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1INTRODUCTION

1.1 context and motivation

Technology advances have allowed and inspired the study of data
produced from domains such as health treatment, biology, sen-
timent analysis, entertainment, the �nancial markets and many
more (Tucker, 1999; Robledo and Moyano, 2007). Typically, such
data is modeled as data collections, or datasets, consisting of a
large number of observations (also called samples), each of which
captures the phenomenon of interest by one or more measurements
of its properties along so-called dimensions, variables, or attributes.
In this context, researchers from several areas of science such as
Data Mining (Ester et al., 1996; Hodge and Austin, 2004), Natural
Language Processing (Indurkhya and Damerau, 2010), and Infor-
mation Visualization (Ward et al., 2010; Telea, 2014; Munzner,
2014) have proposed di�erent approaches within their research
scope and concepts (and some times uniting e�orts) to analyze
large data collections to extract actionable conclusions. In addition
to the di�culty of extracting information from large, multidimen-
sional and multivariate data, there are cases where data changes
along time. Such datasets characterize typically more complex sce-
narios referred to as time-series or data-streams analysis (Farmer
and Sidorowich, 1987; Kantz and Schreiber, 2004; Muthukrishnan,
2005). When dealing with such scenarios, in addition to batch-
driven studies such as classi�cation and searching for patterns,
clusters, and outliers, forecasting is usually the most important
task, typically performed in the context of Machine Learning and
Dynamical Systems (Hitzl, 1981; Tucker, 1999; Robledo and Moy-
ano, 2007; de Mello, 2011; Vallim and De Mello, 2014; da Costa
et al., 2017).
When analyzing time series, it is worth to recall that the vari-

able time has as much importance as the raw values of observations
themselves, so that the data order is crucial for analysis. Thus, in-
stead of employing traditional batch-driven approaches, e.g., by
directly applying some regression function along raw data (Waibel
et al., 1990; Postolache et al., 1999; de Mello, 2011) or using data
visualization methods to discover patterns in the time series (Wong
and Bergeron, 1997; Ward et al., 2010), it is mandatory to also con-
sider temporal recurrences (trends, cycles, and trajectories) while
modeling, which usually leads to better forecasting results. In this
sense, researchers generally tackle time series by assuming they
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have either a deterministic or a stochastic bias. Nevertheless, due
to diverse reasons (inherent signal noise, acquisition problems, re-
stricted �oat number representation, or even the nature of the ana-
lyzed phenomenon itself), it is common to �nd series composed of
both deterministic and stochastic behaviors in conjunction, a well-
known example being the Sunspot dataset (Andrews and Herzberg,
1985). Therefore, methods have been proposed to decompose time
series into both stochastic and deterministic components (Graben,
2001; Ishii et al., 2011; Rios, 2013), and, consequently, focus on
studying subsequent aspects of linearity and stationarity, as shown
in Figure 1.1.

Figure 1.1: The �rst step in time-series analysis usually consists of ver-
ifying whether the series has a deterministic or a stochas-
tic bias. This process is mainly based on measuring the
number of recurrences the series has, what can be inferred
from the series itself or through its phase space. Chaos, on
the other hand, is mainly detected using phase-space mea-
surements. The solid-line boxes represent phase-space-based
steps. Dashed-line boxes represent the out-of-scope analysis
usually computed directly on the time series. Despite impor-
tant, those are not covered in this thesis as we predominantly
deal with deterministic series.

When dealing with a predominantly stochastic time series, one
common approach is to use statistical-based tools such as the
ARIMA models (Box and Jenkins, 2015) to describe time-series
components, which include random behavior (e.g., Normal and Uni-
form distributions). As the main advantage, this strategy permits
each type of component to be modeled using the most adequate
tool available for it (Graben, 2001; Rios and de Mello, 2013). On
the other hand, for predominantly deterministic series, especially
those derived from natural phenomena, physicists (Kennel et al.,
1992) typically rely on Dynamical Systems and Chaos Theory 1 to

1 A chaotic system has strong sensitiveness to initial conditions, so that it tends
to evolve to completely di�erent orbits (Alligood et al., 1996; Ott, 2002; Kantz
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map the series into a multidimensional space referred to as phase
space (Takens, 1981). In this space, the dynamics of the studied
phenomenon are (hopefully) bound by a so-called attractor : this is
a lower-dimensional manifold that depicts how the series changes
over any given interval of time. The main advantage of using phase-
space representations is that they factor out the importance of the
time variable, thereby making the analysis simpler (Pagliosa and
de Mello, 2017).
Regarding this transformation, also known as the kernel function,

three main methods were proposed to reconstruct the phase space
from a time series:

� the method of derivatives (Packard et al., 1980);

� the method of delays or Takens' theorem (Whitney, 1936;
Takens, 1981);

� a method based on singular value decomposition (Broomhead
and King, 1986).

Despite there is no formal evidence on which of the above three
methods is the most appropriate, Ravindra and Hagedorn (1998)
suggest that the Takens' embedding theorem leads to more con-
sistent results when analyzing nonlinear time series. Indeed, this
is the most used method in the literature of Dynamical Systems
for phase-space reconstruction (Alligood et al., 1996; Kantz and
Schreiber, 2004). Such theorem de�ned that, given a time series Ti
formed by observations of a single variable i ∈ [1, d] from the d-
dimensional system Sd (representing the underlying phenomenon
under analysis), the dynamics of Sd could be reconstructed into
an m-dimensional phase space, if points on that space, typically
referred to as phase states, were formed by m observations time-
shifted τ units along Ti. We describe this process with more details
in Chapter 2.
Nevertheless, the method of delays also has some important lim-

itations, as follows. First, Takens' theorem stated nothing about
the embedding pair (m, τ), only that a �su�cient� phase space can
be properly unfolded when the embedding dimension m is greater
or equal to 2d+1. In practical scenarios, however, this information
is not helpful since most time series are derived from experimental
data: nothing is known about the phenomenon of origin and the
dimension d. Furthermore, despite being a simple and e�ective ap-
proach to reconstruct phase spaces from time series, the method
of delays is very sensitive to the choice of the parameters m and τ .
Di�erent values of these parameters lead to completely di�erent re-
constructions and, consequently, conclusions about the time series.

and Schreiber, 2004; Boccaletti and Bragard, 2008), typically giving the wrong
impression of randomness.
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To alleviate this, several approaches were proposed to estimate the
time delay τ and the embedding dimensionm, each of them present-
ing bene�ts and drawbacks for di�erent scenarios. In this scenario,
even with their limitations including sensitiveness to noise and lack
of consistency, False Nearest Neighbors (Kennel et al., 1992) and
Auto-Mutual Information (Fraser and Swinney, 1986) (details in
Chapter 4) are the most employed methods to estimate of m and
τ , respectively (see Chapter 4 for details on the related work). All
in all, the above leads, in our view, to a gap in the literature:
there is no method robust enough to estimate embedding
parameters for general time series.
Once the phase space is su�ciently unfolded, one can take advan-

tage of the system dynamics to assess crucial assets such as: i) un-
derstand and visualize low-dimensional attractors (Section 2.3.2);
ii) measure the amount of the time-series determinism (Marwan
et al., 2007; Serrà et al., 2009; Marwan and Webber, 2015); iii) iden-
tify and model chaos, i.e., measure how initial conditions impact on
next series observations; iv) forecast time series recursively (Farmer
and Sidorowich, 1987; Myers et al., 1992; Farmer and Sidorowich,
1987; Meng and Peng, 2007; de Mello and Yang, 2009; Bhardwaj
et al., 2010); and v) propose ways to interfere and control the un-
derlying phenomenon (Boccaletti and Bragard, 2008).

1.2 objective, hypothesis and research ques-

tions

Given the periodic behavior of real-world phenomena (Andrews
and Herzberg, 1985; Tucker, 1999), the main motivation behind
this research is to explore and understand phase spaces for im-
proving time-series modeling. However, as the phase space �rstly
needs to be reconstructed and, based on the current gap in the
literature (Fraser and Swinney, 1986; Kennel et al., 1992) outlined
in the previous section, the main objective of this thesis is
to improve the estimation of the embedding dimension m
and the time delay τ .
We established the above objective as follows. Based on stud-

ies on the dynamics of well-known chaotic systems, we noticed
that after increasing m and τ up to a certain limit (and some-
times this limit can be the minimum pair, as shown next), the
optimal embedding usually presents the most well-structured at-
tractor. Indeed, such behavior is expected for deterministic time
series de�ned by maps or partial di�erential equations, as one state
leads to exactly a single other in the future. For two-dimensional
phase spaces, for instance, such relationship is easier to be tracked
using cobweb plots (Alligood et al., 1996), where the route of tra-
jectories is illustrated by lines connecting consecutive phase states.

4
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Figure 1.2 depicts the cobweb plot for the Logistic map, whose op-
timal phase space can be unfolded with m = 2 and τ = 1 (details
on Section 3.2.2).

Figure 1.2: (a) Each row represents one phase state of the Logistic map
phase space, reconstructed using the optimal embedding pair
(m = 2, τ = 1). (b) The cobweb plot uses the diagonal line
x = y to guide the drawing of trajectories.

In cobweb plots, the dynamics of the system can be observed
after connecting the �rst m− 1 dimensions of a state with its lat-
ter one, and then going back to the �rst m − 1 dimensions on
the next state. Then, the trajectories are drawn by executing this
process iteratively for all states. In Figure 1.2, this is represented
by projecting each dimension (x(t) and x(t + 1)) into the diago-
nal line x = y. As it can be noticed, the created line tends to
hit (if a su�cient small open ball around each state is considered)
a single state during the course of trajectories. Thus, even that
such unique correspondence does not occur for generic datasets, it
is expected well-reconstructed phase spaces to have minimum lev-
els of ambiguity. Moreover, after increasing embedding parameters
too excessively, the attractor starts to fade, eventually losing its
structure. Figure 1.3 illustrates this process, also known as irrele-
vance, after setting τ = 10. Conversely, too small values of embed-
ding pairs (m, τ) lead to redundant phase spaces usually character-
ized by hyper-diagonal attractors. In those cases, the embedding
does not have enough information to unfold the system dynam-
ics. Based on both extremes, it was noticed that a su�cient phase
space should present some balance between the expansion and con-
traction of phase states (Rosenstein et al., 1994). In this sense, the
concept of entropy (Hammer et al., 2000; Han et al., 2012) seemed
a good measurement to describe these behaviors. This enables us
to outline the central hypothesis explored in this thesis:
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Figure 1.3: (a) The cobweb plot applied over the optimal (m = 2, τ = 1)
and (b) overestimated (m = 2, τ = 10) phase spaces for the
Logistic map. As one can notice, orbits (arrowed line) inter-
sect many more states in the overestimated space, reinforcing
that entropy can be used as guideline to validate phase-space
reconstructions.

Hyphotesis. �The reduction of entropy, measured in function
of the trade-o� between irrelevance and redundancy of phase
states, is a su�cient criterion to estimate the time delay and
the embedding dimension required to reconstruct the phase
space from a univariate time series, therefore supporting the
analysis and prediction of deterministic and chaotic phenom-
ena.�

However, as we observed in the course of our work (see Sec-
tion 5.7 for details), entropy by itself showed to be insu�cient to
derive such conclusions. As such, the above hypothesis was proved
wrong. Although a negative result, we believe that this insight is
an important and useful contribution to the research on Dynamical
Systems.
As part of the methodology to investigate the above-mentioned

hypothesis, several Dynamical Systems concepts and methods re-
ferring to Chaos Theory and phase spaces were analyzed. This even-
tually led to di�erent research questions (RQ), as outlined next:

RQ1. Does the optimal phase space have indeed low levels of en-
tropy?

RQ2. Is it better to use phase-space rather than time-series mod-
eling?

RQ3. How to ensure learning in concept-drift scenarios?

RQ4. How to correlate time-series and phase-space attributes?

RQ5. Can neural networks estimate Takens' embedding parame-
ters?
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To answer these research questions, we have �rst designed and
employed analysis methods based on Machine Learning (ML). How-
ever, as outlined by the case study proposed by Anscombe (1973)
(Figure 1.4), which shows di�erent datasets having identical statis-
tical measurements, traditional ML approaches may not be su�-
cient to discriminate the data initially, and a �rst analysis based
on di�erent approaches might be required. As alternative, visu-
alizing the data lies among the most considered options (Wong
and Bergeron, 1997). Therefore, we decided to also consider In-
formation Visualization metaphors to highlight insights about the
system dynamics and compare multiple embeddings at the same
time. Thus, we implemented our ML methods in the R program-
ming language (R Development Core Team, 2008), chosen due to
its simple algebraic manipulation, chaos-related packages (Hegger
et al., 1999; Antonio, 2013; Garcia and Sawitzki, 2015), and com-
pactness; and our visualization tools were designed in JavaScript
using D3 (Bostock et al., 2011), due to the its easy plotting and
interaction support. This allowed us to develop a visual analytics
approach where di�erent underlying techniques (from Dynamical
Systems, Machine Learning, and Visualization) were tightly com-
bined to address our research questions.
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Figure 1.4: The Anscombe quartet shows the importance of data visu-
alization. All datasets share several identical statistical mea-
surements, such as variance and mean (for x and y axis),
linear regression line (in black), and coe�cient of determi-
nation (R squared) (McClave, 2006). However, the datasets
are di�erent.

1.3 thesis structure

The remaining of this thesis is organized as follows.
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Chapter 2 presents the nomenclature and main concepts used
throughout this manuscript. This material serves to formally de�ne
the context of our work, as well as important terms and techniques
subsequently referred to in the next chapters.
Chapter 3 details the chaotic time series typically used as bench-

marks in the dynamic systems literature, as well as their most ac-
cepted phase spaces. Although there are more types of time series
of interest (and used as study object in Dynamical Systems), we
mainly focused on datasets whose generating rule is known, so it is
possible to compare and validate the reconstructed phase spaces.
Chapter 4 describes the state of the art to estimate embedding

parameters. Given the central scope of this thesis in Dynamical Sys-
tems, this chapter focused on the related work concerning mainly
our hypothesis, i.e., phase-space reconstruction. Complementary,
the related work covering topics from Machine Learning, Statis-
tical Learning Theory, and Information Visualization, important
when addressing the re�ned research questions (RQ1 to RQ5), is
discussed as needed in the corresponding chapters.
Chapter 5 details our initial study to correlate optimal phase

spaces with their entropy (RQ1). As entropy is a sensitive mea-
surement di�cult to be computed in practice, we then relied on
the dependence of phase states (a measure proportional to their en-
tropy (Myers et al., 1992)) to validate such a relationship. Although
we empirically show that optimal phase spaces indeed present the
highest independence among their states, we could not �nd any re-
lation to deterministically estimate the optimal embedding given
its entropy levels.
Chapter 6 e�ectively shows how phase-space methods can im-

prove analysis of time series when compared to raw (based on the
time series itself) data, therefore tackling RQ3. The study was per-
formed on the classi�cation of positive and unlabeled data in a
semi-supervised scenario. Of course, this does not mean that the
phase space will always lead to better results for general cases, but
rather that Dynamical-Systems methods worth being considered
when analyzing time series.
Chapter 7 presents a set of conditions that a concept drift algo-

rithm should respect to ensure learning while parsing time series
(RQ3). Although this line of research seems to be orthogonal to
this Ph.D. hypothesis, it is related to it since reconstructing the
phase space is one of the required steps in our proposed methodol-
ogy. Moreover, this chapter is a consequence of our �rst study, in
which we assumed data was provided under a controlled environ-
ment with a �xed distribution, so the Statistical Learning Theory
framework could be used to tackle RQ1.
Chapter 8 describes a novel visualization tool to simultaneously

explore the attributes and dimensions of multidimensional datasets.
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We have improved the related work of radial-based visualizations
in terms of exploration, scalability and decreasing of ambiguities.
Despite designed to deal with general types of data, this visual
metaphor could have been used to correlate time-series and phase-
space attributes (RQ4). Nonetheless, due to the lack of time, this
analysis has been left for future work.
Chapter 9 assesses our �nal proposal for estimating the embed-

ding parameters. After verifying the di�culty in correlating opti-
mal phase states with states-based measurements, we decided to
rely on an arti�cial neural network (RQ5) to automatically learn
optimal features, whatever they are. As we have shown, despite
results depend on a certain level of interpretability, we describe a
robust and deterministic method to estimate embedding parame-
ters. We validated our approach against di�erent scenarios of noise,
input parameters, and benchmark datasets.
Chapter 10 summarizes the work conducted during our research.

We re�ect upon our attempts to prove the key hypothesis and
discuss the implications of our main conclusion, namely that our
current insights showed our hypothesis has been disproved. Finally,
we summarize our contributions and suggest directions for future
work.
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