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3DATASETS

3.1 initial considerations

In the previous chapter, we illustrated the concepts and challenges
of attractors, phase spaces, and their features by using two quite
simple dynamical systems � the Lorenz system and the mechanical
pendulum. The Lorenz system has become the typical example
in studies on phase-space reconstruction and dynamical systems,
mainly due to its easy-to-understand visual structure (Rosenstein
et al., 1994; Tucker, 1999; Manabe and Chakraborty, 2007).
As also mentioned in Chapter 2, a major challenge in validating

a phase-space reconstruction and, as consequence, its embedding
parameters m and τ , is by having the ground truth to assess it.
That is, for a given dynamical system in general, we can compute
a multitude of embeddings. How do we know when an embedding
is good enough and which one is the best (if any)? Answering
this question is of key importance for our work, as in the next
chapters we move to explore and propose methods for computing
such optimal embeddings.
To approach this question, we will consider as ground-truth sets

of well-known dynamical systems and datasets. By �well known�,
we mean the following:

� the generating rule R(·) is known, hence embedding param-
eters can be obtained by trial-and-error after comparing the
original and reconstructed phase spaces;

� a specialist in the area of the respective dynamical system
de�ned the phase space that best represents the dynamics of
the studied phenomenon; or

� the embedding dimensions and corresponding embedding pa-
rameters (m, τ) were estimated according to state-of-the-art
methods which are well documented and accepted in the re-
lated literature. Those methods are described next in Chap-
ter 4.

Following Chapter 2, we consider two main classes of systems. Sec-
tion 3.2 presents systems of discrete maps and function types. Sec-
tion 3.3, on the other hand, describes continuous systems (�uxes).
For each system, we compute a dataset that captures its dynam-

ics. Those datasets were used in our experiments described from
Chapter 5 onwards. For completeness and replication purposes,
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datasets

we outline below practical considerations involved in computing
such datasets.

Parameters: For each of the systems discussed next, we report
its default parameters and constants (Equations 3.1�3.5). Those
were chosen to simulate some chaotic behavior according to the
literature. This led to structures to form in the phase space, such
as fractals (Mandelbrot, 1977) and manifolds (Lee, 2003), as
discussed in Chapter 2. Nonetheless, one could use any di�erent
set of parameters to simulate a di�erent scenario, without loss of
generality.

Presentation: For presentation purposes, components from
the �rst dimension (usually represented as the variable x in
most cases) are used to represent the time series. Therefore,
Ti = x(t),∀t ∈ [0, ni − 1].

Implementation: All partial equations were solved using the sam-
pling time ts = 0.01 in the R language (Hegger et al., 1999; Antonio,
2013; Garcia and Sawitzki, 2015). All time series were analyzed us-
ing a su�cient length (time duration) to preserve the dynamics
of the unfolded phase space. Concretely, at least n = 1000 obser-
vations were used in most cases. However, to facilitate the under-
standing and avoid clutter, we use fewer observations (e.g., 100) to
illustrate some time series in this chapter.

3.2 discrete maps and function-based systems

3.2.1 Sinusoidal Function

Given a right-triangle angle, the sinusoidal function represents the
ratio between the length of the opposite side of that angle and the
hypotenuse, in form

x(t) = A(t) sin(2πt/n) + θ) + U(a, b), (3.1)

where A(t) is the amplitude along time (represented by n sam-
ples, t = 0, . . . , n− 1), θ is the sinusoidal phase, and U(a, b) intro-
duces noise following a uniform probability distribution in range
[a, b]. Due to its periodical and conservative behavior, this func-
tion is typically considered to model time-recurrent phenomena,
such as sound and light waves, sunlight intensity, and day dura-
tion (Bracewell, 1978). In this situation, stochastic components
might be added to represent spurious in�uences along data collec-
tion, which is common in real-world scenarios, such as the lack of
sensor precision or any other unexpected �uctuations.
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3.2 discrete maps and function-based systems

The phase space for the sinusoidal function follows an ellipse
shape when properly unfolded with (m = 2, τ = [1, 20]). The range
of acceptable time delays varies according to the sampling time,
and its mainly responsible for the radius of the ellipsoidal attractor,
so that greater values are required to overcome lower signal-to-
noise ratios (Pagliosa and de Mello, 2017). Figure 3.1 illustrates
the phase space reconstructed with (m = 2, τ = 1) for the default
parameters A(t) = 1,∀t, θ = 0, U(0, 0), n = 1000.
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Figure 3.1: Time series (a) and phase space (b) of the sinusoidal func-
tion. Adapted from Pagliosa and de Mello (2017).

3.2.2 Logistic Map

The Logistic map

x(t+ 1) = rx(t)(1− x(t)), (3.2)

models the growth rate of populations like bacteria or hu-
mans (Robledo and Moyano, 2007). First, the population grows as
there are more resources available than consumed. After a while,
the population rate tends to decrease given struggles for resources
and diseases (if we are modeling humans, for instance) or treat-
ments (if we are modeling bacterias, instead). This trade varies
according to the population grow rate r, and, eventually, some bal-
ance is found before the beginning of another cycle.
Figure 3.2 illustrates the series (parameters are x(0) = 0.5 and

r = 3.8, n = 100) and its phase space, reconstructed with (m =
2, τ = 1).

3.2.3 Hénon Map

The Hénon map (Hitzl, 1981), whose generating rule is given by

x(n+ 1) = 1− ax(n)2 + y(n),

y(n+ 1) = bx(n),
(3.3)
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Figure 3.2: Time series (a) and phase space (b) of the Logistic map.
Adapted from Pagliosa and de Mello (2017).

represents the intersection of a periodic orbit of the Lorenz phase
space with a certain lower-dimensional subspace, transversal to
the �ow of the system, also known as the Poincaré section (Diacu,
1999). This function can either approach a set of attractor points
or diverge to in�nity, based on the starting point. Figure 3.3 shows
n = 100 observations generated using x(0) = −0.0064, y(0) =
−0.4735, a = 1.4, and b = 0.3; the phase space was generated
using (m = 4, τ = 1).
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Figure 3.3: Time series (a) and phase space (b) of the Hénon map.
Adapted from Pagliosa and de Mello (2017).

3.2.4 Ikeda Map

The Ikeda map, de�ned as

z(n+ 1) = a+ bz(n)eig,

g = k/(1 + z(n)2) + c,
(3.4)

was proposed as a model of light going around across a nonlinear
optical resonator (Ikeda, 1979), in which i is the imaginary unit;
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3.2 discrete maps and function-based systems

z(n) is the electric �eld inside the resonator at the n-th step of
rotation; a indicates the laser light applied from the outside; c is
the linear phase across the resonator; and, �nally, b is the chaotic
parameter (when b ≤ 1 there is resonator loss; when b = 1 this map
becomes conservative). We initialize z(0) and z(1) with random
values and used a = 0.85, b = 0.9, c = 7.7, k = 0.4. The series with
n = 100 samples and its phase space, embedded with (m = 2, τ =
1), are illustrated in Figure 3.4.
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Figure 3.4: Time series (a) and phase space (b) of the Ikeda map.
Adapted from Pagliosa and de Mello (2017).

3.2.5 Sunspot Dataset

The real-world Sunspot dataset (Andrews and Herzberg, 1985) is
produced from the number of monthly average of sunspots col-
lected from 1749 until 2013. This time series measures the number
of sunspots s and groups of sunspots g observed on the Sun surface
by n di�erent laboratories around the world. Each laboratory has
a relevance to determine the sunspot occurrence, which is based
on the facility location and instrumentation capabilities. On top
of this time series, previous studies discovered a cyclical solar be-
havior (known as the solar cycle) of approximately 11 years, close
to a sinusoidal signal with noise added. This type of study is rel-
evant since it allows to model, predict, and detect changes on the
Sun surface which produce side e�ects on the space as well as on
the Earth surface and atmosphere. In addition, as this series fol-
lows sinusoidal-like characteristics (sum of sinusoidal trends with
noise), the attractor is expected to have several concentric sharped-
elliptic-like trajectories. Indeed, this structured is acquired after
reconstructing the phase space using the same parameters for the
sinusoidal function, i.e., (m = 2, τ = 1). Nonetheless, greater val-
ues of τ are also accepted.
Also, it is worth to mention that the original series has a lot of

�uctuations that jeopardize the visualization of the attractor, as ex-
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pected from real-world observations. Using the raw data, the phase
space yields several concentric ellipses overlapping as approaching
the origin, leading to cluttered points that jeopardize the tracking
of trajectories. Therefore, Figure 3.5 shows a spline curve �t to
100 equally-spaced observations (10%) of the original series, and
the respective phase space. This shorter and smoother version still
reassembles the original series, but it makes easier to follow the
dynamics of the elliptical phase space.
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Figure 3.5: Time series (a) and phase space (b) of the Sunspot dataset.
Lines connecting consecutive states depict phase-space tra-
jectories. Adapted from Pagliosa and de Mello (2017).

3.3 continuous systems

3.3.1 Lorenz System

The Lorenz system, de�ned in Equation 2.6, models atmospheric
data to support weather forecasting (Tucker, 1999). This model
uses the heat �ow between upper and lower surfaces of the observed
phenomena, having σ as the ratio of momentum and thermal dif-
fusivity, also known as the Prandtl number; β determines whether
the heat transfer is primarily in the form of conduction or con-
vection, also known as the Rayleigh number; and ρ is a geometric
factor. We used x(0) = −13, y(0) = −14, z(0) = 47, and σ = 10,
β = 8/3, ρ = 28. Its series and phase space with (m = 3, τ = 8)
are shown in Figure 3.6.

3.3.2 Rössler System

The Rössler system, whose generating rule is given by

∂

 x

y

z

 =

 −y − z
x+ αy

β + ρ(x− z)

 , (3.5)
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Figure 3.6: Time series (a) and phase space (b) of the Lorenz system
(only two dimensions are shown). Adapted from Pagliosa and
de Mello (2017).

was originally designed to behave like the Lorenz system, but pro-
viding an easier qualitative analysis (Rössler, 1976). Thus, it shares
the same optimal embedding parameters with Lorenz. Typically,
chaotic parameters are: x(0) = −2, y(0) = −10, z(0) = 0.2, and
α = 0.2, β = 0.2, ρ = 5.7. Figure 3.7 depicts the series as well as
the resulted phase space.
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Figure 3.7: Time series (a) and phase space (b) of the Rössler system
(only two dimensions are shown). Adapted from Pagliosa and
de Mello (2017).

3.4 final considerations

This chapter introduced the generating rules, series and phase
spaces used along the following chapters. The aim of selecting such
systems was to create a consistent set of datasets that describes the
behavior of dynamical systems for which ground truth is available
in terms of their optimal embedding parameters (m, τ). This way,
we can next validate the estimation of other methods.
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Apart from those dynamical systems, many more exist and have
been studied in the literature (Farzad et al., 2006; Korsch et al.,
2008). We refrained from including such additional systems in our
work, since they are less pervasive in benchmarks commonly used
in most analyses (Alligood et al., 1996; Tucker, 1999; Ott, 2002;
Kantz and Schreiber, 2004; Robledo and Moyano, 2007). As such,
the comparison with those additional systems could have be done,
without loss of generality.
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