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Quantum Effects In Imaging Nano-
Structures Using Photon-Induced 
Near-Field Electron Microscopy
Naglaa etman  1,2, Afaf M. A. said1, Khaled S. R. Atia1,3, Reem sultan2, 
Mohamed Farhat O. Hameed1,4,5, Muhamed Amin6,7 & S. S. A. obayya1,2

In this paper, we introduce the quantum mechanical approach as a more physically-realistic model to 
accurately quantify the electron-photon interaction in Photon-induced near-field electron microscopy 
(PINEM). Further, we compare the maximum coupling speed between the electrons and the photons 
in the quantum and classical regime. For a nanosphere of radius 2.13 nm, full quantum calculations 
show that the maximum coupling between photon and electron occurs at a slower speed than classical 
calculations report. In addition, a significant reduction in PINEM field intensity is observed for the full 
quantum model. Furthermore, we discuss the size limitation for particles imaged using the PIMEN 
technique and the role of the background material in improving the PINEM intensity. We further report 
a significant reduction in PINEM intensity in nearly touching plasmonic particles (0.3 nm gap) due to 
tunneling effect.

Different electron microscopy techniques1–5 gain a lot of interest nowadays due to their ability to image at higher 
resolution than light microscopes limited by diffraction effect. Photon-induced near-field electron microscopy 
(PINEM)6–8 is one of the most recent techniques using the coupling between the electron and the optical near 
field around the nanostructures. Dissimilar to the transmission electron microscopy9 using swift electron for 
imaging, PINEM uses ultra-short laser pulse to excite the near field, then fast electrons are sent for probing. The 
mechanical work performed by the scattered field on the swift electrons is then measured6–8,10. Recently, PINEM 
showed a great potential for imaging high resolution nanostructures and visualizing phenomena such as plasm-
monics in both time and space11.

The heart of PINEM technique is the electron-photon interactions, which are forbidden in free space due to 
the mismatch in momentum3,7. However, the spatial confinement Δz caused by the scattered near field of the 
imaged nanostructure alters the electrons momentum11. Hence, the coupling between the photon and electrons 
takes place. Although there is an upper limit for the particle size that can be imaged with PINEM, this limit could 
be tuned by using different dielectric-background materials. Theoretically, there is thus no lower limit for the par-
ticle size3. However, small particle size produces lower scattered field intensity with smaller spatial confinement 
and hence smaller PINEM field. In addition, the maximum coupling spatial frequency would be shifted. This is 
because PINEM field is actually the Fourier transform of the scattered electric field component in the direction of 
propagation at the spatial frequency ω/v7,10,
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Therefore, a spread in the spatial frequency domain and a shift towards the higher frequencies are expected 
for small spatial confinement. The decrease in the amplitude of PINEM field is a consequence to the spread in 
frequency domain. Thus, understanding the correlation between the photon, electron and the size of the nanos-
tructure is essential to understand the capabilities of PINEM technique.

PINEM may provide valuable contribution to our understanding of plasmonics which nowadays receives 
high interest due to its capability of subwavelength localization beyond the diffraction limit12. Generally, the 
essential properties of plasmonic nanostructures can be theoretically characterized just by solving the classical 
Maxwell’s equations13. However, for nanostructures with a few nanometers radii of curvature and/or with sub-
nanometer separation between particles, the classical treatment completely fails, even if the non-local nature is 
included14–17. Because non-local optics neglects electron-density spill out14, the inhomogeneity of the electron 
density at the surface of a metal surrounding by a dielectric material. Thus, classical calculations cannot pre-
dict the correct Surface Plasmon Resonance (SPR) for isolated small nanoparticles14,18. Moreover, recent optical 
experiments on two plasmonic nanoparticles separated by a few subnanometer completely deviate from classical 
predictions19. The overlap of electron densities and the tunnelling current in such subnanometer gaps extremely 
affect the optical response. Thus, classical methods are inadequate, and considering such quantum effects using 
methods like Time-Dependent Density Functional Theory (TDDFT)20,21 gains a lot of interest in the field of 
nanoplasmonics22. Despite of the high precision of such full quantum solvers, they require huge computational 
resources in terms of time and memory. Therefore, many research efforts have been recently paid to introduce 
new Quantum Corrected Models (QCM)15,19,23 which could modify any classical electromagnetic framework to 
take into account such photoinduced tunnel current between the two plasmonic nanoparticles separated by a few 
subnanometer gaps but with incomparable computational efforts. So, to accurately calculate scattered electric 
field which is a vital parameter in PINEM calculations, quantum analysis should be considered. Moreover, our 
theoretical study here shows promise that PINEM would be used for visualizing such quantum effects in reality.

In this paper, we introduce, for the first time to the best of our knowledge, full quantum analysis to calculate 
PINEM field integral Fz for a nanoparticle of radius = 2.13 nm. Then, we compare the quantum results obtained 
by solving the Khon-Sham (KS) equation with those obtained by using classical electrodynamics. Next, the cor-
relation between the size of a various spherical nanostructures and the electron-photon coupling speed is studied 
in different dielectric mediums. In addition, the QCM15,23,24 is used to investigate the effect of electron tunneling 
on the electron-photon coupling and hence on PINEM intensity. Further, we demonstrate that PINEM technique 
can prove the tunneling process at very small gap sizes (few Ångsrtöm separations).

Results
It is well known that the momentum of the electron is changed by the number of photons absorbed (energy gain) 
or emitted (energy loss) via3 Δp = (2mE ± 2mħωn)1/2 − (2mE)1/2, where m is the electron mass, E is its initial 
energy, ħ is the reduced Planck constant, ω is the photon angular momentum, and n is the number of photons. 
Due to the large difference between photon and electron energies, the change in momentum can be approxi-
mated as Δp ≈ ±nħω/v where v is the electron’s speed. The Heisenberg uncertainty principle relates the change in 
momentum with the spatial confinement caused by nanoparticle via (ΔpΔz ~ h). For Δp ≈ ±nħω/v to hold, and 
for only one photon, n = 1, a spatial confinement of Δz = 2π/ω is required for the coupling process. For instance, 
a photon with energy 2.4 eV and electrons with ve = 0.7c (200 KeV), where c is the speed of light in free space, Δz 
equals 350 nm. To couple more photons (n > 1), the spatial confinement is less than 350 nm.

Na-cluster. A single nanoparticle of Sodium (Na) with radius ~2 nm is thus considered here. The 
electron-density spill out14 of such particle size (a few nanometer radii ~2 nm) dramatically changes the absorp-
tion properties and hence on the scattered field. That is why, it is essential to introduce here a full quantum simu-
lation of PINEM intensity while studying such plasmonic nanoparticle. The Quantum calculations are performed 
with the Octopus package25. Octopus solves the KS time dependent equations in a real-space representation based 
on TDDFT which quantum-mechanically describes electrons. Typical convergence parameters are spatial-grid 
spacing of 0.26 Å, total propagation time Tmax = 40ħ/eV, and time step dt = 0.0025ħ/eV. Dissimilar to noble met-
als, the core electrons in Sodium-cluster do not need to be clearly considered to evaluate the optical properties14. 
Moreover, the atom- and jellium-TDDFT results are fairly similar but with incomparable computational cost14. 
In addition, jellium model has good agreements with experiments14,26,27, besides its simplicity28. Therefore, we use 
the spherical jellium model14 for describing the spherical cluster of NaN with N = 1074 atoms. The Wigner-Seitz 
radius of Na is rs = 3.93 Bohr raduis14, so the jellium sphere radii is R ≈ 2.13 nm.

First, the ground state (gs) of the spherical Na1074 jellium cluster is calculated. Next, we use Delta kick 
excitation to obtain the linear optical absorption spectrum from which the resonance frequency is extracted 
at ω0 = 3.3 eV. Then, the time-propagation with 16384 iterations is used to excite the Na nanoparticle by an 
x-polarized photon propagating in z-direction at ω0 = 3.3 eV with E0 amplitude. We extract the Hartree poten-
tial (vHartree) for the xz–plane at y = 0. Then, the scattered electric field |Ez|/E0 results from the gradient of vHartree 
extracted. For the PINEM calculations, an electron is incident in z-direction to interact with the scattered field of 
the nanoparticle. More details about the quantum calculations are included in the Supplementary File.

We perform the quantum simulation on the Bibliotheca Alexandrina High-Performance Computing cluster 
(BA-HPC) which is with 100 TFLOPS, 98 servers, 2 CPU per server, 128 GB RAM/server, 1,968 CPU-cores, 
40 Gbps interconnect bandwidth and 2 General-Purpose Graphics Processing Units accelerators (GPGPUs) per 
server. Although jellium model is preserved, and the simulation is distributed on 240 slots of the BA-HPC, the 
computational cost is still huge. It takes more than two months, 61-3:23:33 (the jobs elapsed time), only for run-
ning the time-propagation step without the gs or the Delta kick excitation. We need to write the huge simulation 
results after each 8 iterations to have a good resolution time domain data for the Fourier transforms; however, 
that required huge memory and space for processing and saving [16384 iterations/8 iterations × 32265 × 3] vHartree 
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matrix size. We choose this huge particle size, 2 nm, from quantum point of view to be visible for the classical 
simulator. That is why we settle for studying only Na.

We notice that the quantum resonance frequency is shifted with respect to the classical simulation, where 
its ω0 = 3.24 eV. Because classical theory considers the boundaries between metal and a surrounding dielectric 
medium as sharp-boundaries neglecting the vital electron-density spill out of such nanoparticle14. Therefore, 
a reduction in the quantum scattered electric field (|Ez|/E0) could be observed in Fig. 1(a) with respect to the 
classical one. Consequently, the quantum PINEM field (|Fz|/E0) is also smaller than that obtained by classical 
calculations at ω0 illumination as shown in Fig. 1(b). Moreover, Fig. 1(b) shows that the resonance spatial fre-
quency (K/Kp), at which PINEM field is maximum, is shifted to the higher direction for quantum results than 
those obtained by classical calculations. On the other hand, when we use a 519 nm illumination, as widely used in 
PINEM technique6–8,10, the scattered field and hence the PINEM field shown in Fig. 1(b) dramatically decreases, 
as expected. Because 519 nm is extremely shifted with respect to the resonance frequency of the Na cluster we 
study. Further, Fig. 1(b) shows that the quantum resonance spatial frequency is still shifted comparable with the 
classical calculations. A possible way to increase PINEM field is to use a higher index dielectric material as a 
surrounding medium which decreases the photon velocity and achieves the conservation of angular momentum 
between photon and electron as discussed later.

PINEM maximum coupling. To seek PINEM maximum coupling and its limitations with respect to the 
particle size and the background material, we study silver particles with different sizes, from 25 nm to 55 nm 
radius, excited by 519 nm wavelength photon in different background material. Figure 2(a) shows the relation 
between the particle size and the maximum achievable PINEM intensity (|Fz|2)29,30 normalized to the input power.

It may be observed that PINEM intensity increases with increasing the particle size in all different background 
materials. This is because PINEM intensity is directly proportional to the electric field component in z-direction. 
Further, the scattering cross-section σscat is also directly proportional to the particle size (σscat ∝ R6) according to 

Figure 1. Quantum and classical calculations for: (a) |Ez|/E0 at the tangential cutline of the Na sphere and (b) its 
|Fz|/E0 while changing K/Kp, where Kp is the spatial frequency of photon. The insets display |Ez|/E0 in xz-plane 
at y = 0 for the Na-cluster.

Figure 2. For different background materials: (a) Maximum PINEM intensity computed for different particle 
size of silver sphere n = 0.05 + 3.31i at 519 nm illumination. (b) Electron speeds at maximum PINEM field.

https://doi.org/10.1038/s41598-019-42624-w
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Rayleigh theory31,32. Hence, PINEM intensity increases with the increase of the particle size. Also, PINEM inten-
sity is much higher in water, n = 1.33, and Acetonitrile, n = 1.34, than air, n = 1. According to Rayleigh scattering, 
the scattering cross-section is directly proportional to the difference between the permittivity of the background 
material and the permittivity of the particle size (σscat ∝ |Δε|2). Therefore, different background materials than 
air can produce stronger scattered field |Ez|/E0 and hence higher PINEM intensity. Figure 2(b) shows the maxi-
mum coupling speed on the electron for different particle sizes in different background materials (air, water, and 
Acetonitrile). Since, the electron speed cannot reach the speed of light in free space, we limited our calculation to 
a maximum electron speed of ve = 0.7c. Therefore, it may be seen that the upper limit of particle radius that can 
be imaged using PINEM under these conditions is 54 nm in air and ~55 nm in water and Acetonitrile. This limit 
differs slightly in water and Acetonitrile because of the strong field confinement through background materials 
with high refractive indices than air.

Figure 3 compares |Ez|/E0, at the edge of the nanostructure for silver sphere of 55 nm and 25 nm radius placed 
in air and water. In the case of air dielectric, the scattered electric field components are quite symmetric regarding 
the z-coordinates. This is due to the particle size which is much smaller than the excitation wavelength (R < λ/10). 
Hence, Rayleigh scattering occurs where the scattered field is symmetric. Whereas, in the case of the water die-
lectric, the electric field is asymmetric in the z-coordinates because the particle size becomes higher than λeff/10 
where λeff = λ/n. Therefore, the scattering follows Mie scattering instead of Rayliegh scattering where the scattered 
field becomes asymmetric. In contrast, at the small particle size of radius 25 nm, |Ez|/E0 along the electron trajec-
tory is symmetric in both medium air and water. Also, it can be noticed that |Ez|/E0 is greater in water than in air.

PINEM and Tunneling. In the attempt to study the effect of nearly touching plasmonic particles on PINEM 
intensity (|Fz|2), we consider two silver spheres of radius 50 nm placed in x-direction separated by a gap. For a gap 
size of 0.3 nm, where the tunneling is more likely to happen, Fig. 4(a) shows PINEM intensity calculated of the 
xz-plane at y = 0 for the two nanoparticles using classical theory and QCM.

It may be observed from Fig. 4(a) PINEM intensity calculated using QCM is less than PINEM intensity calcu-
lated using classical theory. In the classical theory, the tunneling cannot be described. Therefore, it may be noted 
from Fig. 5(a) that there is a field enhancement in the gap between the two nanoparticles.

Figure 3. |Ez|/E0 at the edge of the silver sphere, for different particle sizes at back-ground materials: (a) Air and 
(b) Water. The insets display (|Ez|/E0) in xz-plane for each particle.

Figure 4. Quantum and classical (|Fz|/E0)2 along x-axis for y = 0 plane of two 50 nm silver nanoparticles with 
gap sizes: (a) (0.3 nm) and (b) (0.6 nm) placed in air.

https://doi.org/10.1038/s41598-019-42624-w
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However, this is not true because the charge transfer between the two nanoparticles makes the gap conduc-
tive. Thus, there should be degradation in the field intensity in the gap due to losses, and hence PINEM intensity 
should be decreased. On contrast, the QCM treats the gap between the two nanoparticles as a conductive gap and 
hence takes the tunneling phenomena into consideration15,23. This tunneling effect considered by QCM appears 
clearly in the reduction in the scattered field shown in Fig. 5(b). On the other side, where the tunneling becomes 
less likely to happen for 0.6 nm gap, Fig. 4(b) shows a good agreement between the classical results and the QCM 
results. This is because the gap becomes less conductive, and hence the field enhancement computed using the 
classical theory and QCM is the same as shown in Fig. 6(a,b), respectively. Therefore, we expect that PINEM 
technique can be used to visualize the tunneling process at very small gap sizes. For the effect of tunneling over 
the entire space, the same study is repeated for two 50 nm sodium particles in the Supplementary File. More 
information is also included in the Supplementary File for how PINEM calculation is extended in real space and 
spatial frequency.

References
 1. Shorokhov, D. & Zewail, A. H. Perspective: 4d ultrafast electron microscopy-evolutions and revolutions. The J. chemical physics 144, 

080901 (2016).
 2. Hassan, M. T., Baskin, J., Liao, B. & Zewail, A. Revealing the temporal resolution of electron motion in 4d electron microscopy. arXiv 

preprint arXiv:1704.04246 (2017).
 3. Zewail, A. H. 4D Visualization of Matter: Recent Collected Works of Ahmed H Zewail, Nobel Laureate (World Scientific Publishing 

Company, 2014).
 4. Zewail, A. H. Four-dimensional electron microscopy. Sci. 328, 187–193 (2010).
 5. Adhikari, A. et al. Four-dimensional ultrafast electron microscopy: Insights into an emerging technique. ACS applied materials & 

interfaces 9, 3–16 (2017).
 6. Barwick, B., Flannigan, D. J. & Zewail, A. H. Photon-induced near-field electron microscopy. Nat. 462, 902–906 (2009).

Figure 5. |Ez|/E0 in xz-plane at y = 0 for the two 50 nm silver nanoparticles with gap sizen 0.3 nm calculated by 
(a) classical theory and (b) QCM, respectively. The insets Focus on a cross section of |Ez|/E0 at the gap between 
the two particles.

Figure 6. |Ez|/E0 in xz-plane at y = 0 for the two 50 nm silver nanoparticles with gap size 0.6 nm calculated by: 
(a) Classical theory and (b) QCM, respectively. The insets Focus on a cross section of |Ez|/E0 at the gap between 
the two particles.

https://doi.org/10.1038/s41598-019-42624-w


6Scientific RepoRts |          (2019) 9:6139  | https://doi.org/10.1038/s41598-019-42624-w

www.nature.com/scientificreportswww.nature.com/scientificreports/

 7. Park, S. T., Lin, M. & Zewail, A. H. Photon-induced near-field electron microscopy (pinem): theoretical and experimental. New J. 
Phys. 12, 123028 (2010).

 8. Flannigan, D. J. & Zewail, A. H. 4d electron microscopy: principles and applications. Accounts chemical research 45, 1828–1839 (2012).
 9. Reimer, L. Transmission electron microscopy: physics of image formation and microanalysis, vol. 36 (Springer, 2013).
 10. Yurtsever, A., Baskin, J. S. & Zewail, A. H. Entangled nanoparticles: Discovery by visualization in 4d electron microscopy. Nano 

letters 12, 5027–5032 (2012).
 11. Yurtsever, A. & Zewail, A. H. Direct visualization of near-fields in nanoplasmonics and nanophotonics. Nano letters 12, 3334–3338 

(2012).
 12. Gramotnev, D. K. & Bozhevolnyi, S. I. Plasmonics beyond the diffraction limit. Nat. photonics 4, 83–91 (2010).
 13. McMahon, J. M., Gray, S. K. & Schatz, G. C. Optical properties of nanowire dimers with a spatially nonlocal dielectric function. 

Nano letters 10, 3473–3481 (2010).
 14. Varas, A., García-González, P., Feist, J., García-Vidal, F. & Rubio, A. Quantum plasmonics: from jellium models to ab initio 

calculations. Nanophotonics 5, 409–426 (2016).
 15. Esteban, R., Borisov, A. G., Nordlander, P. & Aizpurua, J. Bridging quantum and classical plasmonics with a quantumcorrected 

model. Nat. communications 3, 825 (2012).
 16. Taylor, R. W. et al. Precise subnanometer plasmonic junctions for sers within gold nanoparticle assemblies using cucurbit[n]uril 

“glue”. ACS nano 5, 3878–3887 (2011).
 17. Jacob, Z. & Shalaev, V. M. Plasmonics goes quantum. Sci. 334, 463–464 (2011).
 18. Liebsch, A. Surface-plasmon dispersion and size dependence of mie resonance: silver versus simple metals. Phys. Rev. B 48, 11317 (1993).
 19. Savage, K. J. et al. Revealing the quantum regime in tunnelling plasmonics. Nat. 491, 574 (2012).
 20. Runge, E. & Gross, E. K. Density-functional theory for time-dependent systems. Phys. Rev. Lett. 52, 997 (1984).
 21. Marques, M. A. & Gross, E. K. Time-dependent density functional theory. Annu. Rev. Phys. Chem. 55, 427–455 (2004).
 22. Quijada, M., Borisov, A., Nagy, I., Muino, R. D. & Echenique, P. Time-dependent density-functional calculation of the stopping 

power for protons and antiprotons in metals. Phys. Rev. A 75, 042902 (2007).
 23. Esteban, R. et al. A classical treatment of optical tunneling in plasmonic gaps: extending the quantum corrected model to practical 

situations. Faraday discussions 178, 151–183 (2015).
 24. Said, A. M. & Obayya, S. Efficient analysis of electron waveguides with multiple discontinuities. Opt. Quantum Electron. 47, 

1333–1338 (2015).
 25. Andrade, X. et al. Real-space grids and the octopus code as tools for the development of new simulation approaches for electronic 

systems. Phys. Chem. Chem. Phys. 17, 31371–31396 (2015).
 26. De Heer, W. A. The physics of simple metal clusters: experimental aspects and simple models. Rev. Mod. Phys. 65, 611 (1993).
 27. Brack, M. The physics of simple metal clusters: self-consistent jellium model and semiclassical approaches. Rev. modern physics 65, 

677 (1993).
 28. Zhang, H., Kulkarni, V., Prodan, E., Nordlander, P. & Govorov, A. O. Theory of quantum plasmon resonances in doped 

semiconductor nanocrystals. The J. Phys. Chem. C 118, 16035–16042 (2014).
 29. Park, S. T. & Zewail, A. H. Photon-induced near-field electron microscopy: mathematical formulation of the relation between the 

experimental observables and the optically driven charge density of nanoparticles. Phys. Rev. A 89, 013851 (2014).
 30. Park, S. T. & Zewail, A. H. Relativistic effects in photon-induced near field electron microscopy. The J. Phys. Chem. A 116, 

11128–11133 (2012).
 31. Maier, S. A. Plasmonics: fundamentals and applications (Springer Science & Business Media, 2007).
 32. Bohren, C. F. & Huffman, D. R. Absorption and scattering of light by small particles (John Wiley & Sons, 2008).

Acknowledgements
The authors would like to dedicate this work to the spirit of late Dr. Zewail, Nobel laureate in Chemistry 1999, the 
great founder of Zewail City of Science and Technology. The authors would also like to thank NTRA Egypt for 
funding the PEACE project. Many thanks to Bibliotheca Alexandrina (BA) supercomputing facility for offering 
researchers in Egypt merit-based access to a High-Performance Computing (HPC) cluster - the BA-HPC. M.A. 
would like to acknowledge the financial support from European Research Council through the Consolidator 
Grant COMOTION (ERC-Küpper-614507).

Author Contributions
The idea was initially proposed by M.A. and S.S.A.O. Theoretical formulations and data analysis were made by 
N.E., A.M.A.S., K.S.R.A. and R.S. Manuscript was written by N.E., A.M.A.S., K.S.R.A. and R.S. and reviewed by 
M.F.O.H., M.F.O.H., M.A. and S.S.A.O. contributed ideas for numerical modeling.

Additional Information
Supplementary information accompanies this paper at https://doi.org/10.1038/s41598-019-42624-w.
Competing Interests: The authors declare no competing interests.
Publisher’s note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the 
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.
 
© The Author(s) 2019

https://doi.org/10.1038/s41598-019-42624-w
https://doi.org/10.1038/s41598-019-42624-w
http://creativecommons.org/licenses/by/4.0/

	Quantum Effects In Imaging Nano-Structures Using Photon-Induced Near-Field Electron Microscopy
	Results
	Na-cluster. 
	PINEM maximum coupling. 
	PINEM and Tunneling. 

	Acknowledgements
	Figure 1 Quantum and classical calculations for: (a) |Ez|/E0 at the tangential cutline of the Na sphere and (b) its |Fz|/E0 while changing K/Kp, where Kp is the spatial frequency of photon.
	Figure 2 For different background materials: (a) Maximum PINEM intensity computed for different particle size of silver sphere n = 0.
	Figure 3 |Ez|/E0 at the edge of the silver sphere, for different particle sizes at back-ground materials: (a) Air and (b) Water.
	Figure 4 Quantum and classical (|Fz|/E0)2 along x-axis for y = 0 plane of two 50 nm silver nanoparticles with gap sizes: (a) (0.
	Figure 5 |Ez|/E0 in xz-plane at y = 0 for the two 50 nm silver nanoparticles with gap sizen 0.
	Figure 6 |Ez|/E0 in xz-plane at y = 0 for the two 50 nm silver nanoparticles with gap size 0.




