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Chapter 5

Application of fuzzy clustering in
radio interferometric calibration

submitted to MNRAS

ABSTRACT
Calibration of radio interferometric telescopes is an essential step in order to reach
the full potential of their data in terms of precision and sensitivity. Traditional cal-
ibration algorithms use bright point sources in the observed field as a collection of
single source calibrators. Recently, we have proposed the clustered calibration tech-
nique which groups the sources into well defined clusters. Assuming all the sources
in a single cluster to be corrupted by the same errors, clustered calibration calibrates
every cluster as a single source, where it uses all the sourcecoherencies of that cluster
simultaneously. This improves the accuracy of calibrationas well as the computa-
tional cost. In our previous clustered calibration method we used a hard clustering
technique to assign every source to exactly one cluster. However, in reality, the in-
tensities of different sources affect each other. Therefore, defining clusters with soft
boundaries, which means assigning every source to different clusters with different
degrees of membership, is more accurate and efficient. In this chapter, we introduce
a new method that applied fuzzy (soft) clustering in order toperform the calibration.
In this method, which we call fuzzy-clustered calibration,the solution of every source
is a linear combination of errors along different directions. This is obviously is more
accurate and hence offers an improvement on hard clustered calibration in which the
solution of every source is obtained only in the direction ofits cluster’s centroid. We
apply the new fuzzy-clustered calibration on simulations and show that it performs
better compared to the hard clustering one.
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102 Application of fuzzy clustering in radio interferometric c alibration

5.1 Introduction

Calibration of radio synthesis arrays refers to the estimation and reduction of errors introduced
by the sky and the instrument in the measured data, before imaging. It is the most crucial task in
order to achieve the interferometer’s desired precision and sensitivity.

Very large radio interferometers such as the Square Kilometre Array (SKA)1, the Murchison
Widefield Array (MWA) (Lonsdale et al., 2009), the PrecisionArray to Probe Epoch of Reion-
ization (PAPER) (Parsons et al., 2010), and the LOw Frequency ARray (LOFAR) (van Haarlem
et al., 2013), produce a huge amount of data which need to be very accurately calibrated in the
shortest time possible. Therefore, the two main calibration challenges are increasing the accuracy
of solutions, and decreasing the computations. Advanced calibration techniques have been pro-
posed (e.g. Kazemi et al. (2012)) which meet the two challenges up to a very high level. However,
it has always been a great challenge to calibrate data with a low Signal to Noise Ratio (SNR). Per-
formance of calibration techniques (Bernardi et al., 2011;Liu et al., 2009; Pindor et al., 2010)
is in fact limited to sources that have a high enough SNR (SNR)to be distinguished from the
background noise.

The recently introduced clustered calibration technique (Kazemi et al. (2013b), chapter 4) has
shown a better performance in source calibration below the noise level. The calibration groups
sources into well defined clusters, and improves the information used for calculating solutions
by incorporating the total of signals observed at every cluster. Every cluster is calibrated as a
single source with an intensity equal to the sum of the intensities of its sources. Thus, in the
case of calibrating the signals of faint sources, it provides a considerably better result compared
to un-clustered calibration. Moreover, calibrating for a fewer number of source clusters than the
number of individual sources in the sky, the computations ofclustered calibration is considerably
cheaper than the un-clustered one. Nevertheless, we would like to note that when the SNR is very
high, applying clustered calibration could be a disadvantage. In such a case, it is better to use
the signal of every individual (bright) source to calibratethe data as this will give more accurate
results across the observational field.

The clustered calibration introduced by Kazemi et al. (2013b) (chapter 4) performs calibration
on source clusters with hard boundaries. This means every source belongs to exactly one cluster.
Consequently, the solution of every source is the one obtained in the direction of the centroid of the
cluster that the source belongs to. However, in reality, calibration corrections vary continuously
across the field of view, a fact that is captured much better with fuzzy (soft) clustering rather than
hard clustering. The radiated signal of sources can be mixedwith each other, and affect the areas
of various clusters, and not only one cluster. Therefore, itis not accurate to consider sources in
clusters with hard boundaries, and limit their signals to the area of their corresponding clusters. In
order to increase the accuracy of clustered calibration, inthis chapter, we apply fuzzy clustering
ideas and implement them in the clustered calibration procedure. Note that, since in clustered
calibration the source clustering is performed offline, using fuzzy clustering rather than any other
hard clustering techniques does not cost any extra execution time.

The role of fuzzy clustering (Bezdek, 1981) becomes quite prominent among clustering tech-
niques (Xu & Wunsch, 2008) due to its ability for quantifyinga level of membership of the target
data to detected clusters. We perform clustered calibration on fuzzy source clusters, where every
source belongs to a number of clusters, simultaneously, according to some pre-defined member-
ship degrees. In other words, in the clustered calibration procedure, we consider the source clus-

1http://www.skatelescope.org
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ters to have soft boundaries. Such a clustered calibration,named as “soft clustered calibration”,
provides every source with a solution which is in fact a linear combination of the errors obtained
along different directions. Applying fuzzy clustering of sources, we show that soft clustered cali-
bration achieves a considerably higher accuracy level compared to hard clustered calibration.

This chapter is organized as follows: The data model of hard and soft clustered calibrations are
presented in sections 5.2 and 5.3, respectively. A weightedfuzzy clustering of sources is proposed
in section 5.4. In section 5.5, we demonstrate the superiority of the soft clustered calibration
compared to the hard one, using simulations. Finally, we draw our conclusions in section 5.6.

The following notations are used in this chapter: Bold, lower case letters refer to column
vectors, e.g.,y. Upper case bold letters refer to matrices, e.g.,C. All parameters are complex
numbers, unless stated otherwise. The transpose and conjugation of a matrix are presented by(.)T

and(.)∗, respectively. The matrix Kronecker product is denoted by⊗. The uniform distribution
is shown byU .

5.2 Hard Clustered Calibration

In this section, we briefly describe the data model of hard clustered calibration (Kazemi et al.
(2013b), chapter 4). For more details on the data model of radio interferometric calibration the
reader is referred to Hamaker et al. (1996); Hamaker (2006).

Consider an interferometer withN receivers that observesK radio sourcesx1, . . . , xK . The
voltage introduced at thep-th receiver by the radiation of thei-th source,ei, is given by

ṽpi = Jpiei, (5.1)

whereJpi is the2× 2 Jones matrix (Hamaker et al., 1996), corresponding to direction-dependent
corruptions in the signal. These corruptions are identifiedas,

Jpi ≡ EpiZpiFpi, (5.2)

whereEpi, Zpi, andFpi are error matrices corresponding to the receiver’s beam, ionospheric
phase fluctuation, and Faraday Rotation for the radiated signal of thei-th source, at receiverp,
respectively.

The total signal observed at every receiverp, vp, is a linear superposition of the corrupted
signalsṽpi of theK sources,i = 1, . . . ,K, plus the thermal noise of the receiver. Note that
the multitude of the ignored fainter sources also contribute to the noise. After correcting for
the geometric delays of the receivers, the collected signals at every pair of receiversp andq are
correlated with each other to introduce visibilitiesVpq ≡ E{vpv

H
q } (Hamaker et al., 1996)

Vpq = Gp

(
K∑

i=1

JpiCi{pq}J
H
qi

)
GH

q +Npq. (5.3)

In (5.3),Gp represents the errors which are common to all directions at receiverp, such as the
receiver delay and amplitude errors.Ci{pq} andNpq are also the Fourier transform of thei-th
sourcecoherencymatrixE{eieHi } (Born & Wolf, 1999; Hamaker et al., 1996), and the additive
noise of the baselinepq, respectively.
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Since the gainG in (5.3) does not depend on the source directions, initially, the visibilities are
corrected for that as,

Ṽpq = G−1
p VpqG

−H
q . (5.4)

Stacking up the vectorized visibilities of all the baselines in a vector
y ≡ [vec(Ṽ12)

T . . . vec(Ṽ(N−1)N )T ]T , we arrive to the general data model of a traditional (un-
clustered) calibration as

y =

K∑

i=1




J∗
2i ⊗ J1ivec(Ci{12})

...
J∗
Ni ⊗ J(N−1)ivec(Ci{(N−1)N})


+ n. (5.5)

In (5.5),n is the additive noise vector,

n ≡ [vec(G−1
1 N12G

−H
2 )T . . . vec(G−1

(N−1)N(N−1)NG−H
N )T ]T ,

which is normally assumed to be Gaussian. Calibration is, infact, estimation of theJ Jones
matrices for all theK source directions in (5.5), and correcting for them before imaging.

Note that according to the definition of Jones matrices in (5.2), at a fixed receiverp,

Jpi ≈ Jpj , (5.6)

for everyi-th andj-th sources,xi andxj , that have a very small angular separation from each
other. This is the general assumption of the clustered calibration technique. Clustered calibration
uses (5.6), on one hand, to decrease the number of directionsthat we need to calibrate for, and on
the other hand, to improve the accuracy below the noise level, as follows:

Assume that we group theK sourcesx1, . . . , xK into Q (Q ≪ K) source clustersLi, for
i ∈ {1, . . . , Q}, with small enough angular diameters such that for the sources at the same cluster
the sky variation is uniform. Based on (5.6), for every clusterLi and at every receiverp, there is
a unique solutioñJpi which is shared by all the sources of the cluster. Therefore,the un-clustered
calibration data model of (5.5) is reformulated as,

y =

Q∑

i=1




J̃∗
2i ⊗ J̃1ivec(

∑
l∈Li

Cl{12})
...

J̃∗
Ni ⊗ J̃(N−1)ivec(

∑
l∈Li

Cl{(N−1)N})


+ n, (5.7)

where (5.7) is the measurement equation of clustered calibration. Therefore, the whole difference
between un-clustered and clustered calibrations is that inun-clustered calibration (5.5) we solve
for every individual sourcexi, i ∈ {1, . . . ,K}, which has a signal power equal toCi, while in
clustered calibration (5.7), we solve for every source cluster Li, i ∈ {1, . . . , Q}, which has a
boosted signal power of

∑
l∈Li

Cl. Therefore, below the noise level, clustered calibration has
better accuracy compared to un-clustered calibration due to upgrading signal powers (Kazemi
et al. (2013b), chapter 4). Moreover, clustered calibration has much lower computational cost
relative to un-clustered calibration. This is due to two reasons: i) clustered calibration solves for
Q ≪ K number of directions, while the un-clustered forK number of directions, ii) clustered
calibration would have less number of iterations (higher speed of convergence) compared to the
un-clustered one because it uses a higher SNR to calculate solutions.

From now on, we refer to clustered calibration given in (5.7)as “hard” clustered calibration.
Because, clustering of sources is a hard clustering scheme.This means every source belongs to
one and only one cluster. In the next section, we introduce soft clustered calibration which utilizes
fuzzy clustering methods to cluster sources in clustered calibration procedure.
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5.3 Soft Clustered Calibration

In hard clustered calibration presented in (5.7), sources are grouped into clusters with hard bound-
aries. For every cluster, calibration is performed to estimate a unique solution in the direction of
its centroid, using the total intensity of every source thatbelongs to it. Therefore, it is assumed that
the brightness of every individual source affects exactly one cluster. However, if a source is very
bright, its brightness affects almost all the field of view. Thus, since its intensity is used by hard
clustered calibration only in the cluster that it belongs to, and not in any other clusters, the size of
the cluster must be very large. That means that we must consider, and solve for, a single solution
on a large part of the sky (the area of that large cluster), which harms the accuracy of calibration.
The sky can actually vary even on very small scales. On the other hand, even the weak signal of a
very faint source can affect more than the limited area of a small single cluster. To deal with these
issues in the clustered calibration technique, the most efficient way is to execute the calibration
on source clusters with soft boundaries; where a source can belong to more than one cluster. For
this purpose, we apply fuzzy clustering techniques (Bezdek, 1981) to assign a source to different
clusters via different membership degrees. We name the clustered calibration method via fuzzy
clustering of sources as “soft clustered calibration”. It is formulated as follows:

Consider a fuzzy clustering of theK sourcesx1, . . . , xK into Q clustersL1, . . . , LQ. Also
assume thatuil is the degrees of membership that the sourcexl belongs to the clusterLi,

Q∑

i=1

uil = 1, for l = 1, . . . ,K, (5.8)

0 ≤ uil ≤ 1, for i = 1, . . . , Q, andl = 1, . . . ,K. (5.9)

The model used to determine the exact values ofuil will be explained in section 5.4. We introduce
the soft clustered calibration data model as,

y =

Q∑

i=1




J̃∗
2i ⊗ J̃1ivec(

∑K
l=1 uilCl{12})

...
J̃∗
Ni ⊗ J̃(N−1)ivec(

∑K
l=1 uilCl{(N−1)N})


+ n. (5.10)

Thus, both hard (5.7) and soft (5.10) clustered calibrations estimate Jones matrices ofQ direc-
tions (Q clusters’ centroids). The only difference between them is that, for a given clusterLi, the
hard clustered calibration solves for a brightness intensity equal to the total of all the intensities
of sources inLi,

∑
xl∈Li

Cl, while the soft clustered calibration solves for the brightness contri-

bution of every source of the sky model inLi,
∑K

l=1 uilCl. Table 1 shows this difference from
another point of view. Table 1 presents the contribution of agiven sourcexl in visibilities of a
given baselinep−q for the un-clustered, hard clustered, and soft clustered calibration data models
(5.5), (5.7), and (5.10), respectively. As we can see in Table 1, for un-clustered and hard clustered
calibrations, the signal of the sourcexl is considered to be corrupted by the Jones matrices of a
single direction, which is the direction of the sourcesxl, and of the clusterLi, respectively. How-
ever, in soft clustered calibration, the corruptions are assumed to be a linear combination of the
Jones matrices of all theQ clusters. This is more practical than the two alternative cases, because
the errors mostly vary smoothly as a function of angular position of sources. Therefore, among
the three methods, for calibrating below the noise level, a better performance in the sense of the
speed of convergence is expected from soft clustered calibration. The reasons for such a claim are:
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Table 1

calibration contribution of the sourcexl in
method visibilities of the baselinep− q

un-clustered [J∗
ql ⊗ Jpl]vecCl{pq}

Hard clustered,xl ∈ Li [J̃∗
qi ⊗ J̃pi]vecCl{pq}

Soft clustered [
∑Q

i=1 uilJ̃
∗
qi ⊗ J̃pi]vecCl{pq}

Table 5.1: This table presents the contribution of a given sourcexl in the visibilities of a given baseline
p− q for the un-clustered, hard clustered, and soft clustered calibration data models (5.5), (5.7), and (5.10),
respectively. As we can see, for un-clustered and hard clustered calibrations, the signal of the sourcexl is
considered to be corrupted by the Jones matrices of a single direction, which is the direction of the sources
xl, and of the clusterLi, respectively. However, in soft clustered calibration, the corruptions are assumed to
be a linear combination of the Jones matrices of all theQ clusters.

(i) it calibrates for a few number of source clusters with strong signal powers rather than a large
number of individual sources with weak signals, (ii) it can preserve the effect of every source in
the whole field of view using the fuzzy membership degrees.

5.4 Weighted Fuzzy Clustering of radio sources

In this section, we design the optimumQ fuzzy clusters for theK sources in our sky model such
that the centroids of the clusters are inclined towards the strongest signals. The reason of such a
design is to get the most out of the high information carried by the signals of the brightest sources
for providing the highest accuracy of calibration. Thus, wesearch for a fuzzy clustering of radio
sources which takes into account their angular positions inthe sky, as well as their intensities. For
this purpose, we utilized the weighted fuzzy clustering scheme presented by Wan et al. (2008), and
we defined the weights based on source intensities. This led to minimizing the objective function,

f =

Q∑

i=1

K∑

l=1

wl(uil)
m(dil)

2. (5.11)

wherewl is the weight associated to the sourcexl as

wl ≡
Intensity ofxl

Minimum intensity of all the sources
, (5.12)

componentm > 1, anddil is the angular separation between the source and the centroid of the
clusterLi. The angular separation between two equatorial coordinates (αa, δa) and(αb, δb), in
radians, is obtained by

tan−1

√
cos2δbsin2∆α+ [cosδasinδb − sinδacosδbcos∆α]2

sinδasinδb + cosδacosδbcos∆α
,

where∆α = αb − αa.
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Based on Wan et al. (2008), the membership degrees and the centroid of everyi-th cluster,
denoted asci, can be iteratively updated as,

uil =
1

∑K
j=1(

dil

djl
)2/(m−1)

,

ci =

∑K
l=1 wl(uil)

mxl∑K
l=1 wl(uil)m

,

until the objective functionf in (5.11) is minimized, or is below a certain value. Note thatthe
componentm defines the level of fuzziness of the clustering. Whenm ≃ 1, the membership
degrees become either one or zero. That means, fuzzy clustering becomes hard clustering in which
every source belongs to only one cluster. By increasingm, the membership degrees converge
to the uniform distribution. In such a case, every source belong to all the clusters with equal
membership degrees and the centroid of the clusters become the same. Thus, the sky corruption
will be considered to be uniform for all the field of view. To understand this better, we present an
illustrative example as follows:

We apply fuzzy clustering using differentms to cluster seven sources into two clusters. The
source positions have aU(0, π) distribution and the brightness intensities are chosen between one
and five Jansky (Jy). The plots of the obtained membership degrees form = 1.01, 3, 6, and10
as well as relative intensities of the sources are shown by Fig. 5.1. As we see in Fig. 5.1, when
m = 1.01, the fuzzy clustering becomes hard clustering and the memberships are either zero or
one. In this case, the regions below the plots of the membership degrees are disjoint which means
the clusters have hard boundaries. Form = 3, the plots of the membership degrees become more
smooth and the regions below the plots overlap. That shows that the membership degrees are no
more just zero and one. However, still we see that for some sources the membership degrees are
significantly higher than the others. Thus, their distribution is not uniform yet. As we increase
m to 6, the plots become even more smooth and the overlap of the region below them increases.
Finally, in the case ofm = 10, the membership plots are almost horizontal lines. Hence, Fuzzy
clustering shows its extreme case where the membership degrees follow a uniform distribution.

The soft clustered calibration method with the data model of(5.10) can be carried out in two
different ways:

(i) First we apply a weighted fuzzy clustering to calculate the membership degrees. Then, we
run calibration techniques (Kazemi et al., 2012) on (5.10) to solve forQN Jones matricesJpi,
1 ≤ p ≤ N, 1 ≤ i ≤ Q, using the known memberships.

(ii) We use constrained non-linear optimization algorithms (Conn et al., 1997) to simultane-
ously solve forQN number of Jones matricesJpi, plus forQK number of membership degrees
uil, 1 ≤ i ≤ Q, 1 ≤ l ≤ K, in (5.10), satisfying the constrains of (5.8), and (5.9).

This chapter follows the first approach, when the weighted fuzzy clustering presented in sec-
tion 5.4 is initially executed to obtain the membership degrees. Solving for too many number of
unknowns, as well as satisfying some additional constrainsin approach (ii), could significantly
increase the computational expenses. However, unlike approach (i), this approach has the advan-
tage of calculating the optimal membership degrees, which provide us with the best accuracy of
the calibration, during the calibration procedure itself.Finding a proper solution for minimizing
the computational expenses of approach (ii) is addressed infuture work.
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Figure 5.1: Membership degrees obtained by clustering seven point sources into two clusters. The vertical
lines in the plot present relative brightness intensities of sources in Jy. The horizontal lines show the mem-
bership degrees obtained by soft clustering for four scenarios: m = 1.01, 3, 6, and10. Whenm = 1.01,
the fuzzy clustering becomes hard clustering and the memberships are either zero or one. In this case, the re-
gions below the plots of the membership degrees are disjointwhich means the clusters have hard boundaries.
Form = 3, the plots of membership degrees become more smooth and the regions below the plots overlap.
That shows that the membership degrees are no more just zero and one. However, still we see that for some
sources the membership degrees are significantly higher than the others. Thus, their distribution is not uni-
form yet. As we increasem to 6, the plots become even more smooth and the overlap of the region below
them increases. Finally, In the case ofm = 10, the membership plots are almost horizontal lines. Hence,
Fuzzy clustering shows its case extreme where the membership degrees follow a uniform distribution.
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5.5 Simulation studies

In this section, we use simulations to test the performance and convergence rate of soft clustered
calibration and compare then to that of the hard clustered one. We show that when the brightness
distribution of sources in the sky is a power law with a steep slope, which is mostly the case in real
nature, the performance of soft clustered calibration compared to hard one is significantly better.
For such skies, since there are a few number of very bright sources, whose signals are considerably
stronger than the others, and a large number of very faint sources, the intensity of sources could
be dramatically mixed by each other. Thus, there is a need forapplying soft clustered calibration,
rather than hard one, to deal with those effects. A Monte Carlo experiment shows that this correct
in an even more general framework.

5.5.1 WSRT Simulation

We simulate a sky of fifty two point sources which are obtainedby modified Jelić et al. (2008)
foreground model. The brightness distribution of the pointsources follows the source count func-
tion obtained at 151 MHz (Willott et al., 2001), while the angular clustering of the sources are
characterized by a typical two-point correlation function,

ρ(d) = Ad−0.8. (5.13)

In (5.13),ρ is the two point correlation function,d is the angular separation, andA is the normali-
sation amplitude ofρ. The flux cut off is 0.1 Jy and the simulated image is shown by Fig. 5.2-(a).
We proceed to add gain errors, multiplying source coherencies by the Jones matrices, as it is
shown in (5.3), to our simulation. The amplitude and phase ofthe Jones matrices’ elements are
generated using linear combinations ofsineandcosinefunctions, such that their amplitudes and
phases haveU(0.7, 0.9) andU(0.003, 0.004) distributions, respectively. We aim at simulating a
sky with almost uniform variations on small angular scales.In other words, we provide very sim-
ilar Jones matrices for sources with small angular separations. This way our simulation mimics
the actual measurement better, hence, justifies the use of clustered calibration. To accomplish this
goal, for every antenna, we first choose a single direction asa reference and simulate its Jones
matrix as it is explained before. Then, for the remaining fifty one sources, at that antenna, the
Jones matrices (amplitude and phase terms) are that initialJones matrix multiplied by the inverse
of their corresponding angular distances from that reference direction. We multiply the signals
with these gain errors. At the end, zero mean Gaussian noise with a variance of 3 mJy is added
to the simulated data. The result is shown in Fig. 5.2-(b). Aswe can see, in Fig. 5.2-(b), we
have only a small number of sources which are significantly brighter than the others. Moreover,
all of them are gathered in the right side of the image, ratherthan being uniformly distributed in
the field of view. Therefore, their brightness intensities highly affect the fainter sources, specially
the ones on the right side of the image. This paves the path to illustrate the advantage of using
fuzzy clustered calibration for obtaining a higher convergence rate compared to hard clustered
calibration.

We apply fuzzy clustered calibration, on20 s time intervals, usingQ = 7 clusters, and for
m = 1.05, 1.5, 2, 2.5, 3, 3.5, 4. The calibration technique used is the SAGE algorithm with nine
iterations. In this simulation case, whenm = 1.05, fuzzy clustering becomes hard clustering. As
we can see from the obtained residual noise levels shown in Fig. 5.3, shifting from hard clustered
calibration,m = 1.05, to soft clustered calibration, the results get better until the minimum noise
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(a) (b)

Figure 5.2: Simulated observation of fifty two sources which are obtained by modified Jelić et al. (2008)
foreground model (a). The signals are convolved with gain error, as linear combinations ofsin and cos
functions, and a zero mean Gaussian noise with a variance of 3mJy is also added (b). The size of images is
8 by 8 degrees

level is achieved atm = 2.5. After that, the noise level gets higher. Form = 3, it is still lower
than the one of hard clustered calibration. But, form = 3.5 andm = 4, it is the oposite and hard
clustered calibration performs better than soft one. Thus,the best result of clustered calibration is
obtained by fuzzy clustered calibration withm = 2.5. Note that we have achieved almost the same
level of accuracy by hard clustered calibration forQ = 27 number of clusters in Kazemi et al.
(2013b) (chapter 4). However, the computational cost of calibrating for twenty seven clusters is
much more expensive than for seven clusters. Therefore, themain goal of applying fuzzy clustered
calibration, instead of hard one, is to improve the speed of convergence while at the same time
achieving a better accuracy.

The residual images obtained form = 1.05, andm = 2.5 are shown in Fig. 5.4-(a), and
Fig. 5.4-(b), respectively. In Fig. 5.4-(a), there are stripes of over and under estimations, due
to problematic performance of hard clustered calibration,which is improved by 27 clusters in
Kazemi et al. (2013b) (chapter 4). However, in Fig. 5.4-(b),soft clustered calibration withm =
2.5 could perfectly remove all the faint sources. Moreover, it has also generated much less affects
after subtracting the brightest sources in the right side ofthe field of view.

The results of fuzzy clustering of the sources form = 1.05, 2.5, andm = 4 are presented
in Figs. 5.5-5.6, respectively. The marker sizes are proportional to sources intensities, and the
centroids of clusters are denoted by numbered-filled circles. Form = 1.05, where fuzzy clustering
becomes hard clustering, we used different markers, as in Fig. 5.5, to distinguish between the
members of different clusters. In Fig. 5.5, every source belongs to exactly one cluster, and hence,
the performance of the clustered calibration utilizing those clusters is not the best possible.

As we have seen in the results of Fig. 5.3, the lowest residualnoise level is obtained by fuzzy
clusters generated withm = 2.5. The centroids of these clusters are shown in Fig. 5.6. Sincethe
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Figure 5.3: The standard deviation of the residual noise (mJy) for soft clustered calibration withm =
1.05, 1.5, 2, 2.5, 3, 3.5, 4. Whenm = 1.05, fuzzy clustering is a hard clustering. Shifting from hard
clustered calibration,m = 1.05, to the soft clustered calibration, the results get better until the minimum
noise level which is achieved bym = 2.5. After that, the get higher and form = 3.5 andm = 4 it is
even worse than the hard clustered calibration’s performance. Thus, the optimal result is obtained by fuzzy
clustered calibration withm = 2.5.
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Figure 5.4: The residual images of hard clustered calibration (a) and soft clustered calibration with m=2.5
(b). Calibration is implemented by SAGE algorithm with ninenumber of iterations and on twenty seconds
time intervals. There are strips of over and under estimations due to problematic performance of hard clus-
tered calibration in (a). However, soft clustered calibration with m = 2.5 in (b) could perfectly remove all
the faint sources. On top of that, it has generated much less artificial effects after subtracting for the brightest
sources in the right side of the field of view.
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Figure 5.5: Fifty two point sources are clustered into seven source clusters by the weighted fuzzy clustering
technique presented in section 5.4. The componentm = 1.05 is used. Consequently, the membership
degrees obtained are only zero and one. Thus, the fuzzy clustering in this limits is in fact the same as the
hard clustering. Different markers are used for distinguishing between the members of different clusters.
The centroids of clusters are denoted by numbered-filled circles.
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Figure 5.6: Fifty two point sources are clustered into seven source clusters by fuzzy clustering of section 5.4.
The componentm = 2.5 is used by which the best performance of fuzzy clustered calibration is obtained.
The marker sizes are proportional to sources intensities. The centroids of the clusters are uniformly scattered
in the field of view, and are covering whole the sky.

sources belong to different clusters according to some membership degree, we have plotted all of
them using the same marker. In Fig. 5.6, the centroids of the clusters are uniformly scattered in
the field of view, and are covering the whole sky. Applying fuzzy clustered calibration, we solve
for the directions of these centroids, and at the end, errorsare estimated as linear combinations of
the obtained solutions. Having proper membership degrees,which are partly shown in Table 5.2,
achieving the best accuracy of calibration is guaranteed.

In Table 5.2, membership degrees generated by the weighted fuzzy clustering withm = 2.5
are given for fifteen randomly chosen sources. As we can see, most of the sources belong with a
degree of membership greater than50% to one cluster. That means every source belongs with a
large membership degrees to the cluster whose centroid is the closet to it, and with a very small
ones to the other farther clusters. This is the most reasonable clustering senario. The worst clus-
tering senario is when every source belongs to all clusters with equal membership degrees. That
happened for the case ofm = 4, as it can be seen in Table 5.3. In Table 5.3, the membership
degrees generated by fuzzy clustering withm = 4 are shown for the fifteen sources. The mem-
berships follow a uniform distribution. This means that thebrightness of every source affects all
the sky at the same level. This is not realistic for an8 degrees field of view. That is why the per-
formance of clustered calibration using such fuzzy source clusters is not good. As an immediate
result of considering such membership degrees, as presented in Table 5.3, the centroids of clusters
are inclined towards the phase center of the observation. This can be seen in Fig. 5.7, where the
result of fuzzy clustering of sources form = 4 is plotted. The centroids of the clusters are focused
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Table 2

Source Cluster
Number 1 2 3 4 5 6 7

1 0.0702 0.0993 0.0540 0.0598 0.0327 0.57330.1106
2 0.0270 0.0307 0.0214 0.0195 0.0144 0.84930.0377
3 0.1564 0.2695 0.0547 0.1076 0.0542 0.2419 0.1156
4 0.0073 0.0142 0.7780 0.0231 0.0045 0.0182 0.1547
5 0.0006 0.0012 0.9808 0.0018 0.0004 0.0019 0.0133
6 0.0044 0.0077 0.9023 0.0109 0.0029 0.0128 0.0591
7 0.0003 0.0006 0.0029 0.0009 0.0001 0.0007 0.9946
8 0.0007 0.0016 0.0070 0.0025 0.0004 0.0018 0.9860
9 0.1922 0.3177 0.0470 0.2181 0.0948 0.0590 0.0712
10 0.0361 0.0081 0.0022 0.0042 0.94080.0055 0.0031
11 0.0035 0.0007 0.0002 0.0004 0.99450.0005 0.0003
12 0.0397 0.0088 0.0024 0.0045 0.93510.0060 0.0034
13 0.0045 0.0010 0.0003 0.0005 0.99260.0007 0.0004
14 0.0002 0.0011 0.0002 0.9979 0.0001 0.0002 0.0004
15 0.0002 0.0009 0.0002 0.9983 0.0001 0.0001 0.0003

Table 5.2: Membership degrees generated by fuzzy clustering ofK = 52 sources in toQ = 7 clusters, for
m = 2.5. The largest membership degree of every source is underlined. Most of the sources belong with a
membership bigger than.5 to one cluster. That means every source more belongs with a large membership
degrees to the cluster whose centroid is the closet to it, andwith a very small ones to the other farther clusters.
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Table 3

Source Cluster
Number 1 2 3 4 5 6 7

1 0.1207 0.1160 0.0958 0.1186 0.1215 0.1263 0.3011
2 0.1312 0.1274 0.1106 0.1302 0.1358 0.1437 0.2212
3 0.1623 0.1518 0.1280 0.1296 0.1148 0.1094 0.2040
4 0.1320 0.1329 0.1208 0.1490 0.1647 0.16960.1311
5 0.1308 0.1315 0.1188 0.1475 0.1650 0.17290.1335
6 0.1320 0.1324 0.1207 0.1467 0.1622 0.17000.1360
7 0.1209 0.1221 0.1035 0.1505 0.1877 0.19630.1189
8 0.1217 0.1230 0.1043 0.1520 0.1879 0.19300.1181
9 0.1506 0.1517 0.1712 0.1407 0.1305 0.1248 0.1305
10 0.1487 0.1475 0.1549 0.1380 0.1320 0.1298 0.1491
11 0.1487 0.1472 0.1540 0.1377 0.1318 0.1298 0.1508
12 0.1488 0.1475 0.1551 0.1380 0.1319 0.1298 0.1490
13 0.1485 0.1472 0.1539 0.1379 0.1321 0.1302 0.1502
14 0.1513 0.1566 0.1682 0.1520 0.1351 0.1230 0.1137
15 0.1513 0.1566 0.1681 0.1521 0.1351 0.1230 0.1137

Table 5.3: Membership degrees generated by fuzzy clustering withm = 4, for the fifteen chosen sources.
The largest membership degree of every source is underlined. Each source belongs to all the cluster with
equal membership degrees. This means that the brightness ofevery source affects all the sky at the same
level, which is not realistic. Thus, the performance of fuzzy clustered calibration using such membership
degrees is not expected to be good.
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Figure 5.7: The result of fuzzy clustering of sources form = 4. The centroids of the clusters are focused
around the strong sources in the field of view. Thus, applyingthese clusters to clustered calibration, we solve
for almost only one direction in the sky, towards the area from wich the strongest signals are emitted. That
is the reason of the bad performance of soft clustered calibration in the plot of Fig. 5.3

around the strong sources in the field of view. Thus, clustered calibration via those fuzzy clusters
in fact solves for a single direction, towards the strongestsources. That is why the performance
of such a calibration is the worst, as it is shown in the plot ofFig. 5.3.

Comparing Fig. 5.8 and Fig. 5.9, we can see the difference between the results of fuzzy
clustering form = 2.5 andm = 4 from anther point of view. Fig. 5.8 and Fig. 5.9 show
the contour plots of membership degrees for six fuzzy clusters (out of the total seven generated
clusters) in six sub-plots, form = 2.5 andm = 4, respectively. The plots show how the fuzzy
membership degrees are scattered in the field of view. In Fig.5.8, we see that at the centroids of
the clusters, which were plotted in Fig. 5.6, contour lines are very close to each other. This shows
a steep slope of membership values around the centroids. Thecontour labels have a maximum
between 0.7 and 0.9, occurring at the centroids. Getting farfrom the centroids, contour lines
become far apart, till they make a huge flat area with the minimum of membership degrees, which
is 0.1. Thus, sources close to centroids have a large membership degrees (between 0.7 and 0.9),
and the ones farther, have very small ones. This is similar tohard clustering. However, in the plots
of Fig. 5.9, which are for the case of fuzzy clustering withm = 4, contour lines are scattered
almost all over the field of view. The reason is because, as it is shown in Fig. 5.7, the centroid
of fuzzy cluster generated form = 4 are very close to each other and are focused around the
strongest sources in the sky. That is the reason of having toomany circles which are far apart
from each other at every plot of Fig. 5.9. On top of that, the contour labels in Fig. 5.9 have a
maximum between 0.1 and 0.2. This shows every cluster coversa large part of the field of view
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with almost uniform membership degrees. This is quite different from hard clustering.

5.5.2 Monte Carlo simulation

As the last part of this section, we present a Monte Carlo simulation to demonstrate the faster speed
of convergence of soft clustered calibration compared to that of the hard clustered one, in a more
general framework. Ten simulations are made, just as the oneproduced at the beginning of this
section with different errors. For all of them, the standarddeviation of the obtained residual noise
for soft clustered calibration, withm = 1.05, 1.5, 2, 2.5, 3, 3.5, 4, are calculated. Bear in mind
that form = 1.05 fuzzy clustering becomes hard clustering. The averaged standard deviation is
shown in Fig. 5.10. As we can see in Fig. 5.10, shifting from hard clustered calibration,m = 1.05,
to soft one, the results get better. The minimum noise level is obtained for soft clustered calibration
with m = 2. After that, the noise level gets higher, and form = 3, 3.5, and4, it is even higher
than the one of hard clustered calibration. Thus, the best result is obtained by fuzzy clustered
calibration withm = 2. This means, soft clustered calibration can achieve a higher convergence
rate compared to hard clustered calibration. Note that thisdoes not mean that hard clustered
calibration can not provide the same level of accuracy in itssolutions. It is possible that one
obtains the same accuracy as the one obtained via soft clustered calibration withm = 2 by hard
clustered calibrations with a larger number of clusters,Q ≫ 7. The superiority of soft clustered
calibration compared to hard clustered calibration is onlyin achieving this accuracy with a less
computational cost.

5.6 Conclusions

We have introduced soft clustered calibration for calibrating radio interferometric data towards the
sensitivity limit. The method applies fuzzy clustering in order to design source clusters with soft
boundaries. Then, it runs directional calibration to solvealong the centroids of these clusters. The
coherency of every cluster is defined as the sum of coherency of the sources of the cluster, where
they are multiplied by the membership degrees with which their corresponding source belongs to
that cluster. Using such coherencies in the calibration procedure, the brightness of every individual
source can be contributed to more than one cluster. The levelof this contribution is defined by
some membership degrees. As an immediate result, in soft clustered calibration, every source
signal is considered to be corrupted by a linear combinationof the sky errors (Jones matrices) of
all the clusters. This is where in the hard clustered calibration, which runs calibration on clusters
with hard boundaries, the solution of every source is only the one obtained for the centroid of the
cluster that the source belongs to. This provides soft clustered calibration with a faster speed of
convergence compared to hard one, specially when the brightness distribution of sources yields
from uniform to power law distribution. Simulated observations proved our claim.
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Figure 5.8: The contour plots of membership degrees for six fuzzy clusters (out of the total seven generated
fuzzy clusters), whenm = 2.5. The plots show how the fuzzy membership degrees are scattered in the field
of view. There are contour lines close together at the centroids of the clusters, which are plotted in Fig. 5.6.
This shows a steep slope of membership values around the centroids. The contour labels have a maximum
between 0.7 and 0.9, occurring at the centroids. Getting farfrom the centroids, contour lines become far
apart, till they make a huge flat area with the minimum membership degrees, which is 0.1. Thus, sources
close to centroids have a large membership degrees (between0.7 and 0.9), and the ones farther, have very
small ones. This is close to hard clustering.
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Figure 5.9: The contour plots of membership degrees for six fuzzy clusters (out of the total seven generated
fuzzy clusters), whenm = 4. As it is shown in Fig. 5.7, the centroid of fuzzy cluster generated form = 4
are very close to each other and are focused at the phase center. Consequently, there are contour lines in the
above plots are scattered almost all over the field of view. Atevery plot, there are too many closed circles far
apart from each other. On top of that, the contour labels havea maximum between 0.1 and 0.2. This shows
every cluster covers a large part of the field of view with almost uniform membership degrees. This is quite
far from hard clustering.
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Figure 5.10: The averaged standard deviation of the residual noise of tensimulations, obtained by soft
clustered calibration form = 1.05, 1.5, 2, 2.5, 3, 3.5, 4. Whenm = 1.05, fuzzy clustering is in fact
hard clustering. Shifting from hard clustered calibration, m = 1.05, to soft clustered calibration, the results
get better. The minimum noise level is obtained for soft clustered calibration withm = 2. After that,
the noise level gets higher, and form = 3, 3.5, and4, it is even higher than the one of hard clustered
calibration. Thus, the best result is obtained by fuzzy clustered calibration withm = 2. Therefore, applying
clustered calibration to cases in which the brightness distribution of sources is a power law, the hard clustered
calibration achieves a higher convergence rate compared tohard one.


