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3 New Lyapunov Criteria for
Discrete-Time Stochastic

Systems

More recently, with the fast development of network algorithms, more and more
distributed computational processes are carried out in networks of computational
units. Such dynamical processes are usually modeled by stochastic discrete-time
dynamical systems since they are usually under inevitable random influences or
deliberately randomized to improve performance. So there is a great need to further
develop the Lyapunov theory for stochastic dynamical systems, in particular in the
setting of network algorithms for distributed computation. And this is exactly the
aim of this chapter.

3.1 Introduction
Stability analysis for stochastic dynamical systems has always been an active research
field. Early works have shown that stochastic Lyapunov functions play an important
role, and to use them for discrete-time systems, a standard procedure is to show
that they decrease in expectation at every time step [65–67, 119]. Properties of
supermartingales and LaSalle’s arguments are critical to establishing the related
proofs. However, most of the stochastic stability results are built upon a crucial
assumption, which requires that the state of a stochastic dynamical system under
study is Markovian (see e.g., [64–67]), and very few of them have reported bounds for
the convergence speed.

In this chapter, we aim at further developing the Lyapunov criterion for stochas-
tic discrete-time systems in order to solve the problems we encounter in studying
distributed coordination algorithms in the next chapter. Inspired by the concept of
finite-step Lyapunov functions for deterministic systems [120–122], we propose to
define a finite-step stochastic Lyapunov function, which decreases in expectation, not



24 3. New Lyapunov Criteria for Discrete-Time Stochastic Systems

necessarily at every step, but after a finite number of steps. The associated new
Lyapunov criterion not only enlarges the range of choices of candidate Lyapunov
functions but also implies that the systems that can be analyzed do not need to have
Markovian states. An additional advantage of using this new criterion is that we are
enabled to construct conditions to guarantee exponential convergence and estimate
convergence rates [102].

Outline

The remainder of this chapter is structured as follows. First, we introduce the system
dynamics and formulate the problem in Section 3.2. Main results on finite-step
Lyapunov functions are provided in Section 3.3. Finally, some concluding remarks
appear in Section 3.4.

3.2 Problem Formulation
Consider a stochastic discrete-time system described by

xk+1 = f(xk, yk+1), k ∈ N0, (3.1)

where xk ∈ Rn, and {yk : k ∈ N} is a Rd-valued stochastic process on a probability
space (Ω,F ,Pr). Here Ω = {ω} is the sample space; F is a set of events which is a
σ-field; yk is a measurable function mapping Ω into the state space Ω0 ⊆ Rd, and
for any ω ∈ Ω, {yk(ω) : k ∈ N} is a realization of the stochastic process {yk} at ω.
Let Fk = σ(y1, . . . , yk) for k ≥ 1, F0 = {∅,Ω}, so that evidently {Fk}, k = 1, 2, . . . ,
is an increasing sequence of σ-fields. Following [123], we consider a constant initial
condition x0 ∈ Rn with probability one. It then can be observed that the solution to
(3.1), {xk}, is a Rn-valued stochastic process adapted to Fk. The randomness of yk
can be due to various reasons, e.g., stochastic disturbances or noise. Note that (3.1)
becomes a stochastic switching system if f(x, y) = gy(x), where y maps Ω into the
set Ω0 := {1, . . . , p}, and {gp(x) : Rn → Rn, p ∈ Ω0} is a given family of functions.

A point x∗ is said to be an equilibrium of system (3.1) if f(x∗, y) = x∗ for any
y ∈ Ω0. Without loss of generality, we assume that the origin x = 0 is an equilibrium.
Researchers have been interested in studying the limiting behavior of the solution
{xk}, i.e., when and to where xk converges as k → ∞. Most noticeably, Kushner
developed classic results on stochastic stability by employing stochastic Lyapunov
functions [65–67]. We introduce some related definitions before recalling some of
Kushner’s results. Following [124, Sec. 1.5.6] and [125], we first define convergence
and exponential convergence of a sequence of random variables.
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Definition 3.1 (Convergence). A random sequence {xk ∈ Rn} in a sample space Ω
converges to a random variable x almost surely if Pr [ω ∈ Ω : limk→∞ ‖xk(ω)− x‖ = 0] =
1. The convergence is said to be exponentially fast with a rate no slower than γ−1 for
some γ > 1 independent of ω if γk‖xk − x‖ almost surely converges to y for some
finite y ≥ 0. Furthermore, let D ⊂ Rn be a set; a random sequence {xk} is said
to converge to D almost surely if Pr [ω ∈ Ω : limk→∞ dist(xk(ω),D) = 0] = 1, where
dist (x,D) := infy∈D ‖x− y‖.

Here “almost surely” is exchangeable with “with probability one”, and we some-
times use the shorthand notation “a.s.”. We now introduce some stability concepts for
stochastic discrete-time systems analogous to those in [64] and [126] for continuous-
time systems1.

Definition 3.2. The origin of (1) is said to be:
1) stable in probability if limx0→0 Pr [supk∈N ‖xk‖ > ε] = 0 for any ε > 0;
2) asymptotically stable in probability if it is stable in probability and moreover

limx0→0 Pr [limk→∞ ‖xk‖ = 0] = 1;
3) exponentially stable in probability if for some γ > 1 independent of ω, it holds

that limx0→0 Pr
[
limk→∞ ‖γkxk‖ = 0

]
= 1;

Definition 3.3. For a set Q ⊆ Rn containing the origin, the origin of (1) is said to
be:

1) locally a.s. asymptotically stable in Q (globally a.s. asymptotically stable,
respectively) if a) it is stable in probability, and b) starting from x0 ∈ Q (x0 ∈ Rn,
respectively) all the sample paths xk stay in Q (Rn, respectively) for all k ≥ 0 and
converge to the origin almost surely;

2) locally a.s. exponentially stable in Q (globally a.s. exponentially stable,
respectively) if it is locally (globally, respectively) a.s. asymptotically stable and the
convergence is exponentially fast.

Now let us recall some Kushner’s results on convergence and stability, where
stochastic Lyapunov functions have been used.

Lemma 3.1 (Asymptotic Convergence and Stability [67, 127]). For the stochastic
discrete-time system (3.1), let {xk} be a Markov process. Let V : Rn → R be a
continuous positive definite and radially unbounded function. Define the set Qλ :=
{x : 0 ≤ V (x) < λ} for some λ > 0, and assume that

E [V (xk+1) |xk]− V (xk) ≤ −ϕ(xk),∀k, (3.2)
1Note that 1) and 2) of Definition 3.2 follow from the definitions in [64, Chap. 5], in which an

arbitrary initial time s rather than just 0 is actually considered; we define 3) following the same lines
as 1) and 2). In Definition 3.3, 1) follows from the definitions in [126], and we define 2) following the
same lines as 1).
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where ϕ : Rn → R is continuous and satisfies ϕ(x) ≥ 0 for any x ∈ Qλ. Then the
following statements apply:

(i) for any initial condition x0 ∈ Qλ, xk converges to D1 := {x ∈ Qλ : ϕ(x) = 0}
with probability greater than or equal to 1− V (x0)/λ [67];

(ii) if moreover ϕ(x) is positive definite on Qλ, and h1 (‖s‖) ≤ V (s) ≤ h2 (‖s‖)
for two class K functions h1 and h2, then x = 0 is asymptotically stable in
probability [67], [127, Theorem 7.3].

Lemma 3.2 (Exponential Convergence and Stability [66, 127]). For the stochastic
discrete-time system (3.1), let {xk} be a Markov process. Let V : Rn → R be a
continuous nonnegative function. Assume that

E [V (xk+1) |xk]− V (xk) ≤ −αV (xk), 0 < α < 1. (3.3)

Then the following statements apply:

(i) for any given x0, V (xk) almost surely converges to 0 exponentially fast with a
rate no slower than 1− α [66, Th. 2, Chap. 8], [127];

(ii) if moreover V satisfies c1‖x‖a ≤ V (x) ≤ c2‖x‖a for some c1, c2, a > 0, then
x = 0 is globally a.s. exponentially stable [127, Theorem 7.4].

To use these two lemmas to prove asymptotic (or exponential) stability for a
stochastic system, the critical step is to find a stochastic Lyapunov function such that
(3.2) (respectively, (3.3)) holds. However, it is not always obvious how to construct
such a stochastic Lyapunov function. We use the following simple but suggestive
example to illustrate this point.

Example 3.1 Consider a randomly switching system described by xk = Aykxk−1,
where yk is the switching signal taking values in a finite set P := {1, 2, 3}, and

A1 =
[

0.2 0
0 1

]
, A2 =

[
1 0
0 0.8

]
, A3 =

[
1 0
0 0.6

]
.

The stochastic process {yk} is described by a Markov chain with initial distribution
v = {v1, v2, v3}. The transition probabilities are described by a transition matrix

π =

 0 0.5 0.5
1 0 0
1 0 0

 ,
whose ijth element is defined by πij = Pr[yk+1 = j|yk = i]. Since {yk} is not inde-
pendent and identically distributed, the process {xk} is not Markovian. Nevertheless,
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we might conjecture that the origin is globally a.s. exponentially stable. In order
to try to prove this, we might choose a stochastic Lyapunov function candidate
V (x) = ‖x‖∞, but the existing results introduced in Lemma 3.2 cannot be used
since {xk} is not Markovian. Moreover, by calculation we can only observe that
E [V (xk+1)|xk, yk] ≤ V (xk) for any yk, which implies that (3.3) is not necessarily
satisfied. Thus V (x) is not an appropriate stochastic Lyapunov function for which
Lemma 3.2 can be applied. As it turns out however, the same V (x) can be used as a
Lyapunov function to establish exponentially stability via the alternative criterion set
out subsequently. 4

It is difficult, if not impossible, to construct a stochastic Lyapunov function,
especially when the state of the system is not Markovian. So it is of great interest to
generalize the results in Lemmas 3.1 and 3.2 such that the range of choices of candidate
Lyapunov functions can be enlarged. For deterministic systems, Aeyels et al. have
introduced a new Lyapunov criterion to study asymptotic stability of continuous-time
systems [120]; a similar criterion has also been obtained for discrete-time systems,
and the Lyapunov functions satisfying this criterion are called finite-step Lyapunov
functions [121, 122]. A common feature of these works is that the Lyapunov function
is required to decrease along the system’s solutions after a finite number of steps,
but not necessarily at every step. We now use this idea to construct stochastic
finite-step Lyapunov functions, a task which is much more challenging compared to
the deterministic case due to the uncertainty present in stochastic systems. The tools
for analysis are totally different from what are used for deterministic systems. We
will exploit supermartingales [109] and their convergence property, as well as another
lemma found in [66, P.192]; these concepts are introduced in the two following lemmas.

Lemma 3.3 ([109, Sec. 5.2.9]). Let the sequence {Xk} be a nonnegative supermartin-
gale with respect to Fk = σ(X1, . . . , Xk), i.e., suppose: (i) EXn <∞; (ii) Xk ∈ Fk
for all k; (iii) E (Xk+1| Fk) ≤ Xk. Then there exists some random X such that
Xk

a.s.−→ X, k →∞, and EX ≤ EX0.

Lemma 3.4 ([66, P.192]). Let {Xk} be a nonnegative random sequence. If
∑∞
k=0 EXk <

∞, then Xk
a.s.−→ 0.

Lemma 3.4 is also called Borel-Cantelli Lemma by Kushner in his book [66].
However, it is a bit different from the standard Borel-Cantelli Lemma (see [109, Chap.
2]). We provide a proof of Lemma 3.4 following the ideas in [66], which can be found
in Section 3.5.
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3.3 Finite-Step Stochastic Lyapunov Criteria
In this subsection, we present some finite-step stochastic Lyapunov criteria for stability
analysis of stochastic discrete-time systems, which are the main results in the chapter.
In these criteria, the expectation of a Lyapunov function is not required to decrease
at every time step, but is allowed to decrease after some finite steps. The relaxation
enlarges the range of choices of candidate Lyapunov functions. In addition, these
criteria can be used to analyze non-Markovian systems.

Theorem 3.1. For the stochastic discrete-time system (3.1), let V : Rn → R be a
continuous nonnegative and radially unbounded function. Define the set Qλ := {x :
V (x) < λ} for some λ > 0, and assume that

(a) E [V (xk+1) |Fk]− V (xk) ≤ 0 for any k such that xk ∈ Qλ;

(b) there is an integer T ≥ 1, independent of ω, such that for any k,

E [V (xk+T ) |Fk]− V (xk) ≤ −ϕ(xk),

where ϕ : Rn → R is continuous and satisfies ϕ(x) ≥ 0 for any x ∈ Qλ.

Then the following statements apply:

(i) for any initial condition x0 ∈ Qλ, xk converges to D1 := {x ∈ Qλ : ϕ(x) = 0}
with probability greater than or equal to 1− V (x0)/λ;

(ii) if moreover ϕ(x) is positive definite on Qλ, and h1 (‖s‖) ≤ V (s) ≤ h2 (‖s‖)
for two class K functions h1 and h2, then x = 0 is asymptotically stable in
probability.

Proof. Before proving (i) and (ii), we first show that starting from x0 ∈ Qλ the
sample paths xk(ω) stay in Qλ with probability greater than or equal to 1− V (x0)/λ
if Assumption a) is satisfied. This has been proven in [66, p. 196] by showing that

Pr [supk∈N V (xk) ≥ λ] ≤ V (x0)/λ. (3.4)

Let Ω̄ be a subset of the sample space Ω such that for any ω ∈ Ω̄, xk(ω) ∈ Qλ for
all k. Let J be the smallest k ∈ N (if it exists) such that V (xk) ≥ λ. Note that, this
integer J does not exist when xk(ω) stays in Qλ for all k, i.e., when ω ∈ Ω̄.

We first prove (i) by showing that the sample paths staying the Qλ converge to
D1 with probability one, i.e., Pr[xk → D1|Ω̄] = 1. Towards this end, define a new
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function ϕ̃(x) such that ϕ̃(x) = ϕ(x) for x ∈ Qλ, and ϕ̃(x) = 0 for x /∈ Qλ. Define
another random process {z̃k}. If J exists, when J > T let

z̃k = xk, k < J − T,
z̃k = ε, k ≥ J − T,

where ε satisfies V (ε) = λ̃ > λ; when J ≤ T , let z̃k = ε for any k ∈ N0. If J
does not exist, we let z̃k = xk for all k ∈ N0. Then it is immediately clear that
E [V (z̃k+T ) |Fk]− V (z̃k) ≤ −ϕ̃(z̃k) ≤ 0. By taking the expectation on both sides of
this inequality, we obtain

E
[
V
(
z̃k+T

)]
− EV

(
z̃k
)
≤ −Eϕ̃

(
z̃k
)
, k ∈ N0. (3.5)

For any k ∈ N, there is a pair p, q ∈ N0 such that k = pT + q. From (3.5) one obtains
that

E
[
V
(
z̃pT+j

)]
− EV

(
z̃(p−1)T+j

)
≤ −Eϕ̃

(
z̃(p−1)T+j

)
holds for all j = 0, . . . , q, and

E
[
V
(
z̃iT+m

)]
− EV

(
z̃(i−1)T+m

)
≤ −Eϕ̃

(
z̃(i−1)T+m

)
holds for all i = 1, . . . , p− 1 and m = 0, . . . , T − 1. By summing up all the left and
right sides of these inequalities respectively for all the i, j and m, we have

T−1∑
m=0

(
E
[
V (z̃(p−1)T+m − EV (z̃m

)])
+

q∑
j=1

(
E
[
V (z̃pT+j − EV (z̃(p−1)T+j

)])
≤ −

k−T∑
i=1

Eϕ̃
(
z̃i
)
. (3.6)

As V (x) is nonnegative for all x, from (3.5) it is easy to observe that the left side of (3.6)
is greater than −∞ even when k →∞ since T and q are finite numbers, which implies
that

∑∞
i=0 Eϕ̃

(
z̃k
)
< ∞. By Lemma 3.4, ones knows that ϕ̃

(
z̃k
) a.s.−→ 0 as k → ∞.

For ω ∈ Ω̄, one can observe that ϕ̃(xk(ω)) = ϕ(xk(ω)) and z̃k (ω) = xk(ω) according
to the definitions of ϕ̃ and {z̃k}, respectively. Therefore, ϕ̃(z̃k(ω)) = ϕ(xk(ω)) for all
ω ∈ Ω̄, and subsequently

Pr[ϕ (xk)→ 0|Ω̄] = Pr[ϕ̃ (z̃k)→ 0|Ω̄] = 1.

From the continuity of ϕ(x) it can be seen that Pr[xk → D1|Ω̄] = 1. The proof of
(i) is complete since (3.4) means that the sample paths stay in Qλ with probability
greater than or equal to 1− V (x0)/λ.
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Qλ, V (x) < λ

x0

x1

x2

x3

x5

D

x′1
x′2

x′3

x4

Figure 3.1: An illustration of the asymptotic behavior in Qλ.

Next, we prove (ii) in two steps. We first prove that the origin x = 0 is stable in
probability. The inequalities h1 (‖s‖) ≤ V (s) ≤ h2 (‖s‖) imply that V (x) = 0 if and
only if x = 0. Moreover, it follows from h1 (‖s‖) ≤ V (s) and the inequality (3.4) that
for any initial condition x0 ∈ Qλ,

Pr
[
sup
k∈N

h1 (‖xk‖) ≥ λ1

]
≤ Pr

[
sup
k∈N

V (xk) ≥ λ1

]
≤ V (x0)

λ1

for any λ1 > 0. Since h1 is a class K function and thus invertible, it can be observed
that

Pr
[
sup
k∈N
‖xk‖ ≥ h−1

1 (λ)
]
≤ V (x0)/λ ≤ h2(‖x0‖)/λ.

Then for any ε > 0, it holds that

lim
x0→0

Pr
[
sup
k∈N
‖xk‖ > ε

]
≤ Pr

[
sup
k∈N
‖xk‖ ≥ ε

]
= 0,

which means that the origin is stable in probability.
Second, we show the probability that xk → 0 tends to 1 as x0 → 0. One knows

that D1 = {0} since ϕ is positive definite in Qλ. From (i) one knows that xk converges
to x = 0 with probability greater than or equal to 1− V (x0)/λ. Since V (x)→ 0 as
x0 → 0, it holds that limx0→0 Pr [limk→∞ ‖xk‖ = 0]→ 1. The proof is complete.

With the help of Fig. 3.1, let us provide some explanations on what have been
mainly stated in Theorem 3.1. The sample paths xk always have a possibility to
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leave the set Qλ, but with probability less than V (x0)/λ (see the blue trajectory
{x′k}). In other words, they stay in Qλ with probability no less than 1 − V (x0)/λ.
If E [V (xk+T ) |Fk]− V (xk) ≤ −ϕ(xk) for a finite positive integer T , all the sample
paths remaining in Qλ will converge to the set D1 (see the black trajectory {xk}).
If moreover, D1 is a singleton {0}, and h1 (‖s‖) ≤ V (s) ≤ h2 (‖s‖) for two class K
functions h1 and h2, then x = 0 is asymptotically stable in probability.

Particularly, if Qλ is positively invariant, i.e., starting from x0 ∈ Qλ all sample
paths xk will stay in Qλ for all k ≥ 0, this corollary follows from Theorem 3.1
straightforwardly.

Corollary 3.1. Assume that Qλ is positively invariant along the system (3.1), and
there hold that

(a) E [V (xk+1) |Fk]− V (xk) ≤ 0 for any k such that xk ∈ Qλ;

(b) there is an integer T ≥ 1, independent of ω, such that for any k,

E [V (xk+T ) |Fk]− V (xk) ≤ −ϕ(xk),

where ϕ : Rn → R is continuous and satisfies ϕ(x) ≥ 0 for any x ∈ Qλ.

Then the following statements apply:

(i) for any initial condition x0 ∈ Qλ, xk converges to D1 with probability one;

(ii) if moreover ϕ(x) is positive definite on Qλ, and h1 (‖s‖) ≤ V (s) ≤ h2 (‖s‖) for
two class K functions h1 and h2, then x = 0 is locally a.s. asymptotically stable
in Qλ. Furthermore, if Qλ = Rn, then x = 0 is globally a.s. asymptotically
stable.

Theorem 3.1 and Corollary 3.1 provide some Lyapunov criteria for asymptotic
stability and convergence of stochastic discrete-time systems. The next theorem
provides a new criterion for exponential convergence and stability of stochastic
systems, relaxing the conditions required by Lemma 3.2.

Theorem 3.2. Suppose that the following conditions are satisfied

(a) E [V (xk+1) |Fk]− V (xk) ≤ 0 for any k such that xk ∈ Qλ;

(b) there is an integer T ≥ 1, independent of ω, such that for any k,

E [V (xk+T ) |Fk]− V (xk) ≤ −αV (xk), 0 < α < 1, (3.7)

where ϕ : Rn → R is continuous and satisfies ϕ(x) ≥ 0 for any x ∈ Qλ.
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Then, the following statements apply:

(i) for any given x0 ∈ Qλ, V (xk) converges to 0 exponentially at a rate no slower
than (1−α)1/T , and xk converges to D2 := {x ∈ Qλ : V (x) = 0}, with probability
greater than or equal to 1− V (x0)/λ;

(ii) if moreover V satisfies that c1‖x‖a ≤ V (x) ≤ c2‖x‖a for some c1, c2, a > 0,
then x = 0 is exponentially stable in probability.

Proof. We first prove (i). From the proof of Theorem 3.1, we know that the sample
paths xk stay in Qλ with probability greater than or equal to 1− V (x0)/λ for any
initial condition x0 ∈ Qλ if the assumption a) is satisfied. We next show that for
any sample path that always stays in Qλ, V (xk) converges to 0 exponentially fast.
Towards this end, we define a random process {ẑk}. Let J be as defined in the proof
of Theorem 3.1. If J exists, when J > T , let

ẑk = xk, k < J − T,
ẑk = ε, k ≥ J − T,

where ε satisfies V (ε) = 0, when J ≤ T , let ẑk = ε for any k ∈ N0; if J does not exist,
we let ẑk = xk for all k ∈ N0.

If the inequality (3.7) is satisfied, one has E [V (ẑk+T ) |Fk]− V (ẑk) ≤ −αV (ẑk).
Using this inequality, we next show that V (ẑk+T ) converges to 0 exponentially. To
this end, define a subsequence

Y (r)
m := V (ẑmT+r), m ∈ N0,

for each 0 ≤ r ≤ T − 1. Let G(r)
m := σ(Y (r)

0 , Y
(r)
1 , . . . , Y

(r)
m ), and one knows that G(r)

m

is determined if we know FmT+r. It then follows from the inequality (3.7) that for
any r, E[Y (r)

m+1|G
(r)
m ]− Y (r)

m ≤ −αY (r)
m . We observe from this inequality that

E
[
(1− α)−(m+1)Y

(r)
m+1|G(r)

m

]
− (1− α)−mY (r)

m ≤ 0.

This means that (1−α)−mYm is a supermartingale, and thus there is a finite random
number Ȳ (r) such that (1− α)−mY (r)

m
a.s.−→ Ȳ (r) for any r. Let γ = T

√
1/(1− α), and

then by the definition of Y (r)
m we have

γmTV (ẑmT+r)
a.s.−→ Ȳ (r).

Straightforwardly, it follows that γmT+rV (ẑmT+r)
a.s.−→ γrȲ (r). Let k = mT +

r, Ȳ = maxr{γrȲ (r)}, then it almost surely holds that limk→∞ γkV (ẑk) ≤ Ȳ . From
Definition 3.1, one concludes that V (ẑk) almost surely converges to 0 exponentially no
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slower than γ−1 = (1− α)1/T . From the definition of ẑk, we know that V (ẑk(ω)) =
V (xk(ω)) for all ω ∈ Ω̄, with Ω̄ defined in the proof of Theorem 3.1. Consequently, it
holds that

Pr
[

lim
k→∞

γkV (xk) ≤ Ȳ |Ω̄
]

= Pr
[

lim
k→∞

γkV (ẑk) ≤ Ȳ |Ω̄
]

= 1. (3.8)

The proof of (i) is complete since the sample paths stay in Qλ with probability greater
than or equal to 1− V (x0)/λ.

Next, we prove (ii). If the inequalities c1‖x‖a ≤ V (x) ≤ c2‖x‖a are satisfied, and
then we know that V (x) = 0 if and only if x = 0. Moreover, it follows from (3.8) that
for all the sample paths that stay in Qλ it holds that c1γk‖x‖a ≤ γkV (xk) ≤ Ȳ since
c1‖xk‖a ≤ V (x). Hence,

‖xk(ω)‖ ≤
(
V̄ /c1

)1/a
γ−k/a, ∀ω ∈ Ω̄,

and one can check that this inequality holds with probability greater than or equal
to 1 − V (x0)/λ. If x0 → 0, we know that 1 − V (x0)/λ → 1, which completes the
proof.

If Qλ is positively invariant, the following corollary follows straightforwardly.

Corollary 3.2. Suppose that Qλ is positively invariant along the system (3.1), and
the following conditions are satisfied

a) E [V (xk+1) |Fk]− V (xk) ≤ 0 for any k such that xk ∈ Qλ;
b) there is an integer T ≥ 1, independent of ω, such that for any k,

E [V (xk+T ) |Fk]− V (xk) ≤ −αV (xk), 0 < α < 1, (3.9)

where ϕ : Rn → R is continuous and satisfies ϕ(x) ≥ 0 for any x ∈ Qλ.
Then, the following statements apply:

(i) for any given x0 ∈ Qλ, V (xk) converges to 0 exponentially no slower than
(1− α)1/T with probability one;

(ii) if moreover V satisfies that c1‖x‖a ≤ V (x) ≤ c2‖x‖a for some c1, c2, a > 0,
then x = 0 is locally a.s. exponentially stable in Qλ. Furthermore, if Qλ = Rn,
then x = 0 is globally a.s. exponentially stable.

The following corollary, which can be proven following the same lines as Theorems
3.1 and 3.2, shares some similarities to LaSalle’s theorem for deterministic systems. It
is worth mentioning that the function V here does not have to be radially unbounded.
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Corollary 3.3. Let D ⊂ Rn be a compact set that is positively invariant along
the system (3.1). Let V : Rn → R be a continuous nonnegative function, and
Q̄λ := {x ∈ D : V (x) < λ} for some λ > 0. Assume that E [V (xk+1) |Fk]−V (xk) ≤ 0
for all k such that xk ∈ Q̄λ, then

(i) if there is an integer T ≥ 1, independent of ω, such that for any k ∈ N0,
E [V (xk+T ) |Fk] − V (xk) ≤ −ϕ(xk), where ϕ : Rn → R is continuous and
satisfies ϕ(x) ≥ 0 for any x ∈ Q̄λ, then for any initial condition x0 ∈ Q̄λ, xk
converges to D̄1 := {x ∈ Q̄λ : ϕ(x) = 0} with probability greater than or equal to
1− V (x0)/λ;

(ii) if the inequality in a) is strengthened to E [V (xk+T ) |Fk] −V (xk) ≤ −αV (xk)
for some 0 < α < 1, then for any given x0 ∈ Q̄λ, V (xk) converges to 0
exponentially at a rate no slower than (1− α)1/T , and xk converges to D̄2 :=
{x ∈ Q̄λ : V (x) = 0}, with probability greater than or equal to 1− V (x0)/λ;

(iii) if Q̄λ is positively invariant w.r.t the system (3.1), then all the convergence in
both (i) and (ii) takes place almost surely.

Continuation of Example 3.1 Now let us look back at Example 1 and still choose
V (x) = ‖x‖∞ as a stochastic Lyapunov function candidate. It is easy to see that V (x)
is a nonnegative supermartingale. To show the stochastic convergence, let T = 2 and
one can calculate the conditional expectations

E [V (xk+T )|xk, yk = 1]− V (xk)

= 0.5
∥∥∥∥ 0.2x1

k

0.8x2
k

∥∥∥∥
∞

+ 0.5
∥∥∥∥ 0.2x1

k

0.6x2
k

∥∥∥∥
∞
−
∥∥∥∥ x1

k

x2
k

∥∥∥∥
∞

≤ −0.3V (xk) ,∀xk ∈ R2.

When yk = 2, 3, it analogously holds that

E[V (xk+T )|xk, yk]− V (xk) ≤ −0.3V (xk),∀xk ∈ R2.

From these three inequalities one can observe that starting from any initial condition
x0, EV (x) decreases at an exponential speed after every two steps before it reaches 0.
By Corollary 3.2, one knows that origin is globally a.s. exponentially stable, consistent
with our conjecture. 4

Kushner and other researchers have used more restricted conditions to construct
Lyapunov functions than those appearing in our results to analyze asymptotic or
exponential stability of random processes [66, 67, 119]. It is required that E[V (xk)]
decreases strictly at every step, until V (xk) reaches a limit value. However, in
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our result, this requirement is relaxed. In addition, Kushner’s results rely on the
assumption that the underlying random process is Markovian, but we work with more
general random processes.

3.4 Concluding Remarks
Many distributed coordination algorithms are stochastic since they are often under
inevitable random influences, or randomness is deliberately introduced into them to
improve global performance. Stochastic Lyapunov theory is often needed to study
them. However, it is not always easy to construct a stochastic Lyapunov function
using the existing criteria. In this chapter, we have further developed a tool, termed
finite-step stochastic Lyapunov criteria, using which one can study the convergence
and stability of a stochastic discrete-time system together with its convergence rate.
Unlike what is required in the existing Lyapunov criteria [65–67,119], the constructed
Lyapunov function does not have to decrease after every time step. Instead, decreasing
after some finite time steps is sufficient to guarantee the asymptotic or exponential
convergence and stability of a system, which makes the construction of a Lyapunov
function easier. In addition, the states of a system under study do not have to be
Markovian. The tool we developed in this chapter plays a very important role in
studying some stochastic coordination algorithms, which we will discuss in more detail
in the next chapter.

3.5 Appendix: Proof of Lemma 3.4
We first provide two lemmas and a definition that will be used in the proof.

Lemma 3.5 (Borel-Cantelli lemma [109, Chap. 2]). Let {Ak} be a sequence of events
in some probability space. If the sum of the probabilities of the Ak is finite

∞∑
k=1

Pr [Ak] <∞,

then the probability that infinitely many of them occur is 0, that is,

Pr
(

lim sup
k→∞

Ak

)
= 0.

Lemma 3.6 (Markov’s inequality [109, Chap. 1]). If X is a nonnegative random
variable and a > 0, then Pr[X ≥ a] ≤ EX/a.
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Definition 3.4. We say the nonnegative sequence Xk converges to 0 almost surely if

Pr
[
lim inf
k→∞

Xk < ε

]
= 1,∀ε > 0.

Note that this definition is equivalent to the almost sure convergence defined in
Definition 3.1 in Section 3.2. We are now ready to provide the proof of Lemma 3.4.

Proof of Lemma 3.4. We complete the proof in two steps. First, we show
∞∑
k=1

Pr [Xk ≥ ε] <∞,∀ε ⇒ Xk
a.s.−→ 0.

Second, we prove
∞∑
k=1

E[Xk] <∞ ⇒
∞∑
k=1

Pr [Xk ≥ ε] <∞,∀ε.

Let us start with the first step. From the Borel-Cantelli lemma, one knows that if∑∞
k=1 Pr [Xk ≥ ε] <∞ for all ε > 0, then

Pr
[
lim sup
k→∞

(Xk ≥ ε)
]

= 0,∀ε.

Let Ac denote the complementary of the event A. Using the property that(
lim sup
k→∞

(Xk ≥ ε)
)c

= lim inf
k→∞

(Xk < ε),

we have

Pr
[
lim inf
k→∞

(Xk < ε)
]

= 1− Pr
[
lim sup
k→∞

(Xk ≥ ε)
]

= 1,∀ε > 0.

Then one can say that Xk
a.s.−→ 0.

We finally use the Markov’s inequality to show the second step. Using the lemma,
we know that EXk ≥ εPr[Xk ≥ ε] for any ε > 0. Then there holds that

ε

∞∑
n=1

Pr[Xk ≥ ε] ≤
∞∑
k=1

E[Xk] <∞,

which implies that
∑∞
n=1 Pr[Xk ≥ ε] <∞ for any ε > 0. The proof is complete.
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