

1.2.1 Corruptions in radio signals

Systematic corruptions of the radio signals radiated from celestial objects fall into two broad
categories, instrumental and non-instrumental.

1. Instrumental errors

• Receiver beam shape: directional voltage pattern of receivers which shows where the
receivers are sensitive.
When radiations from different directions of the sky hit a receiver, depending on their
angles, they induce a variable voltage level at the receiver. Receivers are aimed to
provide a high sensitivity towards a specific desired observing direction. To change
the directionality, one can use dishes which are moved to focus on a specific direction,
or can use beam-forming techniques to control the strength of signals coming from
different directions. The pattern of this electronic response, known as the beam, must
be determined before, or during, calibration.

• Receiver gain: combined effects of the low noise amplifiers,artificial filters, and Ana-
log to digital convertors.
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(a) (b)

Figure 1.1: An image of1.5 × 1 degree area of the sky at 150 MHz using LOFAR, before (a) and after (b)
calibration. The applied calibration technique is SAGE calibration which is extensively introduced in chapter
2. A significant image-quality improvement is obtained by calibrating the raw data. There are lots of artifacts
in the un-calibrated image and sources look blurry. However, in the calibrated image, the artifacts are much
less, source boundaries look much sharper, and some new sources have appeared which were totally invisible
before.
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Receiver gain is introduced due to different losses (inefficiencies), delays, and leak-
ages in the system. Standing wave patterns due to mismatchesin different components
of the system also contribute to this gain.

2. Non-instrumental errors

• Atmospheric effects.
As signals pass through the Earth’s atmosphere, especiallythe ionosphere, they get
affected from several sources of errors and correcting these errors is a significant chal-
lenge. The errors are mainly ionospheric phase fluctuationscausing signal delays and
decorrelations, Faraday Rotation which is the polarization rotation imposed over the
course of propagation of signal from its origin to the receiver, and tropospheric cor-
ruptions (for instance when variations in the level of watervapor in troposphere leads
to phase changes propagated radio signals).

• Radio Frequency Interferences (RFI).
RFI is caused by man-made corruptions, introduced by radio transmitters such as TV,
radar, wireless communications, and satellites. Also natural causes such as lightning
and solar flares cause RFI. It ranges from weak corruptions indata to a total loss of
data. Although RFI can be mitigated in data up to a very good level via several RFI
flagging techniques (Fridman & Baan, 2001; Offringa et al., 2010a,b), its remaining
effects in data are considered to contribute to receiver noise.

These systematic sources of interference must be recognised and studied so that steps can be taken
to minimize their effect. There are also other random errorsaffecting signals which are referred to
as noise. To summarize, radiated signals from radio sourcesfirst get corrupted by the atmosphere
and then by the receivers beam patterns. After that, the corrupted signals get cross-correlated
in a correlator and the outcome which includes also some noise is transfered to computers to be
processed. To a greater extent, some other corruptions introduced by the computer itself can also
affect the transfered data. For example, when calibrating or imaging using a specific source model
while the model has errors itself. All these sources of corruptions are illustrated by Fig. 1.2 which
shows a basic radio interferometer including only two receivers.

1.2.2 External calibration and Self-calibration

There are two major calibration approaches for removal of the mentioned errors in incoming
signals: (i) external calibration and, (ii) self-calibration (Pearson & Readhead, 1984). Note that the
“external calibration” is referred to as the “internal calibration” by Pearson & Readhead (1984).

The classical calibration method, named external (primary) calibration, is performed using
pre-knowledge of properties of some bright reference sources, referred to as calibrators. Based on
the error characteristics that are obtained for a calibrator, it corrects for the sources around the cal-
ibrator. “Fringe rate mapping” (Moran et al., 1973; Reid et al., 1980), as well as “phase mapping”
(Walker et al., 1978) are two examples of external calibration methods. Ideally, the calibrators
should be point sources and isolated from the other sources in the sky, because then one is able to
properly measure the errors in their signals. There are several disadvantages in the usage of exter-
nal calibration. The performance of the technique is directly affected by the accuracy with which
the calibrators are known. Moreover, choosing isolated bright reference sources in a wide field
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Figure 1.2: A basic radio interferometer including only two receivers which receive signals from far away
radio sources. The radiated signals from sources are corrupted by the atmosphere as well as by the receivers
beam patterns. The corrupted signals plus the receiver’s thermal noise get cross-correlated in a correlator
and then they are transfered to computers to be processed.
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of view is almost impractical, and even when it is possible, external calibration gives information
only around the direction of the calibrators. With the resolution requirements increasing, external
calibration was not good enough, and hence, it was replaced by self-calibration.

Self-calibration overcomes the main limitation of the external calibration method, i.e., cali-
brating only the area close to the calibrators, by using every source itself for its calibration. It also
does not need access to exact characteristic of some source.Given a rough estimate of the true
sky and a proper instrumental model, self-calibration utilizes the observed data for estimating both
the unknown instrumental and sky parameters. The technique’s quality is increased by iterating
between the sky and the instrument. Thus, its accuracy is also not limited by the pre-knowledge of
some specific sources. These advantages are enough reasons to make self-calibration the method
of choice in comparison with the external calibration, as itis in this thesis. Some examples of
the self-calibration techniques are the method of Redhead and Wilkinson (Baldwin & Warner,
1976, 1978), CLEAN (Högbom, 1974), calibration via Maximum Entropy method (Sanroma &
Estalella, 1984), and Redundancy method (Noordam & de Bruyn, 1982) (a detailed introduction
of self-calibration techniques is presented in (Pearson & Readhead, 1984)).

1.2.3 Data model

The basic need for an efficient self-calibration run on the raw data is to have reasonable sky and
instrumental models. Sky models can be provided by optical or radio catalogs. There are also
various software, such as Duchamp (Whiting, 2012), and BuildSky (Yatawatta et al., 2013), for
producing sky models from the initial image obtained from the raw data. Thus, having a proper
mathematical measurement equation is the main concern.

In order to model the correspondence between the observed and true skies, we use the general
measurement equation introduced by Hamaker (2006). The equation is obtained by formulating
the corruptive effects in celestial radio signals that wereintroduced in section 1.2.1 as follows:

y = s(θθθ) + n. (1.1)

In (1.1),y is the observed data,s is a non-linear function representing the corruptions,θθθ is the
unknown sky and instrumental parameters that needs to be estimated, andn is the noise. From
(1.1) it is clear that calibration is a non-linear optimization problem, and for solving it, array
signal processing techniques are utilized. After calibration, the data is corrected for systematic
errors and the Fourier transform of the data is taken to make images. However, due to incomplete
sampling of the Fourier plane and due to the curvature of the sky, simple Fourier transform will
not produce good images and signal processing is also used toget better images. We use CASA
(http://casa.nrao.edu) software for all imaging tasks in this thesis.

1.3 Array signal processing for radio interferometry

Array signal processing is signal processing of the outputsof an array of receivers. Radio in-
terferometry forms an interesting application area for array signal processing techniques. The
measurement equation presented by (1.1) is a non-linear signal processing data model. Conse-
quently, array signal processing can make a considerable contribution in solving for problems
such as self-calibration (using weighted least squares algorithm(Wijnholds & van der Veen, 2009)
or Maximum Likelihood estimation algorithms(Boonstra & van der Veen, 2003; Kazemi et al.,
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2011; Kazemi et al., 2013c; Kazemi & Yatawatta, 2013)), interference removal (using spatial fil-
tering (Fridman & Baan, 2001; Leshem & van der Veen, 2000)), and image formation (using
inverse Fourier techniques (Levanda & Leshem, 2010; Leshem& van der Veen, 2000)).

Beam forming is also a signal processing technique that is used for observing radio signals
from specific regions of the sky. Radio dishes mechanically turn to observe different parts of sky.
However, phased array receivers, such as the ones used in LOFAR and SKA, have no moving
parts. Therefore, for such antennas, beams are electronically steered to observe specific regions
of sky.

Data from these antennas are transported to correlators, where they will be synchronized,
cross-correlated, and divided to various frequency channels, again using signal processing tech-
niques. At the same stage, signal processing filtering schemes also can be used to pre-process
the data in order to remove interfering radio frequency signals that would contaminate the data.
On the other hand, as was mentioned in section 1.1.2, the mostimportant challenge in the cur-
rent radio interferometry is developing software to: (i) produce the best quality images (ii) using
the fastest computational speeds. Such processing software have computational requirements far
beyond the capabilities of the general purpose computer software which have traditionally been
used in radio astronomy signal processing. Thus, there is anincreasingly need for developing new
signal processing libraries which could speed up various tasks of those softwares.

A common task in signal processing is estimation of parameters of a probability distribution
function. For instance, statistical estimation of the meanof a signal in the presence of noise. Such
parameter estimation problems become more complicated when there is no direct access to the
underlying data distribution, or some data are missing. Forexample, consider the case in which
the outcome is a result of an accumulation of simpler un-observed outcomes. There may also
be data dropouts in such a way that even the number of underlying outcomes is unknown. The
EM (Expectation Maximization) algorithm (Dempster et al.,1977) is ideally suited to problems
of this sort. The algorithm is capable of producing ML (Maximum Likelihood) estimation of
parameters when there is a many-to-one mapping from underlying distributions to the general
observed distribution.

1.3.1 The EM algorithm

EM (Expectation Maximization) algorithm estimates ML (Maximum Likelihood) of parameters
when some variables are un-observed by assuming the existence of and values for some underlying
hidden variables. There are two main advantages in using theEM algorithm. The first is obtained
when the data have missing values, due to problems with (or limitations of) the observational
procedure. In such cases, the EM algorithm can converge by re-producing the missing values
via those hidden variables. The second advantage is when optimizing the likelihood function is
analytically intractable. The EM algorithm simplifies the likelihood function using the hidden
variables and iteratively converges to an ML estimation.

The EM algorithm consists of two major steps:

1. E-step (Expectation step): Compute the expected value of the hidden variables using the
current estimate of the parameters and the observed data.

2. M-step (Maximization step): Use the data from the E-step as if it were actually observed
data to determine an ML estimate of the parameters.

These two steps are iterated until convergence. The conceptis illustrated in Fig. 1.3.
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Figure 1.3: An overview of the EM algorithm. After initialization of parameters, it iterates between estimat-
ing hidden values and ML of parameter until convergence.
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1.3.2 History

The EM algorithm was invented by Arthur Dempster (Dempster et al., 1977) who generalized
the method for the first time, sketched its convergence analysis for a wide class of problems, and
named it as the “EM algorithm”. However, before Dempster et al. (1977), the algorithm was
employed by several other researchers. For instance, Dempster et al. (1977) found the earliest
usage of the EM algorithm in McKendrick (1925). To go even further in time, the EM algorithm
and many other popular statistical methods are in fact originated from Fisher (1925). However,
(Dempster et al., 1977) gave the algorithm the “EM” title forthe first time and demonstrated
its general application for the cases in which some data is missing (in the presence of hidden
variables). After Dempster et al. (1977), an enormous and increasing amount of articles employing
the EM algorithm were annually published.

1.3.3 Convergence

Since EM is an iterative algorithm, the question of its convergence needs to be addressed: Does
the EM algorithm converge to a solution? The answer is yes. Itis proved that the EM algorithm
guarantees a stable convergence to an ML estimate. Dempsteret al. (1977) has presented an
analytical proof of the convergence of the algorithm for thefirst time. However, the proof was
incomplete in the sense that it does not prove that the solutions that EM converges to are in fact
ML estimates. Later on, Xu & Jordan (1995); Boyles (1983) presented a detailed discussion
of the convergence of the EM algorithm to ML estimations of parameters. The proof can be
generally stated as: at every iteration of the EM algorithm,parameters are updated such that the
likelihood function does not decrease. That is, at every iteration, the estimated parameters provide
an increase in the likelihood function until a local maximumis obtained, where the likelihood
function can not increase anymore, but will not be decreasedas well.

There are two major points in convergence of the EM algorithmthat must be taken into ac-
count:

1. There is no guarantee that the EM algorithm converges to a global maximum. For a likeli-
hood function with multiple maxima, convergence will be towards a local maximum which
depends on the initial parameter estimates (starting point).

2. Based on mathematical and empirical examinations, the convergence rate of the EM algo-
rithm is usually slower than the quadratic convergence typically obtained by Newton-type
optimization methods (Redner & Walker, 1984). However, near the maximum likelihood,
convergence rate depends on the eigenvalues of the Hessian matrix of the update maximiza-
tion function, so that a rapid convergence can be obtained (Dempster et al., 1977).

Even considering the above points, there are many advantages in using the EM algorithm instead
of Newton-type methods. For instance, using EM, there is no chance of diverging away from the
maximum, and a stable convergence to an ML estimate is guaranteed (Moon, 1996).

1.3.4 Speeding up the EM algorithm

EM algorithm gets its popularity due to its easy implementation and stable convergence. How-
ever, since its convergence rate can be slower than the quadratic convergence in some applications,
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various attempts have been made at speeding up the algorithm, either by simplifying the compu-
tations, or by increasing the rate of convergence Roche (2003). Those EM variants include:

• Aitken’s acceleration of EM
Dempster et al. (1977) proposed the combination of the EM algorithm with the Newton-
Raphson method for speeding up the standard EM iterations. This causes important imple-
mentational issues. Besides, Aitken’s acceleration of EM does not guarantee a convergence
since the monotonicity property of the standard EM algorithm is lost.

• CEM
CEM (Classification EM) algorithm, proposed by Celeux & Govaert (1992), estimates a
hidden variable, from which the missing values are generated, when it estimates the ML
of parameters at every iteration. This provides the CEM algorithm with several advantages
compared to the standard EM algorithm. For example, being easier to implement and typ-
ically faster to converge. However, since CEM maximize the likelihood function using a
complete data instead of the initial incomplete-data, again the monotonicity property of EM
is lost. Hence, the convergence is not guaranteed anymore and more careful monitoring is
needed.

• AEM
Jamshidian & Jennrich (1993) introduced AEM (Accelerated EM) algorithm which is a con-
jugate gradient approach which trades off between EM and itsAitken’s acceleration. The
method has the advantage of line maximizations, which makesthe monotonicity property
of EM safe. However, its weak point is that it needs more numerically complex implemen-
tations.

• ECME
Meng & Rubin (1993) introduced ECM (Expectation Conditional Maximization) method
to deal with cases in which the standard EM maximization step(M-step) is intractable. In
ECM, the maximization problem is replaced with a number of lower dimensional maxi-
mization problems that all must be solved sequentially at every iteration. That makes com-
putations of the maximum likelihood much simpeler and retains the stable convergence
properties of the standard EM algorithm (the monotone convergence of the likelihood val-
ues is kept). However, the ECM algorithm has the disadvantage of converging more slowly
compared to the standard EM algorithm. Efforts for speedingup the ECM algorithm were
resulted in two other generalizations of the EM algorithm: ECME, and SAGE.

Liu & Rubin (1994) recognized that in some applications of the ECM algorithm, running
the standard likelihood maximization of the EM algorithm (M-step) as a posterior operator
on the ECM maximizations can provides a faster convergence.Therefore, Liu & Rubin
(1994) introduced the ECME (Expectation Conditional Maximization) algorithm whose
maximization step iseithera standard EM maximizationor a ECM maximization. In the
case of having mixture models, ECME benefits from a faster convergence rate compared to
the standard EM algorithm.

• SAGE
Fessler & Hero (1993) developed the SAGE (Space AlternatingGeneralized Expectation
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Maximization) algorithm without knowing the ECM or ECME algorithms. As it is ex-
plained, ECM algorithm starts with the standard EM algorithm and then, for its maximiza-
tions, it breaks the problem to several smaller problems. Incontrast, the SAGE algorithm
initially partitions the parameters and defines for every subset of parameter a smaller ML
estimation problem, and then it runs the standard EM algorithm on each reduced problem
(which may still have no analytic solution). It is proved that the algorithm is very efficient
for speeding up the standard EM algorithm since the amount ofdata augmentation needed
for the smaller problems can be much less than that needed forthe original big problem.
This faster speed of convergence was specially shown by applications of the algorithm to
the Poisson imaging model.

• AECM
Meng & Dyk (1997) introduced AECM (Alternating ECM) algorithm as a combination
of the ECM and SAGE algorithms. The method achieves efficientcomputations having
the data augmentation flexibility of the ECM algorithm as well as the model reduction
properties of the SAGE algorithm at the same time.

• PX-EM
Liu et al. (1998) suggested the PX-EM (Sparse EM) algorithm for speeding up the standard
EM method. The main idea of the algorithm is to track the hidden variable in a subspace
of the original search space (observed values). EM variantssuch as the CEM algorithm all
could be utilized in this scheme. PX-EM procedures typically have strong computational
advantages. However, they are prone to estimation bias because they estimate ML on a
reduced search space which may not contain the maximum likelihood solution at all.

• CEMM
Celeux et al. (1999) introduced the CEMM (Component-wise EMfor Mixtures) algorithm
as an extension of the SAGE technique to be applied to constrained likelihood maximiza-
tion problems. Such problems arise typically in maximization of a mixture model, when
the sum of mixing proportions is constrained. The general idea is that CEMM uses a La-
grangian dualization method to recast the initial constrained ML estimation problem into an
unconstrained maximization problem by defining a suitable penalized log-likelihood func-
tion. It has been proved that under mild regularity conditions, the algorithm converges to a
stationary point of the likelihood.

• Incremental EM
The OS (Ordered Subsets) algorithm (Hudson & Larkin, 1994) accelerates the convergence
rate of ML estimations. This method decomposes the likelihood function to several sub-
surrogate functions and updates the parameters by using thegradient of one, or some, of
the sub-surrogate functions as an approximation to the likelihood function’s gradient. At
the initial iterations, when the parameters are far from themaximum likelihood point, these
approximations can be efficient substitutions for the gradient of the likelihood function, and
they can significantly accelerate the computations. However, OS methods usually do not
converge but rather get stuck at a sub-optimal limit cycle.

Incremental optimization transfer method (Ahn, 2004) was developed with the goal of
achieving convergence for the OS method. The difference between OS method and the
incremental optimization transfer method is that OS uses only a partial gradient at every
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iteration whereas incremental optimization transfer usesthe whole gradient which is in-
crementally updated. The success key of the incremental transfer algorithm is that at the
maximization steps, it uses all the most recent sub-surrogate functions while updating pa-
rameter with respect to only one sub-surrogate function. The algorithm is a general frame-
work for developing many different optimization algorithms by using different application-
dependent surrogate functions. Incremental EM (Neal & Hinton, 1999) is a special case of
the incremental optimization transfer algorithms which uses EM surrogate function at its
iterations. The convergence arte of the method is faster than the standard EM algorithm,
while is still slower than those non-convergent OS-EM type algorithms.

1.4 Applying EM variants to calibration problem

From a signal processing point of view, calibration is the process of ML estimation of the sky
and instrumental unknown parameters using a non linear optimization technique such as the LM
(Levenberg Marquardt) algorithm (Levenberg, 1944; Marquardt, 1963). An in depth overview
of existing calibration techniques are given in Boonstra & van der Veen (2003); van der Veen
et al. (2004). Utilizing such techniques, the sensitivity limit that can be achieved using present
radio interferometers is already reached. For instance, this is shown for LOFAR, which can be
considered as a pathfinder for the next generation interferometric arrays, by van der Tol et al.
(2007). However, despite such instrumental limitations, there is still space for improving the
computational cost, or the speed of convergence, of calibration techniques. That lead us toward
the use of EM variants for speeding up the calibration procedures. The EM algorithm benefits
from the essential property of increasing the likelihood atevery iteration. Therefore, those EM
variants which have fast speed of convergence could be the best candidates to be applied to the
calibration problem.

The standard EM algorithm is used for calibration by Kazemi et al. (2011) (chapter 2). Al-
though it guarantees a stable convergence, it suffers a slowrate of convergence. Utilizing Aitken’s
acceleration of EM, CEM, AEM, or PX-EM for the calibration MLestimation is not proposed
since the methods are not always convergent (the monotonicity property of EM is lost). AEM is
not an option either due to its complicated implementation.the ECME algorithm as well as the
SAGE algorithm are applied to the calibration problem by Kazemi et al. (2011) (chapter 2) and
Kazemi & Yatawatta (2013) (chapter 6), respectively, and ithas been shown that both the methods
result better convergence rate compared to standard calibration techniques. OS acceleration of the
SAGE algorithm, proposed by Kazemi et al. (2013c) (chapter 3), also significantly improves the
speed of convergence of calibration at initial iterations of ML estimation.

1.5 This thesis

The subject of this thesis is introducing the application ofsome well-known signal processing
techniques to self-calibration of radio interferometers,in order to:

• increase the speed of convergence of the calibration’s procedure,

• minimize self-calibration bias,

• optimize the directions in the sky that must be solved for,
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• minimize the effects of outliers in data,

• and minimize loss of fluxes of un-modeled sources.

The result is calibration that is faster by orders of magnitude than before. There is a great interest
in application of such methods to calibration for a large-unknown parameter space (the number of
the unknowns is proportional to the number of reference sources in the sky, as well as the number
of receivers in the instrument). The dissertation combinescontributions to the literature: Kazemi
et al. (2011); Kazemi & Yatawatta (2012); Yatawatta et al. (2012); Kazemi et al. (2012, 2011,
2013b,a,c); Kazemi & Yatawatta (2013).

1.5.1 Outline and summary of the thesis

In chapter 2, application of SAGE algorithm (Fessler & Hero,1994) into calibration problem is
presented. The introduced SAGE calibration method (Kazemiet al., 2011) has the advantage
of iterating over sources in the sky and solving for every source individually. Because of that,
its execution time can be significantly faster than the methods that solve for all the unknowns
simultaneously at every iteration, such as LS (Least Squares) calibration. Results illustrate that
more accurate solutions in a much shorter time are obtained by SAGE calibration in comparison
with LS calibration.

In chapter 3, application of the OS (Ordered-Subsets) algorithm (Hudson & Larkin, 1994;
Erdogan & Fessler, 1999) for speeding up the convergence at initial iterations of calibration tech-
niques is shown. OS type calibrations (Kazemi et al., 2013c)use partitions of data, rather than
the whole observed data, to solve for unknowns. The calibrations benefit from very fast computa-
tions and preserve almost the same quality as (never higher than) the one obtained by the non-OS
calibrations. Promising performance of OS calibrations isshown in simulations.

In chapter 4, clustered calibration (Kazemi et al., 2011, 2013b) technique, which is calibrat-
ing for groups of sources simultaneously, is introduced. The goal is upgrading weak signals of
faint sources via signals of other near-by sources in order to increase the information level, and
consequently, the accuracy of solutions. For this purpose,sources are grouped into clusters and
calibration is performed to solve for a single solution per cluster. As a direct result, clustered
calibration achieves a novel speed of convergence because (i) it solves less number of directions
than the number of sources in the sky, and (ii) it has less number of iterations compared to the un-
clustered calibrations due to the fact that it uses information of the upgraded signals to calculate
solutions.

In chapter 5, a fuzzy clustered calibration is introduced. Applying fuzzy clustering to cal-
ibration in order to define clusters with soft boundaries, where every individual source can be
contributed to more than one cluster, is more accurate and efficient than dedicating every source
to exactly one cluster as in chapter 4. As a result, in fuzzy clustered calibration, every source sig-
nal is considered to be corrupted by a linear combination of the sky errors of all the clusters. This
is where in non-fuzzy clustered calibrations, the solutionof every source is only the one obtained
for the centroid of the cluster that the source belongs to. Therefore, fuzzy clustered calibration is
provided with a faster speed of convergence compared to non-fuzzy clustered calibrations.

In chapter 6, the use of Student’s t distribution in radio interferometric calibration is proposed.
Compared with traditional calibration that has an underlying Gaussian noise model, robust cal-
ibration (Yatawatta et al., 2012; Kazemi & Yatawatta, 2013)using Student’s t distribution can



1.5 This thesis 15

handle situations where there are model errors or outliers in the data. Moreover, by automati-
cally selecting the number of degrees of freedom during calibration, it also has the flexibility of
choosing the appropriate distribution even when no outliers are present and the noise is perfectly
Gaussian. Results show the robustness of the calibration method, especially in preserving the flux
of weaker sources that are not included in the sky model.



Chapter 2

Radio Interferometric Calibration
Using The SAGE Algorithm

“Radio Interferometric Calibration Using The SAGE Algorithm”
Kazemi S., et al., 2011, MNRAS, 414, 1656

ABSTRACT
The aim of the new generation of radio synthesis arrays such as LOFAR and SKA
is to achieve much higher sensitivity, resolution and frequency coverage than what is
available now, especially at low frequencies. To accomplish this goal, the accuracy of
the calibration techniques used is of considerable importance. Moreover, since these
telescopes produce huge amounts of data, speed of convergence of calibration is a
major bottleneck. The errors in calibration are due to system noise (sky and instru-
mental) as well as the estimation errors introduced by the calibration technique itself,
which we call solver noise. We define solver noise as the distance between the opti-
mal solution (the true value of the unknowns, uncorrupted bythe system noise) and
the solution obtained by calibration. We present the Space Alternating Generalized
Expectation Maximization (SAGE) calibration technique, which is a modification of
the Expectation Maximization algorithm, and compare its performance with the tra-
ditional Least Squares calibration based on the level of solver noise introduced by
each technique. For this purpose, we develop statistical methods that use the cali-
brated solutions to estimate the level of solver noise. The SAGE calibration algorithm
yields very promising results both in terms of accuracy and speed of convergence.
The comparison approaches we adopt introduce a new framework for assessing the
performance of different calibration schemes.

16
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2.1 Introduction

Early radio-astronomy predominantly used single-dishes for observations. With the resolution
requirements increasing, the single dish approach became impractical. This paved the path for
using radio-interferometric techniques with multiple antennas linked together as an array that
operates as a large effective single-dish (Thompson et al.,2001).

The sensitivity of an interferometer is greatly increased,compared to a single-dish telescope,
due to the larger combined collecting area. The currently planned or built radio interferometers,
such as theSquare Kilometre Array (SKA)1, the Murchison Widefield Array (MWA)2, the Preci-
sion Array to Probe Epoch of Reionization (PAPER)3, the 21-cm Array (21CMA)4, the Hydrogen
Epoch of Reionization Array (HERA)5, the Long Wavelength Array (LWA)6 and the LOw Fre-
quency ARray (LOFAR)7, consist of a large number of elements and include short, intermediate
and many of them longer antenna spacings. For an introduction to radio interferometry we refer
the reader to Thompson et al. (2001).

In the interferometric visibilities there always exist errors introduced by the sky, the atmo-
sphere (e.g. troposphere and ionosphere), the instrument (e.g. beam-shape, frequency response,
receiver gains etc.) and by Radio Frequency Interference (RFI). The process of estimating and
reducing the errors in these measurements is called “calibration” and is an essential step before
imaging the visibilities.

The classical calibration method, named external (or primary) calibration, is based on observ-
ing a celestial radio source with known properties. This approach is strongly dependent on the
accuracy with which the source properties are known. The external calibration is improved by
using self-calibration (Pearson & Readhead, 1984) which utilizes the observed data for estimating
both the unknown instrumental and the sky parameters. The quality of calibration and the imaging
is significantly increased by iterating between the sky and the instrument model.The redundant
calibration is also independent of the sky model. It calibrates for both the sky and the instrument,
using redundant information in the measured data. However,its performance is limited to arrays
with a regular arrangement in their antennas layout.

Calibration is an optimization process that is non-linear by nature. It is in essence a Maximum
Likelihood (ML) estimation of the unknown parameters by applying non-linear optimization tech-
niques. Traditional calibration is estimating the ML solution by the non-linear Least Squares (LS)
method via various gradient-based techniques such as the Levenberg-Marquardt (LM) algorithm
(Levenberg, 1944; Marquardt, 1963). This approach was improved by the Expectation Maximiza-
tion (EM) algorithm (Feder & Weinstein, 1988) and later on bythe Space Alternating Generalized
Expectation Maximization (SAGE) technique which was introduced by Fessler & Hero (1994)
and was applied to interferometer calibration by Yatawattaet al. (2009). The analysis and appli-
cation of the aforementioned schemes for the calibration ofradio interferometers can be found in
Yatawatta et al. (2009).

To reach the scientific goals of the new generation of radio arrays, calibration algorithms must
have the highest accuracy possible. Furthermore, the number of measured visibilities that has

1http://www.skatelescope.org
2http://www.mwatelescope.org
3http://astro.berkeley.edu/˜dbacker/eor
4http://21cma.bao.ac.cn
5http://www.reionization.org
6http://lwa.unm.edu
7http://www.lofar.org
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to be calibrated is unprecedented. The speed of convergenceof the calibration processes must
therefore be the fastest with the minimum possible computational cost. Based on these facts,
the best calibration method is referred to as the one which minimizes the “distance” between
the true values of unknown parameters and the values obtained by calibration and minimizes
computational time.

We should take into account that the measured data of an interferometer is always corrupted
by different sources of noise such as the thermal noise, which is an additive Gaussian random
process, and confusion noise (Condon, 1974), which affectsthe coherency matrix (see next section
and e.g. Born & Wolf (1999)). For a detailed discussion on thesources of noise the reader is
referred to the Chapter 6 of Wijnholds (2010). When the calibration process of the measured data
is done, the “distance” between the true value of the unknownparameters and their calibrated
solutions depends on the initial noise and the errors originating from the calibration process itself
(e.g. converging to a local minimum), which is called “solver noise”. In other words, because the
calibrated solutions are not optimal, there always exists some solver noise between these solutions
and the true values of the unknown parameters affected by theinitial noise. The lower the solver
noise, the higher the accuracy of the calibrated results. Thus, in order to increase the calibration
efficiency, we need to choose the calibration scheme which has the minimum solver noise as well
as the lowest computational cost. To achieve this, we shouldbe able to compare these two factors
between various calibration techniques. We introduce a general framework for detecting the level
of solver noise in calibration algorithms based only on their solutions.

In this chapter, we present the SAGE calibration method and emphasize its superiority, com-
pared to the traditional LS calibration, in terms of accuracy and speed of convergence. Math-
ematical derivations of the algorithms are presented in theappendices. We also investigate the
applicability of two well-known measures, the Kullback-Leibler Divergence (KLD) (Kullback,
1997) and the Likelihood Ratio Test (LRT) (Graves, 1978), inrevealing the level of solver noise
in calibrated solutions. Illustrative examples of both real and simulated observations, show the
superior performance of the SAGE calibration compared to the LS one.They also indicate that
the LRT approach is very promising at detecting the level of solver noise in the obtained calibrated
solutions, while the KLD approach is not always conclusive.

The following notations are used in this chapter: Bold, lowercase letters refer to column vec-
tors, e.g.,y. Upper case bold letters refer to matrices, e.g.,C. All parameters are complex numbers,
unless stated otherwise. The inverse, transpose, Hermitian transpose, and conjugation of a matrix
are presented by(.)−1, (.)T , (.)H , and(.)∗, respectively. The statistical expectation operator is
referred to asE{.}. The matrix Kronecker product and the proper (strict) subset are denoted by
⊗ and(, respectively. The diagonal matrix consisting of only the diagonal entries of a square
matrix is given by diag(.). I is the identity matrix and∅ is the empty set. The Kronecker delta
function is presented byδij . R andC are the sets of Real and Complex numbers, respectively. The

Frobenius norm is shown by||.||. Estimated parameters are denoted by a hat,(̂.). All logarithmic
calculations are to the basee.

2.2 The measurement equation

The first stage in the (self-)calibration process is to provide an efficient measurement equation
which relates the visibilities with the unknown sky and the instrument parameters. In this section,
we use the measurement equation presented by Hamaker et al. (1996). For assessing the equation
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from the array signal processing point of view, the reader isreferred to (Leshem & van der Veen,
2000; Boonstra & van der Veen, 2003; van der Tol et al., 2007).

We assume that we have a radio interferometer consisting ofN receiver antennas. Each an-
tenna consists of two orthogonal dual-polarization feeds,which receive the incident polarized
waves from astrophysical sources in the sky. We also assume that the radio frequency sky consists
of K discrete,uncorrelatedsources. The sources are far enough from the array that theirradiations
can assumed to be plane waves.

Let us considerei = [eXi eY i]
T represents the electric field vector of thei-th source. This

field causes an induced voltageṽpi = [vXpi vY pi]
T at antennap for everyp ∈ {1, 2, . . . , N} due

to:
ṽpi = Jpiei. (2.1)

In Eq. (2.1), the2× 2 Jones matrixJpi describes the complex interaction between the fields, the
antennabeam-shape and ionosphere, as well as the remaining signal path. The total signal at the
antennap, vp, is a linear superposition ofK such signals as in (2.1). At the end, the receiver noise
ν = [νX νY ]

T also is added to this signal.
Before correlating the voltages of the interferometer antennas, each voltage is corrected for

a geometric delay depending on the location of its receiver antenna on the earth. Thereafter,
the p-th antennavoltage gets correlated to the otherN − 1 arrayantennavoltages in the array
correlator. The correlated voltages, referred to asvisibilities (Hamaker et al., 1996) of the baseline
pq corresponding to thep-th and theq-th antennas,E{vp ⊗ vH

q }, can be given as

Vpq =

K∑

i=1

Jpi(θθθ)CiJ
H
qi(θθθ) +Npq, p, q ∈ {1, 2, . . . , N}. (2.2)

In Eq. (2.2), the Jones matrices (Hamaker et al., 1996),Jpi(θθθ) andJqi(θθθ) describe the elec-
tromagnetic interaction of the sourcei at antennasp andq, respectively (Born & Wolf, 1999).
In particular, the instrumental properties (the beam shape, low-noise amplifier gain, system fre-
quency response, etc.) as well as the propagation properties (tropospheric and ionospheric dis-
tortions, etc.) are represented by the Jones matrix formalism. They can be considered as the
direction-dependent gains of the correspondingantennasfor the i-th source. The unknown pa-
rameter vectorθθθ ∈ CP contains the parameters ofboththe instrument and the sky model.Npq is
the2 × 2 noise matrix of the baselinepq. Thecoherencymatrix (Born & Wolf, 1999; Hamaker
et al., 1996) is defined as

Ci = E{ei ⊗ eHi }, (2.3)

which provides us information about the polarization stateof the radiation of thei-th source (a
detailed formula is presented in 4.3).We assume that an initial estimate of the coherency matrix
Ci is known based on some prior information, about the source orsky properties, obtained by
previous observations.

Calibration is essentially a step to estimate the elements of the unknown parameter vectorθθθ,
i.e.,P complex values or2P real values.The parameter vectorθθθ is a random variable, that varies
as a function of time and frequency, by nature. We assume without loss of generality that we
are calibrating on a small enough time and frequency interval during which the variation ofθθθ is
negligible. We then split the integration time to several sub-intervals and apply the calibration
process to all of them separately.
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Finally, the vectorized form of Eq. (2.2) can also be writtenas

vpq ≡ vec(Vpq) =

K∑

i=1

J∗
qi(θθθ)⊗ Jpi(θθθ)vec(Ci) + npq, (2.4)

wherenpq = vec(Npq). Ignoring the auto-correlations forp = q, and stacking up all cross corre-
lations asy = [vT

12 vT
13 . . . vT

(N−1)N ]T , and all noise vectors asn = [nT
12 nT

13 . . . nT
(N−1)N ]T ,

we obtain the general form of the measurement equation as

y =

K∑

i=1

si(θθθ) + n. (2.5)

In Eq. (2.5),y,n ∈ CM ,whereM is at most2N(N − 1) providing all the cross-correlations.
The dimension of the parameter vectorθθθ, P , is a multiple ofKN . Thus, for a large enoughN
and a small enoughK, there are enough constraints for estimatingθθθ. However, when the number
of sources in the sky is uncertain, the optimalK could be selected using Aikaike’s Information
Criterion (AIC, Akaike (1973)) as presented in Yatawatta etal. (2009). The nonlinear function
si(θθθ), defined fori ∈ {1, 2, . . . ,K} as

si(θθθ) ≡




J∗
2i(θθθ)⊗ J1i(θθθ)vec(Ci)

J∗
3i(θθθ)⊗ J1i(θθθ)vec(Ci)

...
J∗
Ni(θθθ)⊗ J(N−1)i(θθθ)vec(Ci)


 ,

corresponds to the contribution of thei-th source in the observation. The noisen is assumed to
have a multivariate Gaussian distribution with zero mean and M ×M covariance matrixΠΠΠ, i.e.,
n ∼ N (0,ΠΠΠ) (Yatawatta et al., 2009). Having the measurement equation in hand, one can apply
different calibration techniques for estimating the ML of the unknowns.

2.3 THE LS, EM, AND THE SAGE CALIBRATION ALGO-
RITHMS

In this section, we briefly discuss the Least Squares (LS, Normal) calibration via the Levenberg-
Marquardt (LM) algorithm. We also discuss the new robust calibration techniques, the Expecta-
tion Maximization (EM) and in particular the Space Alternating Generalized Expectation Maxi-
mization (SAGE) calibration algorithms.

2.3.1 The LS calibration via LM algorithm

LS calibration considers the additive noiseN to be a white Gaussian noise. Because the mea-
surement equation shown in (2.5) has the general form of a non-linear regression model (Gallant,
1975; Bates & Watts, 2007), the likelihood of the unknown parameterθθθ is maximized when the
sum of squared residuals is minimized. Thus, the ML estimation ofθθθ will be equal to the below
least squared error estimation

θ̂θθ = arg min||y −∑K
i=1 si(θθθ)||2.

θθθ
(2.6)
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It is equivalent to minimize the distance between the observed visibilities iny, and the predicted
interferometer response as a superposition ofK non-linear functionssi(θθθ) for i ∈ {1, 2, . . . ,K}.
However, solving (2.6) suffers the same set of problems faced by any non-linear optimization
problem, such as convergence to a local minimum, having a slow speed of convergence and sig-
nificant computational cost.
There are various gradient-based optimization algorithmsfor estimatinĝθθθ at (2.6). The iterative
LM algorithm is one of the most robust gradient-based optimization techniques in the sense that
most of the time, given suitable initial suggestionθθθ0, it converges to a global optimum. Consid-
eringφ(θθθ) = y −∑K

i=1 si(θθθ) as the cost function, the estimation ofθθθ at thek + 1-th iteration of
the algorithm will be obtained by

θθθk+1 = θθθk − (▽▽▽θθθ▽▽▽T
θθθ φ(θθθ) + λH)−1▽▽▽θθθφ(θθθ)|θθθk . (2.7)

In (2.7),▽▽▽θθθ is the gradient with respect toθθθ, andλ is the damping factor which should be
adjusted at each iteration (Lampton, 1997). The matrixH = diag(▽▽▽θθθ▽▽▽T

θθθ φ(θθθ)) is the diagonal of
the Hessian matrix.
The EM algorithm, and in particular the SAGE algorithm, improve the accuracy and computa-
tional cost compared with the LS calibration. They have the well-known advantage of ensuring
that the likelihood gets increased at each iteration step. Since they break the ML estimation prob-
lem into smaller problems, the computational cost will be decreased by an order of magnitude and
the rate of convergence is substantially increased. Furthermore, the convergence rate still can be
significantly benefited from choosing a suitable starting point.

2.3.2 The EM calibration algorithm

In order to apply the EM algorithm (Feder & Weinstein, 1988) in calibration, we first need to
extract a complete data spacex from the observed datay. Similar to Yatawatta et al. (2009), we
consider the complete data space asx = [xT

1 xT
2 . . .xT

K ]T in whichxi has the definition

xi ≡ si(θθθi) + ni, for i ∈ {1, 2, . . .K}. (2.8)

In fact, (2.8) assumes that the contribution of thei-th source in the observation depends only
on a subset of parameters,θθθi. So, we partition the unknowns over the parameter vectorθθθ corre-
sponding to all theK sources in the sky asθθθ = [θθθT1 θθθT2 . . . θθθTK ]T . This partitioning is justifiable as
each source is at a unique direction on the sky, and for eachantenna, the signal path of all sources
is the same. This is the case for our initial assumption wherethe sources are separated sufficiently.
Also, the total noise is arbitrary decomposed intoK components,ni for i ∈ {1, 2, . . . ,K}, such
that

n =

K∑

i=1

ni. (2.9)

As the most convenient assumption, we let the noise componentsnis to follow statistically inde-
pendent zero mean Gaussian distributions with the covariance matrix

E{nin
H
j } = βiδijΠΠΠ, (2.10)

where

βi ∈ [0, 1], for i ∈ {1, 2, . . . ,K},
K∑

i=1

βi = 1. (2.11)
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In principle, we can associate weaker sources with higher noise, hence higherβis, and vice-versa.
Combining (2.5) and (2.8), the observed datay will be derived from

y =
K∑

i=1

xi. (2.12)

Therefore, for the given complete data spacex we have

y = [I I . . . I]x = Gx, (2.13)

whereG is a block matrix containing the identity matrixI for K times.
Having the definitions of complete and observed data in hand,the EM algorithm can be used to
estimate the ML of the parameter vectorθθθ. Applying the EM method for the new form of the mea-
surement equation, (2.13), the below Expectation (E) and Maximization (M) steps are developed
at thek + 1-th iteration fori ∈ {1, 2, . . . ,K}.

E Step: Calculating the conditional mean̂xk
i = E{xi|y, θθθk}. Considering the fact thatx and

y are jointly Gaussian we get

x̂k
i = si(θθθ

k
i ) + βi(y −

K∑

l=1

sl(θθθ
k
l )). (2.14)

M Step: Findingθθθk+1
i such that minimizes||[x̂k

i − si(θθθi)]
H(βiΠΠΠ)

− 1

2 ||2 with respect toθθθi.
This is also a non-linear optimization problem where the LM technique can be applied. The result
is given by:

θθθk+1
i = θθθki − (▽▽▽θθθi

▽▽▽T
θθθiφi(θθθi) + λHi)

−1▽▽▽θθθiφi(θθθi)|θθθk
i
, (2.15)

where the cost functionφi(θθθi) = [x̂k
i − si(θθθi)]

H(βiΠΠΠ)
− 1

2 andHi = diag(▽▽▽θθθi
▽▽▽T

θθθiφi(θθθi)).

We repeat the above two steps starting from iterationk = 1 until convergence or an upper
limit which has been reached. Since at each iteration,i goes from1 to K, the solutions of each
source will be updated. In Appendix A.1, we derive the EM algorithm for the problem in details
and the results given above.

2.3.3 The SAGE calibration algorithm

The SAGE algorithm (Fessler & Hero, 1994) performs better than the EM algorithm and has
a higher speed of convergence and solution accuracy. The major difference between these two
approaches is in the way of assigning the noise to the complete data space.

Similar to applying the classical EM algorithm, the first step in the SAGE algorithm is to find
a complete data space relating the observations to the unknown parameters. For this purpose,
consider the set of all indices related to all theK sources as

P = {1, 2, . . . ,K}. (2.16)

Then, define index setsWi such that
∅ 6= Wi ( P, (2.17)
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where for alla, b ∈ Wi, we havea 6= b, and the sources corresponding to the indexesa andb,
sourcea and sourceb, have a small angular distance (they are near to each other inthe sky) and
subsequently they share some elements of the parameter vectorθθθ. We have

Wi ∩Wj = ∅, for i 6= j. (2.18)

Let us assume that we havem such index sets. Thus,

m ≤ K, P =
m⋃

i=1

Wi. (2.19)

For eachi ∈ {1, 2, . . . ,m}, we define a new parameter vectorθθθWi
consisting of all the elements

in the parameter vectorθθθ, which are affected by the sources with indexes inWi. In other words,
we provide the possibility to have elements in these new parameter vectors which are shared by
more than one source.

Now, we make a new partitioning over the parameter vectorθθθ as

θθθ = [θθθTW1
θθθTW2

. . . θθθTWm
]T . (2.20)

Similar to Fessler & Hero (1994), we define the hidden data spacexWi
as

xWi
=
∑

l∈Wi

sl(θθθWi
) + n, (2.21)

selecting the index setWi ∈ {W1,W2, . . . ,Wm} which preferably consists of the indices of the
brightest sources. Note that in (2.21) all the noise has beenassociated to the sources with indices
in Wi. This is the main difference between the SAGE and the classical EM algorithm. Using
(2.21), the measurement equation can be written as

y = xWi
+

m∑

j=1
j 6=i

∑

l∈Wj

sl(θθθWj
). (2.22)

By applying the EM algorithm to this new form of the measurement equation, we arrive at the
following steps for thek + 1-th iteration of the SAGE approach:

SAGE E Step: Computing the conditional mean̂xk
Wi

= E{xWi
|y, θθθk}. SincexWi

andy are
also jointly Gaussian, we get

x̂k
Wi

=
∑

l∈Wi

sl(θθθ
k
Wi

) + (y −
m∑

j=1

∑

l∈Wj

sl(θθθ
k
Wj

))

= y −
m∑

j=1
j 6=i

∑

l∈Wj

sl(θθθ
k
Wj

). (2.23)

SAGE M Step: Findingθθθk+1
Wi

which is minimizing||[x̂k
Wi
−∑l∈Wi

sl(θθθWi
)]H(ΠΠΠ)−

1

2 ||2 with

respect toθθθWi
. The result is similar to (2.15) whereφWi

(θθθWi
) = [x̂k

Wi
−∑l∈Wi

sl(θθθWi
)]H(ΠΠΠ)−

1

2 .
As before, we iterate fromk = 1 to an upper limit. At each iteration, we change the index setWi
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within {W1,W2, . . . ,Wm} to update all or some sources.

A special case of the SAGE algorithm was presented by Yatawatta et al. (2009) if we consider
Wi = {i} for all i ∈ {1, 2, . . . ,K}. In fact, we apply the same partitioning over the unknown
parameterθθθ which is used for the classical EM algorithm,θθθ = [θθθT1 θθθT2 . . . θθθTK ]T . By choosing the
indexi, where the sourcei is preferably the brightest source in the sky, the hidden data space will
be defined by

xi = si(θθθi) + n. (2.24)

(2.24) gives us the definition of the observed data as

y = xi +

K∑

l=1
l 6=i

sl(θθθl), (2.25)

and subsequently, applying the EM on the measurement equation, thek + 1-th iteration of the
SAGE technique will be as below:

SAGE E Step: Conditional mean̂xk
i = E{xi|y, θθθk} is derived from

x̂k
i = si(θθθ

k
i ) + (y −

K∑

l=1

sl(θθθ
k
l )) = y −

K∑

l=1
l 6=i

sl(θθθ
k
l ). (2.26)

SAGE M Step: θθθk+1
i is given by minimizing||[x̂k

i − si(θθθi)]
H(ΠΠΠ)−

1

2 ||2.

In Appendix A.2, we present the complete calculation process of applying the SAGE algorithm to
the calibration problem.

2.3.4 Computational Cost

At each iteration of the LS calibration scheme via the LM algorithm, the non-linear system pre-
sented by (2.7) should be solved which is of order(KN). Therefore, ignoring the cost of calcula-
tions for the inverse part in this equation, the computational cost will beO((KN)2). Furthermore,
for radio synthesis arrays such LOFAR and SKA, computing thematrix inverse in (2.7) is very
costly since the number of measured data is becoming very large. While, at each iteration of the
EM algorithm, we should solve (2.15)K times and subsequently the computational cost of the
EM calibration algorithm will beKO(N2), which is still much cheaper compared with the LS
calibration approach. Thus, the EM as well as the SAGE calibration techniques are superior to the
LS one in terms of computational cost.
Note that the LM optimization technique is employed for all the LS, EM, and the SAGE cali-
bration algorithms. Thus, its corresponding inversion computation is shared in all the methods.
However, in the EM and SAGE algorithms the size of the matrix that is inverted is smaller com-
pared to that of the LS algorithm because of the partitioningprocedure of the parameters. Given
the fact that the computational complexity of the matrix inversion scales a the number of its ele-
ments to the third power, it is evident that inverting few smaller matrices as in the EM and SAGE
cases is faster than inverting a single large matrix, which is the case for the LS algorithm.
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2.4 NOISE IN SOLUTIONS

To compare the accuracy of the SAGE calibration scheme to theLS one, we statistically analyze
the solver noise. The lower the solver noise in a calibrationmethod, the smaller the errors in
calibrated solutions provided by the calibration algorithm itself. Consequently, the accuracy of
the method is higher.

In order to do a proper statistical analysis of the calibration algorithm’s solver noise, we make
the assumption that their solutions are linear combinations of a deterministic trend and noise.
This noise can have many origins. In the ideal case, it is introduced by the primary noise sources
(thermal noise at the receiver, the sky noise, radio interference, etc.) and by variations of the
instrumental and propagation properties. However, in reality the solver noise, which we are most
concerned about and is introduced by the calibration methoditself, is also added to those sources.

The goal in this section is to quantify the level of the solvernoise for the different calibration
algorithms, based on the evaluation of the statistical interaction between their solutions.

2.4.1 Statistical similarity

In order to compare the level of solver noise for the different calibration methods, we assume
that the true values of the solutions from different directions at the sameantennaare statistically
uncorrelated. Therefore, any correlation between the calibrated solutions for different directions
is caused by the corresponding calibration technique itself. In reality, there are also correlations
that originate from the system noise in the solutions, but this can be ignored when we compare
the solutions of a fixed measured data obtained by different calibration methods. Therefore, a
high solver noise in a calibration scheme causes strongly correlated solutions for any number of
directions at one givenantenna(or maybe even more). To detect the statistical similarity between
the gain solutions we proceed as follows:

Once we estimate the parameter vectorθθθ, we obtain the Jones matricesJqs(θθθ) for different
antennasq ∈ {1, 2, . . . , N} and different directionss ∈ {1, 2, . . . ,K}. Let us consider the
matrices to be diagonal as

Jqs =
[

J11,q 0
0 J22,q

]

s

, (2.27)

whereJ11,q andJ22,q are complex values. We treat each gain solution from the direction s of
antennaq as a random vectorθθθqs defined by

θθθqs = [Re(J11,q) Im(J11,q) Re(J22,q) Im(J22,q)]
T
s . (2.28)

Now, we can investigate the statistical similarity betweenthe gain solutions utilizing Kullback-
Leibler Divergence (KLD) and Likelihood-Ratio Test (LRT).In general, both KLD and LRT
compare the efficiency of fitting two different statistical models to a fixed set of measurements.
Utilizing these methods on the random vectors defined by (2.28), we obtain their statistical sim-
ilarity in two different interpretations. The higher thesesimilarities, the higher the interaction
between the solutions, as well as the solver noise.

2.4.2 Kullback-Leibler Divergence (KLD)

An efficient way to quantify the statistical similarity between the solutions is to use KLD.
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The relative entropy, defined as the KLD, for each couple of Probability Density Functions
(PDFs)f andg of solutionsθθθqk andθθθql, respectively, is defined as

KLD(f, g) ≡
∑

θθθqk

f(θθθqk)log
f(θθθqk)

g(θθθqk)
, (2.29)

where the solutions are corresponding to the given antennaq at the two directionsk andl.
The KLD is a measure of information “divergence” between twodifferent PDFs for the same ran-
dom variable. Larger values of KLD(f, g) are interpreted as less interaction between the solutions,
and subsequently, as less solver noise. We use a Monte-Carlomethod to evaluate (2.29).

Density estimation

To calculate the value of KLD we need to estimate the PDFs of the solutions.
We define the PDF of the random vectorθθθqs, f(θθθqs;βββ), as a mixture ofL isotropic (scalar

variance) Gaussian PDFs.The assumption of mixture modeling is based on the fact that the
solutions are affected by parameters that belong to different underlying statistical populations
and due to the Central Limit Theorem it is reasonable to assume that the distributions of those
populations converge to Gaussian distributions.Therefore, it can be written as

f(θθθqs,βββ) =

L∑

l=1

plg(θθθqs;ml, σl), (2.30)

whereg(θθθqs;ml, σl) is the PDF of a four dimensional Gaussian distribution with meanml and
varianceσ2

l I given by

g(θθθqs;ml, σl) =
1

(
√
2πσl)4

exp

(
− 1

2

(‖θθθqs −ml‖
σl

)2)
, (2.31)

andβββ is the vector of the mixture model unknown parameters

βββ = [p1,mT
1 , σ1, ..., pL,mT

L, σL]
T , (2.32)

which are estimated by the EM algorithm (Bilmes, 1998).

Akaike’s Information Criterion for model order selection

To find the optimum number ofL (the order of Gaussian mixture model in (2.30)) we use Aikake’s
Information Criterion (AIC, Akaike 1973).

According to the definition of AIC, we selectL such that it gives us the minimum value of
AIC(L) which is defined as

AIC(L) = −2L(β̂ββ) + 2k, (2.33)

where L(.) is the log-likelihood function ofθθθ, β̂ββ is the maximum likelihood estimate ofβββ, andk
is the number of parameters in the model presented by (2.30).
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2.4.3 Likelihood-Ratio Test (LRT)

Another standard approach to investigate the statistical interaction between the solutions is the
Likelihood-Ratio Test (LRT). Using this test, we can compare two models, which both can be
fitted to our solutions.
Let us define for each antennaq, whereq ∈ {1, 2, ..., N}, and each pair of directions likek andl,
wherek, l ∈ {1, 2, ...,K}, a new random vectorzqkl as

zqkl = [θθθTqk θθθ
T
ql]

T . (2.34)

In fact, we are concatenating the solutions of the same antenna for two different directions to-
gether. Assume thatzqkl is following a multivariate Gaussian distribution with mean

m = [m̄(θθθqk)
T m̄(θθθql)

T ]T , (2.35)

and variance

Σ0 =

[
s2(θθθqk) 0

0 s2(θθθql)

]
, (2.36)

wherem̄ and s2 are the sample mean and sample variance of the solutions respectively. The
structure of the variance matrixΣ0 tells us that the statistical correlation between the components
of the random vectorzqkl, or between the solutionsθθθqk andθθθql, is zero. This is exactly the
desirable case in which the solver noise vanishes. Thus, we can consider this model as our null
H0 model defined by

H0 : zqkl ∼ N (m,Σ0). (2.37)

To investigate the validity of the null model compared with the case in which there exist some
correlation between the solutions due to the presence of solver noise, we define the alternativeH1

model as
H1 : zqkl ∼ N (m,Σ1), (2.38)

where the variance matrixΣ1 is given by

Σ1 =

[
s2(θθθqk) Q(θθθqk, θθθql)

Q(θθθqk, θθθql)
T s2(θθθql)

]
, (2.39)

and the4× 4 matrixQ(θθθqk, θθθql) denotes the sample covariance of the solutions.
Using the above models, the Likelihood-Ratio is defined as

Λ = −2ln

(
Likelihood for null model

Likelihood for alternative model

)
, (2.40)

which has aχ2 distribution with 16 (number of elements of matrixQ) degrees of freedom. AsΛ
becomes smaller, the null model, in which the statistical correlation as well as the statistical sim-
ilarity between the solutions is zero, becomes more acceptable compared to the alternative one.
Therefore, the smallest theΛ, the less the solver noise and vice-versa.

Note that the test result is reliable only when a large numberof sample solutions is in hand.
In this case, because of the Central Limit Theorem, the distribution of solutions tends to be a
multivariate LS distribution, which is assumed initially by the test.
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2.5 ILLUSTRATIVE EXAMPLES

2.5.1 Simulated observation

First we use a simulated observation to compare the efficiency of the SAGE calibration algorithm
with the LS algorithm. Utilizing simulations instead of real observations has the advantage of
having the true underlying gains available, which is a luxury not available with real data. There-
fore, assessing the convergence of the calibration techniques as well as comparing the accuracy
between different calibrated solutions is much more objective.

We consider a linear, East-West radio synthesis array that has 14 dipoles with dual polariza-
tion. We put three bright sources in our sky model named A, B, and C with intensities 2950, 2900,
and 2700 Jy, and three other weak sources named D, E, and F withintensities 4, 3.5, and 3 Jy,
respectively. The simulated single channel image at 355 MHzis shown in Fig. 2.1. As we can see
in Fig. 2.1, the weak sources are not visible in the image. We also consider that there is no beam
pattern, therefore the whole sky is being observed with uniform sensitivity.
As it is shown in (2.2), in the measured visibilities, the coherency of the sources are multiplied

by the Jones matrices (gain errors). We consider the matrices to be diagonal. It means that the
signal received at each dipole is notaffectedby the other one which is an ideal case. We produce
gain errors in the norm and phase of the Jones matrices diagonal terms which are 1 and 0 initially.
We generate the norm and the phase of the gains as multiplications of random numbers with dif-
ferent linear combinations ofsin andcos functions, whose gradients increase with time. We also
add another random term increasing as a function of time, just to the phase errors, to provide the
phases with positive and negative slopes. The simulated result is presented by Fig. 2.2.

Finally, we apply the SAGE and the LS calibration to solve only for the gains of the visible
strong sources A, B, and C. The residuals of the SAGE and LS calibration using nine iterations
are shown in Fig. 2.3 and Fig. 2.4, respectively. As we can seein Fig. 2.3 and Fig. 2.4, The
strong sources are completely removed and the three weak sources are visible in the residuals
of the both algorithms which mean both are converging to realsolutions. But, the weak sources
intensities in the residuals of the SAGE calibration are closer to the absolute intensities in our
sky model which shows the superiority of the SAGE calibration in terms of accuracy. This fact
is shown more clearly by table 2.5.1 where the real intensities of theweaksources arecompared
with the calibrated ones.

Table 5.1
Source D E F

Real intensity(Jy) 4 3.5 3
SAGE calibration 3.8399 3.6695 2.3085

LS calibration 2.8327 2.6329 1.6081

Note that as this is a single channel simulated observation without any additive noise, the
difference between the two method’s residuals is slight. However, the importance of applying
the SAGE instead of LS calibration is evident since the computational cost of the SAGE is much
smaller, as it is discussed in section 2.3.4. Fig. 2.5 shows the performance of the algorithms in
terms of accuracy and speed of convergence. As we can see in Figure 2.5, the SAGE algorithm’s
speed of convergence is much higher than that of the standardLS calibration.
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Figure 2.1: Single channel simulated observation of three bright sources, A, B, and C, and three weak
sources, D, E, and F. The intensity of the bright sources are 2950, 2900, and 2700 Jy and of the weak sources
are 4, 3.5, and 3 Jy, respectively. The image size is 8 by 8 degrees at 355 MHz. There are no gain errors and
noise in the simulation.
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Figure 2.2: Simulated observation with added gain errors. The errors are complex numbers having norms
and phases as multiplications of random numbers with various linear combinations ofsin andcos functions.
The gradients of the errors increase as a function of time andthe phases are in different negative and positive
slopes.
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Figure 2.3: Residual image of the SAGE calibration using nine iterations. The image is only calibrated for
the bright sources A, B, and C, which are perfectly removed. The weak sources D, E, and F appear in the
residuals, including source F which is the weakest source inthe simulation.
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Figure 2.4: Residual image of the LS calibration using nine iterations.The calibration is processed only for
the strong sources A, B, and C, that are completely removed inthe residuals. The two weak sources D, and
E appear in the image, but the weakest source F is hardly visible.
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Figure 2.5: Comparison between the performance of the SAGE and the LS calibrations (nine iterations) in
order of the accuracy of solutions and the speed of convergence. Different points correspond to different
snapshots made from the simulation. The speed of the SAGE calibration technique is higher than the LS
calibration, while the norm of their residual errors are almost the same

In order to investigate the efficiency of the LRT and KLD approaches in revealing the statisti-
cal similarity of gain solutions, we applied both methods, using 2.29 and 2.40, to the SAGE and
the LS calibration solutions and compared their results with the LRT and KLD of the true Jones
parameters (simulated gains). The comparison is shown by Fig. 2.6 and Fig. 2.7. Fig. 2.6 exhibits
an outstanding performance of the LRT approach in which the direction dependent gain’s lowest
statistical similarity belongs to the real Jones values, that is almost zero. For SAGE calibration’s
solutions this similarity becomes higher, and in LS resultsit reaches to its highest level. This
result demonstrates the superior accuracy of the SAGE calibration’s solutions regardless of the
residual images. But, the KLD results in Fig. 2.7 show the same level of statistical correlation
in the calibrations’ solutions and in the True Jones parameters. This is due to the fact that these
results are calculated by Gaussian mixture models, which are fitted to the gains. This character-
istic of the KLD approach (using fitted PDFs for gains distributions rather than the true PDFs)
decreases the methods sensitivity in revealing the level ofstatistical similarity between different
directions’ gains, especially in our case where the simulated gains’ correlations are low. However,
we anticipate better performance of KLD method in real observations in which the higher gain
errors plus additive noise cause higher solver noise.

2.5.2 Real observations

To illustrate the applicability of the KLD and LRT approaches in detecting solver noise in real
observations calibrated solutions, we use the data from theexample in Yatawatta et al. (2009).
Yatawatta et al. (2009) presents the calibration results using real data obtained during a 24 hours
long LOFAR test core station (CS1) observation, via SAGE andLS calibration techniques. The
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Figure 2.6: Averaged Likelihood-Ratio of direction dependent gains (True values and calibrated ones) for
all two source combinations between the bright sources A, B,and C
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Figure 2.7: Averaged KLD of direction dependent gains (True values and calibrated ones) for all two source
combinations between the bright sources A, B, and C
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one channel images around 3C 461 (Cassiopeia A, CasA) and 3C 401 (Cygnus A, CygA) at
50 MHz after applying these calibration methods using twelve iterations are shown in Fig. 2.8.
The result at Fig. 2.8 clearly verifies the superiority of theSAGE calibration scheme as it was
mentioned in Yatawatta et al. (2009) as well. We calculate the KLD using (2.29) as well as
Likelihood-Ratio using (2.40) for the calibrated solutions of these two sources obtained by the
mentioned calibration techniques. In the KLD approach, we fit a Gaussian mixture model, which
its components have full rank covariance matrices, to the solutions. The KLD and LRT results
are shown in Fig 2.9 and Fig 2.10, respectively. As we can see in Fig 2.9, the KLD of the
solutions derived by the LS calibration is always lower thanthat of the SAGE calibration. It
is also shown in Fig 2.10 that the LRT of the LS calibration’s solutions is always higher than the
SAGE calibration’s. Therefore, the solver noise in the LS calibration results is measurably higher
than in the solutions obtained by the SAGE calibration. Thismeans that the accuracy of the SAGE
calibration is always higher than that of the LS calibration, which is visible in Fig. 2.8 as well as
the aforementioned images in Yatawatta et al. (2009).

2.6 Summary

Since the new generation of radio synthesis arrays are producing a large amount of data with
high sensitivity, it is of great interest to devise new calibration techniques in order to increase the
accuracy of solutions with the highest possible speed of convergence.

In this chapter, we presented the superior performance of the SAGE calibration scheme com-
pared with the traditional LS calibration method. The superiority is in the sense that SAGE cali-
bration has the highest accuracy, the fastest speed of convergence, and the cheapest computational
cost. Since both the algorithms are estimating the ML of unknowns in different ways, it is possi-
ble that in some special cases, such as having a very low initial noise in the measured visibilities,
we don’t have a specific difference between the accuracy of their solutions. While, even in this
case, the SAGE calibration’s faster speed of convergence and cheaper computational cost justify
its application instead of the LS calibration. We compare the accuracy and the rate of convergence
of the SAGE and the LS calibration in a simulated observationexample. More accurate results in
a much shorter time are obtained by the SAGE algorithm compared with the LS. The challenge
in improving the performance of the SAGE calibration technique is to find the best way of parti-
tioning over the unknown parameter space. This can highly affect both the accuracy and speed of
convergence of the calibration process.

On the other hand, there always exists some estimation errors in the calibrated solutions.
These errors are originated from the system noise (sky and instrumental) in the measurements,
plus “solver noise” which is referred to errors produced by the calibration algorithm itself. The
more accurate the calibrated solutions are, the less the amount of solver noise is. Based on this fact,
the best calibration method is the one which provides us withthe minimum solver noise. KLD and
LRT are utilized to reveal the level of solver noise in the solutions of different calibration schemes.
We showed inillustrativeexamples that the LRT algorithm produces a very promising result. The
KLD method is rather inconclusive according to the initial assumption for the PDFs fitted to the
solutions. We assumed that the distribution of the solutions is a mixture of Gaussian distributions.
However, in reality, the solutions may follow a different distribution and subsequently the KLD
resultmay not have the same efficiency as the LRT’s. Therefore, initially we should find the
proper distribution which is appropriate for the solutionsin order to calculate the KLD.
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Figure 2.8: Residual images around CasA (top row) and CygA (bottom row) obtained by the LS calibration
(left column) and the SAGE calibration (right column) usingtwelve iterations. CasA is over-subtracted in
the residual of the LS calibration result, due to the inaccuracy in the estimation of the relevant direction-
dependent gain, while in the SAGE calibration result it is removed almost perfectly. On the other hand, Both
the SAGE and the LS calibrations present some problems around CygA since at some point of the integration
time it goes very close to the horizon. Even in that case, the subtraction residual for the SAGE algorithm is
10 percent lower than for the LS method.
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Figure 2.10: Likelihood-Ratio of the gain solutions for CasA and CygA. The LRT of the LS calibration’s
solutions is always higher than the SAGE calibration’s. Thus, the solver noise in the LS calibration results
is higher than in the solutions obtained by the SAGE calibration.
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The main direction of future work should be to investigate the application of the proposed
calibration technique to real data obtained by LOFAR. SinceLOFAR is observing the whole sky,
the number of radio sources in the sky model will be very large. Subsequently, for applying the
SAGE calibration, partitioning over the unknowns by manually checking the characteristics of all
the sources will not be efficient. Therefore, the first challenge in utilizing the SAGE calibration
to real data would be automating the partitioning over the unknowns for any given problem. Fur-
thermore, we saw in the chapter that all the mentioned calibration algorithms involve essentially
the solution of a non-linear optimization problem. Applying suitable regularization techniques
using proper smoothing functions to improve the accuracy ofthe solutions is an issue that must
be investigated further in the near future. Add to that, thatall the calibration schemes have the
possibility of converging to a local optimum. Utilizing probabilistic techniques such as Simulated
Annealing (SA) (Kirkpatrick et al., 1983) to assure that we are converging to a global optimum
has the problem of decreasing the speed of convergence. Providing extra constraints for the men-
tioned calibration schemes which can guarantee the convergence to the real solutions could be one
of the challenging areas of research in the future. Moreover, we have shown that the solver noise
criterion could be used for revealing the level of accuracy in the calibrated solutions. Investigating
possible systematic effects on the solver noise as well as the level of their influence are amongst
the main issues for the future work.



Chapter 3

Radio Interferometric Calibration
via Ordered-Subsets Algorithms:
OS-LS and OS-SAGE calibrations

“Radio Interferometric Calibration via Ordered-Subsets Algo-
rithms: OS-LS and OS-SAGE calibrations”
Kazemi S., Yatawatta S., Zaroubi S., 2013, MNRAS, 434, 3130

ABSTRACT
The main objective of this work is to accelerate the Maximum-Likelihood (ML) esti-
mation procedure in radio interferometric calibration. Weintroduce the OS-LS and the
OS-SAGE radio interferometric calibration methods, as a combination of the Ordered-
Subsets (OS) method with the Least-Squares (LS) and Space Alternating Generalized
Expectation maximization (SAGE) calibration techniques,respectively. The OS al-
gorithm speeds up the ML estimation and achieves nearly the same level of accuracy
of solutions as the one obtained by the non-OS methods. We apply the OS-LS and
OS-SAGE calibration methods to simulated observations andshow that these meth-
ods have a much higher convergence rate relative to the conventional LS and SAGE
techniques. Moreover, the obtained results show that the OS-SAGE calibration tech-
nique has a superior performance compared to the OS-LS calibration method in the
sense of achieving more accurate results while having significantly less computational
cost.

3.1 Introduction

Radio interferometry is the technique of combining and correlating signals from two or more
separate antennas to observe the target astronomical object with a resolution determined not by

39
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the size of a single antenna but by the area covered with all the incorporated antennas. Therefore, a
much better angular resolution can be achieved using radio interferometers with multiple antennas
instead of single dishes (Thompson et al., 2001; Burke & Graham-Smith, 2009).

The main objective of designing the new generation of radio interferometers, such as the
Square Kilometre Array (SKA)1, the Murchison Widefield Array (MWA)2, the Precision Array
to Probe Epoch of Reionization (PAPER)3, the 21-cm Array (21CMA)4, the Hydrogen Epoch of
Reionization Array (HERA)5, the Long Wavelength Array (LWA)6 and the LOw Frequency AR-
ray (LOFAR)7, with the ability to collect enormous amounts of data, is improving the sensitivity,
resolution and frequency coverage of observations. Therefore, to deliver their scientific goals,
there is a need for processing a large amount of data and for upgrading the accuracy as well as the
processing time of the existing calibration techniques.

Propagation medium and the receivers’ effect in radio interferometric data are initially un-
known and have to be calibrated and corrected before imaging. Self-calibration (Pearson & Read-
head, 1984) estimates the Maximum-Likelihood (ML) estimate of the unknowns utilizing only
the measurements, and due to its high accuracy, it has becomethe method of choice, as in this
chapter, for calibrating the new generation of radio synthesis arrays.

In the presence of additive Gaussian noise, calibration is performed as a non-linear Least-
Squares (LS) optimization that calculates the ML estimation using iterative gradient based meth-
ods such as Levenberg-Marquardt (LM) method (Marquardt, 1963; Levenberg, 1944). However,
the LS calibration suffers from a very low convergence rate because the parameters must be up-
dated simultaneously on a complete data space. Solving for alarge number of unknowns, the
Jacobian computation corresponding to the applied gradient based method is considerably costly.
This makes the LS calibration impractical for calibration of giant radio telescopes like SKA with
thousands of receivers.

The convergence rate and computational efficiency of calibration is significantly improved by
the recently proposed Space Alternating Generalized Expectation maximization (SAGE) calibra-
tion technique (Yatawatta et al. (2009); Kazemi et al. (2011), chapter 2). SAGE method (Fessler &
Hero, 1994) is a specific version of the Expectation Maximization (EM) algorithm (Feder & We-
instein, 1988) which converges even faster than the conventional EM (Fessler & Hero, 1993). The
SAGE algorithm partitions the data space to smaller ”hidden” data spaces and at every iteration,
it alternates between updating parameters on some or all of them. Obtaining the ML estimate for
the parameters of these small data spaces, which carry less information compared to the complete
data space, provides SAGE algorithm with a superior accuracy as well as lower computational
cost compared to the LS technique. Nevertheless, there is still a need for improving the speed of
calibration process especially for radio synthesis arrayssuch as LOFAR and SKA.

In this chapter, we utilize the Ordered-subsets (OS) algorithm for accelerating the speed of cal-
ibration. The well known OS algorithm accelerates the convergence rate of iterative ML estima-
tions and has been widely used in medical imaging (Hudson & Larkin, 1994; Erdogan & Fessler,
1999). This method decomposes the objective (likelihood) function to several sub-objective func-
tions and updates the parameters by using the gradient of one, or some, of the sub-objective func-

1http://www.skatelescope.org
2http://www.mwatelescope.org
3http://astro.berkeley.edu/˜dbacker/eor
4http://21cma.bao.ac.cn
5http://www.reionization.org
6http://lwa.unm.edu
7http://www.lofar.org
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tions as an approximation to the original objective function’s gradient. At the initial iterations,
when the parameters are far from the optimum point, these approximations are quite reasonable
since the gradient is only an approximation at those stages.Thus, they can be efficient substitu-
tions for the gradient of the original cost function and considerably accelerate the computations
of the OS algorithm. However, it must be taken into account that the highest accuracy that OS
methods can achieve is the same as the one which could be obtained by the conventional (non-
OS) techniques. Close to the optimal solution, OS methods generally do not converge but rather
become stuck at a sub-optimal limit cycle of as many points asthere are sub-objective functions.
Therefore, if OS method becomes globally convergent (Ahn, 2004; Hudson & Larkin, 1994), it
maintains exactly the same accuracy of the convergent non-OS methods.

This chapter is organized as follows: In sections 3.2 and 3.3, we present the general data
model of radio interferometric calibration and the classical LS and SAGE calibration techniques.
In section 3.4, we introduce the OS-LS and OS-SAGE calibration techniques in order to cut down
the processing time of the conventional LS and SAGE calibration methods. The computational
advantages of applying the OS type calibrations instead of the conventional methods are also
shown. For the ML estimations, the LM method is applied. At the end of section 3.4, we show an
application of OS calibration to accelerate computations when calibrating for an individual data
sample. The technique is based on partitioning data over baselines and hence could also be useful
in speeding up the calibration procedure of radio telescopes with a large number of receivers. In
section 3.5, we give results based on simulations to demonstrate the superior convergence rate of
the OS calibration schemes compared to the non-OS ones. Finally, we draw our conclusions in
section 3.6.

The following notations are used in this chapter: Bold, lowercase letters refer to column vec-
tors, e.g.,y. Upper case bold letters refer to matrices, e.g.,C. The transpose, Hermitian trans-
pose, and conjugation of a matrix are presented by(.)T , (.)H , and(.)∗, respectively. The matrix
Kronecker product is denoted by⊗. R is the set of Real numbers.E{} denotes the statistical
expectation operator. The real and imaginary parts of complex quantities are shown byRe and
Im, respectively.

3.2 Calibration Data Model

In this section, the general measurement equation of a polarimetric radio interferometer is pre-
sented. For some introduction to radio polarimetry and calibration the reader is referred to
Hamaker et al. (1996) and Hamaker (2006).

Consider a radio interferometer withN antennas which observesK uncorrelated sources. The
induced voltage at antennap, ṽpl, due to radiation of thel-th source,el, is given byṽpl = J̃plel

whereJ̃pl is the complex2× 2 Jones matrix (Hamaker et al., 1996) corresponding to the skyand
instrumental corruptions of the signal.
The total signal obtained at antennap, vp, is a linear superposition ofK such signals plus the
antenna’s thermal noise. After correcting for geometric delays and the instrumental effects, the
p-th antenna voltage is correlated with the otherN − 1 antennas voltages. The correlated voltages
E{vpv

H
q }, referred to asvisibility (Hamaker et al., 1996) of baselinep− q is given by

Vpq = E{vpv
H
q } = Gp

(
K∑

l=1

JplClJ
H
ql

)
GH

q +Npq, (3.1)
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whereNpq is the baseline’s additive noise andCl = E{eleHl } is thel-th sourcecoherencymatrix
(Born & Wolf, 1999; Hamaker et al., 1996). The errors common to all directions (mainly the re-
ceiver delay and amplitude errors) are given byGp andGq. We assume that an initial calibration,
at a finer time and frequency resolution, is performed to estimateGp-s (direction independent
effects). Then, the corrected data is obtained as

Ṽpq = G−1
p VpqG

−H
q , (3.2)

whereṼpq are the visibilites after correction for effects common to all directions. The remaining
errors are unique to a given direction, but residual errors in Gp-s are also absorbed into these
errors, which are denoted byJpl in the usual notation. The vectorized form of corrected visibilities
are given by

vpq ≡ vec(Ṽpq) =

K∑

l=1

spql + npq, (3.3)

wherespql = J∗
ql⊗Jplvec(Cl) andnpq = vec(G−1

p NpqG
−H
q ). The unknowns of the calibration

problem are the real and imaginary parts of the Jones matrices complex elements

θθθ = [vec(Re{J11})T vec(Im{J11})T vec(Re{J12})T . . .]T ,

and therefore,θθθ ∈ R8KN×1.
Consider a dataset ofτ time and frequency samples that form a small enough time and fre-

quency interval over whichθθθ is invariant. Stacking up the real and imaginary parts of thein-
strument’s visibilities and noise vectors iny = [Re{vT

12} Im{vT
12} Re{vT

13} . . .]T andn =
[Re{nT

12} Im{nT
12}Re{nT

13} . . .]T , respectively, the general measurement equation becomes

y =

K∑

l=1

sl(θθθ) + n. (3.4)

In (3.4),sl(θθθ) = [Re{sT12l} Im{sT12l}Re{sT13l} . . .]T . y, n, andsl are vectors of size4τN(N −
1), and the noise vectorn is assumed to be white Gaussian. Calibration is the ML estimation of
the unknown parameter vectorθθθ from (3.4). Note that calibration methods could also be applied
to the uncorrected visibilities of (3.1) to estimateGp andGq errors as well. Moreover, having
a large enoughN and small enoughK, there will be enough constrains to solve for the8KN
unknown parameters ofθθθ using the4τN(N − 1) measurements ofy.

3.3 The LS and SAGE Calibration Methods

In this section, both the LS and SAGE calibration algorithmsare briefly outlined. The OS scheme
is applied to both methods.

3.3.1 LS calibration

Since the noise vectorn in the calibration data model (3.4) is assumed to be white Gaussian, LS
calibration method estimates the ML estimate ofθθθ ∈ R8KN×1 by minimizing the sum of squared
errors:

θ̂θθ = arg min||y −∑K
l=1 sl(θθθ)||2.

θθθ
(3.5)
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Gradient-based optimization techniques are used for solving (3.5). Among those, the LM method
(Marquardt, 1963; Levenberg, 1944) is one of the most robustin the sense that it mostly con-
verges to a global optimum. Defining the cost functionφ(θθθ) = y −∑K

l=1 sl(θθθ), whereφ(θθθ) ∈
R4τN(N−1)×1, and initializing the starting point̂θθθ

1
, the LS calibration method via LM algorithm

is outlined as follows:
for every iterationk = 1, 2, . . . until an upper limit or convergence ofθ̂θθ

k
,

Calculatêθθθ
k+1 ∈ R8KN×1 using LM algorithm as

θ̂θθ
k+1

= θ̂θθ
k − (▽▽▽T

θθθ▽▽▽θθθ + λH)−1▽▽▽T
θθθ φ(θθθ)|θ̂θθk . (3.6)

endfor
In (3.6),▽▽▽θθθ = ∂

∂θθθφ(θθθ), λ is the damping factor (Lampton, 1997), andH = diag(▽▽▽T
θθθ▽▽▽θθθ) is

the diagonal of the Hessian matrix. The sizes of the Jacobian▽▽▽θθθ and the linear system solved
in (3.6) are4τN(N − 1) × 8KN and8KN , respectively. Consequently, the cost of computing
▽▽▽T

θθθ▽▽▽θθθ isO((8KN)2×4τN(N−1)). Therefore, since at every iteration all the8KN parameters
of θθθ are simultaneously updated, LS calibration has a very low speed of convergence. Furthermore,
estimating a large number of unknowns, the Jacobian computation also becomes considerably
costly.

3.3.2 SAGE calibration

In the case of solving for multiple sources in the sky, the SAGE calibration algorithm (Kazemi
et al. (2011); Yatawatta et al. (2009), chapter 2) has a significantly improved computational cost
and convergence rate compared to the LS calibration. The keypoint is that, in general, the SAGE
algorithm (Fessler & Hero, 1994) partitions the complete data space to smaller ”hidden” data
spaces and estimates parameters in them rather than in the complete data space. Applying the
SAGE algorithm to the calibration problem, the contribution of everyl-th source in the observation
is assumed to depend only on a subset of parameters,θθθl ∈ R8N×1. Therefore, the parameter vector
θθθ ∈ R8KN×1 could be partitioned for different directions (sources) inthe sky as

θθθ = [θθθT1 θθθT2 . . . θθθTK ]T .

This partitioning is justifiable when the sources are sufficiently separated from each other. Ini-

tializing a starting parameter vectorθ̂θθ
1
, whereθ̂θθ

k
denotes the estimate ofθθθ obtained at thek-th

iteration, SAGE calibration algorithm is executed as follows:

for every iterationk = 1, 2, . . . until an upper limit fork or convergence of̂θθθ
k
:

for all or somel ∈ {1, 2, . . . ,K}, update thel-th source parametersθθθl ∈ R8N×1:

1. Define the hidden data space as

xl = sl(θθθl) + n ∈ R4τN(N−1)×1. (3.7)

Thus, the observed datay ∈ R4τN(N−1)×1 is given by

y = xl +

K∑

z=1
z 6=l

sz(θθθz). (3.8)
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2. SAGE E Step: Calculate the conditional mean̂xk
l = E{xl|y, θ̂θθ

k} as

x̂k
l = sl(θ̂θθ

k

l ) + (y −
K∑

z=1

sz(θ̂θθ
k

z)) = y −
K∑

z=1
z 6=l

sz(θ̂θθ
k

z).

3. SAGE M Step: Estimate

θ̂θθ
k+1

l = arg min||[x̂k
l − sl(θθθl)]||2,

θθθl

by the LM method as

θ̂θθ
k+1

l = θ̂θθ
k

l − (▽▽▽T
θθθl▽▽▽θθθl + λH)−1▽▽▽T

θθθlφ(θθθl)|θ̂θθkl , (3.9)

whereφ(θθθl) = [x̂k
l − sl(θθθl)] ∈ R4τN(N−1)×1.

endfor

endfor

Based on the above, at everyk-th iteration, SAGE method alternates between updating param-
eters of some or all the sources,l ∈ {1, 2, . . . ,K}. Calculating the ML estimate ofθθθl ∈ R8N×1

in (3.9), instead of the ML estimate of all parametersθθθ ∈ R8KN×1 as in (3.6), it has been proved
that the SAGE algorithm benefits from an accelerated convergence rate (Fessler & Hero, 1994)
compared to the LS method. The sizes of the Jacobian▽▽▽θθθl and the linear system solved in

(3.9) are4τN(N − 1) × 8N and8N , respectively. In addition, the cost of computing▽▽▽T
θθθl
▽▽▽θθθl

is O((8N)2 × 4τN(N − 1)). Thus, applying LM algorithm for estimatingθθθl from (3.9), the
computational expense of the SAGE calibration is much cheaper compared to the LS calibration.

Note that in the SAGE calibration, instead of partitioning the parameters of the individual
sources, one could also make partitions including more thana single source sharing common
parameters (Kazemi et al. (2013b), chapter 4). This is more efficient when some sources have a
small angular separation from each other in the sky and henceshare some parameters.

3.4 The OS-LS and OS-SAGE Calibration Methods

In this section, OS-LS (Liu L. & B., 2005) and OS-SAGE (Hongqing et al., 2004) calibration algo-
rithms, combinations of Ordered-Subsets (OS) algorithm with LS and SAGE calibration methods,
are introduced to speed up the conventional LS and SAGE calibration procedures.

Ordered-Subsets (OS) algorithm is applied to those optimization problems with a cost function
that can be expressed as a sum of several other cost functionsfor accelerating the convergence rate.
The solutions obtained by the OS method attain almost the same accuracy as those obtained by
the non-OS optimization methods in a fraction of the time (Hudson & Larkin, 1994). The key
idea is to consider the Jacobian of one, or some, sub-cost functions as an approximate gradient
of the original cost function. These approximations are quite reasonable when one is far from
the optimal point, and provide OS method with a very fast convergence rate. However, at later
iterations and when the parameters are close to the global optimum, the approximations restrict the
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OS method to a sub-optimal limit cycle (the optima of the individual sub-observations which are
processed in OS iterations). Therefore, the OS method does not converge globally (Ahn, 2004).

Denote the visibility vectors of theτ time and frequency samples that have the fixed gain
errorsθθθ ∈ R8KN×1 by y1,y2, . . . ,yτ , whereyt ∈ R4N(N−1)×1, for t ∈ {1, 2, . . . , τ}. Since
the noise vectors of the samples are statistically independent from each other, calibration problem
could be restated as

θ̂θθ = arg max
τ∏

t=1

ft(yt;θθθ) = arg max
τ∑

t=1

Lt(θθθ|yt), (3.10)

θθθ θθθ

whereft andLt are the probability density and the log-likelihood functions for the visibility
vectoryt, respectively. The OS algorithm is applied for accelerating the maximization of this sum
of log-likelihood functions. Supposing that the followingJacobian equivalence conditions hold

▽▽▽θθθL1 ∼=▽▽▽θθθL2 ∼= . . . ∼=▽▽▽θθθLτ , (3.11)

then the OS method sequentially updates the parametersθθθ for one or some visibility vectorsyt

(sub-observations). The solution of every sub-observation is used as the starting point of the
next sub-observation. Since each sub-cost functionLt involves a subset of data,yt, which is
independent from the others, the method is named “ordered subsets”. Sub-observations might be
ordered for updating by some scheme that gives preferences to the data items, or, as in this work,
in random. An introduction to the OS algorithm is presented by Ahn (2004). In the following, the
OS-LS and OS-SAGE methods are outlined. Note that the size ofsub-observationsyt-s must be
grater than or equal to the number of unknown parameters inθθθ.

3.4.1 OS-LS calibration

In the presented OS-LS calibration, the LM method is selected as the gradient-based ML estima-

tion algorithm of the LS calibration. Starting with an initial suggestion̂θθθ
1 ∈ R8KN×1, OS-LS is

executed as:
for every iterationk = 1, 2, . . . until an upper limit or convergence ofθ̂θθ

k
, runm OS iterations:

for some or all sub-observation{yt|t = 1, . . . ,m ≤ τ}:

Selectθθθk = θ̂θθ
t
, and calculate

θθθk+1 = θθθk − (▽▽▽T
θθθ▽▽▽θθθ + λH)−1▽▽▽T

θθθ φ(θθθ)|θθθk , (3.12)

whereφ(θθθ) = [yt −
∑K

l=1 sl(θθθ)] ∈ R4N(N−1)×1.

Select̂θθθ
(t mod m)+1

= θθθk+1 for the next sub-observation.

endfor

endfor
As given above, at every LM iteration, parameters are sequentially updated for some or all sub-

observations. The sizes of the Jacobian▽▽▽θθθ and the linear system solved in (3.12) are4N(N −
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1) × 8KN and8KN , respectively. Moreover, the cost of computing▽▽▽T
θθθ▽▽▽θθθ is O((8KN)2 ×

4N(N − 1)). When (3.11) holds, the Jacobian is calculated only for one,or a few, number of
sub-observations per iteration and hence, the OS-LS method’s convergence rate is considerably
increased compared to the LS method.

3.4.2 OS-SAGE calibration

In this section, the OS-SAGE calibration method is introduced. A similar OS-SAGE technique is
used for positron emission tomography (PET) by Hongqing et al. (2004).

Initializing θ̂θθ
1 ∈ R8N×1, OS-SAGE is outlined as follows:

for everyk = 1, 2, . . . until an upper limit fork or convergence of̂θθθ
k
, executem OS iterations:

for some or all sub-observations{yt|t = 1, . . . ,m ≤ τ}:

Selectθθθk = θ̂θθ
t
.

for all or somel ∈ {1, 2, . . . ,K}, update thel-th source
parametersθθθl ∈ R8N×1:

1. Define

yt = xl +

K∑

z=1
z 6=l

sz(θθθz), xl = sl(θθθl) + n.

2. SAGE E Step: Calculatêxk
l = E{xl|yt, θθθ

k} as

x̂k
l = yt −

K∑

z=1
z 6=l

sz(θθθ
k
z), yt ∈ R4N(N−1)×1.

3. SAGE M Step: Similar to (3.9), estimate

θθθk+1
l = arg min||[x̂k

l − sl(θθθl)]||2,
θθθl

using the LM method, by

θθθk+1
l = θθθkl − (▽▽▽T

θθθl
▽▽▽θθθl + λH)−1▽▽▽T

θθθl
φ(θθθl)|θθθk

l
(3.13)

endfor

Select̂θθθ
(t mod m)+1

= θθθk+1 for the next sub-observation.

endfor

endfor
OS method reduces the data size from4τN(N − 1) to 4N(N − 1), since it calculates

the partial gradients for sub-observationsyt ∈ R4N(N−1)×1, t ∈ {1, 2, . . . , τ}, instead of the
whole observed datay ∈ R4τN(N−1)×1. Thus, the size of the Jacobian▽▽▽θθθl , whereφ(θθθl) =

[x̂k
l − sl(θθθl)] ∈ R4N(N−1)×1, calculated by LM method for every OS iteration of the OS-SAGE
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calibration at (3.13), is4N(N − 1) × 8N . The size of the linear system solved in (3.13) is8N

and the cost of computing▽▽▽T
θθθl
▽▽▽θθθl is O((8N)2 × 4N(N − 1)). Whenm ≪ τ , the OS-SAGE

method converges much faster than the conventional SAGE algorithm for which the Jacobian size
is 4τN(N − 1) × 8N . On the other hand, for everyt-th OS iteration, the updated result of the
(t − 1)-th sub-observation is used as the starting point. Every OS-SAGE iteration includesm
number of SAGE iterations. Therefore, at initial iterations when (3.11) holds, OS-SAGE algo-
rithm increases the likelihood function as equivalent to SAGE method withm iterations. Thus,
the convergence of OS-SAGE compared with SAGE is accelerated.

3.4.3 Partitioning the baselines

So far, we have divided the data into sub-observations only based on their integration time and
frequency. However, there are cases in which we need to calibrate for a single time and frequency
interval. For instance, consider calibrating only for thei-th time and frequency interval when
1 ≤ i ≤ τ . To apply OS calibration to such a case, one can define sub-observations by partitioning
the data vectoryi over the instrument’s baselines as,

yi = [yT
i1 y

T
i2 . . .yT

iB ]
T , B ≪ N(N − 1)

2
.

Then, similar to (3.11), the calibration problem becomes

θ̂θθ = arg max
B∑

b=1

Lb(θθθ|yib), (3.14)

θθθ

for which OS methods presented by sections 3.4.1 and 3.4.2 are applicable, and whereOS iter-
ationsare executed over{yib|b = 1, . . . ,m ≤ B}. Utilizing such an OS calibration could also
be beneficial in cutting down the computational expense of calibration of interferometers with a
large number of receivers. The only points that should be taken into account are:

• Every partition of data (sub-observation)yib, for b ∈ {1, 2, . . . , B}, must have visibilities
from different baselines such that the baselines cover all the receivers of the instrument (or
all the parameters).

• The number of visibilities of every sub-observation must beequal to, or larger than, the
number of calibration unknowns,

||yib||1 ≥ 8KN. (3.15)

3.4.4 Discussion

To wrap up all the discussed calibration algorithms, we present a general overview in Fig. 3.1.
Fig. 3.1 illustrates LS, SAGE, OS-LS, and OS-SAGE calibrations algorithms.

Note that:

• As it is discussed at the beginning of this section 3.4, the OSalgorithms do not necessarily
converge. Nevertheless, there exist two major approaches in dealing with the convergence



48 Radio Interferometric Calibration via Ordered-Subsets Algorithms: OS-LS and OS-SAGE calibrations

Figure 3.1: Diagrams illustrating LS, SAGE, OS-LS, and OS-SAGE calibrations algorithms.



3.4 The OS-LS and OS-SAGE Calibration Methods 49

Ordered 

, , or . . .

Random different sizes

Time 1

Time 2

Time 3

Time 4

Time τ−1
Time τ

.

.

.

Time i

Time j

Time 1

Time 7

.

.

.

15 %

60 %

,

.

.

.

Figure 3.2: Instead of running the OS method on every individual sub-observation, one could also apply
the method to combinations of two or more sub-observations to improve the Signal to Noise Ratio (SNR).
Examples of having incrementally ordered datasets of size two, randomly chosen datasets of the same size,
and randomly chosen datasets from different sizes, are shown from left to right, respectively.

problem of the OS method: (i) using relaxation parameters (stepsizes) (Ahn, 2004). Calcu-
lating suitable relaxation parameters per every iterationis considerably costly. That makes
the approach of progressively decreasing the number of sub-observations in OS method
to be preferable. (ii) Reducing the number of subsets with increasing iterations until the
complete dataset estimate is reconstructed (Hudson & Larkin, 1994). In the OS method,
one can incrementally combine some sub-observations together until there are no individ-
ual sub-observations remaining. Therefore, at the final iteration, the OS method is in fact
changed to the non-OS technique which is used for the ML approximations, solving for the
complete dataset. This approach guarantees global convergence as long as the non-OS ML
estimation techniques (LS, SAGE, etc.) converge. However,it must be taken into account
that the highest accuracy achievable by the proposed schemeis equal to any non-OS opti-
mization methods. Modifying OS calibration in order to achieve an accuracy superior to the
ones obtained by non-OS calibrations is addressed in futurework.

• When the Signal to Noise Ration (SNR) is poor, shifting to non-OS calibrations after run-
ning a few number of OS iterations is recommended.. Moreover, instead of running the OS
method on every individual time and frequency sub-observation yt, for t ∈ {1, 2, . . . , τ},
one could also apply the method to combinations of two or moresub-observations to im-
prove the SNR. Fig. 3.2 shows examples of having incrementally ordered datasets of size
two, randomly chosen datasets of the same size, and randomlychosen datasets from differ-
ent sizes, from left to right, respectively. The datasets could be arranged in different orders
depending on the characteristics of specific observations.Similarly, subsets of frequency
ordered sub-observations could be introduced.

• In the calibration data model presented by (3.4), we consider a very general form of the
Jones matricesJ, as complex2 × 2 matrices, and then search for the real and imaginary
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parts of their elements which are collected inθθθ. However, one can use a more detailed
presentation of the Jones matrices in the data model, for instance, when the elements of the
Jones matrices are functions of timeζ and frequencyξ,

J =

[
η1(ζ, ξ) η2(ζ, ξ)
η3(ζ, ξ) η4(ζ, ξ)

]
. (3.16)

Then, calibration is estimation of these functions, denoted by η in (3.16). But, this leads
again to estimation of some constant parameters which definethe functions. Therefore, OS
calibration is also useful for such a case as well and its partitioning of data to time and
frequency sub-observations would not cause any degradation of the accuracy of calibration.

3.5 Results

In this section, simulated data are used to compare the performance of LS and SAGE calibrations
with OS-LS and OS-SAGE ones. Note thatn in this section denotes the number of iterations of
the conventional LS and SAGE methods. The implementation ofthe calibration algorithms are
done using MATLAB software. The unit of color bars of all the images are in Jansky (Jy).

3.5.1 Simulations

A 12 hour observation of Westerbork Synthesis Radio Telescope (WSRT), including 14 receivers
observing a sky with 50 sources, is simulated. Three sourcesare very bright with intensities 160,
107, and 108 Jy, and forty seven other sources are faint with intensities below 15 Jy. The source
positions are following a uniform distribution. The Jones matrices are generated as multiplications
of different linear combinations ofsin andcos functions. Their gradients vary slowly (coherence
time about three minutes) as a function of time such that on a few seconds time intervals the
variation could be negligible. We keep the SNR= 80. The simulated single channel image at 355
MHz is shown in Fig. 3.3 in which the background faint sourcesare almost invisible.

We partition the simulated data to ten seconds time intervals,τ = 10, including sub-observations
obtained from ten individual seconds, for which the gain errors are assumed to be the same. Then,
we calibrate the data partitions only for the three brightest sources via the LS and SAGE calibra-
tion methods. The residual images, obtained aftern = 9 iterations, are presented in Fig. 3.4.
As Fig. 3.4 shows, among those three subtracted bright sources, the central one is the best re-
moved (slightly underestimated) by both SAGE and the LS calibration methods. The unsolved
forty seven faint sources are also visible in both residual images. But, the two other bright sources
are not subtracted perfectly (overestimated in the left andright sides and underestimated in the
central parts). This problematic pattern is expected to be improved by increasing the number of
iterations. There is no significant difference between the residual images produced by the LS and
SAGE methods in Fig. 3.4. However, as it is shown in Table 3.1,the noise level in the residual
image of the SAGE calibration is lower than the one of the LS method. Therefore, SAGE calibra-
tion reveals a superior performance compared to the LS calibration since it achieves more accurate
results with a considerably less computational complexity(Kazemi et al. (2011), chapter 2).

The data is also calibrated by the OS-LS and OS-SAGE methods usingn = 9 iterations. OS
iterations are executed form = 1, 2 number of sub-observations which are randomly chosen. The
residual images after subtracting the three brightest sources are presented in Fig. 3.5. As Fig.
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Figure 3.3: An 8× 8 degrees WSRT 12 hour simulated observation of three bright sources, with intensities
160, 107, and 108 Jy, and forty seven faint sources, with intensities below 15 Jy. The frequency is 355 MHz
and the SNR is eighty.
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Figure 3.4: The residual images of the LS (a) and the SAGE (b) calibrations, solving only for the three
brightest sources withn = 9 iterations. Calibrations are executed on everyτ = 10 sub-observations simul-
taneously. From the three subtracted sources, the central one is the best removed (slightly underestimated)
by both the SAGE and the LS calibrations. The unsolved forty seven faint sources are also visible in both (a)
and (b). However, the two other bright sources are not subtracted perfectly which is expected to be improved
by increasing the number of iterations. The residual noise of the SAGE algorithm is lower than of the LS
method (Table 3.1). This reveals the superior performance of the SAGE calibration compared to the LS
calibration.
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Table 1
m= number of OS iterations LS SAGE
LS or SAGE iterationsn = 9 Time Noise Time Noise

[minutes] [mJy] [minutes] [mJy]
OS,m = 1 41.3 234.2 9.7 226.1
OS,m = 2 75.5 232.9 20.4 225.7
Conventional methods 103.9 180.1 86.3 179.2

Table 3.1: Execution times of calibration (minutes) and the standard deviation of the residual noise (mJy).
The OS calibrations perform much faster than the conventional LS and SAGE calibrations. The lowest
execution time of the OS results are obtained form = 1. On the other hand, the most accurate results are
obtained form = 2 number of OS iterations. Moreover, SAGE type calibrations is always preferred to the
LS ones, having a higher accuracy and less computational complexity.

3.5 shows, the central source becomes problematic in the results of the OS calibrations and it was
much better removed by the conventional LS and SAGE calibrations in Fig. 3.4. Except for this
source, the OS calibrations have a similar quality in the residual images to the conventional LS and
SAGE calibrations. The two other subtracted sources are notperfectly removed and the other forty
seven faint sources are visible in the images, similar to Fig. 3.4. The residual images obtained
for m=1 and m=2 OS iterations look almost the same. There is nosignificant improvement in the
residual noise level when usingm = 2 OS iterations instead ofm = 1, as it is evident in Table
3.1. In this case, the OS calibration with m=1 OS iteration ispreferable in comparison with m=2
since it carries a lower computational cost.

The calibrations execution times, in minutes, and the residual noise levels, in milliJansky
(mJy), are presented in Table 3.1. Table 3.1 shows that the OScalibrations have a much faster
processing speed compared to the conventional LS and SAGE calibrations. Among OS calibra-
tions, the ones with a smaller number of OS iterations alwayshave faster execution, as it is the
case comparing the processing times form = 1 to m = 2. The fastest execution speed of the
calibration method belongs to the OS calibrations withm = 1 OS iteration. On the other hand,
the OS calibrations including a large number of OS iterations usually produce more accurate so-
lutions since they use a higher level of information in theircomputations. As the results of Table
3.1 demonstrate, the accuracy obtained bym = 2 number of OS iterations is slightly higher than
the one achieved bym = 1. However, the use ofm = 1 number of OS iterations is still preferred
compared tom = 2 since it has a considerably lower processing time. Note thatthe use of the
SAGE type calibration methods are always preferred compared to the LS ones, providing more
accurate results in a lower processing time.

Fig. 3.6 illustrates the residual noise level achieved by the calibration procedures versus
the number of iterations of the LS and SAGE methods, when it varies between one to nine,
n ∈ {1, . . . , 9}. The number of OS iterations are denoted bym. In the plots of Fig. 3.6, the
residual noise levels of the OS calibrations are higher thanthe ones of the non-OS calibrations.
However, it must be taken into account that these results areobtained by using a comparably less
computational cost compared to the classical LS and SAGE calibrations. By increasingn, the
result of SAGE calibrations are always better than the one ofLS calibrations. Moreover, the accu-
racy of OS calibration usingm = 2 OS iterations are also always superior to the results obtained
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Figure 3.5: The residual images of the OS-LS calibration for m=1 (a) and m=2 (c), and the OS-SAGE
calibration for m=1 (b) and m=2 (d) OS iterations. Calibrations are executed for the three brightest sources
usingn = 9 iterations. The central source is problematic in the residuals of the OS calibrations and was
much better removed in the results of the conventional LS andSAGE calibrations presented in Fig. 3.4.
Except for this source, the residual images obtained by the OS calibrations maintain the quality of the ones
produced by the conventional LS and SAGE calibrations in Fig. 3.4. There is no visible difference between
the results of m=1 and m=2 OS iterations in the images. That makes the OS calibration with m=1 OS iteration
preferable in comparison with m=2 since it carries a lower computational cost.
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Figure 3.6: The residual noise standard deviations of the calibration methods in(mJy) versus their number
of iterations which varies between one to nine,n ∈ {1, . . . , 9}. The number of OS iterations are denoted by
m. In the plots of Fig. 3.6, the residual noise levels of the OS calibrations are higher than the ones obtained
by the non-OS calibrations. However, it must be taken into account that these results are generated spending
a comparably less computational cost compared to the classical LS and SAGE calibrations. By increasing
n, the result of SAGE calibrations are always better than of LScalibrations. Moreover, the accuracy of OS
calibrations which usem = 2 OS iterations are superior to the one obtained bym = 1.

bym = 1.
As we have seen so far in this simulation, among the OS calibrations, the ones with a smaller

number of OS iterations (smallerm) have a lower execution time. On the other hand, the OS
calibrations including a large number of OS iterations usually produce more accurate solutions
since they use a higher level of information in their computations of the Jacobian. However, the
use of a small number of OS iterations is still preferable since it is considerably faster and applying
a high enough number of calibration iterations, we would achieve the same accuracy as with large
m.

In this section, we also demonstrate the applicability of the OS calibration in calibrating for
a single time and frequency data sample, as it is discussed insection 3.4.3, where the data must
be partitioned over the instrument’s baselines. There are various ways of such a partitioning of
visibilities among which we use the most efficient one for this specific simulation.

1. The first question is “what is the maximum number of partitions of data over the baselines
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Figure 3.7: A complete graph of order eight, colored by8− 1 = 7 number of colors. Every color covers all
the nodes and8

2
= 4 number of edges.

that we can define such that the baselines of every single partition cover all the receivers
of the interferometer?”. The reason of searching the maximum is to get the highest level of
information at every calibration’s sub-observation lateron. To answer this question, we use
some well-known definitions of graph theory (Diestel, 2012).
Consider the interferometer as a complete graph of orderN 8 where the receivers and the
baselines are the nodes and edges of the graph, respectively. Therefore, since in this simu-
lationN is even, the answer to our question is the chromatic index of this graph which is
qual toN − 1. This means we can color theN(N−1)

2 edges of the graph byN − 1 colors
where every color is covering all theN nodes andN2 number of edges. For instance, Fig.
3.7 shows a complete graph of order eight, colored by8− 1 = 7 colors, where every color
covers all the nodes by82 = 4 number of edges. We partition the visibilities based on the
color of their corresponding baselines in the graph. Thus, at every partition, we haveN2
number of visibility matrices.

2. The second question is “how many partitions should be collected at every OS calibration’s
sub-observation to ensure that (3.4) is not an under-determined system?’’. Every partition
hasN

2 of baselines and we are trying to estimateKN Jones matrices. Therefore, we must
have at leastx partitions at every OS calibration’s sub-dataset where

x
N

2
> KN. (3.17)

Thus,
x ≥ 2K + 1. (3.18)

8A complete graph of order N has N nodes and every pair of nodes are connected to each other by a unique edge.
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Figure 3.8: There areN = 14 number of receivers in WSRT and henceN − 1 = 13 number of partitions
over its baselines, each includingN

2
= 7 number of visibilities and covering all the receivers. Every OS

sub-observation consists ofx ≤ 7 number of such partitions. Thus, at every sub-observation we havex× N

2

number of visibility matrices.

We haveN = 14 number of receivers in WSRT. Thus,N(N−1)
2 = 91 number of baselines,

providing2 × 2 visibility matrices, at every time and frequency sample. According to (i) we can
make thirteen partitions of baselines so that every partition includesN2 = 7 number of visibilities
covering all the receivers. Since we calibrate forK = 3 bright sources A, B, and C, using (ii),
x ≥ 7. This means at every OS sub-observation we must collect at least seven number of those
partitions. Thus, at every sub-observation we havex× N

2 = 49 number of visibility matrices and
that is enough for estimatingKN = 42 number of Jones matrices. Indeed better accuracy of OS
calibration is expected to be obtained by increasingx till x ≤ N − 1. This approach of defining
sub-observations of the OS calibration is demonstrated in Fig. 3.8. As this figure shows, there
are no overlaps between the baselines of the thirteen different partitions. Therefore, the maximum
information level, achievable by usingx × N

2 = 49 number of visibilities, is provided for every
sub-observation of the OS calibration.

OS-SAGE calibration is executed, usingm = 2 number of time samples at every iteration
(two number of OS iterations), forx = 7 andx = 10. The residual images are shown in Fig. 3.9.
We can see that by increasing the number of visibilities in the sub-observations from forty nine
(x = 7) to seventy (x = 10), the calibration accuracy is highly improved. We also can see that the
two images of Fig. 3.9 have a higher residual noise and artifacts compared to the result obtained
for x = N − 1 = 13, which is presented by Fig. 3.5 as image (d). This shows that better accuracy
of the OS calibration is achieved when the number of visibilities in every sub-observation is large.
However, the calibration’s processing times forx = 7 andx = 10 are73.5 and92.8 minutes,
respectively, while forx = 13 it is 108.8 minutes (Table 1). Remember that the whole point
of partitioning the baselines was to cut down the computations. We also can benefit from this
approach to speed up the initial calibration iterations forthe telescope with a large number of
baselines such as SKA.

As a final remark, for partiting baselines of a telescope withan odd number of receiversN , an
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Figure 3.9: The residual images obtained by the OS-SAGE calibration, using m = 2 number of sub-
observations at every iteration, forx = 7 (a) andx = 10 (b). By increasing the number of visibilities
in the sub-observations from forty nine (x = 7) to seventy (x = 10), the calibration accuracy is highly
improved. Plus, the two images have a higher residual noise and artifacts compared to the result obtained for
x = N − 1 = 13, which is presented by Fig. 3.5 as image (d). This shows that better accuracy of the OS
calibration is achieved when there exist a larger number of visibilities in every sub-observation. However,
the calibration’s processing time forx = 7 andx = 10 is 73.5 and92.8 minutes, respectively, which is
faster than the one forx = 13 that was108.8 minutes (Table 1).
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alternative would be: (i) first partitioning baselines forN − 1 number of receivers, as it is already
explained in this section, and (ii) assigning the remained baselines to theseN − 1 partitions.

3.5.2 Averaging of visibilities

The OS calibration method divides the data into sub-observations and alternates. The use of fewer
data samples in each iteration is the principle cause of the speedup. So far, we have used segments
of data consisting of multiple integrations in time and haveconsidered the individual integrations
as the sub-observations. This is reasonable for the use of OScalibrations. However, for the non-
OS type calibrations all of these integrations are explicitly considered to be equivalent. Therefore,
one could ask if it is easier to average the data before calibration to decrease the computational
cost.
To answer this question, consider the case of calibrating data for a point source far away from
the phase center of an observation. Based on (3.3), the visibilities of baselinep − q at every
sub-observation are formulated as

vpq = J∗
q ⊗ Jpvec(C) + npq, (3.19)

where,

C = e
−2πjξ

c
(ul+vm+w(

√
1−l2−m2−1))

[
I
2 0
0 I

2

]
. (3.20)

In (3.20), j2 = −1, ξ is the frequency of the observation,c is the speed of light,(l,m) are
the source direction components corresponding to the observation phase center,(u, v, w) are the
geometric components of baselinep− q, andI is the intensity of the source.
Since the source is far away from the phase center,(l,m) in (3.20) are large. Therefore, even very
small variation of the baselines(u, v, w) on different sub-observations cause huge differences in
the phase terms of (3.20). Subsequently, averaging the visibilities of (3.19) causes de-correlation
(losing amplitude) and smearing effects in the calibrationresiduals.

To illustrate this, we simulate a 12 hour observation of WSRTfrom a very bright source with
130 Jy intensity is simulated. The source is about four degrees away from the phase center. In the
center of the field we also put twenty three faint sources withintensities below 9 Jy. The Jones
matrices for the faint sources are considered as identity matrices. For the bright source, they are
multiplications of different linear combinations ofsin andcos functions which are invariant on
twenty five seconds time intervals. That provides time samples of sizeτ = 25 including sub-
observations, from every individual second, for which the gain errors are exactly the same. White
Gaussian noise is also added to the simulated data.

It is expected that traditional calibration after averaging data performs as equivalent as the
OS calibration which iterates on the individual sub-observations. The reason is that the simulated
corruptions in the signals on twenty five seconds time intervals are invariant. However, the results,
illustrated by Fig 3.11, is completely the opposite.

Fig. 3.11 shows the residual images obtained by the LS and theOS-LS calibration, utilizing
m = 2 number of OS iterations andn = 9 number of LS iterations. The processing time in min
is shown at the bottom right corner of every image. In image (a) of Fig. 3.11, LS calibration is
applied on averaged data obtained fromτ = 25 time samples. In this image, the bright source
is highly underestimated (almost not subtracted at all) andthere exist elongated radial features.
This is due to the de-correlation by averaging the visibilities. However, in image (b) of Fig. 3.11,
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Figure 3.10: A 12 hour simulation of WSRT with a bright, 130 Jy source. The source is about four degrees
away from the phase center. There also exist twenty three other faint sources with intensities below 9 Jy in
the center of the field. White Gaussian noise is also added to the simulated data.



3.5 Results 61

 

 

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

(a) 7.63 min (b) 19.43 min

Figure 3.11: The residual images obtained by the LS and the OS-LS calibrations, utilizingm = 2 number
of OS iterations andn = 9 number of LS iterations. The processing time is shown at the bottom right corner
of every image. LS calibration on averaged visibilities (a), and OS-LS (b) calibration are applied. In (a), the
bright source is highly underestimated (almost not subtracted at all) and there exist severe smearing effects.
This is due to the de-correlation by averaging the visibilities. However, in (b), for which OS-LS calibrations
is applied on individual integrations, the bright source isperfectly subtracted and the other fainter sources are
completely visible. That makes OS-LS calibration the method of choice, despite its longer execution time.
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for which OS-LS calibration is applied on individual integrations, the bright source is perfectly
subtracted and the other fainter sources are completely visible. This proves that we can not simply
apply calibration on averaged visibilities to cut down the computations and reveals the need of
using the OS calibration. We have also executed LS calibration on non-averaged data sets of
τ = 25 time samples. The resulted residual image has been exactly the same as image (b) of Fig.
3.11, which is generated by OS-LS calibration. The reason isthat the Jones matrices on every
twenty five seconds calibrated data are invariant. Therefore, the solution which is obtained by OS
calibrations, using few integrations (sub-observations)within twenty five seconds, is the same as
the one obtained by non-OS calibrations using all the data. However, in reality, Jones matrices
vary with time. In such a case, the result of the non-OS calibrations is always better than, or
equivalent to, the one of OS calibrations. It is because finding a global solution which fits all data
is generally more efficient than solving only for a part of dataset. The execution time of the LS
calibration was78.15 min, which is indeed longer than the one of OS-LS calibration(19.43 min).

3.6 Conclusions

This chapter introduces OS-LS and OS-SAGE radio interferometric calibration, as combinations
of the OS method with LS and SAGE calibration techniques. We show that the OS calibration pro-
vide a significant improvement in the execution speed compared to the conventional (non-OS) cal-
ibration algorithms. The key idea is to partition the observed data into groups of sub-observations
for which the gain errors are considered to be fixed. OS type calibrations solve for every group by
iteratively updating the solutions for that group’s sub-observations in an ordered sequence. The
calibrations benefit from very fast computations and preserve almost the same quality as the one
obtained by the non-OS calibrations. But, we must take in to account that their accuracy never
becomes higher than the one of the non-OS calibration. Simulations show that OS calibration
methods have considerable computational improvements compared to the conventional non-OS
calibration methods. They also indicate that the OS-SAGE calibration provides a better quality
results in a shorter time compared to the OS-LS calibration,as it is the case for the conventional
SAGE and LS calibrations. In Future work, we address a novel accuracy of calibration obtained
via a hybrid of non-OS and OS calibration techniques which has a computational cost almost as
cheap as the one of OS calibrations.
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ABSTRACT
The new generation of radio synthesis arrays, such as LOFAR and SKA, have been
designed to surpass existing arrays in terms of sensitivity, angular resolution and fre-
quency coverage. This evolution has led to the development of advanced calibration
techniques that ensure the delivery of accurate results at the lowest possible compu-
tational cost. However, the performance of such calibration techniques is still limited
by the compact, bright sources in the sky, used as calibrators. It is important to have
a bright enough source that is well distinguished from the background noise level in
order to achieve satisfactory results in calibration. We present ”clustered calibration”
as a modification to traditional radio interferometric calibration, in order to accommo-
date faint sources that are almost below the background noise level into the calibration
process. The main idea is to employ the information of the bright sources’ measured
signals as an aid to calibrate fainter sources that are nearby the bright sources. In the
case where we do not have bright enough sources, a source cluster could act as a bright
source that can be distinguished from background noise. We construct a number of
source clusters assuming that the signals of the sources belonging to a single clus-
ter are corrupted by almost the same errors, and each clusteris calibrated as a single
source, using the combined coherencies of its sources simultaneously. This upgrades
the power of an individual faint source by the effective power of its cluster. We give
performance analysis of clustered calibration to show the superiority of this approach
compared to the traditional unclustered calibration. We also provide analytical crite-
ria to choose the optimum number of clusters for a given observation in an efficient
manner.

4.1 Introduction

With the intention of increased sensitivity and resolution, especially at low frequencies, a new set
of radio interferometers such as the LOw Frequency ARray (LOFAR)1, the Murchison Wide-field
Array (MWA) 2 and the Square Kilometre Array (SKA)3 are being devised and some are already
becoming operational. These arrays form a large effective aperture by the combination of a large
number of antennas using aperture synthesis (Thompson et al., 2001). In order to achieve the
full potential of such an interferometer, it is essential that the observed data is properly calibrated
before any imaging is done. Calibration of radio interferometers refers to the estimation and re-
duction of errors introduced by the atmosphere and also by the receiver hardware, before imaging.
We also consider the removal of bright sources from the observed data part of calibration, that en-
able imaging the weak background sources. For low frequencyobservations with a wide field of
view, calibration needs to be done along multiple directions in the sky. Proper calibration across
the full field of view is required to achieve the interferometer’s desired precision and sensitivity
giving us high dynamic range images.

Early radio astronomy used external (classical) calibration which estimates the instrumental
unknown parameters using a radio source with known properties. This method has a relatively
low computational cost and a fast execution time, but it generates results strongly affected by

1http://www.lofar.org
2http://www.mwatelescope.org
3http://www.skatelescope.org
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the accuracy with which the source properties are known. In addition, existence of an isolated
bright source, which is the most important requirement of external calibration, in a very wide
field of view is almost impractical, and even when it does, external calibration would only give
information along the direction of the calibrator. The external calibration was then improved by
self-calibration (Pearson & Readhead, 1984). Self-calibration has the advantage of estimating
both the source and instrumental unknowns, without the needof having a pre-knowledge of the
sky, only utilizing the instrument’s observed data. Moreover, it can achieve a superior precision
by iterating between the sky and the instrumental parameters.

The accuracy of any calibration scheme, regardless of the used technique, is determined by
the level of Signal to Noise Ratio (SNR). This limits the feasibility of any calibration scheme to
only bright sources that have a high enough SNR to be distinguished from the background noise
(Bernardi et al., 2011; Liu et al., 2009; Pindor et al., 2010). Note that interferometric images
are produced using the data observed during the total observation (integration) time. However,
calibration is done at shorter time intervals of that total duration. This increases the noise level of
the data for which calibration is executed compared to the one in the images. In other words, there
are some faint sources that appear well above the noise in theimages while they are well below
the noise level during calibration. It has been a great challenge to calibrate such faint sources
having a very low SNR. In this chapter we present clustered self-calibration, introduced in Kazemi
et al. (2011), and emphasize its better performance compared to un-clustered calibration below the
calibration noise level. Existing un-clustered calibration approaches (Intema et al., 2009; Smirnov,
2011) can only handle a handful of directions where strong enough sources are present and we
improve this, in particular for subtraction of thousands ofsources over hundres of directions in
the sky, as in the case for LOFAR.

The implementation of clustered calibration is performed by clustering the sources in the
sky, assuming that all the sources in a single cluster have the same corruptions, and calibrating
each cluster as a single source. At the end, the obtained calibration solutions for every source
cluster is assigned to all the sources in that cluster. This procedure improves the information
used by calibration by incorporating the total of signals observed at each cluster instead of each
individual source’s signal. Therefore, when SNR is very low, it provides a considerably better
result compared to un-clustered calibration. Moreover, calibrating for a set of source clusters
instead of for all the individual sources in the sky reduces the number of directions along which
calibration has to be performed, thus considerably cuttingdown the computational cost. However,
there is one drawback in clustered calibration: The corruptions of each individual source in one
given cluster will almost surely be slightly different fromthe corruptions estimated for the whole
cluster by calibration. We call this additional error as “clustering error” and in order to get the best
performance in clustered calibration, we should find the right balance between the improvement
in SNR as opposed to degradation by clustering error.

Clustering methods have gained a lot of popularity in dealing with large data sets (Kaufman
& Rousseeuw, 1990). There are various clustering approaches that could be applied to calibration
based on their specific characteristics. An overview of different clustering methods is given in Xu
& Wunsch (2008). Clustering of radio sources should take into account (i) their physical distance
from each other and (ii) their individual intensity. The smaller the angular separations of sources
are, the higher the likelihood that they share the same corruptions in their radiated signals is.
Moreover, in order to get the best accuracy in the calibration results, there should be a balance
between effective intensities of different clusters. Thus, in the clustering procedure, every source
should be weighted suitably according to its brightness intensity.
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The brightness distribution of radio source in the sky is a power law and the spatial distribution
is Possion. Therefore, clustering the sources via probabilistic clustering approaches is computa-
tionally complex. Hierarchical clustering (Johnson, 1967) is a well-known clustering approach
with a straight forward implementation suitable for our case. But, its computational cost grows
exponentially with the size of its target data set which can be a disadvantage when the number
of sources is huge. Weighted K-means clustering (Kerdprasop et al., 2005; MacQueen, 1967) is
also one of the most used of clustering schemes applicable inclustered calibration. The advantage
of this clustering technique is its low computational cost,which is proportional to the number of
clusters and the size of the target data set. Nonetheless, weemphasize that the computational time
taken by any of the aforementioned clustering algorithms isnegligible compared with the compu-
tational time taken by the actual calibration. Therefore, we pursue all clustering approaches in this
chapter. However, the use of Fuzzy C-means clustering (Bezdek, 1981) in clustered calibration
requires major changes in the calibration data model and will be explored in future work.

This chapter is organized as follows: First, in section 4.2 we present the general data model
used in clustered calibration. In section 4.3, we present modified weighted K-means and divisive
hierarchical clustering for clustering sources in the sky.Next, in section 4.4, we focus on analyz-
ing the performance of clustered calibration, with an a priori clustered sky model, and compare
the results with un-clustered calibration. In clustered calibration, there is contention between the
improvement of SNR by clustering sources and the errors introduced by the clustering of sources
itself. Thus, we relate the clustered calibration’s performance to the effective Signal to Inter-
ference plus Noise Ratio (SINR) obtained for each cluster. For this purpose, we use statistical
estimation theory and the Cramer-Rao Lower Bounds (CRLB) (Kay, 1993). In section 4.5, we
derive criteria for finding the optimum number of clusters for a given sky. We use the SINR anal-
ysis and adopt Akaike’s Information Criterion (AIC) (Akaike, 1973) and the Likelihood Ratio
Test (LRT) (Graves, 1978) to estimate the optimum number of clusters. We present simulation
results in section 4.6 to show the superiority of clustered calibration to un-clustered calibration
and the performance of the presented criteria in detecting the optimum number of clusters. Fi-
nally, we draw our conclusions in section 4.7. Through this chapter, calibration is executed by
the Space Alternating Generalized Expectation maximization (SAGE) (Fessler & Hero (1994);
Yatawatta et al. (2009); Kazemi et al. (2011), chapter 2) algorithm. Moreover, in our simulations,
radio sources are considered to be uniformly distributed inthe sky and their flux intensities follow
Raleigh distribution, which is the worst case scenario. In real sky models, there usually exist only
a few (two or three) number of bright sources which dominate the emission. In the presence of
these sources and the background noise, it is impractical tosolve for the other faint sources in the
field of view individually. Therefore, obtaining a better calibration performance via the clustered
calibration approach, compared to the un-clustered one, isguaranteed. Therefore, in section 4.6
we illustrate this using simulations in which the brightness distribution of sources is a power law
with a very steep slope. On top of that, Kazemi et al. (2013b);Yatawatta et al. (2013) (chapter 4)
also present the superior performance of the clustered calibration on real observations of LOFAR.

The following notations are used in this chapter: Bold, lowercase letters refer to column vec-
tors, e.g.,y. Upper case bold letters refer to matrices, e.g.,C. All parameters are complex numbers,
unless stated otherwise. The inverse, transpose, Hermitian transpose, and conjugation of a matrix
are presented by(.)−1, (.)T , (.)H , and(.)∗, respectively. The statistical expectation operator is
referred to asE{.}. The matrix Kronecker product and the proper (strict) subset are denoted by⊗
and(, respectively.In is then× n identity matrix and∅ is the empty set. The Kronecker delta
function is presented byδij . R andC are the sets of Real and Complex numbers, respectively. The
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Frobenius norm is shown by||.||. Estimated parameters are denoted by a hat,(̂.). All logarithmic
calculations are to the basee. The multivariate Gaussian and Complex Gaussian distributions are
denoted byN andCN , respectively.

4.2 Clustered Self-calibration Data Model

In this section, we present the measurement equation of a polarimetric clustered calibration in
detail (Hamaker et al., 1996; Hamaker, 2006). Suppose we have a radio interferometer consisting
of N polarimetric antennas where each antenna is composed of twoorthogonal feeds that observe
K compact sources in the sky. Everyi-th source signal,i ∈ {1, 2, . . . ,K}, causes an induced
voltage ofṽpi = [vXpi vY pi]

T atX andY dipoles of everyp-th antenna,p ∈ {1, 2, . . . , N}. In
practice,

ṽpi = Jpiei, (4.1)

whereei = [eXi eY i]
T is the source’s electric field vector andJpi represents the2×2 Jones matrix

(Hamaker et al., 1996) corresponding to the direction-dependent gain corruptions in the radiated
signal. These corruptions are originated from the instrumental (the beam shape, system frequency
response, etc.) and the propagation (tropospheric and ionospheric distortions, etc.) properties
which later on, in this section, will be explained in more detail.

The signalvp obtained at every antennap is a linear superposition of theK sources corrupted
signals,̃vpi wherei ∈ {1, 2, . . . ,K}, plus the antenna’s thermal noise. The multitude of ignored
fainter sources also contributes to this additive noise.

The voltages collected at the instrument antennas get corrected for geometric delays, based
on the location of their antennas, and some instrumental effects, like the antenna clock phases
and electronic gains. Then, they are correlated in the array’s correlator to generate visibilities
(Hamaker et al., 1996). The visibility matrix of the baselinep− q, E{vp ⊗ vH

q }, is given by

Vpq = Gp

(
K∑

i=1

Jpi(θθθ)Ci{pq}J
H
qi(θθθ)

)
GH

q +Npq. (4.2)

In (4.2),θθθ ∈ CP , P = 4KN , is the unknown instrumental and sky parameter vector,Npq is
the additive2 × 2 noise matrix of the baselinep − q, andCi{pq} is the i-th source coherency
matrixCi = E{ei ⊗ eHi } (Born & Wolf, 1999; Hamaker et al., 1996). If thei-th source radiation
intensity isIi, thenCi = Ii

2 I2. Considering this source to have equatorial coordinate, (Right
Ascensionα, Declinationδ), equal to(αi, δi), and the geometric components of baselinep− q to
be(u, v, w), then

Ci{pq} = e−2πj(ul+vm+w(
√
1−l2−m2−1))Ci, (4.3)

wherej2 = −1 and,

l = sin(αi − α0)cos(δi),

m = cos(δ0)sin(δi)− cos(αi − α0)cos(δi)sin(δ0),

are the source direction components corresponding to the observation phase reference of(α0, δ0)
(Thompson et al., 2001). The errors common to all directions, such as the receiver delay and am-
plitude errors, are given byGp andGq. Initial calibration at a finer time and frequency resolution
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is performed to estimate and correct forGp-s and the corrected visibilities are obtained as

Ṽpq = G−1
p VpqG

−H
q . (4.4)

The remaining errors are unique to a given direction, but residual errors inGp-s are also absorbed
into these errors, which are denoted byJpi in the usual notation.

Vectorizing (4.4), the final visibility vector of the baselinep− q is given by

vpq =

K∑

i=1

J∗
qi(θθθ)⊗ Jpi(θθθ)vec(Ci{pq}) + npq. (4.5)

Stacking up all the cross correlations (measured visibilities) and noise vectors iny andn, respec-
tively, the un-clustered self-calibration measurement equation is given by

y =

K∑

i=1

si(θθθ) + n. (4.6)

In (4.6), y,n ∈ CM , M = 2N(N − 1), the noise vector is considered to have a zero mean
Gaussian distribution with covarianceΠΠΠ, n ∼ N (0,ΠΠΠM×M ), and the nonlinear functionsi(θθθ) is
defined as

si(θθθ) ≡




J∗
2i(θθθ)⊗ J1i(θθθ)vec(Ci{12})

J∗
3i(θθθ)⊗ J1i(θθθ)vec(Ci{13})

...
J∗
Ni(θθθ)⊗ J(N−1)i(θθθ)vec(Ci{(N−1)N})


 . (4.7)

Calibration is essentially the Maximum Likelihood (ML) estimation of the unknown parame-
tersθθθ (P complex values or2P real values), or of the Jones matricesJ(θθθ), from (4.6) and removal
of theK sources. Note that calibration methods could also be applied to the uncorrected visibili-
ties of (4.4) to estimateGp andGq errors as well.

The Jones matrixJpi, for everyi-th direction and at everyp-th antenna, is given as

Jpi ≡ EpiZpiFpi. (4.8)

In (4.8),Epi, Zpi, andFpi are the antenna’s voltage pattern, ionospheric phase fluctuation, and
Faraday Rotation Jones matrices, respectively. In practice, theE, Z, andF Jones matrices ob-
tained for nearby directions and for a given antenna are almost the same. Thus, for every antenna
p, if the i-th andj-th sources have a small angular separation from each other,we may consider

Jpi
∼= Jpj . (4.9)

This is the underlying assumption for clustered calibration.
Clustered calibration first assigns source clusters,Li for i ∈ {1, 2, . . . , Q} whereQ ≪ K,

on which the sky variation is considered to be uniform. Then,it assumes there exists a unique
J̃pi which is shared by all the sources of thei-th clusterLi, i ∈ {1, 2, . . . , Q}, at receiverp, p ∈
{1, 2, . . . , N}. Based on that, the visibility at every baselinep− q, given by (4.2), is reformulated
as

Vpq =

Q∑

i=1

J̃pi(θ̃θθ){
∑

l∈Li

Cl{pq}}J̃H
qi(θ̃θθ) + Ñpq. (4.10)
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In (4.10),Ñpq is the clustered calibration’s effective noise at baselinep−q which will be explicitly
discussed at section 4.4. Note that clustered calibration estimates the new unknown parameter
θ̃θθ ∈ CP̃ whereP̃ = 4QN . Denoting the effective signal of everyi-th cluster at baselinep− q by

C̃i{pq} ≡
∑

l∈Li

Cl{pq}, (4.11)

the clustered calibration visibility vector at this baseline (vectorized form of (4.10)) is

vpq =

Q∑

i=1

J̃∗
qi(θ̃θθ)⊗ J̃pi(θ̃θθ)vec(C̃i{pq}) + ñpq. (4.12)

Finally, stacking up the visibilities of all the instrument’s baselines in vectory, clustered calibra-
tion’s general measurement equation is resulted as

y =

Q∑

i=1

s̃i(θ̃θθ) + ñ. (4.13)

In (4.13)s̃i is defined similar tosi in (4.7) whereJ andC are replaced bỹJ andC̃, respectively.
Because of the similarity between the clustered and the un-clustered calibration’s measure-

ment equations presented by (4.13) and (4.6), respectively, they could utilize the same calibration
techniques. Thus, the only difference between these two types of calibration is that clustered cali-
bration solves for clusters of sources instead of for the individual ones. That upgrades the signals
which should be calibrated for from (4.3) to (4.11).

4.3 Clustering Algorithms

Clustering is grouping a set of data so that the members of thesame group (cluster) have some
similarities (Kaufman & Rousseeuw, 1990). This similarityis defined based on the application of
the clustering method.

We need to define clustering schemes in which two radio sources merge to a single cluster
based on the similarity in their direction dependent gain errors (see 4.8). Radiations of sources that
are close enough to each other in the sky are assumed to be affected by almost the same corruptions
(see 4.9). Based on that, we aim to design source clusters with small angular diameters. On the
other hand, every cluster’s intensity is the sum of the intensities of its members (see (4.11)).
In order to keep a balance between different clusters’ intensities, we intend to apply weighted
clustering techniques in which the sources are weighted proportional to their intensities.

Suppose that theK sources,x1, x2, . . . , xK have(α1, δ1), (α2, δ2), . . . , (αK , δK) equatorial
coordinates, respectively. The aim is to provideQ clusters so that the objective functionf =∑Q

q=1 D(Lq) is minimized.D(Lq) is the angular diameter of clusterLq, for q ∈ {1, 2, . . . , Q},
defined as

D(Lq) ≡ max{d(xi, xj)|xi, xj ∈ Lq}, (4.14)

andd(., .) is the angular separation between any two points on the celestial sphere. Having two
radio sourcesa andb with equatorial coordinates(αa, δa) and(αb, δb), respectively, the angular
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separationd(a, b), in radians, is obtained by

tan−1

√
cos2δbsin2∆α+ [cosδasinδb − sinδacosδbcos∆α]2

sinδasinδb + cosδacosδbcos∆α
, (4.15)

where∆α = αb − αa.
For defining the centroids, we associate a weight to every sourcexi, as

wi = w(xi) ≡
Ii
I∗

, for i ∈ {1, 2, . . . ,K}, (4.16)

whereIi is the source’s intensity andI∗ = min {I1, I2, . . . , IK}. Applying the weights to
the clustering procedure, the centroids of the clusters lean mostly towards the brightest sources.
That causes a tendency in faint sources to gather with brighter sources close to them into one
cluster. Thus, their weak signals are promoted being added up with some brighter sources’ signals.
Moreover, very strong sources will be isolated such that their signals are calibrated individually,
without being affected by the other faint sources.

We cluster radio sources using weighted K-means (Kerdprasop et al., 2005) and divisive hi-
erarchical clustering (Johnson, 1967) algorithms. Since the source clustering for calibration is
performed offline, its computational complexity is negligible compared with the calibration pro-
cedure itself.

4.3.1 Weighted K-means clustering

Step 1.Select theQ brightest sources,x1∗ , x2∗ , . . . , xQ∗ , and initialize the centroids ofQ clusters
by their locations as

cq ≡ [αq∗ , δq∗ ], for q ∈ {1, 2, . . . , Q}, q∗ ∈ {1∗, 2∗, . . . , Q∗}. (4.17)

Step 2. Assign each source to the cluster with the closest centroid,defining the membership
function

mLq
(xi) =

{
1, if d(xi, cq) = min{d(xi, cj)|j = 1, . . . , Q}
0, Otherwise

Step 3.Update the centroids by

cq =

∑K
i=1 mLq

(xi) wixi∑K
i=1 mLq

(xi) wi

, for q ∈ {1, 2, . . . , Q}. (4.18)

Repeat steps 2 and 3 until there are no reassignments of sources to clusters.

4.3.2 Divisive hierarchical clustering algorithm

Step 1.Initialize the cluster counterQ′ to 1, assign all theK sources to a single clusterL1 and∅
to a set of null clustersA.
Step 2.Choose clusterLq∗ , for q∗ ∈ {1, 2, . . . , Q′} −A, with the largest angular diameter

D(Lq∗) = max{D(Lq)|q ∈ {1, 2, . . . , Q′} −A}. (4.19)
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Figure 4.1: A simulated 8 by 8 degrees sky of fifty point sources with intensities below 3 Jy. The source
positions and their brightness are following uniform and Rayleigh distributions, respectively. The marker
sizes are proportional to sources intensities.

Step 3.Apply the presented weighted K-means clustering techniqueto splitLq∗ into two clusters,
L′
q∗ andL′′

q∗ .

Step 4. If D(L′
q∗) + D(L′′

q∗) < D(Lq∗), then setQ′ = Q′ + 1, Lq∗ ≡ L′
q∗ , LQ′ ≡ L′′

q∗ ,
andA = ∅, otherwise setA = A ∪ {q∗}.
Repeat steps 2, 3, and 4 untilQ′ = Q.

4.3.3 Clustering methods comparison

Hierarchical clustering method tends to design clusters with almost the same angular diameters,
whereas, the K-means clustering method tends to keep the same level of intensity at all its clusters.
In practice, since hierarchical clustering method makes less errors in dedicating the same solutions
to sources in small clusters, it performs better than Weighted K-means Clustering in a clustered
calibration procedure. But, when the number of source clusters is very large (Q ≥ 100), its
prohibitive computational costs makes the fast K-means clustering method preferable.

Example 1: Weighted K-means and hierarchical clustering

We simulate an 8 by 8 degrees sky with fifty point sources with intensities below 3 Jansky (Jy).
The source positions and their brightness follow uniform and Rayleigh distributions, respectively.
The result is shown by Fig. 4.1 in which the symbol sizes are proportional to intensities of sources.
Weighted K-means and divisive hierarchical clustering methods are applied to cluster the fifty
sources into ten source clusters. The results are presentedin Fig. 4.2 and Fig. 4.3, respectively.
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Figure 4.2: Fifty point sources are clustered into ten source clusters by Weighted K-means clustering tech-
nique. There is not a good balance between different clusters angular diameters.

Fig. 4.2 shows that the Weighted K-means clustering could design source clusters with consid-
erably large angular diameters. Assigning the same calibration solutions to the sources of these
large clusters could cause significant errors. However, as Fig. 4.3 shows, this is not the case for
the hierarchical clustering and it constructs clusters with almost the same angular diameters.

Since the number of sources in this simulation is not that large (K = 50), the difference
between execution time of the two clustering methods is not significant. Hence in such a case, the
use of hierarchical clustering method, rather than the Weighted K-means, is advised. However,
this is not the case when we have a large number of sources, andsubsequently a large number
of source clusters, in the sky. To demonstrate this, we use the two clustering techniques for
clustering thousand of sources (K = 1000) into Q source clusters,Q ∈ {3, 4, . . . , 100}. The
methods’ computational times versus the number of clustersare plotted in Fig. 4.4. As Fig. 4.4
shows, for largeQs, the computational cost of Weighted K-means is much cheaper than the one of
the hierarchical clustering. That can make the Weighted K-means clustering method more suitable
than the hierarchical clustering for such a case.

4.4 Performance Analysis

In this section, we explain the reasons for clustered calibration’s better performance, compared
to un-clustered calibration, at a low SNR (Kazemi & Yatawatta, 2012). This superiority is in the
sense of achieving an unprecedented precision in solutionswith a considerably low computational
complexity, given the optimum clustering scheme. In the next section, we present different criteria
for finding the optimum number of clusters at which the clustered calibration performs the best.
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Figure 4.3: Fifty point sources are clustered into ten source clusters via hierarchical clustering method.
Different clusters have almost the same angular diameters.
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Figure 4.4: Weighted K-means and divisive hierarchical clustering methods computational costs. For small
number of source clusters, there is no difference between execution times of the two clustering methods. But,
when the number of source clusters is large, the computational cost of Weighted K-means becomes much
cheaper than the one of the hierarchical clustering.
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4.4.1 Cramer-Rao Lower Bounds

The most fundamental assumption in clustered calibration is that the sources at the same cluster
have exactly the same corruptions in their radiated signals. This assumption is of course incorrect,
nonetheless, it provides us with a stronger signal, the sum of the signals in the whole cluster. We
present an analytic comparison of clustered and un-clustered calibration where we use the Cramer-
Rao Lower Bound (CRLB) (Kay, 1993) as a tool to measure the performance of the calibration.

Estimations of CRLB for two sources at a single cluster

For simplicity, first consider observing two point sources at a single baseline, for example at
baselinep− q. Based on (4.2), the visibilities are given by

Vpq = Jp1C1{pq}J
H
q1 + Jp2C2{pq}J

H
q2 +Npq, (4.20)

in the un-clustered calibration strategy. VectorizingVpq, the visibility vector is

y = J∗
q1 ⊗ Jp1vec(C1{pq}) + J∗

q2 ⊗ Jp2vec(C2{pq}) + npq.

Assumingnpq ∼ CN (0, σ2I4), we have

y ∼ CN (s(θθθ), σ2I4), (4.21)

where
s(θθθ) ≡

∑

i=1,2

J∗
qi(θθθ)⊗ Jpi(θθθ)vec(Ci{pq}). (4.22)

Using (4.21), the log-likelihood function of the visibility vectory is given by

L(θθθ|y) = −4ln{ π
σ2
} − σ−2(y − s(θθθ))H(y − s(θθθ)). (4.23)

CRLB is a tight lower bound on the error variance of any unbiased parameter estimators (Kay,
1993). Based on its definition, if the log-likelihood function of the random vectory, L(θθθ|y),
satisfies the “regularity” condition

Ey

[
∂

∂θθθ
L(θθθ|y)

]
= 0, for all θθθ, (4.24)

then for any unbiased estimator ofθθθ, θ̂θθ,

var(θ̂θθi) ≥ [I−1(θθθ)]ii, for i ∈ {1, . . . ,M}, (4.25)

whereI(θθθ) is the Fisher information matrix defined as

I(θθθ) = −Ey

[
∂2L(θθθ|y)
∂θθθ∂θθθT

]
. (4.26)

In other words, the variance of any unbiased estimator of theunknown parameter vectorθθθ is
bounded from below by the diagonal elements of[I(θθθ)]−1.
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Using (4.23) and (4.26), the Fisher information matrix of the visibility vectory is obtained as

I(θθθ) = 2σ−2
Re(JH

s Js), (4.27)

whereJs is the Jacobian matrix ofs with respect toθθθ

Js(θθθ) =

2∑

i=1

∂

∂θθθ
{J∗

qi ⊗ Jpi}[I4 ⊗ vec(Ci{pq})]. (4.28)

Thus, variations of any unbiased estimator of parameter vector θθθ, lets saŷθθθ, is bounded from
below by the CRLB as

Var(θ̂θθ) ≥ [2σ−2
Re(JH

s Js)]
−1. (4.29)

Lets try to bound the error variations of the clustered calibration parameters assuming that the
two sources construct a single cluster, called cluster number1. We reform (4.20) as

Vpq = J̃p1(C1{pq} +C2{pq})J̃
H
q1 + Γ1{pq} + Γ2{pq} +Npq, (4.30)

whereΓi{pq}, referred to as the “clustering error” matrices, are given by

Γi{pq} = JpiCi{pq}J
H
qi − J̃p1Ci{pq}J̃

H
q1, (4.31)

andJ̃p1(θ̃θθ) is the clustered calibration solution at receiverp.
(4.30) implies that what is considered as the noise matrixÑpq in the clustered calibration data
model, (4.10), is in fact

Ñpq ≡ Γ1{pq} + Γ2{pq} +Npq. (4.32)

Vectorizing (4.30), the clustered calibration visibilityvector is obtained by

y = J̃∗
q1 ⊗ J̃p1vec(C1{pq} +C2{pq}) + ñpq, (4.33)

whereñpq = vec(Ñpq).
We point out that depending on the observation as well as the positions of the two sources

on the sky, the clustering errorΓi{pq} will have different properties. However, in order to study
the performance of the clustered calibration in a statistical sense, and to simplify our analysis, we
make the following assumptions.

1. Consider statistical expectation over different observations and over different sky realiza-
tions where the sources are randomly distributed on the sky.In that case, almost surely
E{J̃} → E{J} and consequently

E{Γi{pq}} → 0. (4.34)

In other words, we assume the clustering error to have zero mean over many observations
of different parts of the sky.

2. We assume that the closer the sources are together in the sky, the smaller the errors intro-
duced by clustering would be. Therefore, given a set of sources, the clustering error will
reduce as the number of clusters increase. In fact this errorintroduced by clustering van-
ishes when the number of clusters is equal to the number of sources (each cluster contains
only one source). Therefore, given a set of sources, the variance ofΓi{pq} will decrease as
the number of clusters increase.
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Using (4.34), and bearing in mind thatE{Npq} = 0, we can consider̃npq ∼ CN (0, σ̃2I4)
whereE{ñpqñ

H
pq} = σ̃2I4. Therefore,

y ∼ CN (s̃, σ̃2I4),

s̃ ≡ J̃∗
q1 ⊗ J̃p1vec(C1{pq} +C2{pq}),

and similar to (4.29), we have

Var(
̂̃
θθθ) ≥ [2σ̃−2

Re(JH
s̃ Js̃)]

−1. (4.35)

We use numerical simulations to compare the un-clustered and clustered calibrations perfor-
mances via their CRLBs which are given by (4.29) and (4.35), respectively.

Example 2: CRLB for two sources and one cluster

We simulate a twelve hour observation of two point sources with intensitiesI1 = 11.25 and
I2 = 2.01 Jy at sky coordinates(l,m) equal to(−0.014,−0.005) and(−0.011,−0.010) radians,
respectively. We use the uv-coverage of Westerbork Radio Synthesis Telescope (WSRT) with 14
receivers in this simulation.
We consider theJ Jones matrices in (4.20) to be diagonal. Their amplitude andphase elements
follow U(0.75, 0.95) andU(0.003, 0.004) distributions, respectively. The background noise is
N ∼ CN (0, 10I). Jones matrices of the clustered calibration,J̃p1 for p = 1, 2, are obtained as
Jp1 + U(0.02, 0.40)ejU(0.5,2). For 20 realizations of̃J matrices, we calculated CRLB of the un-
clustered and clustered calibrations using (4.29) and (4.35), respectively. The results are presented
in Fig. 4.5. As shown in this figure, for small enough errors matricesΓΓΓ of (4.31), the clustered
calibration’s CRLB stands below the un-clustered calibration’s CRLB. On the other hand, with in-
creasing power of error matrices, or the power of effective noiseÑ, the un-clustered calibration’s
CRLB becomes lower than the clustered calibration’s CRLB.

Analysis of CRLB

Generally, if source1 is considerably brighter than source2, ||C1{pq}|| ≫ ||C2{pq}||, and if
the weak source power is much lower than the noise level,||C2{pq}|| ≪ ||Npq||, then clustered
calibration’s performance is better than un-clustered calibration. Note that the worst performance
of both calibrations is at the faintest source and we are moreconcerned to compare the CRLBs
for this source.

The CRLBs obtained for the un-clustered and clustered calibrations in (4.29) and (4.35), re-
spectively, are both almost equal to the inverse of the Signal to Interference plus Noise Ratio
(SINR), SINR−1. In un-clustered calibration, the effective signal for thefaintest source isC2{pq}
where the noise isNpq. Therefore, SINR for this source is

SINR2 =
||C2{pq}||2
||Npq||2

. (4.36)

But, in clustered calibration, the effective signal and noise areC̃{pq} ≡ C1{pq} + C2{pq} and

Ñpq, respectively. Thus, SINR for the cluster is

SINRc =
||C̃{pq}||2

||Ñpq||2
. (4.37)
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Figure 4.5: Clustered and un-clustered calibrations CRLB. When the effective noise power of the clustered
calibration, ||Ñ||2, is small enough, then its CRLB is lower than of the un-clustered calibration’s and it
reveals a superior performance.

Clustered calibration has an improved performance when

SINRc ≫ SINR2. (4.38)

Consider the two possible extremes in a clustered calibration procedure:

1. Clustering many sources in a large field of view to a very small number of clusters. In this
case, the angular diameter of a cluster is probably too largefor the assumption of uniform
corruptions to apply. Subsequently, dedicating a single solution to all the sources of every
cluster by clustered calibration introduces clustering error matricesΓΓΓ with a large variance
(see (4.31)). Having high interference power, the clustered calibration effective noisẽN of
(4.32) becomes very large. Therefore, clustered calibration SINR will be very low and it
does not produce high quality results.

2. Clustering sources in a small field of view to a very large number of clusters. In this case,
the variance ofΓΓΓ matrices are almost zero while the signal powers of source clusters are
almost as low as of the individual sources. Therefore, the SINR of clustered calibration is
almost equal to the un-clustered calibration SINR and the calibration performance is ex-
pected to be almost the same as well.
Thus, the best efficiency of clustered calibration is obtained at the smallest number of clus-
ters for which (4.38) is satisfied. We use the SINR of (4.38) asan efficient criterion for
detecting the optimum number of clusters.
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Generalization to many sources and many clusters

For the visibility vectory of un-clustered calibration’s general data model, presented by (4.6), we
have

y ∼ CN (
K∑

i=1

si(θθθ),ΠΠΠ). (4.39)

Therefore, the CRLB of un-clustered calibration is

var(θθθ) ≥
[
2Re

{
(

K∑

i=1

Jsi(θθθ))
HΠΠΠ−1(

K∑

i=1

Jsi(θθθ))

}]−1

,

whereJsi is the Jacobian matrix ofsi with respect toθθθ.
Computing the exact CRLB is more complicated when we have clustered calibration. In the

clustered calibration measurement equation, given by (4.13), we have

ñ ≡
K∑

i=1

ΓΓΓi + n, (4.40)

wheren is the un-clustered calibration’s noise vector,

ΓΓΓi = [vec(ΓΓΓi{12})
T . . . vec(ΓΓΓi{(N−1)N})

T ]T , (4.41)

andΓΓΓi{pq} is given by (4.31). Due to the existence of the nuisance parametersΓΓΓi in the clustered
calibration data model, calculation of its conventional CRLB is impractical. This leads us to the
use of Cramer-Rao like bounds devised in the presence of the nuisance parameters (Gini & Reg-
giannini, 2000). We apply the Modified CRLB (MCRLB) (Gini et al., 1998) to the performance
of clustered calibration.

The MCRLB for estimating the errors of̂̃θθθ in the presence of the nuisance parametersΓΓΓ (clus-
tering error) is defined as

var(̂̃θθθ) ≥
[
Ey,ΓΓΓ

{
− Ey|ΓΓΓ

{
∂

∂θ̃θθ

∂

∂θ̃θθ
T

ln{P (y|ΓΓΓ; θ̃θθ)}
}}]−1

, (4.42)

whereP (y|ΓΓΓ; θ̃θθ) is the Probability Density Function (PDF) of the visibilityvectory assuming
that theΓΓΓ matrices of (4.41) are a priori known. Sincen ∼ CN (0,ΠΠΠ), from (4.13) we have

y|ΓΓΓ ∼ CN ([

Q∑

i=1

s̃i +

K∑

i=1

ΓΓΓi],ΠΠΠ), (4.43)

and therefore in (4.42),−Ey|ΓΓΓ

[
∂

∂θ̃θθ

∂

∂θ̃θθ
T ln{P (y|ΓΓΓ; θ̃θθ)}

]
, which is called the modified Fisher in-

formation, is equal to

2Re{[
Q∑

i=1

Js̃i(θ̃θθ) +

K∑

i=1

JΓΓΓi
(θ̃θθ)]HΠΠΠ−1[

Q∑

i=1

Js̃i(θ̃θθ) +

K∑

i=1

JΓΓΓi
(θ̃θθ)]}.
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Note thatEy,ΓΓΓ in (4.42) could be estimated by Monte-Carlo method.
As a rule of thumb, reducing the heavy computational cost of MCRLB, one can interpret the

SINR test of (4.38) as follows: If in average the effective SINR of clustered calibration, SINRc,
gets higher than the effective SINR of un-clustered calibration obtained for the weakest observed
signal, SINRw,

E{SINRc} ≫ E{SINRw}, (4.44)

then clustered calibration can achieve a better results. In(4.44), the expectation is taken with
respect to the thermal noiseN, error matricesΓΓΓ, and all the baselines.

Example 3: MCRLB and SINR estimations

We simulate WSRT includingN = 14 receivers which observe fifty sources with intensities be-
low 15 Jy. The source positions and their brightness follow uniform and Rayleigh distributions,
respectively. The background noise isN ∼ CN (0, 15IM ), whereM = 2N(N − 1) = 364.
We cluster sources using divisive hierarchical clustering, into Q number of clusters whereQ ∈
{3, 4, . . . , 50}. Clustered calibration’s Jones matrices,J̃, are generated asU(0.9, 1.1)ejU(0,0.2).
Since for smaller number of clusters, we expect larger interference (errors) in clustered calibra-
tion’s solutions, for everyQ, we consider

∑50
i=1 Γi ∼ CN (0, 150

Q IM ). The choice of the complex
Gaussian distribution for the error matricesΓΓΓ is due to the central limit theorem and the assump-
tions made in section 4.4.1.

We proceed to calculate the clustered calibration’s MCRLB,given by (4.42), andE{SINRc},
utilizing the Monte-Carlo method. Jacobian matrices for MCRLB are calculated numerically and
in computation ofE{SINRc}, signal power of every cluster is obtained only using the cluster’s
brightest and faintest sources. The estimated results of MCRLB andE{SINRc} are presented by
Fig. 4.6 and Fig. 4.7, respectively. As we can see in Fig. 4.6,for very smallQ, where the effect of
interference is large, MCRLB is high. By increasing the number of clusters, MCRLB decreases
and reaches its minimum where the best performance of the clustered calibration is expected.
After that, due to the dominant effect of the background noise, MCRLB starts to increase until it
reaches the CRLB of un-clustered calibration. The same result is derived fromE{SINRc} plot of
Fig. 4.7. As Fig. 4.7 shows,E{SINRc} is low for very smallQ, when the interference (i.e., the
error due to clustering) is large. By increasing the number of clusters,E{SINRc} increases and
gets its highest peak for which the clustered calibration performs the best. After that, it decreases
and converges to theE{SINR} of un-clustered calibration.

4.4.2 Computational cost

In the measurement equation of un-clustered calibration, presented in (4.6), we haveM = 2N(N−
1) constraints given by the visibility vectory, and need to solve forP = 4KN unknown param-
etersθθθ. If P > M , then (4.6) will be an under-determined non-linear system.This clarifies
the need of having a small enoughN (number of antennas) and a large enoughK (number of
sources) for estimatingθθθ. However, clustered calibration, (4.13), has the advantage of decreasing
the number of directions,K, relative to the number of source clusters,Q≪ K. This considerably
cuts down the number of unknown parametersP that needs to be calibrated, thus reducing the
computational cost of calibration.
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Figure 4.6: Clustered calibration’s MCRLB. For very smallQ, where the effect of interference is large,
MCRLB is high. By increasing the number of clusters, MCRLB decreases and reaches its minimum where
the best performance of the clustered calibration is expected. After that, due to the dominant effect of the
background noise, MCRLB starts to increase until it reachesthe un-clustered calibration CRLB.
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Figure 4.7: Clustered calibration’s SINR. SINR is low for smallQ, when the interference is large. By
increasing the number of clusters the SINR increases and gets its highest level for which the best performance
of the calibration is expected. After that, it decreases dueto the dominant effect of the background noise,
and converges to the un-clustered calibration SINR.
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4.5 Selection Of Number Of Clusters

Consider a clustered calibration procedure with a predefined clustering scheme. There is no guar-
antee that the calibration results forQ number of clusters, whereQ ∈ {1, 2, . . . ,K} is randomly
chosen, is the most accurate. Thus, we seek the optimum number of clusters at which the clustered
calibration performs the best. In this section, we describethe use of: (i) Akaike’s Information Cri-
terion (AIC) (Akaike, 1973), as well as (ii) Likelihood-Ratio Test (LRT) (Graves, 1978), in finding
this optimumQ for a given observation. Some other alternative criteria could also be found in Wax
& Kailath (1985). Note that for different clustering schemes the optimumQ is not necessarily the
same.

4.5.1 Akaike’s Information Criterion (AIC)

We utilize Akaike’s Information Criterion (AIC) to find the optimumQ for clustered calibration.
Consider having̃n ∼ CN (0, σ̃2IM ) in the general data model of clustered calibration, (4.13).
Then, the log-likelihood of the visibility vectory is given by

L(θ̃θθ|y) = −M log π −M log σ̃2

− 1

σ̃2
(y −

Q∑

i=1

s̃i(θ̃θθ))
H(y −

Q∑

i=1

s̃i(θ̃θθ)). (4.45)

The maximum likelihood estimation of the noise varianceσ̃2 is

̂̃σ2 =
1

M
(y −

Q∑

i=1

s̃i(θ̃θθ))
H(y −

Q∑

i=1

s̃i(θ̃θθ)). (4.46)

Substituting (4.46) in (4.45), we arrive at the maximum likelihood estimation of̃θθθ,

L(̂̃θθθ|y) = −M log π −M

− M log{ 1

M
(y −

Q∑

i=1

s̃i(θ̃θθ))
H(y −

Q∑

i=1

s̃i(θ̃θθ))}. (4.47)

Using (4.47), the AIC is given by

AIC(Q) = −2L(̂̃θθθ|y) + 2(2P̃ ). (4.48)

The optimumQ is selected as the one that minimizes AIC(Q).

4.5.2 Likelihood-Ratio Test (LRT)

Errors in clustered calibration originate from the system (sky and instrumental) noise, “clustering
errors” introduced in section 4.4.1, and “solver noise” which is referred to as errors produced by
the calibration algorithm itself. We assume that the true Jones matrices along different directions
(clusters) at the same antenna are statistically uncorrelated. Therefore, if such correlations exist,



82 Clustered Calibration: An Improvement to Radio Interferom etric Direction Dependent Self-Calibration

they are caused by the aforementioned errors. Consequently, the more accurate the clustered cali-
bration solutions are, the smaller their statistical similarities would be. Based on this general state-
ment, the best number of clusters in a clustered calibrationprocedure is the one which provides us
with the minimum correlations in the calibrated solutions.Note that for a fixed measurement, the
correlation due to the system noise is fixed. Therefore, differences in the statistical similarities of
solutions obtained by different clustering schemes are only due to “clustering errors” and “solver
noise”.

To investigate the statistical interaction between the gain solutions we apply the Likelihood-
Ratio Test (LRT).
Consider the clustered calibration solutionJ̃pi(θ̃θθ) for directionsi, i ∈ {1, 2, . . . , Q}, at antennas
p, wherep ∈ {1, 2, . . . , N},

J̃pi =

[
J̃11,p J̃12,p
J̃21,p J̃22,p

]

i

. (4.49)

Then, the parameter vectorθ̃θθpi (corresponding to thei-th direction andp-th antenna) is obtained
by

θ̃θθpi = [Re(J̃11,p) Im(J̃11,p) . . . Re(J̃22,p) Im(J̃22,p)]
T
i . (4.50)

Let us define for each antennap and each pair of directionsk andl, wherek andl are belong to
{1, 2, ..., Q}, a vectorzpkl as

zpkl = [θ̃θθ
T

pk θ̃θθ
T

pl]
T . (4.51)

In fact, we are concatenating the solutions of the same antenna for two different directions (clus-
ters) together.

We define the nullH0 model as

H0 : zpkl ∼ N (m,Σ0). (4.52)

where
m = [m̄(θ̃θθpk)

T m̄(θ̃θθpl)
T ]T , (4.53)

and

Σ0 =

[
s2(θ̃θθpk) 0

0 s2(θ̃θθpl)

]
. (4.54)

In (4.53) and (4.54),̄m ands2 are denoting sample mean and sample variance, respectively. Note
that having a large number of samples in hand, the assumptionof having a Gaussian distribution
for solutions is justified according to the Central Limit theorem. The structure of the variance
matrix Σ0 tells us that the statistical correlation between the components of the random vector
zqkl, or between the solutions̃θθθpk andθ̃θθpl, is zero. This is the ideal case in which there are no
estimation errors.

To investigate the validity of the null model compared with the case in which there exists some
correlation between the solutions, we define the alternativeH1 model as

H1 : zpkl ∼ N (m,Σ1), (4.55)

where the variance matrixΣ1 is given by

Σ1 =

[
s2(θ̃θθpk) Cov(θ̃θθpk, θ̃θθpl)

Cov(θ̃θθpk, θ̃θθpl)T s2(θ̃θθpl)

]
. (4.56)
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Cov(θ̃θθpk, θ̃θθpl) in (4.56) is the8× 8 sample covariance matrix.
Using the above models, the Likelihood-Ratio is defined as

Λ = −2ln

(
Likelihood for null model

Likelihood for alternative model

)
, (4.57)

which has aχ2 distribution with 64 degrees of freedom. AsΛ becomes smaller, the null model,
in which the statistical correlation between the solutionsis zero, becomes more acceptable rather
than the alternative model. Therefore, the smaller theΛ is, the less the clustered calibration’s
errors are, and vice-versa.

4.6 Simulation studies

We use simulations to compare the performance of un-clustered and clustered calibration. Work-
ing with simulations has the advantage of having the true solutions available, which is not the case
in real observations. That makes the comparison much more objective. Nevertheless, the better
performance of the clustered calibration in comparison with the un-clustered ones in calibrating
for real observations of LOFAR is also shown by Kazemi et al. (2011); Yatawatta et al. (2013).

We simulate an East-West radio synthesis array including 14antennas (similar to WSRT) and
an 8 by 8 degrees sky with fifty sources with low intensities, below 3 Jy. The source positions
and their brightness follow uniform and Rayleigh distributions, respectively. The single channel
simulated observation at 355 MHz is shown in Fig. 4.8.

We proceed to add gain errors, multiplying source coherencies by the Jones matrices, as it is
shown in (4.2), to our simulation. The amplitude and phase ofthe Jones matrices’ elements are
generated using linear combination ofsineandcosinefunctions. We aim at simulating a sky with
almost uniform variations on small angular scales. In otherwords, we provide very similar Jones
matrices for sources with small angular separations. To accomplish this goal, for every antenna,
we first choose a single direction as a reference and simulateits Jones matrix as it is explained
before. Then, for the remaining forty nine sources, at that antenna, the Jones matrices (amplitude
and phase terms) are that initial Jones matrix multiplied bythe inverse of their corresponding
angular distances from that reference direction. The result of adding such gain errors to our
simulation is shown in Fig. 4.9.

4.6.1 Performance comparison of the Clustered and un-clustered calibra-
tions at SNR=2

We add the thermal noisen ∼ CN (0, σ2I) with σ2 = 28, as it is shown in (4.6), to our simulation.
The result has aSNR = 2 and is presented in Fig. 4.10. We have chosen to present the case of
SNR = 2 since for this particular simulated observation both the divisive hierarchical and the
weighted K-means clustered calibrations achieve their best performances at the same number of
clusters, which will be shown later in this section.

We apply un-clustered and clustered calibration on the simulation to compare their efficien-
cies. The fifty sources are grouped intoQ ∈ {3, 4, . . . , 49} number of clusters, using the pro-
posed divisive hierarchical and weighted K-means clustering algorithms. Self-calibration is imple-
mented via Space Alternating Generalized Expectation Maximization (SAGE) algorithm (Fessler
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Figure 4.8: Single channel simulated observation of fifty sources, withintensities below 3 Jy. The source
positions and their brightness are following uniform and Rayleigh distributions, respectively. The image size
is 8 by 8 degrees at 355 MHz. There are no gain errors and noise in the simulation.
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Figure 4.9: Simulated image with added gain errors. The errors, the complex 2 × 2 Jones matrices, are
generated as linear combinations ofsin andcos functions. The variation of the sky is almost uniform on
small angular scales.
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Figure 4.10: Simulated image of signals, corrupted by gain errors and added by the thermal noise, as in
(4.6). The simulated noise vectorn has zero mean complex Gaussian distribution and the resulted SNR is
equal to 2.
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& Hero (1994); Yatawatta et al. (2009); Kazemi et al. (2011),chapter 2) with nine iterations. Plots
of the averaged Frobenius distance between the simulated (true) Jones matrices and the obtained
solutions is shown in Fig. 4.11. As we can see in Fig. 4.11, forboth clustering schemes, in-
creasing the number of clusters decreases this distance andthe minimum is reached at thirty three
clusters (Q = 33). Beyond this number of clusters, it increases until the fifty individual sources
become individual clusters. This shows that the best performance of both the divisive hierarchical
and the weighted K-means clustered calibrations is at thirty three clusters and is superior to that
of the un-clustered calibration.
The Frobenius distance curves in Fig. 4.11, the MCRLB curve in Fig. 4.6, and the SINR curve
in Fig. 4.7 illustrate that clustered calibration with an extremely low number of clusters does not
necessarily perform better than the un-clustered calibration. The reason is that when there are
only a small number of clusters, the interference, or the so-called “clustering errors” introduced
in section 4.4.1, is relatively large. Therefore, the effect of this interference dominates the clus-
tering of signals. On the other hand, we reach the theoretical performance limit approximately
after twenty five number of clusters and therefore increasing the number beyond this point gives
highly variable results, mainly because we are limited by the number of constraints as opposed to
the number of parameters that we need to solve for. But, this is not the case for the plots in Fig.
4.6 and Fig. 4.7. The reason is that the MCRLB results of Fig. 4.6 as well as the SINR results
of Fig. 4.7 are obtained by Monte-Carlo method with iterations over fifty different sky and noise
realizations. However, Fig. 4.11 is limited to the presented specific simulation with only one sky
and one noise realization.

The residual images of the un-clustered calibration as wellas the divisive hierarchical and
weighted K-means clustered calibrations forQ = 33 are shown by Fig. 4.21 and Fig. 4.13,
respectively. As it is shown by Fig. 4.21, in the result of un-clustered calibration, the sources
are almost not subtracted at all and there is a significant residual error remaining. The residuals
have asymmetric Gaussian distribution with varianceσ2 = 82.29 which is much larger than the
simulated (true) noise varianceσ2 = 10.85. On the other hand, the sources have been perfectly
subtracted in the case of clustered calibration, Fig. 4.13,and the residuals converge into the
simulated background noise distribution. The residuals ofthe divisive hierarchical and Weighted
K-means clustered calibrations follow symmetric zero meanGaussian distributions withσ2 =
20.17 andσ2 = 18.76, respectively. These variances are closer to the simulatedoneσ2 = 10.85
and this indicates the promising performance of clustered calibration. As we can see, hierarchical
clustered calibration provides a slightly better result compared to the K-means one. This is due
to the fact that hierarchical clustering constructs clusters of smaller angular diameters and thus it
assigns the same calibration solutions to the sources with smaller angular separations.

We also calculate the Root Mean Squared Error of Prediction (RMSEP) to assess the perfor-
mance of clustered and un-clustered calibrations’ non-linear regressions. The results of log(RMSEP),
presented by Fig. 4.14, also justify that the best efficiencies of the hierarchical and K-means clus-
tered calibrations are obtained at thirty three number of clusters. But, note that there is a differ-
ence between the behavior of log(RMSEP) plot of Fig. 4.14 andthe plots of MCRLB, SINR,
and Frobenius distance between the simulated Jones matrices and solutions in Fig. 4.6, Fig. 4.7,
and Fig. 4.11, respectively. In Fig. 4.14, log(RMSEP) of clustered calibration is less than that of
un-clustered calibration, even for extremely low number ofclusters. This means that even with
those low number of clusters, clustered calibration performs better than the un-clustered calibra-
tion. This is somewhat in disagreement with the scenarios shown in Fig. 4.6, Fig. 4.7, and Fig.
4.11. For a better understanding of the reason behind this contrast, first lets see how the residual
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Figure 4.11: The averaged Frobenius distance between the simulated (true) Jones matrices and the solu-
tions of clustered and un-clustered calibrations. The two curves represent clustered calibration via divisive
hierarchical and weighted K-means clustering algorithms.By increasing the number of clusters, for both
clustering methods, this distance is decreased and gets itsminimum at thirty three clusters. After that, it is
increased till the fifty individual sources. That shows thatthe best performance of the clustered calibration is
at thirty three clusters.

errors are originated.
Based on (4.13) and (4.40), in the clustered calibration strategy, we have

y =

Q∑

i=1

s̃i(θ̃θθ) +

K∑

i=1

ΓΓΓi + n, (4.58)

After executing a calibration for the above data model, there is a distance between the target

parameters̃θθθ and the estimated solutions̃̂θθθ. This is the so-called “solver noise”, mentioned in
section 4.5.2. Thus, the residuals are given as

y −
Q∑

i=1

s̃i(
̂̃
θθθ) =

Q∑

i=1

{s̃i(θ̃θθ)− s̃i(
̂̃
θθθ)}+

K∑

i=1

ΓΓΓi + n. (4.59)

From (4.59), we immediately see that the background noisen is fixed and the “clustering errors”
are calculated for all the sources as

∑K
i=1ΓΓΓi. However, since we solve only forQ directions

and not for all theK sources individually, the “solver noise” part,
∑Q

i=1{s̃i(θ̃θθ) − s̃i(
̂̃
θθθ)}, is also

calculated only forQ clusters and not for all theK sources. It is clear that for a very smallQ, this
term could be much less than forQ ≃ K. Therefore, in Fig. 4.11, the result of RMSEP at a very
low number of clusters is still less than the ones atQ = K. WhenQ is not at the two extremes of
being very small or very large (almost equal to the number of individual sources), then the result
of RMSEP is promising. Moreover, applying more accurate calibration methods or increasing the
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Figure 4.12: Residual image of the un-clustered SAGE calibration for fifty sources. The sources are almost
not subtracted at all and there are significant residual errors around them. The residuals have asymmetric
Gaussian distribution with varianceσ2 = 82.29 which is much larger than the true noise varianceσ2 =
10.85.
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Figure 4.13: The residual images of the clustered calibration using hierarchical (right) and Weighted K-
means (left) clustering methods with thirty three source clusters. Calibration is implemented by SAGE
algorithm. The sources are subtracted perfectly and the residuals converge the simulated background noise
distribution. The hierarchical clustering and Weighted K-means residuals follow symmetric zero mean Gaus-
sian distributions withσ2 = 20.17 andσ2 = 18.76, respectively, where the simulated noise distribution is,
CN (0, 10.85I).
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Figure 4.14: The RMSEP for clustered and un-clustered calibrations. Theresults are obtained using a base
ten logarithmic scale. The two curves are corresponding to clustered calibration via divisive hierarchical and
weighted K-means clustering algorithms. By increasing thenumber of clusters, the results are decreased
and the minimum result is obtained at thirty three clusters.After that, the results are increased till the fifty
individual sources. That shows the superior performance ofthe clustered calibration compared to the un-
clustered one. The best performance of the clustered calibration for both of the applied clustering methods
is at thirty three number of clusters.

number of iterations, the “solver noise” will decrease and subsequently, we expect the RMSEP
curve to have the same behavior as the curves of Fig. 4.7 and Fig. 4.14.

4.6.2 Optimum number of clusters for SNR=2

We utilize AIC and LRT to select the optimum number of clusters for which clustered calibra-
tion achieves its best performance. The methods are appliedto our simulation for the case of
SNR=2. The AIC and Likelihood-Ratio results are shown by Fig. 4.15 and Fig. 4.16, respec-
tively. They both agree onQ = 33 as the optimum number of clusters for the divisive hierarchical
and Weighted K-means clustered calibrations. Likelihood-Ratio plot of Fig. 4.16 has almost the
same behavior as the plot of Frobenius distance between the simulated Jones matrices and the
obtained solutions presented by Fig. 4.11. The reason is that the results of the both plots are
obtained using the solutions themselves as the input data. However, since AIC results are com-
puted using the residual errors as inputs, which is also the case for obtaining the RMSEP curves
of Fig. 4.14, AIC curves of Fig. 4.15 are slightly steeper than the Frobenius distance between
the simulated Jones matrices and solutions and the Likelihood-Ratio curves of Fig. 4.11 and Fig.
4.16, respectively.
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Figure 4.15: AIC plot for clustered and un-clustered calibrations. Boththe weighted K-means and divisive
hierarchical clustered calibrations get their minimum AICat thirty three clusters. This illustrates that their
best performances are obtained at this number of clusters. Also, their AIC results at thirty three clusters
is lower than the un-clustered calibration’s AIC, which shows their better performances compared to the
un-clustered calibration.
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Figure 4.16: Likelihood-ratio of the gain solutions obtained by clustered and un-clustered calibrations. In the
both cases of weighted K-means and divisive hierarchical clustered calibrations, the minimum Likelihood-
ratio values belong to thirty three number of clusters. These minimums are also lower than the un-clustered
calibration’s Likelihood-ratio result. Therefore, clustered calibration via both the clustering methods per-
forms better than the un-clustered calibration and it achieves the best accuracy in its solutions at thirty three
clusters.
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Figure 4.17: The optimum number of clusters, on which the best performance of clustered calibration is
obtained, at different SNRs. For low SNRs, the efficiency of the clustered calibration is superior to the un-
clustered calibration. As the SNR gets higher, clustered calibrations achieve their best solutions utilizing a
higher number of clusters. Finally, when the SNR is high enough, the performance of un-clustered calibration
becomes better than the clustered one.

4.6.3 Clustered calibration’s efficiency at different SNRs

We start changing the noise in our simulation to see how it effects the clustered calibration’s
efficiency. We simulate the cases for which SNR∈ {1, 2, . . . , 15} and apply clustered calibration
on them. Since the sky model does not change, the clusters obtained by divisive hierarchical
and weighted K-means methods for the case of SNR= 2 remain the same. Fig. 4.17 shows
the optimum number of clusters, on which the best performances of clustered calibrations are
obtained for those different SNRs. As we can see in Fig. 4.17,for low SNRs, the optimum
Q is small. By increasing the SNR, the optimumQ is increased till it becomes equal to the
number of all the individual sources that we have in the sky, i.e.,K. This means that when the
SNR is very low, the benefit of improving signals by clustering sources is much higher than the
payoff of introducing “clustering errors” in a clustered calibration procedure. Therefore, clustered
calibration forQ ≪ K has a superior performance compared to the un-clustered calibration.
While for a high enough SNR, the situation becomes the opposite. In this case, the un-clustered
calibration achieves better results compared to clusteredcalibration having the disadvantage of
introducing “clustering errors”.

Emperical estimation of SINR

Having the results of Fig. 4.17 in hands, we could find an empirical model for estimating the
optimum number of clusters for various SNRs. Note that by changing the observation and the
instrument characteristics, this model will also be changed.

As it is explained in section 4.4.1, the best performance of clustered calibration is obtained
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when the SINR is at its highest level. Fig. 4.17 shows the number of clusters on which the
maximum SINR was obtained, where the signal (sky) and the noise powers are known a priori.
Thus, the only unknown for estimating the SINR is the interference, or the “clustering errors”, for
which we need to have a prediction model. After estimating the SINR using this model, finding
the optimumQ will be straightforward.

Consider the definition of “clustering errors” given by (4.31). It is logical that for every source,
the difference between its true Jones matrix and the clustered calibration solution,||J − J̃||, is a
function of the angular distance between the source and the centroid of the cluster that it belongs
to. Based on this and using (4.31) and (4.34), for the interference of thei-th cluster at baseline
p− q we assume that

∑

l∈Li

Γl{pq} ∼ CN (0, η||C̃i{pq}||2{D(Li)}νI2), (4.60)

whereη and ν are unknowns. (4.60), in fact, considers an interference power (variance) of
η||C̃i{pq}||2{D(Li)}ν for everyi-th cluster,i ∈ {1, 2, . . . , Q}, at baselinep − q. Assuming the
interferences of different clusters to be statistically independent from each other, and bearing in
mind that the baseline’s additive noiseNpq has also a complex Gaussian distribution independent
from those interferences’, then the noise plus interference power for thei-th cluster at baseline
p− q is obtained by

η||C̃i{pq}||2{D(Li)}ν + ||Npq||2. (4.61)

Fitting suitableη andν to (4.61), the SINR for thei-th cluster at baselinep − q is equal to the
cluster’s signal power,||C̃i{pq}||2, divided by the result of (4.61). Subsequently, estimationof
E{SINRc} will be straight forward where the expectation is calculated with respect to all the
source clusters and all the baselines. Note that simulationprovides us with the true noise power,
||Npq||2. In the case of having a real observation, this power could beestimated by (4.46).
Fig. 4.18 shows the number of clusters on which divisive hierarchical and weighted K-means
clustered calibrations achieve their maximum estimated E{SINRc}. The results are calculated for
SNR∈ {1, 2, . . . , 15}. For the hierarchical clusteringη = 1550 andν = 0.3, and for the K-
means clusteringη = 2500 andν = 0.003. As we can see, for both the clustering methods, these
maximum E{SINRc}s are mostly obtained at the true optimum number of clusters for which
clustered calibration performed the best. Introducing more refined models compared to (4.60)
could even improve the current result.

4.6.4 Different sky models

So far, we have limited our studies to sky models in which the brightness and position of the radio
sources follow Rayleigh and uniform distributions, respectively. These characteristics provide us
with a smooth and uniform variation of flux intensities in oursimulated skies. In such a case,
the effects of the background noise on the faintest and the strongest signals are almost the same.
Therefore, if clustered calibration performs better than the un-clustered calibration that would be
only based on upgrading the signals against the noise. Although, in nature, we mostly deal with
the sky models in which the distribution of the flux intensities is a power law, with a steep slope,
and the spatial distribution is Possion. Hence, there exista few number of very bright sources,
whose signals are considerably stronger than the others, and they are sparse in the field of view.
The corruptions of the background noise plus the interferences of the strong signals of those few
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Figure 4.18: Optimum number of clusters at which the divisive hierarchical (top) and Weighted K-means
(bottom) clustered calibrations perform the best. For bothof the clustering methods, the results obtained by
SINR estimations mostly match the true optimum number of clusters.
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bright sources make the calibration of the other faint pointsources impractical. Thus, there is the
need for utilizing the clustered calibration which appliesthe solutions of the bright sources to their
closed by fainter ones or solves for upgraded signals obtained by adding up a group of faint signals
together. This has been shown by Kazemi et al. (2011); Yatawatta et al. (2013), when comparing
the efficiency of the clustered and un-clustered calibrations on LOFAR real observations. In this
section, using simulations, we also reveal the superiorityof clustered calibration compared to the
un-clustered calibration for such sky models.

We simulate a sky of 52 radio point sources which are obtainedby modified Jelić et al. (2008)
foreground model. The brightness distribution of the pointsources follows the source count func-
tion obtained at 151 MHz (Willott et al., 2001), while the angular clustering of the sources are
characterized by a typical two-point correlation function,

ρ(d) = Ad−0.8. (4.62)

In (4.62),ρ is the two point correlation function,d is the angular separation, andA is the normal-
isation amplitude ofρ. The flux cut off is 0.1 Jy.
We convolve the signals with gain errors which are linear combinations ofsin andcosfunctions,
as in the previous simulation of this section. At the end, a zero mean Gaussian thermal noise with
a variance of 3 mJy is added to the simulated data. The result is shown by Fig. 4.19. In Fig.
4.19, all the bright sources are gather in the right side of the image, rather than being uniformly
distributed in the field of view, and the rest of the sources are so faint that are almost invisible.

We apply the clustered and un-clustered calibrations onQ ∈ {3, 4, . . .51} number of clusters
andK = 52 number of individual sources, respectively. The clustering method used is the divisive
hierarchical and the calibrations are executed via SAGE algorithm with nine number of iterations.
The residual noise variances obtained are demonstrated in Fig. 4.20. As Fig. 4.20 shows, the
level of the residual noise obtained by the clustered calibration forQ ∈ {15, 16, . . .45} number
of clusters is always below the result of the un-clustered calibration. This proves the better perfor-
mance of the clustered calibration. The best result of the clustered calibration, with the minimum
noise level, is achieved forQ = 27 number of clustered.

The residual images of the clustered calibration withQ = 27 number of source clusters, and
the un-clustered calibration forK = 52 individual sources are shown by Fig. 4.21. In the right
side of the residual image of the un-clustered calibration there exist artificial strips caused by
over and under estimating the brightest sources of the field of view. That shows the problematic
performance of the un-clustered calibration. However, clustered calibration has generated much
less artificial effects after subtracting these sources. Ontop of that, the zoomed in window in
the left side of the images of Fig. 4.21 show that the faint sources are not removed by the un-
clustered calibration at all, while being almost perfectlysubtracted by the clustered calibration.
Moreover, the residual noise of the clustered calibration follows a symmetric zero mean Gaussian
distributions with a variation of 4.2 mJy, while the one fromthe un-clustered calibration has an
asymmetric Gaussian distribution with mean and variance equal to -1.2 and 5.3 mJy, respectively.
Taking to account that the simulated noise distribution is azero mean Gaussian distribution with
a variance of 3 mJy, the superior performance of the clustered calibration compared to the un-
clustered one is evident.

As the final conclusion of this simulation, calibrating below the noise level, clustered calibra-
tion always performs better than the un-clustered calibration. This is regardless of the sky model
and is only based on the fact that solving for individual sources with very poor signals is imprac-
tical. Nevertheless, when some sources are very close to each other, the sky corruption on their
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Figure 4.19: Thirty channel simulated observation of fifty two sources which are obtained by modified Jelić
et al. (2008) foreground model. The convolved gain errors are generated as linear combinations ofsin and
cosfunctions. The image size is 8 by 8 degrees and the additive thermal noise is a zero mean Gaussian noise
with a variance of 3 mJy.
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Figure 4.20: The noise variances of the residual images, obtained by clustered and un-clustered calibrations,
in mJy. The level of the residual noise obtained by the clustered calibration forQ ∈ {15, 16, . . . 45} number
of clusters stands below the result of the un-clustered calibration. That reveals the superior performance of
the clustered calibration in comparison with the un-clustered one. The best result of the clustered calibration
which achieves the minimum noise level is atQ = 27 number of clustered.

signals would be exactly the same and there is no point in solving for every of them individually.

4.7 Conclusions

In this chapter, we demonstrate the superior performance of“clustered calibration” compared to
un-clustered calibration especially in calibrating sources that are below the calibration noise level.
The superiority is in the sense of having more accurate results by the enhancement of SNR as well
as by the improvement of computational efficiency by reducing the number of directions along
which calibration has to be performed.

In a “clustered calibration” procedure, sky sources are grouped into some clusters and every
cluster is calibrated as a single source. That replaces the coherencies of individual sources by
the total coherency of the cluster. Clustered calibration is applied to these new coherencies that
carry a higher level of information compared with the individual ones. Thus, for the calibration of
sources below the noise level it has a considerably better performance compared to un-clustered
calibration. An analytical proof of this superiority, for an arbitrary sky model, is presented using
MCRLB and SINR analysis.

KLD and LRT are utilized to detect the optimum number of clusters, for which the clustered
calibration accomplishes its best performance. A model forestimating SINR of clustered calibra-
tion is also presented by which we could find the optimum number of clusters at low computational
cost.

Divisive hierarchical as well as Weighted K-means clustering methods are used to exploit
the spatial proximity of the sources. Simulation studies reveal clustered calibration’s improved
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Figure 4.21: The residual images of the clustered calibration forQ = 27 number of clusters (right) and the
un-clustered calibration forK = 52 (left). Calibration is implemented by SAGE algorithm with nine number
of iterations and the clustering method applied is divisivehierarchical. In the right side of the residual image
of the un-clustered calibration we see strips of over and under estimations due to problematic performance
of the clustered calibration in subtracting the brightest sources. The zoomed in window in the left side of
the image also shows that the faint sources are not removed atall. However, clustered calibration could
remove all the faint sources almost perfectly and has generated much less artificial effects after subtracting
for the brightest sources in the right side of the field of view. Moreover, the residual noise of the clustered
calibration follows a symmetric zero mean Gaussian distributions with a variation of 4.2 mJy, while the one
from the un-clustered calibration has an asymmetric Gaussian distribution with mean and variance equal
to -1.2 and 5.3 mJy, respectively. Taking to account that thesimulated noise distribution is a zero mean
Gaussian distribution with a variance of 3 mJy, the better performance of the clustered calibration compared
to the un-clustered one is evident.
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performance at a low SNR, utilizing these clustering algorithms. Both the clustering methods
are hard clustering techniques which divide data to distinct clusters. However, we expect more
accurate results using fuzzy (soft) clustering, which constructs overlapping clusters with uncertain
boundaries. Application and performance of this type of clustering for clustered calibration will
be explored in future work.



Chapter 5

Application of fuzzy clustering in
radio interferometric calibration

submitted to MNRAS

ABSTRACT
Calibration of radio interferometric telescopes is an essential step in order to reach
the full potential of their data in terms of precision and sensitivity. Traditional cal-
ibration algorithms use bright point sources in the observed field as a collection of
single source calibrators. Recently, we have proposed the clustered calibration tech-
nique which groups the sources into well defined clusters. Assuming all the sources
in a single cluster to be corrupted by the same errors, clustered calibration calibrates
every cluster as a single source, where it uses all the sourcecoherencies of that cluster
simultaneously. This improves the accuracy of calibrationas well as the computa-
tional cost. In our previous clustered calibration method we used a hard clustering
technique to assign every source to exactly one cluster. However, in reality, the in-
tensities of different sources affect each other. Therefore, defining clusters with soft
boundaries, which means assigning every source to different clusters with different
degrees of membership, is more accurate and efficient. In this chapter, we introduce
a new method that applied fuzzy (soft) clustering in order toperform the calibration.
In this method, which we call fuzzy-clustered calibration,the solution of every source
is a linear combination of errors along different directions. This is obviously is more
accurate and hence offers an improvement on hard clustered calibration in which the
solution of every source is obtained only in the direction ofits cluster’s centroid. We
apply the new fuzzy-clustered calibration on simulations and show that it performs
better compared to the hard clustering one.

101
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5.1 Introduction

Calibration of radio synthesis arrays refers to the estimation and reduction of errors introduced
by the sky and the instrument in the measured data, before imaging. It is the most crucial task in
order to achieve the interferometer’s desired precision and sensitivity.

Very large radio interferometers such as the Square Kilometre Array (SKA)1, the Murchison
Widefield Array (MWA) (Lonsdale et al., 2009), the PrecisionArray to Probe Epoch of Reion-
ization (PAPER) (Parsons et al., 2010), and the LOw Frequency ARray (LOFAR) (van Haarlem
et al., 2013), produce a huge amount of data which need to be very accurately calibrated in the
shortest time possible. Therefore, the two main calibration challenges are increasing the accuracy
of solutions, and decreasing the computations. Advanced calibration techniques have been pro-
posed (e.g. Kazemi et al. (2012)) which meet the two challenges up to a very high level. However,
it has always been a great challenge to calibrate data with a low Signal to Noise Ratio (SNR). Per-
formance of calibration techniques (Bernardi et al., 2011;Liu et al., 2009; Pindor et al., 2010)
is in fact limited to sources that have a high enough SNR (SNR)to be distinguished from the
background noise.

The recently introduced clustered calibration technique (Kazemi et al. (2013b), chapter 4) has
shown a better performance in source calibration below the noise level. The calibration groups
sources into well defined clusters, and improves the information used for calculating solutions
by incorporating the total of signals observed at every cluster. Every cluster is calibrated as a
single source with an intensity equal to the sum of the intensities of its sources. Thus, in the
case of calibrating the signals of faint sources, it provides a considerably better result compared
to un-clustered calibration. Moreover, calibrating for a fewer number of source clusters than the
number of individual sources in the sky, the computations ofclustered calibration is considerably
cheaper than the un-clustered one. Nevertheless, we would like to note that when the SNR is very
high, applying clustered calibration could be a disadvantage. In such a case, it is better to use
the signal of every individual (bright) source to calibratethe data as this will give more accurate
results across the observational field.

The clustered calibration introduced by Kazemi et al. (2013b) (chapter 4) performs calibration
on source clusters with hard boundaries. This means every source belongs to exactly one cluster.
Consequently, the solution of every source is the one obtained in the direction of the centroid of the
cluster that the source belongs to. However, in reality, calibration corrections vary continuously
across the field of view, a fact that is captured much better with fuzzy (soft) clustering rather than
hard clustering. The radiated signal of sources can be mixedwith each other, and affect the areas
of various clusters, and not only one cluster. Therefore, itis not accurate to consider sources in
clusters with hard boundaries, and limit their signals to the area of their corresponding clusters. In
order to increase the accuracy of clustered calibration, inthis chapter, we apply fuzzy clustering
ideas and implement them in the clustered calibration procedure. Note that, since in clustered
calibration the source clustering is performed offline, using fuzzy clustering rather than any other
hard clustering techniques does not cost any extra execution time.

The role of fuzzy clustering (Bezdek, 1981) becomes quite prominent among clustering tech-
niques (Xu & Wunsch, 2008) due to its ability for quantifyinga level of membership of the target
data to detected clusters. We perform clustered calibration on fuzzy source clusters, where every
source belongs to a number of clusters, simultaneously, according to some pre-defined member-
ship degrees. In other words, in the clustered calibration procedure, we consider the source clus-

1http://www.skatelescope.org
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ters to have soft boundaries. Such a clustered calibration,named as “soft clustered calibration”,
provides every source with a solution which is in fact a linear combination of the errors obtained
along different directions. Applying fuzzy clustering of sources, we show that soft clustered cali-
bration achieves a considerably higher accuracy level compared to hard clustered calibration.

This chapter is organized as follows: The data model of hard and soft clustered calibrations are
presented in sections 5.2 and 5.3, respectively. A weightedfuzzy clustering of sources is proposed
in section 5.4. In section 5.5, we demonstrate the superiority of the soft clustered calibration
compared to the hard one, using simulations. Finally, we draw our conclusions in section 5.6.

The following notations are used in this chapter: Bold, lower case letters refer to column
vectors, e.g.,y. Upper case bold letters refer to matrices, e.g.,C. All parameters are complex
numbers, unless stated otherwise. The transpose and conjugation of a matrix are presented by(.)T

and(.)∗, respectively. The matrix Kronecker product is denoted by⊗. The uniform distribution
is shown byU .

5.2 Hard Clustered Calibration

In this section, we briefly describe the data model of hard clustered calibration (Kazemi et al.
(2013b), chapter 4). For more details on the data model of radio interferometric calibration the
reader is referred to Hamaker et al. (1996); Hamaker (2006).

Consider an interferometer withN receivers that observesK radio sourcesx1, . . . , xK . The
voltage introduced at thep-th receiver by the radiation of thei-th source,ei, is given by

ṽpi = Jpiei, (5.1)

whereJpi is the2× 2 Jones matrix (Hamaker et al., 1996), corresponding to direction-dependent
corruptions in the signal. These corruptions are identifiedas,

Jpi ≡ EpiZpiFpi, (5.2)

whereEpi, Zpi, andFpi are error matrices corresponding to the receiver’s beam, ionospheric
phase fluctuation, and Faraday Rotation for the radiated signal of thei-th source, at receiverp,
respectively.

The total signal observed at every receiverp, vp, is a linear superposition of the corrupted
signalsṽpi of theK sources,i = 1, . . . ,K, plus the thermal noise of the receiver. Note that
the multitude of the ignored fainter sources also contribute to the noise. After correcting for
the geometric delays of the receivers, the collected signals at every pair of receiversp andq are
correlated with each other to introduce visibilitiesVpq ≡ E{vpv

H
q } (Hamaker et al., 1996)

Vpq = Gp

(
K∑

i=1

JpiCi{pq}J
H
qi

)
GH

q +Npq. (5.3)

In (5.3),Gp represents the errors which are common to all directions at receiverp, such as the
receiver delay and amplitude errors.Ci{pq} andNpq are also the Fourier transform of thei-th
sourcecoherencymatrixE{eieHi } (Born & Wolf, 1999; Hamaker et al., 1996), and the additive
noise of the baselinepq, respectively.
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Since the gainG in (5.3) does not depend on the source directions, initially, the visibilities are
corrected for that as,

Ṽpq = G−1
p VpqG

−H
q . (5.4)

Stacking up the vectorized visibilities of all the baselines in a vector
y ≡ [vec(Ṽ12)

T . . . vec(Ṽ(N−1)N )T ]T , we arrive to the general data model of a traditional (un-
clustered) calibration as

y =

K∑

i=1




J∗
2i ⊗ J1ivec(Ci{12})

...
J∗
Ni ⊗ J(N−1)ivec(Ci{(N−1)N})


+ n. (5.5)

In (5.5),n is the additive noise vector,

n ≡ [vec(G−1
1 N12G

−H
2 )T . . . vec(G−1

(N−1)N(N−1)NG−H
N )T ]T ,

which is normally assumed to be Gaussian. Calibration is, infact, estimation of theJ Jones
matrices for all theK source directions in (5.5), and correcting for them before imaging.

Note that according to the definition of Jones matrices in (5.2), at a fixed receiverp,

Jpi ≈ Jpj , (5.6)

for everyi-th andj-th sources,xi andxj , that have a very small angular separation from each
other. This is the general assumption of the clustered calibration technique. Clustered calibration
uses (5.6), on one hand, to decrease the number of directionsthat we need to calibrate for, and on
the other hand, to improve the accuracy below the noise level, as follows:

Assume that we group theK sourcesx1, . . . , xK into Q (Q ≪ K) source clustersLi, for
i ∈ {1, . . . , Q}, with small enough angular diameters such that for the sources at the same cluster
the sky variation is uniform. Based on (5.6), for every clusterLi and at every receiverp, there is
a unique solutioñJpi which is shared by all the sources of the cluster. Therefore,the un-clustered
calibration data model of (5.5) is reformulated as,

y =

Q∑

i=1




J̃∗
2i ⊗ J̃1ivec(

∑
l∈Li

Cl{12})
...

J̃∗
Ni ⊗ J̃(N−1)ivec(

∑
l∈Li

Cl{(N−1)N})


+ n, (5.7)

where (5.7) is the measurement equation of clustered calibration. Therefore, the whole difference
between un-clustered and clustered calibrations is that inun-clustered calibration (5.5) we solve
for every individual sourcexi, i ∈ {1, . . . ,K}, which has a signal power equal toCi, while in
clustered calibration (5.7), we solve for every source cluster Li, i ∈ {1, . . . , Q}, which has a
boosted signal power of

∑
l∈Li

Cl. Therefore, below the noise level, clustered calibration has
better accuracy compared to un-clustered calibration due to upgrading signal powers (Kazemi
et al. (2013b), chapter 4). Moreover, clustered calibration has much lower computational cost
relative to un-clustered calibration. This is due to two reasons: i) clustered calibration solves for
Q ≪ K number of directions, while the un-clustered forK number of directions, ii) clustered
calibration would have less number of iterations (higher speed of convergence) compared to the
un-clustered one because it uses a higher SNR to calculate solutions.

From now on, we refer to clustered calibration given in (5.7)as “hard” clustered calibration.
Because, clustering of sources is a hard clustering scheme.This means every source belongs to
one and only one cluster. In the next section, we introduce soft clustered calibration which utilizes
fuzzy clustering methods to cluster sources in clustered calibration procedure.
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5.3 Soft Clustered Calibration

In hard clustered calibration presented in (5.7), sources are grouped into clusters with hard bound-
aries. For every cluster, calibration is performed to estimate a unique solution in the direction of
its centroid, using the total intensity of every source thatbelongs to it. Therefore, it is assumed that
the brightness of every individual source affects exactly one cluster. However, if a source is very
bright, its brightness affects almost all the field of view. Thus, since its intensity is used by hard
clustered calibration only in the cluster that it belongs to, and not in any other clusters, the size of
the cluster must be very large. That means that we must consider, and solve for, a single solution
on a large part of the sky (the area of that large cluster), which harms the accuracy of calibration.
The sky can actually vary even on very small scales. On the other hand, even the weak signal of a
very faint source can affect more than the limited area of a small single cluster. To deal with these
issues in the clustered calibration technique, the most efficient way is to execute the calibration
on source clusters with soft boundaries; where a source can belong to more than one cluster. For
this purpose, we apply fuzzy clustering techniques (Bezdek, 1981) to assign a source to different
clusters via different membership degrees. We name the clustered calibration method via fuzzy
clustering of sources as “soft clustered calibration”. It is formulated as follows:

Consider a fuzzy clustering of theK sourcesx1, . . . , xK into Q clustersL1, . . . , LQ. Also
assume thatuil is the degrees of membership that the sourcexl belongs to the clusterLi,

Q∑

i=1

uil = 1, for l = 1, . . . ,K, (5.8)

0 ≤ uil ≤ 1, for i = 1, . . . , Q, andl = 1, . . . ,K. (5.9)

The model used to determine the exact values ofuil will be explained in section 5.4. We introduce
the soft clustered calibration data model as,

y =

Q∑

i=1




J̃∗
2i ⊗ J̃1ivec(

∑K
l=1 uilCl{12})

...
J̃∗
Ni ⊗ J̃(N−1)ivec(

∑K
l=1 uilCl{(N−1)N})


+ n. (5.10)

Thus, both hard (5.7) and soft (5.10) clustered calibrations estimate Jones matrices ofQ direc-
tions (Q clusters’ centroids). The only difference between them is that, for a given clusterLi, the
hard clustered calibration solves for a brightness intensity equal to the total of all the intensities
of sources inLi,

∑
xl∈Li

Cl, while the soft clustered calibration solves for the brightness contri-

bution of every source of the sky model inLi,
∑K

l=1 uilCl. Table 1 shows this difference from
another point of view. Table 1 presents the contribution of agiven sourcexl in visibilities of a
given baselinep−q for the un-clustered, hard clustered, and soft clustered calibration data models
(5.5), (5.7), and (5.10), respectively. As we can see in Table 1, for un-clustered and hard clustered
calibrations, the signal of the sourcexl is considered to be corrupted by the Jones matrices of a
single direction, which is the direction of the sourcesxl, and of the clusterLi, respectively. How-
ever, in soft clustered calibration, the corruptions are assumed to be a linear combination of the
Jones matrices of all theQ clusters. This is more practical than the two alternative cases, because
the errors mostly vary smoothly as a function of angular position of sources. Therefore, among
the three methods, for calibrating below the noise level, a better performance in the sense of the
speed of convergence is expected from soft clustered calibration. The reasons for such a claim are:
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Table 1

calibration contribution of the sourcexl in
method visibilities of the baselinep− q

un-clustered [J∗
ql ⊗ Jpl]vecCl{pq}

Hard clustered,xl ∈ Li [J̃∗
qi ⊗ J̃pi]vecCl{pq}

Soft clustered [
∑Q

i=1 uilJ̃
∗
qi ⊗ J̃pi]vecCl{pq}

Table 5.1: This table presents the contribution of a given sourcexl in the visibilities of a given baseline
p− q for the un-clustered, hard clustered, and soft clustered calibration data models (5.5), (5.7), and (5.10),
respectively. As we can see, for un-clustered and hard clustered calibrations, the signal of the sourcexl is
considered to be corrupted by the Jones matrices of a single direction, which is the direction of the sources
xl, and of the clusterLi, respectively. However, in soft clustered calibration, the corruptions are assumed to
be a linear combination of the Jones matrices of all theQ clusters.

(i) it calibrates for a few number of source clusters with strong signal powers rather than a large
number of individual sources with weak signals, (ii) it can preserve the effect of every source in
the whole field of view using the fuzzy membership degrees.

5.4 Weighted Fuzzy Clustering of radio sources

In this section, we design the optimumQ fuzzy clusters for theK sources in our sky model such
that the centroids of the clusters are inclined towards the strongest signals. The reason of such a
design is to get the most out of the high information carried by the signals of the brightest sources
for providing the highest accuracy of calibration. Thus, wesearch for a fuzzy clustering of radio
sources which takes into account their angular positions inthe sky, as well as their intensities. For
this purpose, we utilized the weighted fuzzy clustering scheme presented by Wan et al. (2008), and
we defined the weights based on source intensities. This led to minimizing the objective function,

f =

Q∑

i=1

K∑

l=1

wl(uil)
m(dil)

2. (5.11)

wherewl is the weight associated to the sourcexl as

wl ≡
Intensity ofxl

Minimum intensity of all the sources
, (5.12)

componentm > 1, anddil is the angular separation between the source and the centroid of the
clusterLi. The angular separation between two equatorial coordinates (αa, δa) and(αb, δb), in
radians, is obtained by

tan−1

√
cos2δbsin2∆α+ [cosδasinδb − sinδacosδbcos∆α]2

sinδasinδb + cosδacosδbcos∆α
,

where∆α = αb − αa.
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Based on Wan et al. (2008), the membership degrees and the centroid of everyi-th cluster,
denoted asci, can be iteratively updated as,

uil =
1

∑K
j=1(

dil

djl
)2/(m−1)

,

ci =

∑K
l=1 wl(uil)

mxl∑K
l=1 wl(uil)m

,

until the objective functionf in (5.11) is minimized, or is below a certain value. Note thatthe
componentm defines the level of fuzziness of the clustering. Whenm ≃ 1, the membership
degrees become either one or zero. That means, fuzzy clustering becomes hard clustering in which
every source belongs to only one cluster. By increasingm, the membership degrees converge
to the uniform distribution. In such a case, every source belong to all the clusters with equal
membership degrees and the centroid of the clusters become the same. Thus, the sky corruption
will be considered to be uniform for all the field of view. To understand this better, we present an
illustrative example as follows:

We apply fuzzy clustering using differentms to cluster seven sources into two clusters. The
source positions have aU(0, π) distribution and the brightness intensities are chosen between one
and five Jansky (Jy). The plots of the obtained membership degrees form = 1.01, 3, 6, and10
as well as relative intensities of the sources are shown by Fig. 5.1. As we see in Fig. 5.1, when
m = 1.01, the fuzzy clustering becomes hard clustering and the memberships are either zero or
one. In this case, the regions below the plots of the membership degrees are disjoint which means
the clusters have hard boundaries. Form = 3, the plots of the membership degrees become more
smooth and the regions below the plots overlap. That shows that the membership degrees are no
more just zero and one. However, still we see that for some sources the membership degrees are
significantly higher than the others. Thus, their distribution is not uniform yet. As we increase
m to 6, the plots become even more smooth and the overlap of the region below them increases.
Finally, in the case ofm = 10, the membership plots are almost horizontal lines. Hence, Fuzzy
clustering shows its extreme case where the membership degrees follow a uniform distribution.

The soft clustered calibration method with the data model of(5.10) can be carried out in two
different ways:

(i) First we apply a weighted fuzzy clustering to calculate the membership degrees. Then, we
run calibration techniques (Kazemi et al., 2012) on (5.10) to solve forQN Jones matricesJpi,
1 ≤ p ≤ N, 1 ≤ i ≤ Q, using the known memberships.

(ii) We use constrained non-linear optimization algorithms (Conn et al., 1997) to simultane-
ously solve forQN number of Jones matricesJpi, plus forQK number of membership degrees
uil, 1 ≤ i ≤ Q, 1 ≤ l ≤ K, in (5.10), satisfying the constrains of (5.8), and (5.9).

This chapter follows the first approach, when the weighted fuzzy clustering presented in sec-
tion 5.4 is initially executed to obtain the membership degrees. Solving for too many number of
unknowns, as well as satisfying some additional constrainsin approach (ii), could significantly
increase the computational expenses. However, unlike approach (i), this approach has the advan-
tage of calculating the optimal membership degrees, which provide us with the best accuracy of
the calibration, during the calibration procedure itself.Finding a proper solution for minimizing
the computational expenses of approach (ii) is addressed infuture work.
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Figure 5.1: Membership degrees obtained by clustering seven point sources into two clusters. The vertical
lines in the plot present relative brightness intensities of sources in Jy. The horizontal lines show the mem-
bership degrees obtained by soft clustering for four scenarios: m = 1.01, 3, 6, and10. Whenm = 1.01,
the fuzzy clustering becomes hard clustering and the memberships are either zero or one. In this case, the re-
gions below the plots of the membership degrees are disjointwhich means the clusters have hard boundaries.
Form = 3, the plots of membership degrees become more smooth and the regions below the plots overlap.
That shows that the membership degrees are no more just zero and one. However, still we see that for some
sources the membership degrees are significantly higher than the others. Thus, their distribution is not uni-
form yet. As we increasem to 6, the plots become even more smooth and the overlap of the region below
them increases. Finally, In the case ofm = 10, the membership plots are almost horizontal lines. Hence,
Fuzzy clustering shows its case extreme where the membership degrees follow a uniform distribution.
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5.5 Simulation studies

In this section, we use simulations to test the performance and convergence rate of soft clustered
calibration and compare then to that of the hard clustered one. We show that when the brightness
distribution of sources in the sky is a power law with a steep slope, which is mostly the case in real
nature, the performance of soft clustered calibration compared to hard one is significantly better.
For such skies, since there are a few number of very bright sources, whose signals are considerably
stronger than the others, and a large number of very faint sources, the intensity of sources could
be dramatically mixed by each other. Thus, there is a need forapplying soft clustered calibration,
rather than hard one, to deal with those effects. A Monte Carlo experiment shows that this correct
in an even more general framework.

5.5.1 WSRT Simulation

We simulate a sky of fifty two point sources which are obtainedby modified Jelić et al. (2008)
foreground model. The brightness distribution of the pointsources follows the source count func-
tion obtained at 151 MHz (Willott et al., 2001), while the angular clustering of the sources are
characterized by a typical two-point correlation function,

ρ(d) = Ad−0.8. (5.13)

In (5.13),ρ is the two point correlation function,d is the angular separation, andA is the normali-
sation amplitude ofρ. The flux cut off is 0.1 Jy and the simulated image is shown by Fig. 5.2-(a).
We proceed to add gain errors, multiplying source coherencies by the Jones matrices, as it is
shown in (5.3), to our simulation. The amplitude and phase ofthe Jones matrices’ elements are
generated using linear combinations ofsineandcosinefunctions, such that their amplitudes and
phases haveU(0.7, 0.9) andU(0.003, 0.004) distributions, respectively. We aim at simulating a
sky with almost uniform variations on small angular scales.In other words, we provide very sim-
ilar Jones matrices for sources with small angular separations. This way our simulation mimics
the actual measurement better, hence, justifies the use of clustered calibration. To accomplish this
goal, for every antenna, we first choose a single direction asa reference and simulate its Jones
matrix as it is explained before. Then, for the remaining fifty one sources, at that antenna, the
Jones matrices (amplitude and phase terms) are that initialJones matrix multiplied by the inverse
of their corresponding angular distances from that reference direction. We multiply the signals
with these gain errors. At the end, zero mean Gaussian noise with a variance of 3 mJy is added
to the simulated data. The result is shown in Fig. 5.2-(b). Aswe can see, in Fig. 5.2-(b), we
have only a small number of sources which are significantly brighter than the others. Moreover,
all of them are gathered in the right side of the image, ratherthan being uniformly distributed in
the field of view. Therefore, their brightness intensities highly affect the fainter sources, specially
the ones on the right side of the image. This paves the path to illustrate the advantage of using
fuzzy clustered calibration for obtaining a higher convergence rate compared to hard clustered
calibration.

We apply fuzzy clustered calibration, on20 s time intervals, usingQ = 7 clusters, and for
m = 1.05, 1.5, 2, 2.5, 3, 3.5, 4. The calibration technique used is the SAGE algorithm with nine
iterations. In this simulation case, whenm = 1.05, fuzzy clustering becomes hard clustering. As
we can see from the obtained residual noise levels shown in Fig. 5.3, shifting from hard clustered
calibration,m = 1.05, to soft clustered calibration, the results get better until the minimum noise
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(a) (b)

Figure 5.2: Simulated observation of fifty two sources which are obtained by modified Jelić et al. (2008)
foreground model (a). The signals are convolved with gain error, as linear combinations ofsin and cos
functions, and a zero mean Gaussian noise with a variance of 3mJy is also added (b). The size of images is
8 by 8 degrees

level is achieved atm = 2.5. After that, the noise level gets higher. Form = 3, it is still lower
than the one of hard clustered calibration. But, form = 3.5 andm = 4, it is the oposite and hard
clustered calibration performs better than soft one. Thus,the best result of clustered calibration is
obtained by fuzzy clustered calibration withm = 2.5. Note that we have achieved almost the same
level of accuracy by hard clustered calibration forQ = 27 number of clusters in Kazemi et al.
(2013b) (chapter 4). However, the computational cost of calibrating for twenty seven clusters is
much more expensive than for seven clusters. Therefore, themain goal of applying fuzzy clustered
calibration, instead of hard one, is to improve the speed of convergence while at the same time
achieving a better accuracy.

The residual images obtained form = 1.05, andm = 2.5 are shown in Fig. 5.4-(a), and
Fig. 5.4-(b), respectively. In Fig. 5.4-(a), there are stripes of over and under estimations, due
to problematic performance of hard clustered calibration,which is improved by 27 clusters in
Kazemi et al. (2013b) (chapter 4). However, in Fig. 5.4-(b),soft clustered calibration withm =
2.5 could perfectly remove all the faint sources. Moreover, it has also generated much less affects
after subtracting the brightest sources in the right side ofthe field of view.

The results of fuzzy clustering of the sources form = 1.05, 2.5, andm = 4 are presented
in Figs. 5.5-5.6, respectively. The marker sizes are proportional to sources intensities, and the
centroids of clusters are denoted by numbered-filled circles. Form = 1.05, where fuzzy clustering
becomes hard clustering, we used different markers, as in Fig. 5.5, to distinguish between the
members of different clusters. In Fig. 5.5, every source belongs to exactly one cluster, and hence,
the performance of the clustered calibration utilizing those clusters is not the best possible.

As we have seen in the results of Fig. 5.3, the lowest residualnoise level is obtained by fuzzy
clusters generated withm = 2.5. The centroids of these clusters are shown in Fig. 5.6. Sincethe
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Figure 5.3: The standard deviation of the residual noise (mJy) for soft clustered calibration withm =
1.05, 1.5, 2, 2.5, 3, 3.5, 4. Whenm = 1.05, fuzzy clustering is a hard clustering. Shifting from hard
clustered calibration,m = 1.05, to the soft clustered calibration, the results get better until the minimum
noise level which is achieved bym = 2.5. After that, the get higher and form = 3.5 andm = 4 it is
even worse than the hard clustered calibration’s performance. Thus, the optimal result is obtained by fuzzy
clustered calibration withm = 2.5.
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Figure 5.4: The residual images of hard clustered calibration (a) and soft clustered calibration with m=2.5
(b). Calibration is implemented by SAGE algorithm with ninenumber of iterations and on twenty seconds
time intervals. There are strips of over and under estimations due to problematic performance of hard clus-
tered calibration in (a). However, soft clustered calibration with m = 2.5 in (b) could perfectly remove all
the faint sources. On top of that, it has generated much less artificial effects after subtracting for the brightest
sources in the right side of the field of view.
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Figure 5.5: Fifty two point sources are clustered into seven source clusters by the weighted fuzzy clustering
technique presented in section 5.4. The componentm = 1.05 is used. Consequently, the membership
degrees obtained are only zero and one. Thus, the fuzzy clustering in this limits is in fact the same as the
hard clustering. Different markers are used for distinguishing between the members of different clusters.
The centroids of clusters are denoted by numbered-filled circles.
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Figure 5.6: Fifty two point sources are clustered into seven source clusters by fuzzy clustering of section 5.4.
The componentm = 2.5 is used by which the best performance of fuzzy clustered calibration is obtained.
The marker sizes are proportional to sources intensities. The centroids of the clusters are uniformly scattered
in the field of view, and are covering whole the sky.

sources belong to different clusters according to some membership degree, we have plotted all of
them using the same marker. In Fig. 5.6, the centroids of the clusters are uniformly scattered in
the field of view, and are covering the whole sky. Applying fuzzy clustered calibration, we solve
for the directions of these centroids, and at the end, errorsare estimated as linear combinations of
the obtained solutions. Having proper membership degrees,which are partly shown in Table 5.2,
achieving the best accuracy of calibration is guaranteed.

In Table 5.2, membership degrees generated by the weighted fuzzy clustering withm = 2.5
are given for fifteen randomly chosen sources. As we can see, most of the sources belong with a
degree of membership greater than50% to one cluster. That means every source belongs with a
large membership degrees to the cluster whose centroid is the closet to it, and with a very small
ones to the other farther clusters. This is the most reasonable clustering senario. The worst clus-
tering senario is when every source belongs to all clusters with equal membership degrees. That
happened for the case ofm = 4, as it can be seen in Table 5.3. In Table 5.3, the membership
degrees generated by fuzzy clustering withm = 4 are shown for the fifteen sources. The mem-
berships follow a uniform distribution. This means that thebrightness of every source affects all
the sky at the same level. This is not realistic for an8 degrees field of view. That is why the per-
formance of clustered calibration using such fuzzy source clusters is not good. As an immediate
result of considering such membership degrees, as presented in Table 5.3, the centroids of clusters
are inclined towards the phase center of the observation. This can be seen in Fig. 5.7, where the
result of fuzzy clustering of sources form = 4 is plotted. The centroids of the clusters are focused
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Table 2

Source Cluster
Number 1 2 3 4 5 6 7

1 0.0702 0.0993 0.0540 0.0598 0.0327 0.57330.1106
2 0.0270 0.0307 0.0214 0.0195 0.0144 0.84930.0377
3 0.1564 0.2695 0.0547 0.1076 0.0542 0.2419 0.1156
4 0.0073 0.0142 0.7780 0.0231 0.0045 0.0182 0.1547
5 0.0006 0.0012 0.9808 0.0018 0.0004 0.0019 0.0133
6 0.0044 0.0077 0.9023 0.0109 0.0029 0.0128 0.0591
7 0.0003 0.0006 0.0029 0.0009 0.0001 0.0007 0.9946
8 0.0007 0.0016 0.0070 0.0025 0.0004 0.0018 0.9860
9 0.1922 0.3177 0.0470 0.2181 0.0948 0.0590 0.0712
10 0.0361 0.0081 0.0022 0.0042 0.94080.0055 0.0031
11 0.0035 0.0007 0.0002 0.0004 0.99450.0005 0.0003
12 0.0397 0.0088 0.0024 0.0045 0.93510.0060 0.0034
13 0.0045 0.0010 0.0003 0.0005 0.99260.0007 0.0004
14 0.0002 0.0011 0.0002 0.9979 0.0001 0.0002 0.0004
15 0.0002 0.0009 0.0002 0.9983 0.0001 0.0001 0.0003

Table 5.2: Membership degrees generated by fuzzy clustering ofK = 52 sources in toQ = 7 clusters, for
m = 2.5. The largest membership degree of every source is underlined. Most of the sources belong with a
membership bigger than.5 to one cluster. That means every source more belongs with a large membership
degrees to the cluster whose centroid is the closet to it, andwith a very small ones to the other farther clusters.
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Table 3

Source Cluster
Number 1 2 3 4 5 6 7

1 0.1207 0.1160 0.0958 0.1186 0.1215 0.1263 0.3011
2 0.1312 0.1274 0.1106 0.1302 0.1358 0.1437 0.2212
3 0.1623 0.1518 0.1280 0.1296 0.1148 0.1094 0.2040
4 0.1320 0.1329 0.1208 0.1490 0.1647 0.16960.1311
5 0.1308 0.1315 0.1188 0.1475 0.1650 0.17290.1335
6 0.1320 0.1324 0.1207 0.1467 0.1622 0.17000.1360
7 0.1209 0.1221 0.1035 0.1505 0.1877 0.19630.1189
8 0.1217 0.1230 0.1043 0.1520 0.1879 0.19300.1181
9 0.1506 0.1517 0.1712 0.1407 0.1305 0.1248 0.1305
10 0.1487 0.1475 0.1549 0.1380 0.1320 0.1298 0.1491
11 0.1487 0.1472 0.1540 0.1377 0.1318 0.1298 0.1508
12 0.1488 0.1475 0.1551 0.1380 0.1319 0.1298 0.1490
13 0.1485 0.1472 0.1539 0.1379 0.1321 0.1302 0.1502
14 0.1513 0.1566 0.1682 0.1520 0.1351 0.1230 0.1137
15 0.1513 0.1566 0.1681 0.1521 0.1351 0.1230 0.1137

Table 5.3: Membership degrees generated by fuzzy clustering withm = 4, for the fifteen chosen sources.
The largest membership degree of every source is underlined. Each source belongs to all the cluster with
equal membership degrees. This means that the brightness ofevery source affects all the sky at the same
level, which is not realistic. Thus, the performance of fuzzy clustered calibration using such membership
degrees is not expected to be good.
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Figure 5.7: The result of fuzzy clustering of sources form = 4. The centroids of the clusters are focused
around the strong sources in the field of view. Thus, applyingthese clusters to clustered calibration, we solve
for almost only one direction in the sky, towards the area from wich the strongest signals are emitted. That
is the reason of the bad performance of soft clustered calibration in the plot of Fig. 5.3

around the strong sources in the field of view. Thus, clustered calibration via those fuzzy clusters
in fact solves for a single direction, towards the strongestsources. That is why the performance
of such a calibration is the worst, as it is shown in the plot ofFig. 5.3.

Comparing Fig. 5.8 and Fig. 5.9, we can see the difference between the results of fuzzy
clustering form = 2.5 andm = 4 from anther point of view. Fig. 5.8 and Fig. 5.9 show
the contour plots of membership degrees for six fuzzy clusters (out of the total seven generated
clusters) in six sub-plots, form = 2.5 andm = 4, respectively. The plots show how the fuzzy
membership degrees are scattered in the field of view. In Fig.5.8, we see that at the centroids of
the clusters, which were plotted in Fig. 5.6, contour lines are very close to each other. This shows
a steep slope of membership values around the centroids. Thecontour labels have a maximum
between 0.7 and 0.9, occurring at the centroids. Getting farfrom the centroids, contour lines
become far apart, till they make a huge flat area with the minimum of membership degrees, which
is 0.1. Thus, sources close to centroids have a large membership degrees (between 0.7 and 0.9),
and the ones farther, have very small ones. This is similar tohard clustering. However, in the plots
of Fig. 5.9, which are for the case of fuzzy clustering withm = 4, contour lines are scattered
almost all over the field of view. The reason is because, as it is shown in Fig. 5.7, the centroid
of fuzzy cluster generated form = 4 are very close to each other and are focused around the
strongest sources in the sky. That is the reason of having toomany circles which are far apart
from each other at every plot of Fig. 5.9. On top of that, the contour labels in Fig. 5.9 have a
maximum between 0.1 and 0.2. This shows every cluster coversa large part of the field of view
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with almost uniform membership degrees. This is quite different from hard clustering.

5.5.2 Monte Carlo simulation

As the last part of this section, we present a Monte Carlo simulation to demonstrate the faster speed
of convergence of soft clustered calibration compared to that of the hard clustered one, in a more
general framework. Ten simulations are made, just as the oneproduced at the beginning of this
section with different errors. For all of them, the standarddeviation of the obtained residual noise
for soft clustered calibration, withm = 1.05, 1.5, 2, 2.5, 3, 3.5, 4, are calculated. Bear in mind
that form = 1.05 fuzzy clustering becomes hard clustering. The averaged standard deviation is
shown in Fig. 5.10. As we can see in Fig. 5.10, shifting from hard clustered calibration,m = 1.05,
to soft one, the results get better. The minimum noise level is obtained for soft clustered calibration
with m = 2. After that, the noise level gets higher, and form = 3, 3.5, and4, it is even higher
than the one of hard clustered calibration. Thus, the best result is obtained by fuzzy clustered
calibration withm = 2. This means, soft clustered calibration can achieve a higher convergence
rate compared to hard clustered calibration. Note that thisdoes not mean that hard clustered
calibration can not provide the same level of accuracy in itssolutions. It is possible that one
obtains the same accuracy as the one obtained via soft clustered calibration withm = 2 by hard
clustered calibrations with a larger number of clusters,Q ≫ 7. The superiority of soft clustered
calibration compared to hard clustered calibration is onlyin achieving this accuracy with a less
computational cost.

5.6 Conclusions

We have introduced soft clustered calibration for calibrating radio interferometric data towards the
sensitivity limit. The method applies fuzzy clustering in order to design source clusters with soft
boundaries. Then, it runs directional calibration to solvealong the centroids of these clusters. The
coherency of every cluster is defined as the sum of coherency of the sources of the cluster, where
they are multiplied by the membership degrees with which their corresponding source belongs to
that cluster. Using such coherencies in the calibration procedure, the brightness of every individual
source can be contributed to more than one cluster. The levelof this contribution is defined by
some membership degrees. As an immediate result, in soft clustered calibration, every source
signal is considered to be corrupted by a linear combinationof the sky errors (Jones matrices) of
all the clusters. This is where in the hard clustered calibration, which runs calibration on clusters
with hard boundaries, the solution of every source is only the one obtained for the centroid of the
cluster that the source belongs to. This provides soft clustered calibration with a faster speed of
convergence compared to hard one, specially when the brightness distribution of sources yields
from uniform to power law distribution. Simulated observations proved our claim.
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Figure 5.8: The contour plots of membership degrees for six fuzzy clusters (out of the total seven generated
fuzzy clusters), whenm = 2.5. The plots show how the fuzzy membership degrees are scattered in the field
of view. There are contour lines close together at the centroids of the clusters, which are plotted in Fig. 5.6.
This shows a steep slope of membership values around the centroids. The contour labels have a maximum
between 0.7 and 0.9, occurring at the centroids. Getting farfrom the centroids, contour lines become far
apart, till they make a huge flat area with the minimum membership degrees, which is 0.1. Thus, sources
close to centroids have a large membership degrees (between0.7 and 0.9), and the ones farther, have very
small ones. This is close to hard clustering.
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Figure 5.9: The contour plots of membership degrees for six fuzzy clusters (out of the total seven generated
fuzzy clusters), whenm = 4. As it is shown in Fig. 5.7, the centroid of fuzzy cluster generated form = 4
are very close to each other and are focused at the phase center. Consequently, there are contour lines in the
above plots are scattered almost all over the field of view. Atevery plot, there are too many closed circles far
apart from each other. On top of that, the contour labels havea maximum between 0.1 and 0.2. This shows
every cluster covers a large part of the field of view with almost uniform membership degrees. This is quite
far from hard clustering.
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Figure 5.10: The averaged standard deviation of the residual noise of tensimulations, obtained by soft
clustered calibration form = 1.05, 1.5, 2, 2.5, 3, 3.5, 4. Whenm = 1.05, fuzzy clustering is in fact
hard clustering. Shifting from hard clustered calibration, m = 1.05, to soft clustered calibration, the results
get better. The minimum noise level is obtained for soft clustered calibration withm = 2. After that,
the noise level gets higher, and form = 3, 3.5, and4, it is even higher than the one of hard clustered
calibration. Thus, the best result is obtained by fuzzy clustered calibration withm = 2. Therefore, applying
clustered calibration to cases in which the brightness distribution of sources is a power law, the hard clustered
calibration achieves a higher convergence rate compared tohard one.



Chapter 6

Robust Radio Interferometric
Calibration Using the t-Distribution

“Robust Radio Interferometric Calibration Using the t-
Distribution”
Kazemi S., Yatawatta S., 2013, MNRAS, 435, 597

ABSTRACT
A major stage of radio interferometric data processing is calibration or the estimation
of systematic errors in the data and the correction for such errors. A stochastic error
(noise) model is assumed, and in most cases, this underlyingmodel is assumed to be
Gaussian. However, outliers in the data due to interferenceor due to errors in the sky
model would have adverse effects on processing based on a Gaussian noise model.
Most of the shortcomings of calibration such as the loss in flux or coherence, and the
appearance of spurious sources, could be attributed to the deviations of the underlying
noise model. In this chapter, we propose to improve the robustness of calibration by
using a noise model based on Student’s t distribution. Student’s t noise is a special
case of Gaussian noise when the variance is unknown. Unlike Gaussian noise model
based calibration, traditional least squares minimization would not directly extend to
a case when we have a Student’s t noise model. Therefore, we use a variant of the
Expectation Maximization (EM) algorithm, called the Expectation-Conditional Max-
imization Either (ECME) algorithm when we have a Student’s tnoise model and use
the Levenberg-Marquardt algorithm in the maximization step. We give simulation
results to show the robustness of the proposed calibration method as opposed to tra-
ditional Gaussian noise model based calibration, especially in preserving the flux of
weaker sources that are not included in the calibration model.
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6.1 Introduction

Radio interferometry gives an enhanced view of the sky, withincreased sensitivity and higher
resolution. There is a trend towards using phased arrays as the building blocks of radio telescopes
(LOFAR 1, SKA 2) as opposed to traditional dish based interferometers. In order to reach the true
potential of such telescopes, calibration is essential. Calibration refers to estimation of systematic
errors introduced by the instrument (such as the beam shape and receiver gain) and also by the
propagation path (such as the ionosphere), and correction for such errors, before any imaging
is done. Conventionally, calibration is done by observing aknown celestial object (called the
external calibrator), in addition to the part of the sky being observed. This is improved by self-
calibration (Cornwell & Wilkinson, 1981), which is essentially using the observed sky itself for
the calibration. Therefore, self calibration entails consideration of both the sky as well as the
instrument as unknowns. By iteratively refining the sky and the instrument model, the quality of
the calibration is improved by orders of magnitude in comparison to using an external calibrator.

From a signal processing perspective, calibration is essentially the Maximum Likelihood (ML)
estimation of the instrument and sky parameters. An in depthoverview of existing calibration
techniques from an estimation perspective can be found in e.g. Boonstra & van der Veen (2003);
van der Veen et al. (2004); van der Tol et al. (2007) and Kazemiet al. (2011) (chapter 2). All such
calibration techniques are based on a Gaussian noise model and the ML estimate is obtained by
minimizing the least squares cost function using a nonlinear optimization technique such as the
Levenberg-Marquardt (Levenberg, 1944; Marquardt, 1963) (LM) algorithm. Despite the obvious
advantages of self-calibration, there are also some limitations. For instance, Cornwell & Fomalont
(1999) give a detailed overview of the practical problems inself-calibration, in particular due to
errors in the initial sky model. It is well known that the sources not included in the sky model
have lower flux (or loss of coherence) and Martı́-Vidal et al.(2010) is a recent study on this topic.
Moreover, under certain situations, fake or spurious sources could appear due to calibration as
studied by Martı́-Vidal & Marcaide (2008).

In this chapter, we propose to improve the robustness of calibration by assuming a Student’s
t (Gosset, 1908) noise model instead of a Gaussian noise model. One of the earliest attempts in
deviating from a Gaussian noise model based calibration canbe found in Schwab (1982), where
instead of minimizing a least squares cost function, anl1 norm minimization was considered.
Minimizing the l1 norm is equivalent to having a noise model which has a Laplacian distribution
(Aravkin et al., 2012). The motivation for Schwab (1982) to deviate from the Gaussian noise
model was the ever present outliers in the radio interferometric data.

In a typical radio interferometric observation, there is a multitude of causes for outliers in the
data:

• Radio frequency interference caused by man made radio signals is a persistent cause of
outliers in the data. However, data affected by such interference is removed before any
calibration is performed by flagging (e.g. Offringa et al. (2010b)). But there might be faint
interference still present in the data, even after flagging.

• The initial sky model used in self calibration is almost always different from the true sky that
is observed. Such model errors also create outliers in the data. This is especially significant
when we observe a part of the sky that has sources with complicated, extended structure.

1The Low Frequency Array
2The Square Kilometre Array
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Moreover, during calibration, only the brightest sources are normally included in the sky
model and the weaker sources act together to create outliers.

• During day time observations, the Sun could act as a source ofinterference, especially
during high solar activity. In addition the Galactic plane also affects the signals on short
baselines.

• An interferometer made of phased arrays will have sidelobesthat change with time and
frequency. It is possible that a strong celestial source, far away from the part of the sky
being observed, will pass through such a sidelobe. This willalso create outliers in the data.

To summarize, model errors of the sky as well as the instrument will create outliers in the data and
in some situations calibration based on a Gaussian noise model will fail to perform satisfactorily.
In this chapter, we consider the specific problem of the effect of unmodeled sources in the sky
during calibration. We consider ’robustness’ to be the preservation of the fluxes of the unmodeled
sources. Therefore, our prime focus is to minimize the loss of flux or coherence of unmodeled
sources and our previous work (Yatawatta et al., 2012) have measured robustness in terms of the
quality of calibration.

Robust data modeling using Student’s t distribution has been applied in many diverse areas of
research and Lange et al. (1989); Bartkowiak (2007) and Aravkin et al. (2012) are few such exam-
ples. However, the traditional least squares minimizationis not directly applicable when we have
a non-Gaussian noise model, and we apply the Expectation Maximization (EM) (Dempster et al.,
1977) algorithm to convert calibration into an iterativelyre-weighted least squares minimization
problem, as proposed by Lange et al. (1989). In fact, we use anextension of the EM algorithm
called the Expectation-Conditional Maximization Either (ECME) algorithm (Liu & Rubin, 1995)
to convert calibration to a tractable minimization problem. However, we emphasize that we do
not force a non-Gaussian noise model onto the data. In the case if there are no outliers and the
noise is actually Gaussian, our algorithms would work as traditional calibration would.

The rest of the chapter is organized as follows: In section 6.2, we give an overview of ra-
dio interferometric calibration. We consider the effect ofunmodeled sources in the sky during
calibration in section 6.3. Next, in section 6.4, we discussthe application of Student’s t noise
model in calibration. We also present the weighted LM routine used in calibration. In section
6.5, we present simulation results to show the superiority of the proposed calibration approach in
minimizing the loss in coherence and present conclusions insection 6.6.

Notation: Lower case bold letters refer to column vectors (e.g.y). Upper case bold letters
refer to matrices (e.g.C). Unless otherwise stated, all parameters are complex numbers. The
matrix inverse, transpose, Hermitian transpose, and conjugation are referred to as(.)−1, (.)T ,
(.)H , (.)⋆, respectively. The matrix Kronecker product is given by⊗. The statistical expectation
operator is given asE{.}. The vectorized representation of a matrix is given byvec(.). Thei-th
diagonal element of matrixA is given byAii. Thei-th element of a vectory is given byyi. The
identity matrix is given byI. Estimated parameters are denoted by a hat,(̂.). All logarithms are to
the basee, unless stated otherwise. Thel2 norm is given by‖.‖ and the infinity norm is given by
‖.‖∞. A random variableX that has a distributionP is denoted byX ∼ P .
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6.2 Data Model

We give a brief overview of radio interferometry in this section. For more information about
radio interferometry, the reader is referred to Thompson etal. (2001), and Hamaker et al. (1996)
for the data model in particular. We consider the radio frequency sky to be composed of discrete
sources, far away from the earth such that the approaching radiation from each one of them appears
to be plane waves. We decompose the contribution from thei-th source into two orthogonal
polarizationsui = [uxi uyi]

T . The interferometric array consists ofR receiving elements with
dual polarized feeds. At thep-th station, this plane wave causes an induced voltage, which is
dependent on the beam attenuation as well as the radio frequency receiver chain attenuation. The
induced voltages at thex andy polarization feeds,̃vpi = [vxpi vypi]

T due to sourcei are given as

ṽpi = Jpiui. (6.1)

The2 by 2 Jones matrixJpi in (6.1) represents the effects of the propagation medium, the beam
shape and the receiver. If there areK known sources (that are in the sky model) andK ′ unknown
sources, the total signal will be a superposition ofK +K ′ such signals as in (6.1).

After correlating signals at thep-th receiver and theq-th receiver, with proper signal delay, the
correlated signal (named as thevisibilities), Vpq = E{vpv

H
q } is given by

Vpq =

K∑

i=1

JpiCpqiJ
H
qi +

K′∑

i′=1

Jpi′Cpqi′J
H
qi′ +Npq. (6.2)

In (6.2),Jpi andJqi are the Jones matrices describing errors along the direction of sourcei, at
stationp andq, respectively. The2 by 2 noise matrix is given asNpq. The contribution from
the i-th source on baselinepq is given by the2 by 2 matrix Cpqi. The noise matrixNpq is
assumed to have elements with zero mean, complex Gaussian entries with equal variance in real
and imaginary parts. Moreover, in (6.2), we have split the contribution from the sky into two parts:
K sources that are known to us andK ′ sources that are unknown. Generally, the bright sources
are always known but there are infinitely many faint sources that are too weak to be detected and
too numerous to be included in the sky model. Therefore, almost alwaysK ′ is much larger than
K.

During calibration, we only estimate the Jones matricesJpi for p ∈ [1, R] andi ∈ [1,K], in
other words, we estimate the errors along the known bright sources. Due to our ignorance of the
K ′ unknown sources, the effective noise during calibration becomes

N′
pq =

K′∑

i′=1

Jpi′Cpqi′J
H
qi′ +Npq (6.3)

and our assumption regarding the noise being complex circular Gaussian breaks down, depending
on the properties of the signals of the weak sources. The prime motivation of this chapter is to
address this problem of the possible non-Gaussianity of thenoise due to an error in the sky model.
A similar situation could arise even for calibration along one direction (or direction independent
calibration), whenK = 1, if there is an error in the source model, for instance in the shape of the
source.
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The vectorized form of (6.2),vpq = vec(Vpq) can be written as

vpq =

K∑

i=1

J⋆
qi ⊗ Jpivec(Cpqi) +

K′∑

i′=1

J⋆
qi′ ⊗ Jpi′vec(Cpqi′ ) + npq (6.4)

wherenpq = vec(Npq). Depending on the time and frequency interval within which calibration
solutions are obtained, we can stack up all cross correlations within that interval as

d = [real(vT
12) imag(vT

12) real(v
T
13) . . . . . . imag(vT

(R−1)R)]
T (6.5)

whered is a vector of sizeN = 4R(R − 1) of real data points. Thereafter, we can rewrite the
data model as

d =

K∑

i=1

si(θ) +

K′∑

i′=1

si′ + n (6.6)

whereθ is the real parameter vector (sizeM×1) that is estimated by calibration. The contribution
of the i-th known source on all data points is given bysi(θ) (sizeN × 1) and the unknown
contribution from thei′-th unknown source is given bysi′ (sizeN × 1). The noise vector based
on a Gaussian noise model is given byn (sizeN×1). The parametersθ are the elements ofJpi-s,
with real and imaginary parts considered separately.

The ML estimate ofθ under a zero mean, white Gaussian noise is obtained by minimizing the
least squares cost

θ̂ = arg min
θ

‖d−
K∑

i=1

si(θ)‖2 (6.7)

as done in current calibration approaches (Boonstra & van der Veen, 2003; van der Veen et al.,
2004; van der Tol et al., 2007; Kazemi et al., 2011). However,due to the unmodeled sources, the
effective noise is actually

n′ =
K′∑

i′=1

si′ + n (6.8)

even whenn is assumed to be Gaussian. Therefore, traditional calibration based on a least squares
cost minimization would not perform optimally. In order to improve this, we have to consider the
statistical properties of the effective noisen′ and we shall do that in the section 6.3.

6.3 Effect of unmodeled sources in calibration

In this section we study the effect of unmodeled sources onN′
pq in (6.3) whenNpq has elements

with zero mean, complex circular white Gaussian statistics. We only select one element from the
2 × 2 matrix (say at1-st row and column) for simplicity. Let us denote the baseline coordinates
asu, v, w in wavelengths (we omit thepq subscript for simplicity). We can rewrite (6.3) for just
one element as

zpq =

K′∑

i′=1

gpqi′Ipqi′ exp (−2π (uli′ + vmi′ + w(ni′ − 1))) + npq. (6.9)
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In (6.9), gpqi′ correspond to the corruptions along the directioni′ (contributions fromJpi′ and
Jqi′ ). The intensity of thei′-th source seen on baselinepq is given byIpqi′ . The direction cosines
of the i′-th source are given byli′ ,mi′ , ni′ . The Gaussian noise is given bynpq ∼ CN (0, ρ2).
We assume thatgpqi′ , Ipqi′ , li′ ,mi′ , ni′ andnpq are statistically independent from each other.
Moreover, the sources are assumed to be uniformly distributed in a field of view defined by−l ≤
li′ ≤ l and−m ≤ mi′ ≤ m and that(ni′ − 1) ≈ 0, where the center is at zero. The sources
outside this area in the sky have almost no contribution to the signal due to the fact that the values
of |gpqi′ | are very small, mainly due to attenuation by the beam shape.

With the above assumptions, we see that

E{zpq} =
K′∑

i′=1

E{gpqi′}E{Ipqi′}sinc
(
2πul

)
sinc (2πvm) + E{npq} (6.10)

which is almost zero if|u| > 1
2l

and|v| > 1
2m . Therefore, we make the following assumptions

applicable to long baselines:

• The mean of the effective noise is almost equal to the mean of noise,E{zpq} → E{npq} =
0.

• The variance of effective noise is greater than the varianceof noise,E{|zpq|2} > E{|npq|2}.

Let us briefly consider the implications of (6.10) above. First, the field of view is2l × 2m in
the sky. Now, consider the longest baseline length or the maximum value of

√
u2 + v2 to beu.

Therefore, the image resolution will be about1/u and consider the field of view to be of width
2l ≈ P × 1/u. In other words, the field of view isP image pixels when the pixel width is1/u.
Now, in order forE{zpq} ≈ 0 in (6.10), we need|u| > 1

2l
, or |u| > u/P (and a similar expression

can be derived for|v|). This means that for baselines that are at least1/P times the maximum
baseline length, we can assumeE{zpq} ≈ 0.

To illustrate the above discussion, we give a numerical example considering the LOFAR high-
band array at 150 MHz. The point spread function (1/u) at this frequency is about6′′ and the
field of view is about 10 degrees in diameter. Therefore,P ≈ 10× 3600/6 = 6000. The longest
baselines is about 80 km and for all baselines that are greater than80/6 = 13 m, the assumptions
made above more or less hold.

To summarize the discussion in this section, we claim that

E{
K′∑

i′=1

si′} → 0 (6.11)

in (6.8) and therefore,E{n′} → E{n}. However, the covariance ofn′ is different than the
covariance ofn and in general, the effective noise is not necessarily Gaussian anymore.

6.3.1 SAGE algorithm with unmodeled sources

In our previous work Kazemi et al. (2011) (chapter 2), we havepresented the Space Alternating
Generalized Expectation Maximization (SAGE) (Fessler & Hero, 1994) algorithm as an efficient
and accurate method to solve (6.7), when the noise model is Gaussian. However, when there are
unmodeled sources, as we have seen in this section, the noisemodel is not necessarily Gaussian.
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The SAGE Expectation step is finding the conditional mean of thek-th signal,

xk = sk(θ) + n′ = sk(θ) +

K′∑

i′=1

si′ + n (6.12)

wherexk is the hidden data. Using this, we can rewrite the observed datad as

d = xk +

K∑

i=1,i6=k

si(θ). (6.13)

The conditional mean ofxk givend, is given aŝxk where

x̂k = sk(θ) +


d−

K∑

i=1,i6=k

si(θ)−
K′∑

i′=1

si′


 (6.14)

where we still assume a Gaussian noise modeln. Under assumption
∑K′

i′=1 si′ → 0, the condi-
tional mean simplifies to

x̂k ≈ sk(θ) +


d−

K∑

i=1,i6=k

si(θ)


 . (6.15)

The SAGE Maximization step maximizes the likelihood of the conditional mean̂xk under the
noisen′. However, we cannot use a least squares cost function asn′ is not necessarily Gaussian
anymore, because of the unmodeled sources. In section 6.4, we explore an alternative noise model
based on Student’s t distribution (Gosset, 1908) for the maximization of the likelihood.

6.4 Robust Calibration

First, we briefly describe the univariate Student’s t distribution Lange et al. (1989); Bartkowiak
(2007). LetX be a random variable with a normal distributionN (ε, σ2/γ) whereγ is also a
random variable. Then the conditional distribution ofX is

p(x|ε, σ2, γ) =
1

(σ/
√
γ)
√
2π

exp

(
−1

2

(
x− ε

σ/
√
γ

)2
)
. (6.16)

We considerγ to have a Gamma distribution,γ ∼ Gamma(ν2 ,
ν
2 ), whereν is positive (also called

the number of degrees of freedom). The density function ofγ can be given as

p(γ|ν) = 1

Γ(ν2 )

(ν
2

) ν
2

γ
ν
2
−1 exp

(−νγ
2

)
. (6.17)

Then, the marginal distribution ofX is

p(x; ε, σ2, ν) =
Γ(ν+1

2 )

(πν)1/2Γ(ν2 )σ

(
1 +

1

ν

(
x− ε

σ

)2
)− 1

2
(ν+1)

(6.18)
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Figure 6.1: Probability density functions for standard normal distribution and Student’s t distribution, with
ν = 2 andν = 30. At ν = 30, the Student’s distribution is indistinguishable from thenormal distribution.

and this is the probability density function which defines the Student’s t distribution. In Fig.
6.1, we have shown the probability density functions for Gaussian distribution and Student’s t
distribution, both with zero mean and unit variance. We see that for low values of the number of
degrees of freedomν, Student’s t distribution has a higher tail. The asymptoticlimit of Student’s
t distribution is Gaussian asν → ∞, and forν > 30, the two distributions are indistinguishable,
within the resolution of the data points used in Fig. 6.1.

Reverting back to (6.8), we see that the increase in the noisevariance due to the unmodeled
sources can be considered as the effect ofγ in (6.16). Therefore, we consider the noise vector
n′ to have independent, identically distributed entries, with the distribution given by (6.18) with
ε = 0 andσ = ρ = 1. In the SAGE iterations outlined in section 6.3.1, at thek-th iteration (6.15),
we havex̂k as the data vector andsk(θ) as the model that is used to estimate the parametersθ

(or a subset of the parameters). Therefore, the estimation problem is to find the ML estimate ofθ

(sizeM × 1), given the datay = x̂k (sizeN × 1) and the modelf(θ) = sk(θ) (sizeN × 1) with
noisen′. Hence, we can rewrite our data model as

y = f(θ) + n′ (6.19)

where the unknowns areθ andν, the number of degrees of freedom of noisen′. Then, thei-th
element of the vectory (denoted byyi) in (6.6) will have a similar distribution as (6.18) with
σ = 1 andµi = fi(θ), wherefi(θ) is thei-th element of the vector functionf(θ). The likelihood
function becomes

l(θ, ν|y) =
N∏

i=1

Γ(ν+1
2 )

(πν)1/2Γ(ν2 )

(
1 +

(yi − fi(θ))
2

ν

)− 1

2
(ν+1)

(6.20)
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and the log-likelihood function is

L(θ, ν|y) (6.21)

= N log Γ(
ν + 1

2
)−N log Γ(

ν

2
)− N

2
log(πν)

− (ν + 1)

2

N∑

i=1

log

(
1 +

(yi − fi(θ))
2

ν

)
.

Note that unlike for the Gaussian case, minimizing a least squares cost function (or maximiz-
ing the likelihood) will not give us the ML estimate. In addition, we have an extra parameter,ν,
which is the number of degrees of freedom. Hence, we use the Expectation-Conditional Maxi-
mization Either algorithm (Liu & Rubin, 1995; Li et al., 2006) to solve this problem. The ECME
algorithm is an extension of the EM algorithm for t distribution presented by Lange et al. (1989).

The auxiliary variables are the weightswi (N values) and a scalarλ. All these are initialized
to 1 at the beginning. The Expectation step in the ECME algorithminvolves the conditional
estimation of hidden variablesγi (or the weightswi) as

wi ← E{γi|yi, θ, ν} = λ
ν + 1

ν + (yi − fi(θ))2
(6.22)

and the update of the scalarλ

λ← 1

N

N∑

i=1

wi. (6.23)

The Maximization step involves finding the value forν that is a solution for

Ψ(
ν + 1

2
)− log

(
ν + 1

2

)
−Ψ(ν/2) + log(ν/2) (6.24)

+
1

N

N∑

i=1

(log(wi)− wi) + 1 = 0

whereΨ(x) = d
dx log (Γ(x)) is the digamma function. Since we know that beyondν > 30, we

almost get a Gaussian distribution, and therefore the search space for finding a solution for (6.24)
is kept within2 ≤ ν ≤ 30 and initial value forν is chosen to be2.

Oncewi is known,yi has a normal distribution with variance determined bywi. Therefore, in
the Maximization step of the EM algorithm, we minimize the weighted least squares cost function

l(θ|ν) =
N∑

i=1

wi(yi − fi(θ))
2. (6.25)

With this formulation at hand, we present the LM algorithm for robust calibration in Algo-
rithm 1, similar to the presentations in Lourakis (2004) andMadsen et al. (2004). The additional

information needed in Algorithm 1 is the Jacobian off(θ), i.e.,J(θ) = ∂f(θ)

∂θ
, that can be cal-

culated in closed form using (6.2) and (6.4). The diagonal matrix with the weights
√
wi as its

diagonal entries is given byW.
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Algorithm 1 Robust Levenberg-Marquardt (ECME)

Require: Datay, mappingf(θ), JacobianJ(θ), ν, initial valueθ0

1: θ ← θ
0; wi ← 1; λ← 1

2: while l < max EM iterationsdo
3: k ← 0; η ← 2
4: J(θ)←WJ(θ)
5: A← J(θ)TJ(θ); e←W(y − f(θ));g← J(θ)T e
6: found← (‖g‖∞ < ǫ1);µ← maxAii

3
7: while (not found) and (k < max iterations)do
8: k ← k + 1; Solve(A+ µI)h = g

9: if ‖h‖ < ǫ2(‖θ‖+ ǫ2) then
10: found← true
11: else
12: θnew ← θ + h

13: ρ← (‖e‖2 − ‖W(y − f(θnew))‖2)/(hT (µh+ g))
14: if ρ > 0 then
15: θ ← θnew

16: J(θ)←WJ(θ)
17: A← J(θ)TJ(θ); e←W(y − f(θ));g← J(θ)T e
18: found← (‖g||∞ ≤ ǫ1)
19: µ← µmax(1/3, 1− (2ρ− 1)3); η ← 2
20: else
21: µ← µη; η ← 2η
22: end if
23: end if
24: end while
25: Update weightswi ← λ ν+1

ν+(yi−fi(θ))2

26: Updateλ← 1
N

∑N
i=1 wi

27: Updateν using (6.24)
28: l ← l + 1
29: end while
30: return θ
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Figure 6.2: Histogram of the fluxes of the300 simulated sources. The peak flux is40 Jy.

6.5 Simulation Results

In this section, we provide results based on simulations to convince the robustness of our proposed
calibration approach. We simulate an interferometric array with R = 47 stations, with the longest
baseline of about30 km. We simulate an observation centered at the north celestial pole (NCP),
with a duration of6 hours at150 MHz. The integration time for each data sample is kept at10
s. For the full duration of the observation, there are2160 data points. Each data point consists of
1081 baselines and8 real values corresponding to the2× 2 complex visibility matrix.

The sky is simulated to have300 sources, uniformly distributed over a field of view of12×12
degrees. The intensities of the sources are drawn using a power law distribution, with the peak
intensity at40 Jy. In Fig. 6.2, we show the histogram of the intensities of the sources. Our
intention is to compare the fluxes of the weak sources, i.e. the sources with intensities less than
or equal to1 Jy, after directional calibration is performed. In order todo that we corrupt the
visibilities of the bright sources with directional errorsthat vary slowly with time. We consider
three scenarios here: we only corrupt the signals of the sources that have intensities greater than
(i) 1 Jy, (ii) 2 Jy and (iii) 5 Jy. For the simulated sky model, there are 28, 11 and 7 sources that
have fluxes greater than 1 Jy, 2 Jy and 5 Jy, respectively. Notethat in each case, we do not corrupt
the signals of the weak sources as our only objective is to findthe recovered flux after directional
calibration and subtraction of the bright sources from the data, although in reality all sources will
be corrupted by similar directional errors. Finally, we addzero mean white Gaussian noise to the
simulated data, with the signal to noise ratio (SNR) defined as

SNR
△
= 10 log10

(∑
p,q ‖Vpq‖2∑
p,q ‖Npq‖2

)
dB. (6.26)

In all simulations, we have kept the SNR at5 dB.
In Fig. 6.3, we show some of the weak sources (with intensities less than 1 Jy) over a4 × 4

degrees of the field of view. In Fig. 6.4, we have also added thebright sources with slowly varying



132 Robust Radio Interferometric Calibration Using the t-Distribution

Figure 6.3: Simulated image of4 × 4 degrees of the sky, showing only weak sources with intensities less
than 1 Jy.

directional errors. Note that in order to recover Fig. 6.3 from Fig. 6.4, directional calibration is
essential.

In Fig. 6.5, we show the image after directional calibrationalong the bright sources and
subtraction of their contribution from the data, using traditional calibration based on a Gaussian
noise model. On the other hand, in Fig. 6.6, we show the image after directional calibration and
subtraction using a robust noise model. With respect to the subtraction of the bright sources from
the data, both normal calibration and robust calibration show equal performance as seen from
Figs. 6.5 and 6.6.

We perform Monte Carlo simulations with different directional gain and additive noise realiza-
tions for each scenario (i), (ii) and (iii) as outlined previously. For each realization, we image the
data after subtraction of the bright sources and compare theflux recovered for the weak sources
before and after directional calibration. The directionalcalibration is performed for every10 time
samples (every100 s duration). Therefore, the number of data points used for each calibration (N )
is 10× 1081× 8 = 86480 and the number of real parameters estimated are47× 8× 28 = 10528,
47× 8× 11 = 4136 and47× 8× 7 = 2632, respectively for scenarios (i),(ii) and (iii). For each
scenario (i), (ii) and (iii), we perform 100 Monte Carlo simulations.

Our performance metric is the ratio between the recovered peak flux of the weak sources
compared to the original flux of each source. We calculate theaverage ratio (recovered flux /
original flux) over all Monte Carlo simulations. In Figs. 6.7, 6.8 and 6.9, we show the results
obtained for scenario (i),(ii) and (iii), respectively.

We observe two major characteristics in Figs. 6.7, 6.8 and 6.9. First, we see that as we
calibrate over an increasing number of directions (and subtract an increasing number of sources),
the recovered flux is reduced. Second, in all scenarios, robust calibration recovers more flux
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Figure 6.4: Simulated image of the sky where bright sources with fluxes greater than 1 Jy have been cor-
rupted with directional errors. Due to these errors, there are artefacts throughout the image that makes it
difficult to study the fainter background sources.

Figure 6.5: Image of the sky where the bright sources have been calibrated and subtracted from the data
to reveal the fainter background sources. The traditional calibration based on a Gaussian noise model is
applied.



134 Robust Radio Interferometric Calibration Using the t-Distribution

Figure 6.6: Image of the sky where the bright sources have been calibrated and subtracted from the data to
reveal the fainter background sources. The robust calibration proposed in this chapter is applied.
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Figure 6.7: Ratio between the recovered flux and the original flux of each of the weak sources, when bright
sources (> 1 Jy) are subtracted.
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Figure 6.8: Ratio between the recovered flux and the original flux of each of the weak sources, when bright
sources (> 2 Jy) are subtracted.
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Figure 6.9: Ratio between the recovered flux and the original flux of each of the weak sources, when bright
sources (> 5 Jy) are subtracted.
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Figure 6.10: Ratio between the recovered flux using robust calibration and the recovered flux using normal
calibration. Almost always, robust calibration recovers more flux compared with normal calibration. The
different colours indicate different scenarios where the number of bright sources subtracted is varied.

No. of sources
calibrated and
subtracted

Lowest flux of
the subtracted
sources (Jy)

Average reduction of the flux of
weak background sources (%)

Normal Calibration Robust Calibration
28 1 28.7 8.2
11 2 12.3 3.2
7 5 7.9 3.1

Table 6.1: Comparison of the reduction of flux of the weak background sources with normal and robust
calibration.

compared to normal calibration. To illustrate this point, we also plot in Fig. 6.10, the ratio between
the recovered flux using robust calibration and the recovered flux using normal calibration. As we
see from Fig. 6.10, we almost always get a value greater than 1for this ratio, indicating that we
recover more flux using robust calibration.

We summarize our findings in Table 6.1. We see that at worst case, the performance of normal
calibration gives a flux reduction of about 20% compared to robust calibration.

Up to now, we have only considered the sky to consist of only point sources. In reality, there is
diffuse structure in the sky. This diffuse structure is seldom incorporated into the sky model during
calibration either because it is too faint or because of the complexity of modeling it accurately.
We have also done simulations where there is faint diffuse structure in the sky and only the bright
foreground sources are calibrated and subtracted. We have chosen scenario (i) in the previous
simulation except that we have replaced the sources below1 Jy with Gaussian sources with peak
intensities below1 Jy and with random shapes and orientations.

In Fig. 6.11, we have shown the residual image of a6 × 6 degrees area in the sky after
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Figure 6.11: Average residual image of the diffuse structure after subtracting the bright sources by normal
calibration. The colour scale is in Jy/PSF.

removing all sources brighter than1 Jy. The residual image is obtained by averaging100 Monte
Carlo simulations. The equivalent image for robust calibration is given in Fig. 6.12.

As seen from Figs. 6.11 and 6.12, there is more flux in the diffuse structure after robust
calibration. This is clearly seen in the bottom right hand corner of both figures where Fig. 6.12
has more positive flux than in Fig. 6.11.

6.6 Conclusions

We have presented the use of Student’s t distribution in radio interferometric calibration. Com-
pared with traditional calibration that has an underlying Gaussian noise model, robust calibration
using Student’s t distribution can handle situations wherethere are model errors or outliers in the
data. Moreover, by automatically selecting the number of degrees of freedomν during calibration,
we have the flexibility of choosing the appropriate distribution even when no outliers are present
and the noise is perfectly Gaussian. For the specific case considered in this chapter, i.e. the loss
of coherency or flux of unmodeled sources, we have given simulation results that show the signif-
icantly improved flux preservation with robust calibration. Future work would focus on adopting
this for pipeline processing of massive datasets from new and upcoming radio telescopes.
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Figure 6.12: Average residual image of the diffuse structure after subtracting the bright sources by robust
calibration. The colour scale is in Jy/PSF and is the same as in Fig. 6.11.



Chapter 7

Summary and FutureWork

7.1 Summary

For any radio interferometric telescope, the image qualitydepends on the convergence of its cal-
ibration as well as how fast one can reach this accuracy. Thisreflects the importance of the
convergence property in calibration algorithms. Since calibration problem is a non-linear opti-
mization problem, it is a great challenge to design calibration techniques which guarantee a stable
convergence. Moreover, in practice, we do not run calibration algorithms to convergence and usu-
ally stop algorithms long before that. The reason is that we are limited by computational time as
well as memory consumption in order to keep track of origins of the observed signals. Therefore,
developing convergent calibration algorithms with fast speeds of convergence is of an essential
importance.

We have developed novel statistical calibration algorithms and investigated their properties in
order to obtain optimal solutions by running the algorithmsto convergence. This resulted in sev-
eral contributions to the literature: Kazemi et al. (2011);Kazemi & Yatawatta (2012); Yatawatta
et al. (2012); Kazemi et al. (2012, 2011, 2013b,a,c); Kazemi& Yatawatta (2013), which are
grouped into three major categories:

1. Speeding up the procedure of ML estimation in calibration:

We applied the SAGE (Space Alternating Generalized Expectation Maximization) algo-
rithm (Fessler & Hero, 1994) to radio interferometric calibration in Kazemi et al. (2011).
As it is explained in chapter 1, SAGE is one of the EM (Expectation Maximization, Demp-
ster et al. (1977)) variants which guarantees a fast and stable convergence. The key to suc-
cess of the algorithm is breaking the calibration’s ML (Maximum Likelihood) estimation
problem into ML estimation sub-problems which are defined for partitions of parameters.
In addition, in Kazemi et al. (2012) and Kazemi et al. (2013c), we have even sped up the
standard SAGE calibration algorithm by utilizing OS (Ordered Subsets) scheme (Hudson
& Larkin, 1994) which accelerates the iterative procedure of ML estimation for every sub-
problem of the SAGE calibration. The reason behind this acceleration is that for Jacobian
computations, OS uses only a few percent of the observed datainstead of the whole. Thus,
OS-SAGE calibration can significantly accelerate the speedof convergence at the initial it-
erations of the SAGE calibration method. However, since it usually does not converge, we

139
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recommend shifting to a standard SAGE calibration after getting close enough to an optimal
solution.

2. Developing clustered calibration scheme to calibrate for groups of sources:

We developed clustered calibration in Kazemi et al. (2011, 2013b) to calibrate for groups of
sources when the SNR is not high enough to calibrate for everysource individually. Clus-
tered calibration calibrates for every source group as an individual source whose coherency
is equal to the summation of coherencies of the cluster’s members. In Kazemi & Yatawatta
(2012) we presented performance analysis of the scheme and showed that the method has
a higher speed of convergence compared to un-clustered calibration when the SNR (Signal
to Noise Ratio) is low. This is due to two reasons: (i) Clustered calibration solves for one
direction per source cluster. Thus, the number of unknowns is decreased which leads to less
computations. (ii) Clustered calibration needs less number of iterations to converge since
because it uses strong signal of source clusters rather thansignals of weak individual sources
to calculate ML estimations. Following the introduction ofthe calibration, in Kazemi et al.
(2013a), we proposed the use of soft (fuzzy) clustering rather than hard clustering for the
clustered calibration technique which provides an even faster convergence rate compared to
the standard clustered calibration.

3. Applying robust data modeling into calibration problem :

Finally by Yatawatta et al. (2012) and Kazemi & Yatawatta (2013) we recommended the
use of Student’s t noise model instead of the Gaussian noise model in order to improve the
robustness of calibration. When there are model errors or outliers in the data, Gaussian noise
model is no more efficient and robust calibration provides a faster speed of convergence
compared to the traditional calibration using the Gaussiannoise model.

To summarize, In this thesis,

• we propose the use of SAGE calibration instead of standard LS(Least Squares) calibration.

• we propose the use of OS-SAGE calibration at initial iterations in order to obtain a faster
convergence rate.

• we propose clustered calibration rather than the standard (un-clustered) calibration for low
SNRs.

• we propose to use the clustered calibration via a fuzzy clustering of sources to improve the
convergence rate.

• we propose robust calibration via a Student’s t noise model for a faster recovery of weak
signals when there are outliers in data.

We developed simulated and real experiences and showed thatthe above expressions are reason-
ably accurate.

7.2 Future work

• Throughout this thesis, we developed calibration algorithms based on the measurement
equation given by Hamaker et al. (1996). However, it is stillan open problem if the model
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corresponds to all the systematics or not, and if not, then how this model mismatch will
affect the reconstruction methods presented in this thesis. For example, how much could it
affect the convergence properties of the introduced calibrations.

• We tested the faster convergence rate of SAGE calibration compared to LS calibration using
LRT (Likelihood Ratio Test, Graves (1978)). It would be desirable to perform the same
comparison between SAGE and robust calibrations performances.

• In chapter 3, we introduced OS calibration without proposing any specific partitioning of
data. Finding the smallest possible data partitions whose Jacobian is the best estimate for
the Jacobian of the complete data set is addressed in future work. We also explained that
OS calibration usually gets to a convergence problem, that is, we proposed to run non-OS
calibrations after the OS calibration execution. However,whether this is the best solution or
not must be examined. And if it is the best, the effectivenessof the use of SAGE calibration
in particular as that non-OS calibration scheme needs to be checked. Moreover, we can
perform Monte Carlo experiments to see after how many iterations OS calibration usually
gets to a sub-optimal limit cycle.

• Another challenging question is whether we can utilize the incremental EM algorithm for
radio interferometric calibration or not. It is proved thatthe algorithm benefits from a faster
convergent rate than the SAGE method. However, the modelingapplicability of the method
for radio interferometric calibration needs to be examined.

• In clustered calibration, clustering of sources is done manually once before the calibration’s
execution. However, in future work, we address updating source clusters at several itera-
tions of the calibration procedure using the latest obtained solutions. On top of automating
all the clustered calibration procedure, this can improve the accuracy of the clustered cali-
bration using eventually the most efficient clusters design.

• For the standard clustered calibration, we constructed a performance analysis using CRLB
(Cramer-Rao Lower Bounds, Kay (1993)). It is natural to extend the analysis for fuzzy
clustered calibration as well.

• It will be an interesting question whether the use of the Student’s t noise model is the
best for improving the robustness of calibration. To answerthis question, the statistical
characteristic of the noise must be studied in more details and implemented in the calibration
ML estimation scheme.

• In chapter 5, the performance of fuzzy clustered calibration is shown only for simulations.
We need to assess the superiority of the method in terms of itsspeed of convergence com-
pared to the standard clustered calibration for real observations as well.

• The use of solutions obtained via calibration for building instrumental models is still and
open problem. Extension of works like Yatawatta (2013); vander Tol et al. (2007); Intema
et al. (2009) is needed.

• We developed new calibration algorithms in this dissertation. Some of these algorithms
have already been implemented (SAGECal) and are already being used in LOFAR data
processing pipelines. However, we are still seeking betteralgorithms that are simpler in
implementations and faster in convergence.
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Nederlandse samenvatting

Optische telescopen hebben detectoren die gevoelig zijn voor individuele fotonen die het detec-
toroppervlak raken. Hiermee kan de helderheid van een lichtbron aan de hemel gemeten wor-
den. Optische telescopen zijn gevoelig voor fotonen met eengolflengte tussen de 400 nanometer
(paars) en 700 nanometer (rood), maar ook op andere golflengtes zijn fascinerende dingen aan de
hemel zichtbaar. Om ook straling op andere golflengtes waar te nemen, waaronder rontgenstral-
ing, gammastraling, ultraviolet, infrarood en radiogolven, gebruiken astronomen verschillende
andere typen telescopen.

Van al deze typen straling beslaat het radiogebied het grootste golflengtebereik, van ongeveer
1 millimeter tot honderden meters (zie figuur 7.1). Radiogolflengtes worden waargenomen met
radiotelescopen, waarmee astronomische kennis kan wordenvergaard die ontoegankelijk is op elk
ander golflengtegebied. Een voorbeeld hiervan is de vormingvan de eerste objecten in het vroege
universum en hun invloed op het intergalactisch medium, iets wat zelfs met de meest geavanceerde
optische telescopen niet kan worden waargenomen. Zodoendespelen radiotelescopen een cru-
ciale rol in fundamenteel astronomisch onderzoek en hebbenbijgedragen aan de ontdekking van
quasars, pulsars, zwarte gate en vele andere astronomischeobjecten.

De eerst radio antenne ontvanger werd in 1933 geconstrueerddoor de Amerikaanse elek-
trotechnisch ingenieur Karl Jansky, met als doel het opsporen van bronnen voor telefooninter-
ferentie. Hij ontdekte een radiosignaal met onbekende brondat zichzelf dagelijks herhaalde,
waarmee hij uiteindelijk het centrum van de Melkweg kon traceren. Voortbouwend op zijn werk
werden vele schotelvormige radiotelescopen ontworpen, deeerste daarvan was een schotel van 9
meter in 1935 gemaakt door Grote Reber, een andere Amerikaanse elektrotechnisch ingenieur.

Toenemende eisen aan de resolutie maakte schotelvormige antennes onpraktisch, waarmee de
weg werd vrijgemaakt voor radio-interferometrische telescopen met meerdere ontvangers. Elk
van deze ontvangers was nog steeds een schotelvormige radiotelescoop, maar door een array van
zulke telescopen te linken ontstaat een virtuele telescoopdie veel groter is dan elk van de aparte
schotels. Het gebruik van een array van antennes heeft als extra voordeel dat door slim combineren
van de signalen van de aparte antennes de hoeveelheid ruis drastisch kan worden gereduceerd.

De eerste radio-interferometer werd in 1946 geconstrueerddoor Marin Ryle en had slechts
twee stuurbare dipoolantennes wiens onderlinge afstand kon variĂ≪ren tussen de 17 en 240 meter.
Sindsdien zijn er vele radio-interferometers gebouwd. Prominente voorbeelden zijn de Very Long
Baseline Array (VLBA, zie figuur 7.2), een van ’s werelds grootste radio-interferometers met 25
meter grote schotelvormige ontvangers in voornamelijk Noord Amerika en de LOw Frequency
ARray (LOFAR, zie figuur 7.3), een array van ongeveer 1000 kilometer met bijna 20000 dipool
antenne-ontvangers verspreid over voornamelijk Nederland.

De door radio-interferometers gemaakte observaties bestaan uit een combinatie van radiosig-
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Figuur 7.1: Het elektromagnetisch spectrum: de “kleur” van het licht met de bijbehorende golflengte
(http://www.lib.utexas.edu/chem/info/spectrum.html).



151

Figuur 7.2: VLBA, een van ’s werelds grootste radio-interferometers met 25 meter grote schotelvormige
antennes die tezamen een array van 8611 meter vormen. De antennes staan met name in Noord Amerika
(http://www.vlba.nrao.edu).
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Figuur 7.3: LOFAR gebruikt bijna 20000 dipool antenne-ontvangers. De ontvangers vormen een array van
1000 kilometer en staan grotendeels in Nederland (http://www.lofar.org).
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(a) (b)

Figuur 7.4: Een beeld van de volledige hemel gemaakt met LOFAR voor (a) enna (b) kalibratie. Kalibratie
heeft gezorgd voor een significante verbetering van beeldkwaliteit. Het ongekalibreerde beeld (a) bevat
een grote hoeveelheid verstoringen en de radiobronnen zijnwazig. In het gekalibreerde beeld (b) zijn de
verstoringen veel zwakker en de radiobronnen scherper. Bovendien zijn er nieuwe radiobronnen zichtbaar
die geheel niet te zien waren in het ongekalibreerde beeld (a).

nalen van astronomische bronnen verstoord door de atmosfeer en ruis van de telescoop zelf. Tele-
scopen detecteren ook ongewenste signalen, voornamelijk kunstmatige bronnen zoals signalen
van televisie, luchtverkeersleiding en mobiele telefoons. Deze ongewenste signalen worden samen
Radio Frequentie Interferentie (RFI) genoemd.

Het schatten en verwijderen van verstoringen en ongewenstesignalen wordt “kalibratie” ge-
noemd (zie figuur 7.4). In andere woorden, kalibratie is de procedure waarmee radioastronomen
ruis en ongewenste bronnen uit de data verwijderen en zo alleen de signalen van astronomische
bronnen overhouden. Kalibratie is de meest belangrijke stap om de gewenste nauwkeurigheid voor
een radio-interferometer te behalen, in het bijzonder voorde nieuwste generatie van radiosynthese
arrays. Omdat deze nieuwste generatie radio-interferometers een enorme hoeveelheid zeer pre-
cieze data waarnemen, is het uitermate belangrijk nieuwe kalibratietechnieken te ontwikkelen die
de kwaliteit van de data waarborgen. Het ontwerpen van zulkekalibratietechnieken is het voor-
naamste onderwerp van deze dissertatie.

In deze dissertatie worden nieuwe statistische kalibratiealgoritmes ontwikkeld en hun eigen-
schappen onderzocht om de hoogst mogelijke computationelesnelheid de beste kwaliteit waarne-
mingen te krijgen. Het resultaat zijn algoritmes die ordegroottes sneller zijn dan voorheen. De
vooruitgang van deze algoritmes ten opzichte van bestaandealgoritmes wordt geillustreerd aan de
hand van zowel gesimuleerde als waargenomen data.
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Ondanks de significante vooruitgang die deze nieuwe algoritmes qua beeldkwaliteit bieden,
wordt nog steeds onderzoek gedaan naar verder geoptimaliseerde kalibratie-algoritmes die een-
voudiger te implementeren zijn en sneller convergeren. Signaalverwerking, het onderdeel van de
wiskunde waaronder het ontwerpen van dit soort algoritmes valt, kan ook in de toekomst nog veel
bijdragen aan de kalibratie van radio-interferometers.



Appendix A: The EM and the SAGE
algorithms

A.1 EM algorithm

Considering the complete datax = [xT
1 xT

2 . . .xT
K ]T , wherexis are defined as (2.8), its PDF will

be equal to

fX(x;θθθ) =
1

π(KM)|ΣΣΣ|exp{−(x− s(θθθ))HΣΣΣ−1(x− s(θθθ))}. (1)

In (1) we have
s(θθθ) = [s1(θθθ1)

T s2(θθθ2)
T . . . sK(θθθK)T ]T , (2)

and

ΣΣΣ =




β1ΠΠΠ O . . . O
O β2ΠΠΠ . . . O
...

...
. . .

...
O O . . . βKΠΠΠ


 . (3)

Therefore, the log-likelihood of the complete datax is derived from

logfX(x;θθθ) = c− {(x− s(θθθ))HΣΣΣ−1(x− s(θθθ))}, (4)

where
c = −log{π(KM)|ΣΣΣ|}.

Substituting (2) and (3) in (4), we can rewrite (4) as

logfX(x;θθθ) = c

−∑K
i=1{(xi − si(θθθi))

H(βiΠΠΠ)
−1(xi − si(θθθi))}.

(5)

Moreover, the complete datax and the observed datay are related by the below linear transfor-
mation

y = [I I . . . I]x = Gx, (6)

whereG is a block matrix consisting of the identity matrixI for K times. Thus, they are jointly
Gaussian and for a parameter valueθθθ′ we have

x̂ = E{x|y;θθθ′} = s(θθθ′) + ΣGH [GΣGH ]−1[y −Gs(θθθ′)]. (7)
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(7) gives us

x̂i = si(θθθ
′
i) + βi[y −

K∑

l=1

sl(θθθ
′
l)]. (8)

as thei-th element of the vector̂x.
In applying the EM algorithm, atk+1-th iteration we would like to find the parameter vector

θθθk+1 such that maximizesE{logfX(x;θθθ)|Y = y;θθθk}, whereθθθk is the estimation ofθθθ obtained
atk-th iteration. According to (5) it is exactly equivalent to findθθθk+1

i for eachi ∈ {1, 2, . . . ,K}
such that minimizesE{(xi−si(θθθi))H(βiΠΠΠ)

−1(xi−si(θθθi))|Y = y;θθθk}. Therefore, at thek+1-th
iteration of the algorithm we have

E Step: Calculate

x̂k
i = si(θθθ

k
i ) + βi[y −

K∑

l=1

sl(θθθ
k
l )]. (9)

M Step: Compute

θθθk+1
i = arg min||[x̂k

i − si(θθθi)]
H(βiΠΠΠ)

− 1

2 ||2, (10)
θθθi

for i ∈ {1, 2, . . . ,K}.

A.2 SAGE algorithm

Since in the SAGE algorithm the complete dataxWi
is defined as (2.21), we have

logfXWi
(xWi

;θθθWi
) = −log{πM |ΠΠΠ|}

−{(xWi
−∑l∈Wi

sl(θθθWi
))HΠΠΠ−1(xWi

−∑l∈Wi
sl(θθθWi

))}.
(11)

At k + 1-th iteration of the algorithm we should calculate the parameter vectorθθθk+1
Wi

which is

maximizingE{logfXWi
(xWi

;θθθWi
)|Y = y;θθθk}. Having (11),θθθk+1

Wi
can be derived by minimiz-

ing E{(xWi
−∑l∈Wi

sl(θθθWi
))HΠΠΠ−1(xWi

−∑l∈Wi
sl(θθθWi

))|Y = y;θθθk} with respect toθθθWi
.

Therefore, the SAGE algorithm’s steps at thek + 1-th iteration would be written as

SAGE E Step: Calculate

x̂k
Wi

= E{xWi
|y, θθθk} = y −

m∑

j=1
j 6=i

∑

l∈Wj

sl(θθθ
k
Wj

), (12)

which is derived from (2.23).

SAGE M Step: Compute

θθθk+1
Wi

= arg min||[x̂k
Wi
−
∑

l∈Wi

sl(θθθWi
)]H(ΠΠΠ)−

1

2 ||2, (13)
θθθWi

for i ∈ {1, 2, . . . ,K}.
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