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Summary

The aim of this dissertation was to evaluate empirically the performance of the
Minimum Rank Factor Analysis (MRFA). MRFA is a method of Common Factor
Analysis which yields communality estimates which always remain in proper
bounds (between 0 and 1) and which entail a Gramian reduced covariance (or
correlation) matrix. In addition, MRFA makes possible to estimate of the proportion
of the common variance left unexplained after r common factors have been
extracted (the unexplained common variance or UCV).

The main part of the thesis consists of a comparison of five factor analytic
methods: MRFA, Minres Factor Analysis, Maximum Likelihood Factor Analysis
(MLFA) and two recently developed so-called direct methods. The unique feature of
the direct methods is that they use the data matrix rather than a covariance matrix,
which yields factor scores directly and prevents the occurrence of Heywood cases.

Two simulation studies were performed. The data for the first study were based
on 15 real data sets obtained from the psychological literature, whereas the data for
the second study were completely artificial.

The five methods were compared on three groups of criteria: retrieval of the
population factor loadings, communality estimation and reproduction of the
population correlations. MRFA produced very accurate estimates of loadings, but its
communality estimates were relatively highly biased. MRFA also produced
relatively many Heywood solutions. MLFA, on the other hand, produced relatively
accurate communality estimates and less accurate loadings estimates. The
performance of Minres was good on all criteria. One of the direct methods (so-called
short direct method) was mostly just a bit less successful than Minres, while the
other (the complete direct method) did not perform satisfactorily in general. The
differences between the methods were often small compared to the effects of sample
size and the average communality in the population.

We also answered two questions aimed at MRFA alone. The first question
concerned the influence of the standardisation of data. Generally it does not make
much difference whether a covariance or a correlation matrix is analysed; the choice
is important only when asymptotic expressions are used. The second question
concerned the behaviour of the UCV estimates. They are biased upwards and the
size of the bias decreased with increasing sample size, average communality and the
number of factors. In some conditions it is possible to perform a bias correction.

We conclude the thesis with a discussion of practical implications of our findings
and with some suggestions for future work.



Samenvatting

Het doel van dit proefschrift was de Minimum Rang Factor Analyse (MRFA)
empirisch te evalueren. MRFA is een methode van gemeenschappelijke Factor
Analyse die altijd legitieme schattingen van communaliteiten (tussen 0 en 1)
oplevert en die een Gramse gereduceerde covariantie-matrix met zich meebrengt.
MRFA levert ook een bepaling van de proportie van de gemeenschappelijke
variantie die onverklaard blijft na de extractie van r gemeenschappelijke factoren (de
“unexplained common variance” UCV).

Het grootste deel van het proefschrift bestaat uit de vergelijking van vijf
factoranalyse-methoden: MRFA, Minres Factor Analyse, Maximum Likelihood
Factor Analyse (MLFA) en twee recentelijk ontwikkelden zogenaamde directe
methoden. Het unieke kenmerk van de directe methoden is dat zij de gegevensmatrix
in plaats van een covariantie-matrix gebruiken, dus ze leveren direct factor-scores op
en produceren geen Heywood oplossingen.

Twee simulatie-onderzoeken zijn verricht. De gegevens voor het eerste
onderzoek waren op 15 werkelijke gegevens sets gebaseerd, terwijl de gegevens
voor het tweede onderzoek compleet kunstmatig waren.

De vijf methoden zijn vergeleken op drie groepen van criteria: terugvinden van
de populatie factor ladingen, de schatting van communaliteiten en de reproductie
van de populatie correlaties. MRFA produceerde zeer nauwkeurige schattingen van
ladingen, maar zijn schattingen van communaliteiten hadden een relatief hoge bias.
MRFA produceerde ook relatief veel zwakke Heywood oplossingen. Anderzijds,
produceerde MLFA relatief nauwkeurige schattingen van communaliteiten maar
minder nauwkeurige schattingen van ladingen. De prestatie van Minres was goed op
alle criteria. Een van de directe methoden (de zogenaamde korte directe methode)
was in algemeen net iets minder succesvol dan Minres, maar de prestatie van de
andere (de complete directe methode) was meestal niet voldoende. De verschillen
tussen de methoden waren vaak klein in vergelijking met de effecten van de
steekproefomvang en de gemiddelde communaliteit in de populatie.

Voorst beantwoorden we twee vragen die alleen MRFA betreffen. De eerste
vraag betreft de invloed van de standaardisatie van gegevens. In het algemeen maakt
het weinig verschil of een covariantie-matrix of een correlatie-matrix wordt
geanalyseerd. De keuze is alleen belangrijk als asymptotische uitdrukkingen
gebruikt worden. De tweede vraag betreft het bedrag van de UCV schattingen. Ze
hebben een positive bias, die kleiner wordt als de steekproefomvang, de gemiddelde
communaliteit en het aantal factoren groter worden. In sommige gevallen kan er
wellicht een bias-correctie worden uitgevoerd.

We sluiten het proefschrift af met een bespreking van praktische implicaties van
de bevindingen en met voorstellen voor toekomstig onderzoek.



1. Introduction

The aim of this thesis was an evaluation of an accidental invention. Fifteen years
ago, ten Berge and Kiers (1988, 1991) developed a computational procedure for the
evaluation of the minimum rank of a covariance matrix. Their procedure also
produced the corresponding rank-minimising diagonal elements, so it was
potentially useful as a factor analytic method. The method was named the
(Approximate) Minimum Rank Factor Analysis (MRFA) and has some appealing
theoretical advantages: it yields communality estimates which are proper in every
respect, and it estimates the amount of the common variance left unexplained after
some small number of common factors has been extracted. Despite some theoretical
developments in the following years (Shapiro & ten Berge, 2002), the question of
the practical usefulness of MRFA remained unanswered. A particularly intriguing
question concerns the empirical performance of MRFA compared to the
“mainstream” factor analytic methods like Maximum Likelihood Factor Analysis
and Minres.

This thesis attempts to give some answers to these questions. In this chapter we
first introduce a general factor analytic model and explain some terms, which will
receive special attention later in the thesis. Then we present the basic principles
underlying the methods we have chosen for the comparison. Finally, we discuss
some determinants of the accuracy of factor analytic solutions.

In Chapter 2 we describe the experimental design of our investigation. In
Chapters 3 – 7 we present the results concerning various aspects of the empirical
effectiveness of MRFA and other methods. Among these, Chapters 4 – 6 are
devoted to the comparison of MRFA and four other factor analytic methods. We
conclude the thesis with a discussion in which we summarise our findings, discuss
their consequences for practice and suggest some ideas for future research.

1.1. The factor analysis model

1.1.1. Definition of the model

The aim of exploratory common factor analysis (which we further refer to simply as
“factor analysis”) is to describe p manifest variables in terms of a smaller number of
r latent variables, or common factors. Factor analysis is based on a linear model of
relationships between manifest and latent variables. This model can be described as

k

m

j
jkjk EFpX += ∑

=1

             (1.1)

which means that the variable Xk (which is centered and possibly in standardised
form) is a linear combination of m latent common factors Fj and the variable’s
unique part (also called unique factor) Ek, where pkj are the weights defining the
linear combination. In matrix notation we can write it as
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X = FP′ + E             (1.2)

where X is an N×p matrix of values of the manifest variables, P is a p×m pattern
matrix (a matrix of regression weights for predicting manifest variables from
common factors), F is an N×m matrix of common factor scores and E is an N×p
matrix of scores of unique factors. Common factors explain the part of variance
which variables share with each other, so they account for the correlations among
the variables. Unique factors, on the other hand, explain the variance which
variables do not share with any other variable, so they do not affect covariances
among the variables. From these definitions it is obvious that the unique factors are
uncorrelated both with each other and with the common factors. We can take the
common factors standardised, so that the covariance matrix of manifest variables C
can be written as

C = PΦP′ + U = SP′ + U                 (1.3)

where Φ is an m×m matrix of factor correlations, S is a p×m matrix of factor
loadings (correlations between variables and common factors) and U is a p×p
diagonal matrix of uniquenesses. If the common factors are mutually uncorrelated,
Eq.1.3 can be rewritten as

C = AA′ + U = Cred + U                         (1.4)

where A is both the factor structure matrix and the pattern matrix and Cred is the
reduced covariance matrix, which contains variances and covariances for the
common parts of the variables. The rank of Cred shall be referred to as the reduced
rank of C. For simplicity, we will further assume uncorrelated factors. This implies
no loss of generality, since the factors can still be obliquely rotated anytime after
extraction.

Despite early beliefs (for instance, Ledermann, 1937) that Cred can be accurately
reproduced by a small number of common factors, its actual minimum rank tends to
be relatively high in practice. By minimum rank (mr) we mean the smallest m for
which we can find a loading matrix A and a nonnegative diagonal matrix U that
together reproduce C perfectly, so that the reproduced covariance matrix AA′ is
equal to the reduced covariance matrix Cred, where C = Cred + U. Guttman (1958)
showed that a universal upper bound to mr is p–1. This means that we can always
determine communalities such as to achieve the reduced rank of C equal to p–1, but
in certain cases the minimum reduced rank is equal to p–1 as well. Furthermore,
Shapiro (1982) proved that the minimum rank is almost surely (with probability 1)
not below the Ledermann (1937) bound, defined as

�

����
��

+−+
=

��
��� .             (1.5)
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For instance, when 10 manifest variables are analysed, 6, 7, 8, or even 9 common
factors are necessary to fully account for the covariances among the variables.
However, researchers are usually interested in low-rank solutions for reasons of
scientific parsimony and identifiability of the model. The number of factors
extracted, which we denote by r, is therefore generally smaller than the minimum
rank of Cred. In that case the covariance matrix of common parts does not equal AA′
any more. We can elaborate the model stated in Eq.1.2 as follows. Write the
centered data matrix as

X = [FA | FB][ A | B ]′ + E,             (1.6)

where the letter A refers to the first r factors and B refers to the last m–r (i.e. the
ignored) factors. As before, we assume orthogonal factors (in practice, orthogonality
can be imposed on the particular method of extraction). In this case, the observed
covariance matrix becomes

C = AA′ + BB′ + U = AA′ + (C – U – AA′) + U = AA′ + (Cred – AA′) + U.        (1.7)

The observed covariance matrix is in this case a sum of three covariance
matrices: the reproduced covariance matrix AA′, the residual covariance matrix BB′
= C – U – AA′ and the uniqueness matrix U.

Taking traces of the four involved matrices we obtain:

tr(C) = tr(AA′) + tr(Cred – AA′) + tr(U),              (1.8)

where the respective traces are equal to the amount of the total observed variance
(OV), explained common variance (ECV), unexplained common variance (UCV)
and unique variance (UV), respectively, so

OV = ECV + UCV + UV.             (1.9)

By “explained” we mean “explained by the r common factors”.
Usually, the measurement scales of the manifest variables are arbitrary and we do

not wish them to affect the parameters of the model. In such cases the variables are
standardised before the analysis, which makes their covariance matrix C equal to the
correlation matrix, which we shall denote by R. If a scale-free method of factor
analysis is used, this issue is not relevant and we can analyse either a covariance
matrix or the correlation matrix.

1.1.2. Identification

Before we discuss procedures for the estimation of A and U, we shortly state the
conditions in which a unique solution can be found. It is clear that A itself is never
identified, since a postmultiplication by an arbitrary orthonormal matrix results in
the same reproduced covariances. A thus has rotational freedom, unless we set
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constraints on its elements. On the other hand, the elements of U may be uniquely
determined and so the identification problem actually concerns the identification of
the unique variances.

Anderson and Rubin (1956) gave several necessary and / or sufficient conditions
for the identification of factor analysis models, which were, however, either quite
specific (applicable to certain sizes of A only) or not very practical. A general
formulation of the identifiability conditions was worked out by Shapiro (1985, 1989)
and Bekker and ten Berge (1997). Putting their results together, we can state the
following:

1. if mr < Lb(p), the FA model is globally identified almost surely;

2. if mr > Lb(p), the FA model is not globally identified almost surely;

3. if mr = Lb(p), the FA model is locally identified almost surely.

A globally identified model has only one solution. The local identification at the
Ledermann bound results in a finite number of possibly distinct solutions (which
could also be one or even zero). For instance, already Wilson and Worcester (1939)
have demonstrated that two distinct solutions are found in some case of six variables
and three common factors. Because an unidentified model results in an infinite
number of solutions with different interpretations, such a model is of no practical
use (except for certain very specific purposes, like the determination of the exact
minimum rank). A practical implication of these identification conditions is
therefore that it only makes sense to extract a small number of factors, so that r <
Lb. Fortunately, extracting a small number of factors is just what we are in practice
interested in. Some amount of unexplained common variance is therefore inevitable;
if a factor analysis model is appropriate for the data, this amount is relatively low.

1.1.3. Improper solutions

The three matrices in the right hand side of Eq.1.7 are covariance matrices.
Therefore, their estimates (obtained by some estimation method) should be Gramian,
if the solution is to be proper. AA′ is Gramian by construction, so it is always proper
as long as A consists of real elements.

The case usually associated with the term “improper solution” is when the
estimate of U contains one or more negative elements, which is commonly referred
to as a Heywood case. A solution which yields one or more unique variance
estimates equal to zero, while the remaining unique variance estimates are positive,
shall be referred to as a weak Heywood solution (WHS). Such a solution is formally
proper, but it is still embarrassing because it implies that some variable has perfect
reliability and can be perfectly explained by few latent variables.

The exact mechanisms leading to a Heywood case are still not very well
understood. Simulation studies which investigated empirical correlates of the
frequency of Heywood solutions in the context of Constrained Maximum Likelihood
Factor Analysis (Anderson & Gerbing, 1984; Boomsma, 1985; Gerbing &
Anderson, 1987) identified small sample size as the main determinant (of course,
this is true only as long as the population solution does not involve a Heywood
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case). Additionally, a low p/r ratio and a population uniqueness close to zero also
increased the frequency of Heywood solutions. Kano (1990) discusses a situation
where an inappropriate number of extracted factors leads to a Heywood case.

Methods exist for prevention or at least suppression of Heywood cases, so that
we end up with a weak Heywood solution. This implicitly assumes that the
population uniqueness of a Heywood variable is zero, which is of course open to
objection, but on the other hand it is probably the only thing one can do except
rejecting the solution altogether. There is no general principle for Heywood case
prevention, therefore we shall mention specific techniques while discussing
estimation methods in section 5.2.

Another form of improper solution, which has drawn far less attention than the
Heywood case, is when Cred – AA′ (the covariance matrix between the common
parts of the variables, not explained by the extracted factors) is not Gramian. We
shall discuss this problem in section 1.3.
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1.2. Standard approaches to the estimation of the factor model
parameters

In this section we describe two main approaches to the estimation of the parameters
of the factor model. We do not deal with methods which are either obsolete, like the
centroid method (Thurstone, 1935), or based on rationales too specific to get into
common use, like image analysis (Guttman, 1953) or alpha factor analysis (Kaiser
and Caffrey, 1965).

1.2.1. The maximum likelihood criterion

Maximum Likelihood Factor Analysis (MLFA) attempts to estimate A and U in
such a way that the likelihood of obtaining the observed sample covariance matrix is
maximised. The maximum likelihood estimation thus maximises a likelihood
function, which indicates how likely the actual covariances would emerge if the
population parameters were equal to A and U. The first MLFA algorithm was
developed by Lawley (1940), but the first computationally effective algorithm was
devised by Jöreskog (1967). We shall only note some main points rather than
describe the algorithm in detail. For details, the reader is referred to Jöreskog (1967,
1977), Lawley and Maxwell (1971) and Wansbeek and Meijer (2000).

The starting assumption is that the data in the population follow the multivariate
normal distribution and that the population covariance matrix can be factored as Σ =
AA′ + U. Then, a likelihood function for the observed covariances can be
formulated. This function can be translated in an equivalent function, which has to
be minimised rather than maximised (Lawley and Maxwell, 1971, p.26):

hML(A,U) = log|Σ| + tr(CΣ-1) – log|C| – p.           (1.10)

For a fixed U, the minimising A can be simply computed as (Lawley and
Maxwell, 1971, p.28):

A = U1/2Ω(Θ – I)1/2,                                  (1.11)

where Θ is a diagonal matrix of the r largest eigenvalues of U-1/2CU-1/2, and Ω is the
corresponding matrix of eigenvectors. Equivalently, one can compute A by means of
a truncated eigendecomposition of C – U (Harman, 1976, p. 182). The real problem
thus lies in the minimisation of hML over U, which can be achieved by minimising
the function (Jöreskog, 1967, p.448):

��ORJ��
��
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USI
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+=+=

θθ8 ,                      (1.12)

where θi are the smallest p – r eigenvalues of U-1/2CU-1/2. Jöreskog (1967, p.449)
comments that fML(U) “is a measure of the variation of the roots around the value
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one. The maximum likelihood estimates are obtained when the roots are as equal to
1 as possible in an approximate least squares sense.” In fact, the latter condition
corresponds to the smallest eigenvalues of U-1/2CredU

-1/2 being approximately equal
to zero, because U-1/2CredU

-1/2 is equal to U-1/2CU-1/2 – I.
The minimisation of fML(U) can be achieved by various numerical procedures.

Jöreskog (1967), for instance, implemented the Fletcher and Powell (1963) method,
based on repeated computation of fML(U) and its derivatives. The computational
implementation of this method is, however, quite complex. Clarke (1970) described
an alternative minimisation method, based on the Newton-Raphson approach, which
is also implemented in the SPSS package (Norušis, 1996). Clarke’s method requires
the second order derivatives of fML(U), but it is computationally simpler than
Jöreskog’s (1967) method. More recently, Rubin and Thayer (1982, 1983) applied
the EM algorithm to MLFA.

It was soon noted that Heywood cases occur quite often with ML estimation.
Jöreskog (1967) recommended the following method of suppressing Heywood
cases. If in the course of the iterations one or more elements of U become smaller
than some arbitrary threshold value (e.g. .005 for standardised variables), the
corresponding variables are partialled out of C, which effectively implies equating
each Heywood variable with a common factor (namely, if some variable’s loading
on a common factor is 1, then the factor and the variable are identical). The partial
covariance matrix is then analysed by MLFA to obtain estimates for the remaining
variables. The unique variance estimates of the Heywood variables are set to zero,
and loadings on the corresponding factors are estimated by means of a simple
regression procedure.

Because this procedure is quite cumbersome, Jöreskog and Goldberger (1972),
see also Jöreskog (1977), proposed a simpler method for dealing with Heywood
cases. First a logarithmic transformation of the diagonal values of U is performed to
ensure stability of the derivatives. The minimisation procedure allows for exclusion
of particular variables, so that when a uniqueness estimate becomes smaller than
some threshold value, its value can be fixed and minimisation continued with the
remaining variables. For further discussion on potential possibilities of Heywood
case prevention see also Martin and McDonald (1975) and Bartholomew and Knott
(1999).

1.2.2. The least squares criterion

The rationale of the least squares criterion in factor analysis can be stated as follows.
Factor analysis explains common variance, which is the source of correlations
among the observed variables. Consequently, a factor analysis model should aim at
the best possible reproduction of these correlations. The simplest criterion for the
goodness-of-fit of the reproduced correlation matrix to the observed correlation
matrix, commonly known as the Unweighted Least Squares (ULS) criterion, is
based on minimising the sum of squared residuals (i.e. differences between the
observed and the reproduced correlations). The objective function can be stated as
follows:
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fULS(A) = ( )∑
≠

−
p

ji
ijij rr 2ˆ ,                        (1.13)

where 
LM
��  denotes reproduced correlations, that is, off-diagonal elements of AA′. It

can be rewritten in matrix notation as

fULS(A,U) = ||R – AA′ – U||2,                        (1.14)

where ||X||2 = tr(X′X). If A is known, the optimal U is simply diag(I – AA′), and if U
is known, we can find the optimal A as KALA

1/2, where, following the notation from
Eq.1.6 and Eq.1.7, LA is a diagonal matrix of the r largest eigenvalues of R – U and
KA is a matrix containing the corresponding eigenvectors (Harman & Jones, 1966).
These relations make possible a reformulation of fULS(A,U) as a function of either A
or U alone, as we shall see below.

For future discussion it is useful to note that minimising fULS is equivalent to
minimising the sum of squares of the p – r smallest eigenvalues of R – U. To show
this, write R – U as AA′ + KBLBKB′, where LB denotes a diagonal matrix of the p – r
smallest eigenvalues of R – U and KB is a matrix containing the corresponding
eigenvectors (KBLBKB′ thus represents the part of R – U, not explained by A and
U). Then, from Eq.1.14, we have:

fULS(A,U) = ||AA′ + KBLBKB′ – AA′ ||2 =  ||KBLBKB′ ||2 = ||LB||2.                        (1.15)

The oldest computational approach (Thomson, 1934) to the minimising of
fULS(A,U), commonly known as Iterated Principal Factors Analysis (IPFA), consists
of inserting some communality estimates (e.g. squared multiple correlations) in the
diagonal of R, performing a truncated eigendecomposition of that matrix for a fixed
number of factors r, taking A as the matrix of the first r principal components,
computing new communality estimates (as diagonal elements of AA′) and repeating
these steps until convergence. The drawback of this technique is that no remedies
exist for possible Heywood cases: if we get min(U) < 0 at some point, nothing can
be done except terminate iterating prematurely.

Harman and Jones (1966) proposed the Minres (minimising residuals) algorithm,
which operates on the loading matrix only. Minres is an iterative algorithm, which
alternately updates the rows of A one after another. To find the appropriate least
squares update, Harman and Jones translate the problem into a standard regression
form (also see ten Berge, 1993, p.50). Let ai′ be the i-th row of A, let r(i) be the i-th
column of R – I, and let A(i) be matrix A with the i-th row replaced by a row of
zeros. The least squares function for the i-th row of correlations can now be written
as

gULS(ai) = ||r(i) - A(i)ai||
2,                            (1.16)
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and the minimising ai can immediately be found as

ai = (Ai′Ai)
-1Ai′ri.                        (1.17)

Minres starts with some initial estimate of A and then updates each row of A.
Then the value of fULS(A) is evaluated. If its difference from the function value from
the previous iteration is less than the convergence criterion, the procedure is
terminated.

Two desirable properties of this procedure are worth mentioning. First, due to
optimisation properties of linear regression, the value of fULS(A) can not possibly
increase. Second, the row-wise updating of A makes possible an effective treatment
of Heywood cases. If a Heywood case arises, the update of ai is computed by means
of a constrained least squares minimisation, the constraint being ai′ai = 1 (which
means that the communality estimate for this variable is 1). The general form of this
problem is known as the constrained oblique Procrustes problem (Browne, 1967; ten
Berge and Nevels, 1977; see also Harman and Fukuda, 1966; Mulaik, 1972, p.152-
153).

Another possibility of minimising fULS is by the minimisation over U,
analogously to MLFA. Both first and second derivatives of the function are easily
computed, so that the Newton-Raphson method can be applied (Jöreskog, 1977;
Norušis, 1996). However, the method of prevention of Heywood cases described
above is not applicable to this procedure; Jöreskog (1977) recommends using the
same procedure as for MLFA instead.

Several other objective functions are based on the least squares principle, the best
known among them probably being the Generalised Least Squares (GLS) function
(Jöreskog & Goldberger, 1972) where the matrix of residual covariances is weighted
by the inverted covariance matrix. The behaviour of the GLS estimates is very
similar to the ML estimates.

1.2.3. Comparison of both estimation principles

In practice, MLFA and Minres produce results which are usually very similar,
although not identical. The question can be asked which method is to be preferred.
Some writers, especially those with background in mathematical statistics, have
expressed more or less explicitly their preference for MLFA. For instance, by not
mentioning other methods, Lawley and Maxwell (1971) in their classic monograph
implicitly treated MLFA as the method of factor analysis. More recently,
Bartholomew and Knott (1999) wrote that Minres “offers few advantages and is not
included in modern computer packages” (p.56). The main reason for the appeal of
MLFA probably lies in the theoretical asymptotic properties of the maximum
likelihood estimators, such as asymptotic normality, efficiency and consistency, and
in the possibility of development of analytical inferential procedures. Among the
latter, estimates of standard errors for loadings are especially practically important
(Cudeck and O’Dell, 1994). Finally, the MLFA estimates are scale invariant, which
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implies that analysing a correlation matrix or a covariance matrix makes no
difference.

On the other hand, the ML estimation is based on distributional assumptions,
whereas the ULS estimation is distribution free. The ML estimators are also not
necessarily unbiased, although the factor analytic literature is vague in this respect.
Further, the ULS estimates are consistent as well, without relying on any
distributional assumption, and their standard errors can be effectively estimated by
means of the bootstrap procedure (Krijnen, 1996). We should also bear in mind that
the asymptotic properties depend not only on the distributional assumptions, but also
on the assumption that the model fits perfectly, which is to certain extent always
violated, too. Finally, even when the assumptions are (approximately) met,
asymptotic properties may not be very useful in small samples.

Therefore, theoretical considerations do not point to a clear and definite
superiority of one method over another. From that viewpoint it is surprising that the
number of published studies comparing both methods is quite small.

Browne (1968) compared the behaviour of five factor analytic techniques:
MLFA, Thomson’s method (IPFA), two versions of principal factors method
without iteration and the centroid method. Only the first two are still worth
considering. Browne used two population loading matrices, with 12 and 16
variables, respectively, and four population common factors (the smaller loading
matrix was a submatrix of the larger one). Communalities ranged between .10 and
.90. Each variable had either one or two nonzero loadings. Two measures of
accuracy of the estimated loading matrices were used. The first measure was the
sum of squared differences between the sample reproduced correlations and
communalities and their population counterparts. The second measure was the sum
of squared differences between the sample loadings (rotated by the oblique
Procrustes rotation) and the population loadings. The research design consisted of
three conditions, but only one of them (p = 12, r = 4, N = 100) is relevant for our
discussion, because it involved both MLFA and IPFA. The results based on 20
random samples showed that MLFA was on average the most accurate on both
measures, while IPFA was on average in the second place. On the other hand,
MLFA produced more Heywood solutions (11) than IPFA (7). In the N = 1500
condition, however, MLFA produced no Heywood cases (IPFA was not included in
this condition). It should be noted that Heywood cases were not suppressed (neither
in MLFA nor in IPFA): when a negative communality estimate was obtained,
iterations were terminated and the last solution with all uniquenesses being positive
retained.

Manners and Brush (1979) partly replicated Browne’s (1968) study by taking the
same population loading matrix. They created two sample size conditions (N = 100
and N = 500, respectively) and two number of variables conditions (p = 10 and p =
16, respectively), and created 10 random correlation matrices within each of the four
combinations. The methods used were IPFA, Alpha Factor Analysis (AFA), MLFA
and Minres. The inaccuracy measure was identical to Browne’s second measure,
except that an orthogonal rather than oblique target rotation was used. As in
Browne’s study, MLFA produced the smallest overall value of the accuracy
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measure, and was followed by IPFA and AFA. Minres performed badly: the value of
the inaccuracy measure was more than three times as large as the value for IPFA.
The authors attribute this to the use of Harman and Fukuda’s (1966) technique for
resolution of Heywood cases (for the other three methods, iterations were terminated
when a Heywood case occurred). Obviously, the Minres procedure used was not the
optimal one, since techniques for prevention of Heywood cases should increase
rather than decrease the accuracy of loadings.

More recently, Knol and Berger (1991) compared the accuracy of Minres, IPFA,
MLFA, AFA and the GLS factor analysis (GLSFA). Since the aim of their study
was a comparison of factor analysis and item response models for dichotomous data,
matrices of tetrachoric correlations were analysed. Two accuracy measures were
used: the accuracy measure for loadings was equivalent to Browne’s second
measure, except that the orthogonal Procrustes rotation was used. The accuracy
measure for communalities was the root-mean-squared difference between the
population communalities and their sample estimates. Four sets of parameters were
used and three sample size conditions (N = 250, 500, and 1000, respectively), and 10
random samples were drawn in each combination. In general, both IPFA and Minres
were more accurate than MLFA and GLSFA on both criteria, although the order of
accuracy of the methods was not the same for all parameter sets.

Very recently, Briggs and MacCallum (2003) compared the recovery of weak
common factors by MLFA and Ordinary Least Squares Factor Analysis (OLSFA),
which is based on the unweighted least squares function. They conducted a large-
scale simulation study which included various degrees of model error (by
introducing a large number of "minor" common factors) and sample size (100, 300
and 500). They constructed population loading matrices for 16 variables with 3 or 4
common factors, among which either one or two were "weak", i.e., had relatively
small loadings (.4-.5). Only the recovery of these weak factors was of interest. The
measures of accuracy they used were the congruence coefficient and the root mean
square deviation. Both methods performed well when the amount of model and
sampling error was small. On the other hand, when more error was introduced (for
instance, when sample size was 100 rather than 300 or 500), OLSFA systematically
outperformed MLFA. Furthermore, MLFA estimates had larger empirical standard
errors. The performance of both methods was notably worse when a Heywood case
emerged in a solution and MLFA produced many more Heywood cases than
OLSFA, at least in the N = 100 condition.

A common problem of the described studies except the one by Briggs and
MacCallum is that a small number of both random samples and population matrices
was used and consequently little attempt was made in the direction of statistical
inference. Of course, until recently, large scale simulation studies were prevented by
the processing speed limitations, but clearly the most definite conclusion one can
arrive at so far is that more empirical comparative evidence is needed in this respect.
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1.3. The minimum rank factor analysis (MRFA)

1.3.1. Motivation and definition

To motivate the rationale of MRFA, let us consider a problem with the standard
factor analytic methods, called “Harman’s paradox” by ten Berge (2000). When a
correlation matrix (or a covariance matrix) is fitted by, e.g., Minres or MLFA and
the fit is not perfect, then the implied reduced correlation matrix Rred = R – U is
indefinite. Specifically, the smallest p – r eigenvalues of Rred sum to zero, therefore
at least one of them has to be negative. This phenomenon is not limited to Minres
and MLFA: it is easy to see that R – U is indefinite whenever communality
estimates are computed from loadings for the first r factors. Recall the
decomposition of R – U into AA′ + KBLBKB′. From U = I – diag(AA′), it follows
that tr(R – U) = tr(AA′). Thus tr(KBLBKB′) = tr(LB) = 0, which implies either that
LB is a zero matrix (indicating a perfect fit) or that at least one of its elements is
negative (in case of imperfect fit). The concept of the proportion of ECV is thus lost
for practical purposes: the classic methods implicitly assume that the proportion of
the explained common variance is 100%, because the sum of the first r eigenvalues
of Rred is equal to the sum of the communality estimates. Further, such a solution
implies factors which explain a negative amount of variance.

Interestingly, this issue has received almost no attention, although the problem is
not unknown. For instance, Harman (1976, p.182) just briefly mentioned the
emergence of negative eigenvalues, but gave no comment on it. Apparently, the
issue was not considered problematic from the practical point of view and besides, it
is not possible to resolve the problem within the framework of Minres of MLFA. On
the other hand, one could object to an interpretation of the estimates of loadings and
communalities if the associated reduced covariance matrix actually cannot be a
covariance matrix. Further, the assumption of ECV being equal to CV is quite
unfortunate from the practical viewpoint, because the ECV proportion could be a
most useful tool for deciding on the appropriate number of factors to extract.

A method which does provide a Gramian Rred (or Cred, respectively) is Minimum
Rank Factor Analysis (MRFA), proposed by ten Berge and Kiers (1988, 1991).
MRFA attempts to find communality estimates which imply the best approximation
of the rank r solution, subject to the constraint that Rred is Gramian. The criterion for
its determination is as follows: by extracting r factors, the sum of the last p – r
eigenvalues of Rred should be as small as possible while all eigenvalues remain
nonnegative. The function which is minimised in MRFA can be written as (ten
Berge & Kiers, 1991)

fMRFA(U) = ∑
+=

S

UL

L

�

λ                        (1.18)

subject to the condition that both R – U and U be Gramian, where λ i
 stands for the i-

th largest eigenvalue of R – U. The number of extracted factors r has to be fixed in
advance.
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The constraint that the reduced eigenvalues must not be negative forms an
important difference between MRFA on one side and Minres and MLFA on the
other side: the latter two also make the sum of the last p – r eigenvalues of Rred as
close to zero as possible, but without the nonnegativity constraint, which leads to the
sum equalling zero and to an indefinite Rred. On the other hand, in MRFA the
amount of variance explained by the ignored factors (i.e., the unexplained common
variance) is minimised while the solution remains proper in all respects.

1.3.2. The algorithm of MRFA

An algorithm minimising the MRFA function directly has not been found. Ten
Berge and Kiers (1991) suggest to find some tractable function the minimum of
which coincides with the minimum of fMRFA(U). We can make use of the following
property of generalised quadratic forms: for any symmetric matrix S of order p, the
minimum of tr(X′SX), subject to X′X = Ip-r, is attained when X contains the
eigenvectors corresponding to the p – r smallest eigenvalues of S, and this minimum
is equal to the sum of these eigenvalues. Now take S = Rred. Minimising tr(X′SX) in
that case means minimising the unexplained common variance, which is by
definition equal to the sum of the p – r smallest eigenvalues of Rred. The minimum
of the following function will therefore coincide with the minimum of fMRFA(U):

gMRFA(KB, U) = tr[KB′(R – U)KB]                      (1.19)

subject to the condition that both R – U and U be Gramian, where (consistent with
the notation in the previous section) KB is a column-wise p×(p – r) orthonormal
matrix. Ten Berge and Kiers (1988, 1991) suggest a two-step approach to the
minimisation of gMRFA(KB, U) by alternately optimising KB and U.

In the first step (called “main iterations”), KB is optimised for a fixed U. As
already explained, the optimal KB can be found simply by performing the eigenvalue
decomposition of the current R – U and taking eigenvectors corresponding to the p –
r smallest eigenvalues to obtain KB.

In the second step (“inner iterations”), U is optimised for a fixed KB. Define the
diagonal matrix W2 as:

W2 = diag(KBKB′).           (1.20)

Because in this step both R and KB are constant, the minimum of gMRFA(KB, U) in
the inner iterations step coincides with the maximum of the function

hMRFA(U) = tr(KB′UKB) = tr(W2U)                       (1.21)

subject to the constraint that both W(R – U)W and W2U be Gramian, which is in
practice equivalent to the constraint that both R – U and U be Gramian (see below
for an exception). This function can be minimised by means of the Constrained
Minimum Trace Factor Analysis (CMTFA). In the current version of MRFA, the
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CMTFA algorithm by ten Berge, Snijders and Zegers (1981) is implemented, which
is essentially the Bentler and Woodward (1980) procedure (MBWP), although
alternative algorithms exist (Alizadeh, Haeberly, Nayakkankuppam, Overton &
Schmieta, 1997; Jamshidian & Bentler, 1998). CMTFA was originally designed to
find the greatest lower bound to reliability (see also Bentler, 1972) and its objective
can be described as follows: for a covariance matrix S, find a diagonal matrix D with
the largest trace, subject to the condition that both D and S – D are Gramian. In our
case, S = WRW and D = W2U. After finding the minimising W2U, the
corresponding U and the value of fMRFA(U) can be computed. If convergence has not
been reached yet, the algorithm proceeds with the next main iteration.

Norman D. Verhelst (personal communication, July 31, 2003) noted that the two
pairs of constraints stated above need not be equivalent, because W can have a zero
diagonal element. For instance, if R – U has a negative i-th diagonal element (and is
thus indefinite) and the i-th diagonal element of W is zero, W(R – U)W can still be
Gramian. However, although it is possible to construct covariance matrices leading
to such an anomaly, obtaining a zero diagonal element in W seems very unlikely in
practice. More importantly, even if this actually happened, the MRFA algorithm
would break down before the next main iteration, because the update of U could not
be computed from W2U due to the singularity of W.

After convergence, factor loadings are determined by means of the eigenvalue
decomposition of R – U. ECV and UCV are computed as the sum of the r largest
eigenvalues and the sum of the remaining  p – r eigenvalues of R – U, respectively.

To avoid solutions based on local minima, it is recommended to run the
algorithm more than once, using different starting matrices U and T (the latter is
used in the CMTFA algorithm). Ten Berge and Kiers (1991) describe a set of p
initial matrices U, but our experience shows that about two or three random starts
are usually sufficient.

1.3.3. The properties of MRFA

Some properties of MRFA follow from its algorithm:

1. The MRFA solution always results in Gramian R – U and U, giving the model
parameters in proper bounds.

2. MRFA determines all three parts of Eq.1.7, which enables computation of the
proportion of common variance explained by the extracted factors (ECV).

3. MRFA is not scale-invariant.

4. MRFA is a least squares method, since its objective function can be stated in
terms of minimising unexplained variance (see also ten Berge, 1998).

Some other characteristics of MRFA have been noted empirically.

1. The optimal communality estimates differ according to the number of extracted
factors (ten Berge, 1998). It would seem reasonable to accept the estimates
obtained in the condition of exact fit (thus when f(U2)=0); unfortunately, such a
solution is unidentified almost surely.
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2. Shapiro and ten Berge (2002) note that the communality of a variable can reach
the value of unity (taken that the variable is standardised), thus weak Heywood
solutions are still possible.

Apart from fitting the factor analysis model, the MRFA procedure can be used
for two specific goals. First, it is possible to determine the minimum rank of the
covariance matrix, which is equal to the smallest r producing fMRFA(U) = 0. Ten
Berge & Kiers (1991) performed a simulation study to test the efficiency of MRFA
in determining the minimum rank of a matrix. Their results confirmed empirical
convergence of the algorithm and successful minimising of the MRFA function in
cases of perfect fit (i.e. a correct identification of mr), mostly using only one random
start. Second, by setting r to zero, the procedure becomes unweighted CMTFA,
since the main iterations do not change anything. This results in optimal estimates of
error variances, leading to the greatest lower bound to the reliability of the sum of
the variables analysed.

We should finally warn against two possible misinterpretations of the MRFA
criterion. First, minimising UCV is not same as maximising ECV, because CV is not
a fixed constant. In fact, the method which maximises ECV is the principal
components method. Second, the MRFA solution is generally not the minimum rank
solution: the rank of Rred will be equal to the minimum rank of R only in case of
perfect fit. However, a r < mr MRFA solution is still the optimal solution in the
approximate minimum rank respect, because it finds the best proper approximation
of the rank r solution.

1.3.3.1. The bias in MRFA

Optimisation algorithms are often prone to chance capitalisation. Since the MRFA
algorithm includes the CMTFA algorithm, which is known to give strongly biased
results in small and medium-sized samples (Shapiro and ten Berge, 2000), the
question of bias of the MRFA results is a very important one.

Shapiro and ten Berge (2002) have studied the asymptotic theory for bias of
estimates of the UCV. The theory pertains to the following conditions:

1. the distribution of variables is multivariate normal;

2. the minimum rank of the population covariance matrix is equal to or higher than
the Ledermann bound;

3. the sample covariance matrix is not singular.

The asymptotic theory also supposes sample computations being done on the
covariance matrix, even if the population covariance matrix is a correlation matrix.
Shapiro and ten Berge’s developments enable the computation of the asymptotic
bias of UCV, the asymptotic variance of UCV and the asymptotic covariance matrix
of the sample unique variances. The most interesting theoretical result is that the
asymptotic bias is zero in case of perfect fit (when the number of extracted factors is
the same as the minimum rank). Simulations done by Shapiro and ten Berge (2002)
also showed that the empirical bias of the UCV was usually a bit larger than the
theoretical bias, although the difference was not very large (in most cases around 1-
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2% of UCV). They also found that the empirical bias was always positive, thus
overestimating the proportion of UCV. It should be noted that there is no theory
available about the bias of the explained common variance and of the total common
variance.

Finally, we note that the negative bias of tr(D) in CMTFA and the resulting
positive bias of UCV in MRFA are counterintuitive. The capitalisation of chance
due to sampling error usually results in the objective function being
“overoptimised”. In MRFA, however, it is “underoptimised”, as UCV tends to be
larger in samples than in population. The explanation for this phenomenon is yet to
be found.
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1.4. Direct methods

A well-known problem in common factor analysis is the indeterminacy of factor
scores: the values in the matrix F can not be determined, but only (more or less
accurately) estimated. Several estimation methods exist (see Grice, 2001, for an
overview), which produce either the most valid estimates (Thurstone, 1935),
correlation preserving estimates (ten Berge, Krijnen, Wansbeek & Shapiro, 1999) or
unbiased estimates (Bartlett, 1937). However, none of the resulting scores possess
all of the stated properties simultaneously, so the researcher has to choose the most
desirable property.

In some unpublished notes, Henk A.L. Kiers (personal communication, June
2001) made an attempt to circumvent these problems by developing a method which
operates on the data matrix rather than on a covariance matrix and consequently
produces factor scores directly. Another desirable feature of this approach is that
improper solutions can not possible emerge, because the values of factors are
estimated directly. We shall call this approach Direct Factor Analysis. In fact, Kiers
developed two differently constrained versions of the method: the first one, which is
based on a smaller set of constraints, shall be called DS (for Direct-Simple) in the
sequel, while we shall denote the version based on the full set of constraints by DC
(for Direct-Complete). Although the investigation of Direct Factor Analysis does not
play a central role in this study, we shall describe them in some detail, because no
published material is available on this topic yet. Similar ideas were suggested
already by Takane, Young and de Leeuw (1979) and Gifi (1990, p.347), but in the
context of nonmetric factor analysis.

1.4.1. The DS method

The DS method minimises the following objective function:

fDS(F,A,E,D) = ||Z – FA′ – ED||2,           (1.22)

where Z is an N×p standardised scores matrix, F is an N×r matrix of common factor
scores, A is a p×r matrix of common factor loadings, E is an N×p matrix of unique
factor scores, and D is a p×p matrix of unique factor loadings, subject to the
following constraints:

[F E]′[F E] = I,           (1.23)

D diagonal.           (1.24)
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The first constraint implies orthogonality of both common and unique factors,
and the second constraint ensures uniqueness of the unique factors. Note that the
matrix A does not contain correlations, because the columns of F are normalised
rather than standardised. A matrix of correlations between variables and common
factors can be obtained by dividing all elements of A by N1/2.

It is easy to note the similarity between the DS and the ULS minimisation. Both
approaches assume a model based on an additive decomposition of the total variance
into the explained common variance and the unique variance, both produce
orthogonal common and unique factors, and both minimise the residual variation in
the least squares sense without constraints on the ignored factors. The lack of this
constraint also makes the residual matrix R – AA′ – D2 indefinite in both methods.
However, the approaches differ in their definitions of residuals the sum-of-squares
of which is to be minimised: the DS method defines residuals as the differences
between the observed and the predicted standardised values of the scores on the
variables, while the ULS methods define residuals as the differences between the
observed and the predicted product-moments of standardised values. The DS and the
ULS objective functions are therefore not equivalent, although their minimizers may
lie close to each other.

The DS function is minimised by means of an alternating least squares algorithm,
which we shall now briefly describe. Each iteration consists of three steps. At the
beginning, all estimated matrices can be initialised as random matrices.

In the first step, F and E are updated for fixed A and D. Let G = [F E] and W =
[A D]. The objective function for this step can be written as

hDS(G) = ||Z – GW′ ||2 =  –2tr(G′ZW) + c,           (1.25)

where c is a constant; G is constrained such that G′G = I. The problem can therefore
be translated into a maximisation of the trace of a generalised linear form subject to
an orthonormality constraint and the solution can be found by taking

G = MQ′,           (1.26)

where ZW = MNQ′ is the singular value decomposition of ZW (see e.g. ten Berge,
1993, p.29).

In the second step we update A for fixed Z, F, E and D. This is done simply by
minimising fDS over A, which is a regression function with the solution

A = (Z – ED)′F = Z′F.           (1.27)

Finally, D is updated for fixed Z, F, E and A. This is slightly more complicated
because D is constrained to be diagonal. To find the solution, we first write the
objective function as the sum of summed discrepancies for each column i:
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Because of the orthonormality of the columns of G, the i-th diagonal value of D
can be found as:

di = ei′(Z – FA′)i = ei′zi           (1.29)

and the solution for D is

D = diag(E′Z).           (1.30)

After the completion of all steps, the objective function is evaluated and
compared to the value from the previous iteration.

1.4.2. The DC method

The DC method minimises the following objective function:

fDC(F,A,E) = ||Z – FA′ – E||2,                                (1.31)

where the matrices are defined as in section 1.4.1., subject to the following
constraints:

E′F = O,           (1.32)

E′E diagonal,           (1.33)

E′Z diagonal.           (1.34)

The crucial difference between the DS and the DC estimation is that the
diagonality constraint for E′Z is introduced in DC. The substantive meaning of this
constraint is that the ignored common factors, which are reflected in the residuals,
should not be confounded with the unique factors. If we make each unique factor
orthogonal to all variables except its respective variable (which is equivalent to E′Z
being diagonal), then such a unique factor will truly represent only the unique
variance of the variable. On the other hand, if a unique factor is correlated with more
than one variable, it must include some common parts as well. But since E and F are
already constrained to be orthogonal by the first constraint, the third constraint
prevents the unique factors being confounded with the ignored common factors also.

The lack of the D matrix in the DC objective function is only a matter of
convenience: because the columns of E in Eq.1.31 are not constrained to be
normalised, this matrix is equivalent to the product ED in Eq.1.22.

The constraint in Eq. 1.34 makes the DC method similar to MRFA in the sense
that it recognises the existence of ignored common factors, separates them from
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unique factors, and makes them orthogonal to both extracted common factors and
unique factors. However, the computational approach of both methods is different.
MRFA minimises the unexplained common variance directly by minimising the last
p – r eigenvalues of R. On the other hand, DC in turn maximises the explained
common variance and the unique variance, as will be seen from the description of
the algorithm.

The minimisation of fDC can be achieved by means of an alternating least squares
algorithm. Consider the update for F first. F is constrained to be orthogonal to E. To
satisfy this constraint, the update for F is based on an orthonormal null space basis
for E, denoted as J. J is orthogonal to E and the update for F can be found by
determining a matrix V such that F = JV. The criterion for choosing V is the
maximisation of the observed variance, which leads to the minimisation of

gDC(V) = ||JVA′ – Z||2,           (1.35)

which is the Penrose regression function with the solution

V = (J′J) -1J′ZA(A′A)-1 = J′ZA(A′A)-1.           (1.36)

E is updated column-wise. The update for the i-th column of E, denoted by ei, is
found as follows. First, matrices Zi and Ei are constructed by replacing the i-th
column of Z and E, respectively, with a column of zeros. Now let Hi = [Zi F Ei], let
Hi = MiNiQi′ be the singular value decomposition of Hi and let Ji consist of the last
N – rank(Hi) columns of Mi. Such a Ji is orthogonal to all observed and latent
variables except to the i-th observed variable and its respective unique factor.
Similarly to the previous step, we now look for a vector vi minimising

hiDC(vi) = ||Jivi – zi||
2,           (1.37)

where zi is the i-th column of Z. This is an ordinary regression function with the
solution vi = Ji′zi, thus the update for ei is

ei = JiJi′zi.                      (1.38)

After updating all columns of E, only the update for A still remains to be found.
As no restrictions are put on A, its update can be found by the ordinary regression
formula:

A = Z′F(F′F)-1.           (1.39)

As in case of DC, the final elements of A can be rescaled. The DC common
factors are generally not mutually orthogonal, but they can be orthogonalised after
convergence of the algorithm.
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1.5. Some general determinants of accuracy of sample factor
solutions

Investigation of characteristics of data and research design, leading to greater or
smaller accuracy of estimation is not among the main objectives of this study, but a
brief discussion of the subject shall prove useful in later chapters.

Browne (1968), apart from the comparison of methods, found that increasing
sample size or the p/r ratio (which we may call “overdetermination” of factors)
results in a higher accuracy of estimated loadings, lower frequency of Heywood
cases and faster convergence in the MLFA estimation. Tucker, Koopman and Linn
(1969) were interested in recovery of factors from the population (in terms of
congruence) rather than in sampling effects. They concluded that the solutions were
highly congruent with the true factor structure when the p/r ratio was high and when
the “major factor domain” was highly represented in data. In our terminology, the
latter could be approximated by a high proportion of the explained common
variance. Pennell (1968) similarly found that high communalities resulted in a
higher stability of loadings and that this effect was smaller if the p/r ratio was larger.
Velicer, Peacock and Jackson (1982) found that loadings were estimated more
accurately when sample size was larger and when nonzero factor loadings were
higher in their absolute values.

It is quite obvious why sample size affects the accuracy of estimation: because
the sample covariance matrix converges to the population covariance matrix as
sample size approaches infinity, it is necessary that the sample solution converges to
the population solution. The role of other factors is, however, not obvious. A useful
framework for explanation of the effects of communality and overdetermination is
based on work of Cliff and Hamburger (1967) and MacCallum and Tucker (1991).
We shall provisionally call this framework the factor score sampling framework,
because it is based on the notion of factors as random variables, which can be
sampled as well as can be the observed variables.

Consider the population factor model first. Let Λ be the population pattern matrix
for common factors, let Ξ be the population pattern matrix for unique factors, and let
Fpop and Epop be the population matrices of common and unique factor scores,
respectively. Denote the population covariance matrix of common and unique
factors by ΣFE. This matrix can be written as
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where the submatrices are the covariance matrices among the common (C) and the
unique (U) factors. Unique factors are uncorrelated among themselves and with the
common factors in the population. If we further define all factors as standardised in
the population, ΣFE simplifies to
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where Φpop is the correlation matrix among the common factors in population. The
population matrix of observed variables (in the centered form) can be written as

Xpop = [Fpop Epop][Λ Ξ]′ = FpopΛ′ + EpopΞ,           (1.42)

where Fpop and Epop are the population matrices of common and unique factors,
respectively, Λ is the common factor pattern matrix and Ξ is a diagonal matrix of
unique factor loadings.

The population covariance matrix of observed variables is then

ΣX = ΛΦpopΛ′ + Ξ2.                 (1.43)

Now consider the situation in samples. In the process of sampling we get
matrices Xsam, Fsam and Esam by taking N rows from the respective matrices Xpop, Fpop

and Epop. The sample factor covariance matrix can be written as
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Because of sampling error, the submatrices of CFE are not the same as their
population counterparts. Most importantly, neither the covariances between common
and unique factors nor the covariances among unique factors are zero any more. The
sample covariance matrix of observed variables therefore takes a more complicated
form than its population counterpart:

CX = [Λ Ξ]CFE[Λ Ξ]′ = ΛCCCΛ′ + ΛCCUΞ + ΞCUCΛ′ + ΞCUUΞ.           (1.45)

Note that the loadings matrix [Λ Ξ] remains the same as in the population, since
sampling should not affect the true loadings. We may consider the unique factors
being standardised in the sample, which allows for a simpler expression of CX:

CX = ΛCCCΛ′ + Ξ2 + ζ,           (1.46)

where ζ = ΛCCUΞ + ΞCUCΛ′ + Ξ(CUU–I)Ξ, representing the parts of CX which can
not be fitted by the factor model. However, a factor analysis algorithm attempts to fit
the model expressed by Eq.1.43, so it treats (ΛCCCΛ′ + ζ) as if it was equal to
ΛCCCΛ′. This is where the inaccuracy of the pattern estimates comes from. The
elements of ζ depend on sample covariances between common and unique factors
and among the unique factors, respectively. The absolute sizes of these covariances
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partly depend on sample size: in smaller samples they tend to deviate more from
their population value of zero due to larger sampling error. On the other hand, the
size of a covariance depends on the variances of both variables. Therefore, the
smaller the unique variances, the smaller the elements in ζ. It further follows that
sample size interacts with the size of unique variances. For instance, in the ideal case
with all uniquenesses equal to zero, we could perfectly recover the population
pattern regardless of sample size. On the other hand, when the unique variances are
high, large samples are needed to compensate their increasing effect on the elements
of ζ.

MacCallum, Widaman, Zhang and Hong (1999) additionally discussed the
possible effect of overdetermination on ζ. A lower r for the fixed p reduces the
number of elements in CCU, thus a smaller number of factors (for a fixed number of
variables) should improve accuracy of the estimation. By a similar reasoning that
applied to sample size, the authors also predicted an interactive effect of the p/r ratio
and the size of unique variances. They also performed a simulation study in which
they investigated effects of sample size, average communality in population,
overdetermination and their correlation on the average congruence between sample
loading matrices and the population loadings. All hypotheses with regard to the
effects of sample size, average communality, overdetermination, and the sample size
× average communality and average communality × overdetermination interaction,
respectively, were confirmed. The effects of sample size and communality were
confirmed by MacCallum, Widaman, Preacher and Hong (2001), who found
relatively small effects of overdetermination and the sample size × average
communality interaction. The results from this study also indicate that the model
error, due to a lack of fit in population, does not interact with the sources of error
due to sampling.



2. Problem and method of the investigation

2.1. The structure of the research problem

Generally speaking, the problem of this study was an investigation of empirical
properties of MRFA, some of them being specific to MRFA (e.g. the UCV
estimation) and others being common to all factor analytic methods (e.g., the
accuracy of the factor loadings estimates). The study was partly motivated by the
fact that the empirical evidence about the behaviour of MRFA is very limited: for
instance, no studies examining the accuracy of the estimation of factor loadings or
communalities have been done yet. Although MRFA has a strong theoretical appeal,
more empirical evidence would be necessary before the method could be judged
appropriate to be used in practice. A comparison to other widely used methods,
serving as a benchmark, has to play an important part in such an evaluation.
Furthermore, literature review shows that the evidence about the comparative
effectiveness of various factor analytic methods, such as Minres and MLFA, is
scarce and mostly not very recent. A comparative investigation of different factor
analytic methods is thus relevant even regardless of MRFA.

The problem of this dissertation can be structured into two groups of problems
(parenthesised we state the chapter in which the problem is treated):

A. Problems regarding the properties specific for MRFA:
A1. The impact of standardisation on the MRFA results (chapters 3-6)
A2. Accuracy of the UCV estimation (chapter 7)
A3. Dependence of communality estimates on the number of factors (chapter 5)

B. Problems regarding the comparison of the methods:
B1. Accuracy of the estimates of factor loadings (chapter 4)
B2. Accuracy of the communality estimates (chapter 5)
B3. Accuracy of the reproduced population correlations (chapter 6)

Most of the problems can be investigated from more than one aspect. For
instance, when we investigate the accuracy of the estimation of some parameter,
both bias and sampling variability should be considered. We do not list all research
questions here, but we rather describe them in the beginning of each chapter.

2.2. Factor analytic methods

Besides MRFA, four methods were included in the comparison. Two of them,
Minres and MLFA are in our view highly representative of the current research
practice in psychology, and each of them represents a popular estimation principle.
Additionally, both versions of Kiers’ direct method were included to gather the first
systematic empirical evidence about their behaviour.

1. Minimum Rank Factor Analysis (MRFA). The algorithms described by ten
Berge and Kiers (1991) and ten Berge et al. (1981) were used. A small modification
of ten Berge and Kiers’ MRFA algorithm was implemented: two random starts were
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used rather than p+1 rational starts. This modification was motivated by the decision
to use the same number of starts with each method and the fact that both direct
methods are quite time consuming, so it would be unpractical to use a large number
of random starts with them. Furthermore, our experience shows that two random
starts are usually sufficient to get globally optimal results in MRFA.

2. Minres factor analysis. The same algorithm as proposed by Harman and Jones
(1966) was used. Heywood cases were suppressed by means of the ten Berge and
Nevels (1977) algorithm, which is in practice equivalent to Browne’s (1967)
solution. Two random starts were used.

3.,4. The simple direct method (DS) and the complete direct method (DC) were
performed according to Kiers’ algorithms described in section 1.4. In both methods,
two random starts were used.

5. Maximum Likelihood Factor Analysis (MLFA). The MLFA function was
minimised by means of the Newton-Raphson algorithm, as described by Clarke
(1970) and Jöreskog (1977). One random start and one rational start were used. For
the rational start, the initial uniqueness matrix was computed according to
Jöreskog’s (1967) recommendation as (1 – r/2p)[diag(S–1)]–1, where S denotes the
sample estimate of the population covariance matrix. In some cases this method
failed and the algorithm did not converge within 1000 iterations; the analysis was
then repeated with an identity matrix as the starting matrix. In combination with
random starts this always led to at least one convergence. Heywood cases were dealt
with according to the procedure described in Jöreskog (1977) and Jöreskog and
Goldberger (1972).

The methods were applied on standardised data. Apart from that, MRFA was
applied on both raw and standardised sample matrices in Experiment 1.

2.3. Design of the simulations

2.3.1. Experiment 1

The aim of Experiment 1 was to compare the five methods in conditions as close as
possible to conditions found in real applications. We collected a heterogeneous
sample of 15 real data sets, most of them reported in psychological journals. They
stemmed from various fields of research, including cognitive abilities and
intelligence, personality structure and attitudes. Besides the substantive background,
the data sets also differed in properties like the number of “large” factors (relative to
the number of variables), average communality etc. The data sets used are listed in
Table 2.1, together with some descriptive properties.

Covariance matrices, which were taken as the population matrices in simulations,
were constructed as follows. First, an eigendecomposition or a factor analysis of the
observed covariance matrix was performed. Then a covariance matrix was computed
from the mr largest eigenvalues and corresponding eigenvectors (where mr denotes
the desired minimum rank). The choice of the value of mr was to a certain extent
arbitrary; it was usually a bit smaller than the original mr to eliminate very small
eigenvalues that would make mr a fuzzy quantity. Finally, the original variances
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(unities in cases of correlation matrices) were put in the diagonal of the reproduced
matrix. All constructed matrices had high minimum rank (above the Ledermann
bound). The values of r (number of extracted factors) were the same as used by the
authors of the source research reports or chosen to be theoretically defensible (e.g.,
for the Big Five data the r = 3 and the r = 5 conditions correspond to the PEN or the
Big Five model, respectively), and were always below the respective value of the
Ledermann bound to ensure identification.

Table 2.1. Data sets used in Experiment 1

Data set Reference p mr r h2 ECV% area
BFQ Bucik, Boben, & 10 6 3 .69 80.5 personality

Kranjc, 1997 5 .70 97.5
SIP 6RþDQ� ���� 6 3 2 .81 96.4 abilities
Schutz Schutz, 1958 9 6 2 .70 81.3 abilities

4 .70 99.1
Emmet Emmet, 1949 9 6 1 .66 73.7 abilities

2 .66 90.1
3 .66 96.2

BFO Bucik, Boben, & 8 6 1 .50 73.2 personality
Kranjc, 1997 2 .50 87.9

Moray Emmet, 1949 9 7 1 .77 75.3 abilities
2 .77 89.6

Car Steg, Vlek, & 10 7 2 .48 77.9 attitudes
Rooyers, 1993 4 .51 94.6

Spearman Spearman, 1904 6 3 1 .70 91.0 abilities
2 .71 96.0

Smith Smith & Stanley,
1983

6 3 2 .69 98.6 abilities

Green Green, Goldman &
Salovey, 1993

8 5 2 .76 92.2 personality

Lord Lord, 1956 15 11 4 .75 94.7 abilities
Goodwin Goodwin &

Tinker, 2002
11 7 4 .60 85.0 attitudes

Mackintosh Mackintosh & 6 3 2 .56 93.2 abilities
Bennett, 2002

Hewitt Hewitt, Caelian,
Flett, Sherry,

10 6 2 .66 70.8 personality

Collins & Flynn,
2002

3 .66 86.4

Rees Rees, 1950 7 5 2 .64 82.6 physiogn.

p: number of variables, mr: manipulated minimum rank, r: number of extracted
factors, h2: average MRFA communality estimate in population, ECV%: percentage
of the explained common variance in population, as estimated by MRFA.
“Population” refers to the constructed and not to the original population.
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There were three sample size conditions (N = 50, N = 100 and N = 500,
respectively). For each combination of conditions, 500 sample covariance matrices
were constructed as follows. A sample covariance matrix was constructed by
computing covariances among the columns of matrix X, defined as

X = NΣ1/2           (2.1)

where Σ is the population covariance matrix and N is a N × r matrix of random
numbers distributed as N(0, I). In this manner, N realisations from the multivariate
N(0, Σ) distribution were obtained in matrix X (see also Devroye, 1986, p.564).
Each sample covariance matrix was then transformed into the correlation matrix.
Finally, a standardised data matrix, required by both direct methods, was computed.

There were 72 distinct combinations of a data set, sample size and number of
extracted factors (15 data sets × three sample sizes × 1, 2 or 3 different numbers of
extracted factors, as specified in column r of Table 2.1) and 500 random samples
were generated within each combination. Each of the groups of 500 analysed sample
data sets is going to be referred to as “a simulation” (thus there were 72
simulations).

2.3.2. Experiment 2

In Experiment 2, the methods were compared in conditions of low minimum rank in
the population. Although a low rank design is unrealistic, it makes possible a unique
determination of the population communalities and the comparison of methods in
conditions of perfect fit in the population. The population correlation matrices were
artificial, which enabled an experimental control of the average communality in the
population.

Four population correlation matrices were constructed. The number of variables
was 12 in all four cases. Two values of minimum rank (mr = 2 and mr = 4) and two
values of average communality (CV% = 40 and CV% = 70) were employed. The
matrices of factor loadings were constructed as follows. Each variable had one high
loading on one of the factors and either zero or small positive or negative loadings
on the remaining factors. These small loadings accounted for 10% of the average
common variance each. The major loadings were determined so that the
communalities ranged from .3 to .5 (in the CV% = 40 condition) or from .6 to .8 (in
the CV% = 70 condition), respectively. The population loading matrices are listed in
the appendix. The population correlation matrix was then computed by
postmultiplying the loading matrix with its transpose and filling the main diagonal
with unities.

Two sample sizes were used (N = 50 and N = 500, respectively), so the total
number of combinations of experimental conditions was 8. In each condition, 500
random sample data and correlation matrices were constructed by means of the
procedure described above. All indirect methods were applied on correlation
matrices.
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The simulations in both experiments were performed by the MATLAB 5.3
(1998) program.

2.4. Statistical analysis

In Experiment 1 the design was not fully crossed, so the analyses were based on
averages (of various accuracy measures) for each simulation. On the other hand, in
Experiment 2 the unit of analysis was a result from a single sample. The notion of
variability was therefore different in both experiments. Two types of statistical
analyses were used. First, an overall descriptive analysis, based on box-plots,
descriptive statistics and ranks of methods was performed. This was followed by an
inferential analysis, which addressed the question of to what extent we can
generalise the obtained differences between the methods or conditions, respectively,
to the population. We decided to present the results mainly in the form of confidence
intervals, which in our opinion provide an informative and concise combination of
description and inference. Since the study was focused on the differences among the
methods, the within-subject confidence intervals were employed (Loftus and
Masson, 1994) in Experiment 1. These intervals are based on the mean square for
error in the repeated-measures ANOVA, and overlapping intervals correspond to
“statistically insignificant” differences. The interpretation of such intervals is thus
limited to the comparison across methods. In Experiment 2, the power was higher,
so we mostly used the between-subjects confidence intervals, which can be
interpreted as an ordinary confidence interval for the population mean, so that the
interpretation is not limited to comparison across methods. To avoid confusion, we
always state which kind of confidence intervals are reported.

Admittedly, the choice of an appropriate inference method is a debatable issue.
An obvious problem is that the possible values of the accuracy measures are
bounded, thus their distribution can be expected to be skewed, and this was in fact
generally observed. We might try to reduce skewness by some transformation before
the analysis, but this would make the results much less transparent. Symmetric
distribution is also not regarded as the most critical assumption in ANOVA
(Stevens, 1996) and besides, the sample distributions were very similar for all
methods. In some cases, the homogeneity of variance assumption was violated, and
in such cases we used the modified procedure as proposed by Loftus and Masson
(1994).



3. The impact of standardisation of variables

An important data-related question concerns the impact of standardisation of sample
data. In contrast to MLFA, MRFA is not scale-free and the solutions based on
linearly transformed variables are in general not equivalent. However, it is not clear
a priori whether and when are these differences substantial. In exploratory factor
analysis it is common practice to analyse standardised variables; due to sampling
error, measured variables will never have exactly the same mean and variability,
even if the variables are standardised in the population (an approximation of that
situation would be, e.g., an analysis of IQ-scaled tests results). In the sequel, we
shall compare solutions based on covariance matrices (computed from the data as
they are measured, or simulated in our case) and on correlation matrices. We shall
discuss three main issues:

1. the impact of standardisation on the similarity of factor loadings (section 3.1);

2. the impact of standardisation on the similarity of communality estimates (section
3.2);

3. the impact of standardisation on the use of asymptotic expressions (section 3.3).

The results presented are based on Experiment 1, described in Chapter 2.

3.1. Equivalence of factor loadings

From the practical viewpoint the crucial question concerns the equivalence of factor
loadings, i.e. similarity of loadings after an appropriate rescaling (in our case, the
rescaling was done by dividing loadings with the respective standard deviations).
We know in advance that the loadings are not strictly equivalent, but the question is,
whether or not they are similar enough to be treated as exchangeable. A second
question we are going to answer is in which conditions are the solutions based on
standardised and nonstandardised data, respectively, more or less similar.
The following measures were calculated within each simulation:
1. Congruence coefficient (CC), averaged over samples within a simulation.

2. Mean absolute deviation (MAD), averaged over samples within a simulation.

3. Standard deviation of congruence coefficients over samples within a simulation
(SD(CC)).

4. Standard deviation of mean absolute deviations over samples within a
simulation (SD(MAD)).

The congruence coefficient (Tucker, 1951) is defined as
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where fj and gj denote two vectors of factor loadings for the j-th factor. Here, the two
vectors corresponded to loadings obtained from standardised and nonstandardised
data. In cases where more than one factor was extracted, the average congruence
coefficient over factors was used.

Mean absolute difference between elements of the loading matrices based on
standardised and nonstandardised data (MAD) is proposed here as an additional
measure of the similarity of loadings. We define it as:
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where the symbols have the same meaning as in Eq. 3.1.
In both cases, the loading matrix based on standardised data was first rotated to

the loading matrix based on nonstandardised data by the one-sided orthogonal
Procrustes rotation (ten Berge, 1977). The unrotated principal axes solution was
used in both cases. Note that the reflection included in Eq. 3.2 is not necessary when
a Procrustes rotation is applied.

Before discussing results it should be noted that coefficient of congruence and
MAD do not assess the same aspects of the factor loadings’ similarity. Specifically,
CC is a measure of proportionality of the factor loadings, and high congruence
indicates similar interpretations of the factor contents. But high proportionality is
sometimes not enough: if MRFA loadings computed from the standardised data
were systematically lower or higher than the (standardised) loadings calculated from
the unstandardised data, this would obviously be a reason for concern, even if both
sets of loading vectors were perfectly congruent. In general, when two analyses
produce both high CC and high MAD, then the interpretation of the factors’ content
will be the same or very similar, but the interpretation of quality of specific variables
as indicators of the latent constructs will differ. We can conclude that MAD is a
more general measure, since it detects any difference in factor loadings, whereas CC
detects only the differences in proportionality of loadings (which are the differences
affecting the interpretation of factors). MAD can only be low if CC is high, but not
vice versa. Both CC and MAD were computed for each sample separately and then
averaged over all 500 samples within a simulation.

Further, a standard deviation of the 500 CCs and MADs, respectively, was
computed within each simulation to get information about the expected variation of
similarity measures across the samples from the same population. The inclusion of
variability measures was motivated by the fact that factor analytic studies are usually
not repeated more than a couple of times at best. Therefore it would be undesirable
if a method produced a nontrivial proportion of dissatisfactory results, even if the
general level of factor similarity was high.

3.1.1. The average similarity of factor loadings

First we are going to review the first two measures 1-4, which represent the expected
similarity (mean CC and MAD). In most simulations (63 out of 72, which
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corresponds to 13 out of 15 data sets), the population covariance matrix was a
correlation matrix. In practice such a case would, for instance, emerge when results
from several standardised IQ tests were analysed. Table 3.1 presents descriptive
statistics for both measures of loadings’ accuracy: The descriptives were computed
both over all 63 simulations and over aggregated values for each data set. E.g., the
value 0.007 for SD of CC for all simulations (in the upper left part of the table) is the
standard deviation of mean congruence coefficients (averaged over factors and
samples) across 63 simulations. Across-simulations standard deviations in Table 3.1
therefore bear a different meaning than within-simulation standard deviations (i.e.,
measures 3 and 4), which are to be discussed later.

Table 3.1. Similarity of loadings between standardised and nonstandardised data

63 simulations 13 sets’ aggregates
CC MAD CC MAD

Mean .994 0.011 .994 0.011
SD .007 0.009 .005 0.005
Skewness –0.81 0.99 –0.78 0.29
Kurtosis –0.73 0.07 1.30 –1.33
Min. .977 0.001 .980 0.000
Max. 1.000 0.032 1.000 0.020

On average, solutions based on standardised and nonstandardised data can be
considered approximately equivalent for most practical purposes, as the average
congruence coefficient is over .99 and mean absolute deviation is 0.01. However,
this is not to say that a high degree of similarity may always be expected. First, the
degree of similarity varies across data sets: e.g., the largest MAD within 63
simulations (0.03) was almost three times the average. Second, the similarity also
varies within simulations, i.e. across samples taken from the same simulation. The
average within-simulation standard deviation (not shown in Table 1) was .025 for
the congruence coefficient and 0.015 for MAD.

To further clarify the sources of variability in similarity, we performed a repeated
measures ANOVA on simulations’ averages with sample size as the factor. Figure
3.1 presents the confidence intervals for average (over simulations) CC at each of
the three sample sizes, determined by the procedure of Loftus and Masson (1994).
Note that these and the following confidence intervals are “within-subject” (repeated
measures) confidence intervals and therefore appropriate only for comparison of
averages at various conditions (i.e. sample sizes in this case), but not for the
estimation of the population average at a certain condition. Since these confidence
intervals are based on the ANOVA results, the Geisser and Greenhouse (1959)
correction for the violation of the sphericity assumption and a modified procedure
for cases with heterogeneous variance (Loftus and Masson, 1994) were used where
necessary.



34                                                                                                                      Chapter 3

Figure 3.1. 95% confidence intervals for the mean CC at different sample sizes.

The inspection of Figure 3.1 shows a significant effect of sample size, although
the CIs for the smallest sample sizes overlap somewhat. In samples consisting of
several hundred subjects, a practically perfect congruence may be expected, and
even for sample size 50 the expected congruence was around 0.99.

Figure 3.2. 95% confidence intervals for the mean MAD at different sample sizes.

Figure 3.2 presents results of an analogous analysis for MAD, i.e. the within-
subject confidence intervals for average (over simulations) MAD at each of the three
sample sizes. The influence of the sample size (relative to other factors) is even
higher here, as all pairs of CIs are clearly distinct. This difference is reflected in the
value of η2, which was .80 for MAD and .59 for CC. On average, MAD was
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negligible for the sample size 500, and perceivable, but still of little practical
concern for the sample size 50.

Table 3.2. ANOVA results for the measures of the similarity of loadings

CC MAD
Effect η2 p η2 p
N .62 .00 .85 .00
h2

d .03 .50 .06 .30
N × h2

d .09 .18 .27 .00

N: sample size, h2
d: dichotomised average communality, p: p value corresponding to

the F-test for the respective effect.

The results of MacCallum et al. (1999) suggest that a possible factor of the
between-sets differences could be the average population communality.
Communality was not controlled in this study; to make the situation more
transparent, we constructed a dichotomous variable by means of a median split
(resulting in value “low” for average communalites between .48 and .66 and value
“high” for communalities between .69 and .81). Then analyses of variance were
performed on CC and MAD, respectively, with sample size as a within-subject factor
and dichotomised communality as a between-subjects factor. Selected results are
presented in Table 3.2. Both measures were, as was shown above, heavily
influenced by sample size, and on the other hand the main effect of communality
was near zero. However, the interaction between both effects had a small to
moderate effect size (much smaller than the sample size) at least for MAD. The
nature of this interaction is shown in Figure 3.3: in data sets with smaller average
communality the impact of sample size was larger, as predicted by MacCallum et al.
(1999).

A possible explanation for the sample size effect is that similarity of solutions
might be related to the similarity of variances of the variables. When these variances
are equal in the population, one should not expect huge differences among them in
samples. Thus we shall next consider the situation where the population variances
are not equal. There were two such data sets included: BFO and Smith, with ratios
of the largest to the smallest variance 2.0 and 22.4, respectively.

The first two measures of loadings’ similarity for both data sets (for BFO
averaged over both number of factors conditions), are presented in Table 3.3. In both
sets, congruence coefficients and MADs were on average somewhat worse than
those of equal variance data sets. However, they lie within the range of the values
encountered in equal-variance simulations. Similarly as for the simulations with
equal population variances, similarity improves with increasing the sample size, this
effect being more easily detectable for the MAD measures. It is also interesting that
the degree of similarity was approximately the same in both data sets, despite a
much larger heterogeneity of variances in the Smith data set.
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Figure 3.3. The sample size ×  average communality interaction in MAD.

We can conclude that the expected similarity between solutions based on
standardised and nonstandardised data, respectively, is high, especially with regard
to the factor interpretation. A somewhat lower similarity may be expected if sample
size is small and the average communality is low or when the variances of the
variables are markedly different. In most cases, however, the differences should not
be embarrassing.

Table 3.3 Average similarity of loadings between standardised and nonstandardised
data for heterogeneous-variance data sets

N Data set CC MAD
50 BFO .985 0.038

Smith .984 0.039

100 BFO .986 0.033
Smith .990 0.032

500 BFO .997 0.021
Smith .997 0.020

Average BFO .989 0.031
Smith .990 0.030

3.1.2. The variability of the similarity measures

It remains to review both variability measures, namely the within-simulation
standard deviations of CC and MAD, respectively. Figures 3.4 and 3.5 present
confidence intervals for average (over simulations) within-simulation standard
deviations of CC and MAD, respectively, at various sample sizes for data sets with
equal population variances. Both variability measures were smaller in larger
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samples; especially in the N = 500 condition the variability of CC and MAD across
samples from the same population is almost negligible, but it does not seem to be
critically high even in the N = 50 condition. The effect size of sample size was again
higher for MAD (η2 = .71) than for CC (η2 = .57).

Figure 3.4. 95% confidence intervals for the mean SD(CC) at different sample sizes.

Figure 3.5. 95% confidence intervals for the mean SD(MAD) at different sample
sizes.

Results for the heterogeneous variance sets are presented in Table 3.4. They
resemble the results concerning the similarity measures for these sets: the within-
simulation variability of the similarity measures was a bit higher in these sets
compared to the remaining sets, but not substantially. Variability was also markedly
reduced by increasing the sample size.
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Table 3.4 Average SD(CC) and SD(MAD) for heterogeneous-variance data sets

N Data set CC MAD
50 BFO 0.039 0.034

Smith 0.041 0.034

100 BFO 0.037 0.026
Smith 0.028 0.026

500 BFO 0.016 0.011
Smith 0.004 0.010

Average BFO 0.031 0.024
Smith 0.024 0.023
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3.2. Communalities

The main questions to be answered here are:
1. How similar are communalities (expressed as the proportions of common

variance) obtained by MRFA on standardised and nonstandardised data,
respectively?

2. Do weak Heywood solutions in standardised and nonstandardised data
coincide?

3. Do the differences between observed variances of the variables affect the
similarity of solutions?

3.2.1. The similarity of the communality estimates

To ensure comparability, all sample communalities were rescaled to a common
metric (i.e. expressed as a proportion of the observed variance). The main similarity
measure for communalities was the mean absolute difference (MAD) between
communalities obtained from standardised and nonstandardised data, respectively.
As before, we shall review results for equal-variance and heterogeneous-variance
data sets separately. Figure 3.6. presents the “within-subject” (repeated measures)
confidence intervals for MAD at various sample size conditions. Each point
corresponds to an average MAD for 21 simulations with a certain sample size.

Figure 3.6. 95% confidence intervals for the average MAD of communalities at
different sample sizes.

As shown in Figure 3.6,  MAD was on average rather low, even in small samples,
and it was practically negligible in the N = 500 condition. Since in large samples the
variances of the variables were closer to one than in small samples, the large effect
of sample size found (η2 = .88) was expected in advance.

Small average MAD does not yet mean that MAD for each individual sample is
small. Figure 3.7 presents standard deviations of average deviations within a single
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simulation, averaged across 21 equal-variance simulations of the same sample size.
Especially in small sample sizes as 50 and 100 the average variability of MADs
obtained at different samples from the same population was not trivial. In small
samples we should thus reckon with some small proportion of cases with somewhat
larger (e.g., more than .05) MAD between loadings from the standardised and
nonstandardised data. On the other hand, such cases should be much less frequent
when the sample consists of several hundred units. Sample size therefore has a
considerable impact (η2 = .75) on the average SD(MAD), which can again be
attributed to smaller differences between standardised and nonstandardised data in
larger samples.

Figure 3.7. 95% confidence intervals for the average SD(MAD) of communalities at
different sample sizes.

The mean correlation between communalities from raw and standardised sample
data was computed as an additional measure of similarity. In 63 simulations based
on a standardised population covariance matrix, these average correlations ranged
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Table 3.5. ANOVA results for MAD of communalities

Effect η2 p
N .94 .00
h2

d .27 .02
N × h2

d .55 .00

0,00

0,01

0,02

0,03

0,04

0 100 200 300 400 500 600

Sample size

S
D

(M
A

D
)



The impact of standardisation of variables                                                                             41

As in the previous section, we checked the possible impact of the average
communality and its interaction with sample size. The results are presented in Table
3.5. The impact of the size of the average communality was relatively larger than in
case of loadings; sample size had again a very high η2, followed by a medium-sized
interaction effect and finally the communality main effect. As can be seen from
Figure 3.8, the pattern of the interaction was essentially the same as in case of
loadings: the data sets with lower average communality produced on average less
similar results, the dissimilarity being larger in small sample sizes.

Figure 3.8. The sample size × average communality interaction in MAD of
communalities.

3.2.2. Weak Heywood solutions

In the introductory chapter we defined weak Heywood solutions (WHSs) as the
solutions in which at least one communality estimate equals 1. Only the weak
Heywood cases are of interest in MRFA, because the strong Heywood cases (which
correspond to negative uniqueness estimates) are prevented by a constraint in the
modified Bentler-Woodward algorithm, as explained in Chapter 1. Weak Heywood
solutions are formally proper solutions, but are usually (whenever the variable
includes at least some measurement error) unrealistic and thus indicate a possibly
problematic solution.

For the time being, we only answer the question whether WHSs from
standardised and nonstandardised data always correspond or not. Cohen’s (1960)
coefficient kappa was used as the index of agreement between dichotomous
variables, indicating whether a weak Heywood case was present in the solution or
not. Figure 3.9 presents averages and comparative confidence intervals for each
sample size for both kappa and the proportion of absolute agreement. In absolute
terms the agreement is high in all three conditions – even in the N = 50 condition the
presence or absence of a WHS on average coincided in more than 90% of samples.
However, in some simulations the proportion of WHSs was very high or low which
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results in high expected proportions of agreement. Coefficients kappa show a less
optimistic picture of the WHS agreement than the simple proportion of agreement.
On average, they were below .90 even in the N = 500 condition. Sample size
influenced the average kappa, too, but to a smaller extent than the average MAD; the
value of η2 was .61.

Rescaling the variables before analysis may therefore influence occurrence or
non-occurrence of Heywood cases. This fact, together with a strong influence of
sample size, might imply that Heywood cases may at least to a certain extent be due
to random data variations, such as caused by sampling error.

Figure 3.9. 95% confidence intervals for the average kappa and proportion of
absolute agreement for WHSs at different sample sizes.

3.2.3. Different observed variances of the variables

It remains to answer the question of whether the differences between population
variances of the variables influence the similarity of communalities of the two
solutions and the occurrence of WHSs. Table 3.6 presents MADs and kappas for
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sets, they were in all cases higher than the average for the equal-variance
simulations. MADs from the Smith data set were further notably higher than those
from the BFO data, which corresponds to a larger heterogeneity of the population
variances in the Smith data. The influence of the sample size was clear in both data
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Results for the coefficient kappa on the occurrence of WHSs were somewhat less
clear. Similarly to MAD, they were considerably lower than the average for the
equal-variance simulations in most cases, and kappas from the Smith data were
lower than those from the BFO data. However, sample size did not show the
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expected relation to the average kappa. We might note here that the proportion of
WHSs was very small in some of the BFO simulations (i.e. less than 5%), which
makes coefficient kappa rather unstable. In any case it seems that the similarity of
communality estimates and the agreement of WHSs from standardised and
nonstandardised data are negatively related to differences in population variances
and that they might be unsatisfactorily low if the population variances are extremely
different.

Table 3.6. Similarity of communality estimates in heterogeneous-variance sets

N Data set MAD Kappa
50 BFO 0.030 0.756

Smith 0.068 0.474

100 BFO 0.024 0.724
Smith 0.057 0.558

500 BFO 0.011 0.518
Smith 0.045 0.456



44                                                                                                                      Chapter 3

3.3. Applicability of the asymptotic theory on standardised data

Shapiro and ten Berge’s (2002) asymptotic formulas for bias and variance of UCV
were originally constructed for use on covariance (i.e. nonstandardised) sample
matrices. However, a correlation sample matrix is usually analysed in practice, so it
is important to know whether or not the application on a correlation matrix would
yield adequate results. For each sample correlation and covariance matrix,
respectively, we computed the estimate of the asymptotic bias and the asymptotic
variance of UCV, treating the sample (correlation or covariance) matrix as if it was
the population covariance matrix.

The results showed that the application of the asymptotic bias formula on a
correlation matrix generally produces unreasonably high estimates: on average, in
about 60% of the cases the bias estimate even exceeded the amount of common
variance. We must note that such cases emerged in analyses of raw data, too, but
much less frequently (on average in 2% of all cases). Therefore, if we compute the
asymptotic bias estimate by using the sample correlation matrix, it is very likely that
the estimate will be nonsensical or at least suspicious. We can conclude that the
asymptotic bias formulas should not be applied on sample correlation matrices. In
such cases, bias can still be approximated by applying the asymptotic formulas on
the covariance matrix and then standardising the results. For this reason, we do not
present any further comparison between the results obtained on both types of data.



The impact of standardisation of variables                                                                             45

3.4. Conclusions

MRFA loadings based on raw and standardised data tend to be close to equivalent
(after standardising the loadings from the raw data), especially if the population
variances are homogeneous and the sample size is large (e.g. several hundred cases).
However, exceptions may occur and it seems that certain data sets are more prone to
yield more or less similar solutions than the other. When the population variances
are heterogeneous (which is the case usually encountered in practice), factor
interpretations still tend to be equivalent (due to high congruence), but the
differences in loadings may be as large as about .05. Obviously, there are other
factors than variance heterogeneity additionally influencing divergence in factor
loadings.

Communalities obtained from correlation and covariance matrices tend to be
highly correlated, too. An intriguing fact is that Heywood case occurrence is far
from perfectly correlated among both types of data.

Asymptotic formulas of Shapiro and ten Berge (2002) should only be applied on
nonstandardised sample data.



4. Retrieval of factor loadings

In this chapter we shall report on the retrieval of factor loadings in the two
simulation studies, described in Chapter 2. We shall address the following questions:

1. Do the MRFA solutions based on standardised or nonstandardised data,
respectively, differ according to the average accuracy of the retrieval of factor
loadings (sections 4.1.1.1 and 4.1.1.2)?

2. Do the five methods of factor analysis differ according to the average accuracy of
the retrieval of factor loadings (sections 4.1.1.1, 4.1.1.2, 4.1.2.1 and 4.1.2.2)?

3. How do sample size and other factors affect the accuracy of loadings’ retrieval
(sections 4.1.1.2, 4.1.2.2 and, specifically for MRFA, 4.1.1.3 and 4.1.2.3)?

4. How much does the accuracy of the retrieval of factor loadings vary over samples
from the same population (section 4.2)?

In general, section 4.1 deals with the average accuracy of loadings while section
4.2 reviews the sampling variability.

4.1. The average accuracy of the retrieval of factor loadings

Three measures for assessing the accuracy of retrieval of factor loadings were used:
the congruence coefficient (CC), the mean absolute deviation (MAD) and Browne’s
(1968) measure c2. We have already explained the first two in Chapter 3. Before
computing CC and MAD we rotated the sample loading matrix to the population
loading matrix, used in the construction of the population covariance matrix, by
means of the orthogonal Procrustes rotation. Browne (1968, p.289) defined his
second measure of accuracy of loadings c2 as

( )∑∑
= =

−=
p

i

r

j
ijc

1 1

2
2 AT�           (4.1)

where Λ and A are the population and the sample loading matrix, respectively, and
T is the rotation matrix for the oblique Procrustes rotation, satisfying the condition
that the diagonal elements of T′T are all equal to 1 (ten Berge & Nevels, 1977).
Browne’s justification of the use of an oblique rotation was that the sample factors
can be expected to be somewhat oblique even when the population factors are
orthogonal. To make the values of c2 comparable across simulations we additionally
divided it by pr to get the average squared difference between the sample and the
population loadings. A first difference between c2 and MAD is that for MAD the
absolute differences are summed, whereas c2 is based on squared differences. In our
case the second difference was that the oblique rotation was used when computing c2

and the orthogonal rotation was used for computing MAD.
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4.1.1. Experiment 1

4.1.1.1. Overall comparison

We begin with presenting some general descriptive graphs and statistics for all three
measures, averaged over 500 samples within each simulation.

Figure 4.1 presents box-and-whiskers plots for all methods, showing the median
(black line), interquartile range (box), range (“whiskers”) and outliers (circles), for
the 72 averages. By MRFA-Cov we denote the MRFA results based on covariance
matrices, and by MRFA-Corr we denote the MRFA results based on correlation
matrices. All methods produced satisfactory high median congruence coefficients
between sample and population loadings in most simulations. MRFA, Minres and
DS had slightly lower median CCs and higher median values of MAD and c2 than
DS and MLFA. The latter also had a larger spread of the averages of CC and c2 over
simulations. The covariance-based and the correlation-based MRFA results were
practically indistinguishable. All distributions, especially those of CC and c2, are
asymmetric.

Table 4.1 shows descriptive statistics for the 72 averages over simulations.
MRFA had on average the highest mean congruence, followed by Minres, both
direct methods and finally Maximum likelihood. MRFA also had the smallest
variability of CCs while MLFA had the largest one. However, all methods produced
close to perfect mean congruence in at least some simulations. On average, MRFA
produced practically identical results without regard to whether a covariance or
correlation matrix was analysed: the mean difference between average congruence
coefficients was .0004 (in favour of standardised data), and the across-simulations
correlation between the mean congruences was .997.

Table 4.1. Descriptive statistics on the 72 mean congruence coefficients for each of
the six methods

Mean SD Min Max
MRFA-Cov .940 .063 .746 1.000
MRFA-Corr .940 .063 .745 1.000
Minres .938 .065 .735 1.000
DS .935 .067 .728 1.000
DC .928 .067 .750 .999
MLFA .925 .074 .716 1.000
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Figure 4.1. Boxplots for mean congruence coefficients, MAD and c2.
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Because the results based on the same data set are not statistically independent,
we also aggregated the mean congruence coefficients within each data set first and
computed the descriptives on these aggregated data. The aggregation resulted in
slightly higher means and smaller SDs but had a little effect on conclusions. MRFA
still produced the most and MLFA the least congruent solutions. The across-sets
variability of average congruence coefficients was the smallest for MRFA and the
largest for MLFA. We therefore do not present the aggregated results here, but we
deal with them in the following section, where it was necessary to use aggregated
results to perform inferential procedures.

For each simulation, the methods were ranked according to the value of the mean
congruence coefficient, rank 1 corresponding to the highest value. For MRFA only
the results based on standardised data were used. The results are presented in Table
4.2 and can be summarised by the mean rank, which is the smallest for MRFA,
followed by Minres, DS, DC and finally MLFA. The mean ranks changed only
marginally (and the order of methods remained the same) if we ranked data
aggregated within data sets, so we do not report them. MRFA thus seems to
outperform other methods in general, but the rank order of methods is not invariant
and any of the methods may produce better results than the others not only in a
particular sample but also with regard to a particular data set.

Table 4.2. Means and frequencies of ranks of various methods for mean congruence
coefficients

MRFA-Corr Minres DS DC MLFA
Mean rank 1.85 2.46 2.96 3.54 4.19

1 35 14 8 13 2
Rank 2 21 22 15 11 3
frequency 3 8 26 26 5 7

4 8 9 18 10 27
5 0 1 5 33 33

The same analysis was performed for MAD. Table 4.3 presents descriptive
statistics for the averages over simulations. The mean difference between MRFA
based on covariance and correlation matrices, respectively, was negligible again
(.0005). The ordering of the methods was very similar to those described in case of
congruence coefficients: on average, MRFA produced the smallest mean absolute
deviation, without regard to the type of matrix analysed, and was closely followed
by Minres and DS. Both MLFA and especially DC produced somewhat higher
MADs than the other methods. This ordering was the same if the averages were
computed over separate simulations or over aggregated averages within a data set
(the latter are thus omitted here). The ordering according to the variability of
averages was different than in case of congruence coefficients: Minres seems to
produce the least variable MADs over simulations and data sets, respectively.
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Table 4.3. Descriptive statistics on the 72 mean MAD values for each of the six
methods

Mean SD Min Max
MRFA-Cov 0.073 0.037 0.016 0.167
MRFA-Corr 0.073 0.037 0.016 0.168
Minres 0.075 0.034 0.018 0.159
DS 0.076 0.035 0.017 0.163
DC 0.085 0.037 0.020 0.173
MLFA 0.083 0.040 0.018 0.170

Table 4.4. Means and frequencies of ranks of various methods for mean MAD values

MRFA Minres DS DC MLFA
Mean rank 2.01 2.14 2.78 4.08 3.99

1 34 23 6 8 1
Rank 2 16 25 22 6 3
frequency 3 9 16 28 6 13

4 13 7 14 4 34
5 0 1 2 48 21

The methods were ranked again in each simulation, rank 1 assigned to the
method with the smallest MAD. As can be seen in Table 4.4, mean ranks produced
the same ordering of methods as averages, i.e. MRFA performing best and DC
worst. Similarly as with the congruence, MRFA produced the smallest MAD in 34
out of 72 simulations, and it never had the worst average. On the other hand, DC
produced the highest average MAD in more than half of the simulations. MLFA
performed slightly better, but still occupied either the fourth or the fifth place in 55
out of 72 cases.

Table 4.5. Descriptive statistics on the 72 mean Browne’s c2 values for each of the
six methods

Mean SD Min Max
MRFA-Cov 0.0128 0.0124 0.0004 0.0550
MRFA-Corr 0.0128 0.0125 0.0004 0.0546
Minres 0.0125 0.0113 0.0006 0.0509
DS 0.0132 0.0119 0.0005 0.0534
DC 0.0165 0.0135 0.0004 0.0573
MLFA 0.0156 0.0145 0.0010 0.0558

In case of c2 (Table 4.5) the ordering was partially different: Minres produced the
smallest average c2 (and also the smallest SD over simulations) and was closely
followed by MRFA and DS. DC was the least effective in this respect.



52                                                                                                                      Chapter 4

The average results are mirrored in the frequencies of ranks (rank 1 again
corresponded to the smallest value), presented in Table 4.6: Minres and MRFA had
the smallest average ranks, while DC and MLFA tended to produce the highest
averages within simulations.

Table 4.6. Means and frequencies of ranks of various methods for mean Browne’s c2

values

MRFA Minres DS DC MLFA
Mean rank 2.2 2.1 2.7 4.1 4.0

1 29 28 5 10 0
Rank 2 13 20 30 5 4
frequency 3 15 16 23 4 14

4 14 8 12 4 34
5 1 0 2 49 20

4.1.1.2. Comparison of methods at various sample sizes

Now we shall compare the average CC, MAD and c2 for different methods at
different sample sizes. The unit of analysis was the average value of CC, MAD or c2,
respectively, for each of the 72 simulations. These averages were further aggregated
within their respective data sets to prevent the dependence of observations and a
resulting invalidity of the results of ANOVA. ANOVA designs with method as
within-subject factors were used. The repeated-measures analysis was appropriate
because the methods were applied on the same sample matrices and because samples
of various sizes were based on the same population matrix. Therefore, the averages
over each group of 500 samples (i.e. simulation averages) were correlated across
data sets. As in the previous chapter, we constructed within-subject confidence
intervals as proposed by Loftus & Masson (1994). Note again that these intervals are
appropriate for the comparison of means and not for interval estimation of specific
means. To counteract violations of the sphericity assumption, the Geisser and
Greenhouse (1959) correction for degrees of freedom was used when necessary. In
some cases (specifically, in designs with sample size as the factor) the homogeneity
of variance assumption was violated, too. In that cases we employed the modified
procedure circumventing this assumption (see Loftus and Masson, 1994, p.484).

Figure 4.2 presents 95% within-subject confidence intervals for mean CC, MAD
and c2, respectively, for different methods at different sample sizes. The confidence
intervals are appropriate for comparison of methods within a single sample size; that
is, only the intervals connected with a line can be mutually compared. This type of
confidence interval was chosen because there would be little use in comparing, for
instance, the mean CC of Minres in sample size 100 with the one of MLFA at
sample size 500.

The confidence intervals were (relative to the size of differences) smaller for
MAD than for CC. However, similar conclusions can be drawn from all three panels.
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First, MRFA produced practically identical mean results regardless of whether the
data had been standardised before analysis or not.

Further we can note an interaction between method and sample size: in sample
size 50 and 100, MRFA, Minres and DS had almost equal average CC and MAD,
respectively. On the other hand, both Minres and DS have worse mean values of all
three measures than MRFA in sample size 500. It thus seems that in larger samples
Minres and DS performed slightly worse than MRFA, but the residual variation was
too large to allow a generalisation of this finding.

On the other hand we can be much more confident that the performance of both
DC and MLFA is in general worse than those of MRFA. Minres and DS also
performed better than DC and MLFA in all nine comparisons, but their confidence
intervals overlapped, especially in the N = 500 condition. The differences between
these methods thus seem to be relatively (with regard to the residual variance) larger
in small rather than large samples.

Some additional general conclusions can be made from Figure 4.2. MAD proved
to be somewhat more sensitive to the effect of sample size than CC and c2 – the
residual variability was relatively smaller when MAD was the dependent variable.
This can be illustrated by the values of η2 corresponding to the variation between the
methods: these were (on average across the three sample sizes) .36 for CC, .41 for
MAD and .38 for c2, respectively. Further, the differences between the methods were
relatively small compared to the differences between the chosen sample sizes.

Finally, sample size does not affect the difference between average CC, MAD or
c2, respectively, for MRFA-Cov and MRFA-Corr. That is, although the loadings of
MRFA-Cov and MRFA-Corr diverge (in terms of CC and MAD) more in small than
in large samples, as was found in the previous chapter, they still tend to produce
loadings equally congruent to the population loadings as well in small as in medium-
sized samples.

4.1.1.3. Correlates of the accuracy of the MRFA loadings

In the next step we shall concentrate more on the correlates of the accurate
estimation of loadings in MRFA. The most obvious such factor is sample size.
Figure 4.3. presents the within-subject confidence intervals for CC, MAD and c2,
respectively, at the three sample sizes. We can see a strong impact of sample size on
both measures of retrieval accuracy, especially on MAD (the value of η2 was .92 for
MAD and .81 and .77 for c2 and CC, respectively). For instance, in the N = 50
condition, the loadings deviated from the population loadings on average for ±.1,
whereas in N = 500 condition MAD reduced to .04. Further, CC can be expected to
be around .97 when the sample size is 500, which can be interpreted as almost
perfect congruence to the population loadings.  On the other hand, the average value
of .91, found in the N = 50 condition, corresponds to a solution with a similar
although not identical interpretation to the population solution.
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Figure 4.2. 95% within-subject confidence intervals for the mean CC, MAD and c2

of various methods at various sample sizes.
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Figure 4.3. 95% within-subject confidence intervals for average measures of
accuracy of loadings for MRFA-Corr at various sample sizes.
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Note that these values only tell us what can be expected in certain conditions – as
we are going to see in the next section, the variability of congruence coefficients and
mean absolute deviations across samples from the same population is far from
trivial.

In the introduction chapter we noted the hypothesis (MacCallum et al., 1999) that
the average communality and its interaction with sample size may additionally
influence the congruence between the sample and the population factor solution. We
computed correlations between the average population communality for each data
set and the average of each of the measures of the accuracy of loadings. Correlations
were computed on aggregated data.

Figure 4.4 presents the scatter-plots (with regression line and corresponding 95%
confidence intervals for the regression line) for the average population communality
and each of the three accuracy measures. The corresponding Pearson correlation
coefficients are presented in the first column of Table 4.7. (with the heading “All”).
As in case of sample size, MAD emerged as the most sensitive measure. An
inspection of the scatter-plot for CC reveals an outlier in the lower left corner. If this
data set is omitted, the correlation with CC decreases to .35; however, the
correlation with MAD is still –.69. The positive relationship between accuracy of the
retrieval of loadings and the average communality in the population is thus not only
a sampling artefact.

Table 4.7. Correlations between the average communality in population and
average measures of the loadings’ accuracy

All N = 50 N = 100 N = 500
CC .58 .57 .58 .55
   95% CI .84 .10 .84 .08 .84 .10 .83 .05

MAD –0.77 –0.78 –0.77 –0.71
   95% CI –0.43 –0.92 –0.45 –0.92 –0.43 –0.92 –0.31 –0.90

c2 –0.68 –0.71 –0.65 –0.54
   95% CI –0.26 –0.88 –0.31 –0.90 –0.21 –0.87 –0.79 –0.13

All correlations are computed across the 15 data sets.

MacCallum et al. (1999) also predicted an interactive effect between sample size
and communality. One way of checking for interaction is to aggregate average
accuracy measures for each sample size separately (therefore only across different
numbers of extracted factors for each data set) and compute the correlation for each
sample size. These correlations are presented in the remaining columns of Table 4.7.
The decrease of the absolute size of the correlation coefficient as the sample grows
larger is quite notable, especially for MAD and c2. The impact of the population
average communality therefore appears to be larger in small sample sizes, as
MacCallum et al. predicted.
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Figure 4.4. Scatter-plots for the average measures of accuracy predicted by the
average communality in population.

Note. The straight line represents the regression line and the curves represent 95%
CI for the regression.
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Other potentially interesting variables as the r/mr and the r/p ratios, proportion of
solutions with a weak Heywood case, or the population proportion of the explained
common variance did not show a notable relation to measures of the accuracy of
loadings.

4.1.1.4. Are the differences in MAD due to biased estimates?

Since the differences with regard to MAD seem to be relatively larger than the
differences with regard to CC, a question can be asked whether the differences in
MAD between the methods can be attributed to a bias in loadings’ estimates. For
instance, if a certain method tended to produce loadings which were in absolute size
on average consistently lower or higher than the population loadings, this would
affect MAD, but not necessarily CC, too. Table 4.8 provides a description of this
bias for all five methods.

Table 4.8. Descriptive statistics for the bias of absolute loadings

Mean Median SD Min. Max.
MRFA-Corr 0.009 0.004 0.014 –0.016 0.072
Minres –0.006 –0.009 0.016 –0.033 0.064
DS –0.002 –0.007 0.027 –0.047 0.083
DC 0.019 0.016 0.023 –0.018 0.091
MLFA –0.004 –0.008 0.026 –0.047 0.063

In general, MRFA and DC tended to have a positive bias of absolute loadings
and the remaining three methods had a negative average (and median) bias. DC
obviously produced more biased loadings than the other methods, but it is less clear
which method is the least biased, as the medians give a different ranking than the
means. It is also clear that the bias of MRFA and Minres was more stable across
simulations, as they both had lower SD and interquartile range of the bias values. To
conclude, the explanation of the high MAD caused by biased loadings can only be
partially supported;  it does not account for the lower accuracy of the MLFA
loadings.

4.1.2. Experiment 2

In Experiment 2 we used artificial data with two levels of minimum rank (2 and 4),
sample size (50 and 500) and the average population communality (40% and 70%);
500 random sample correlation matrices were constructed in each of the 8
combinations of conditions. There were 12 variables throughout. Because the results
of Experiment 1 showed no difference between the average results of MRFA-Corr
and MRFA-Cov, the latter was omitted from the second experiment, that is, all
methods were applied on sample correlation matrices. As in section 4.1.1. we shall
first review the overall performance of the five methods and then take a closer look
at their behaviour under various conditions.
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4.1.2.1. Overall comparison

Table 4.9 presents the descriptive statistics for the average (over factors) congruence
coefficient for each method. The differences between the methods are very small
and on average all methods produced satisfactorily high coefficients; nevertheless,
MRFA produced the highest average CC and MLFA the smallest one.

Table 4.9. Descriptive statistics on the 4000 mean congruence coefficients for each
of the five methods

Mean SD Min Max
MRFA .980 .029 .753 1.000
Minres .979 .030 .762 1.000
DS .978 .033 .741 1.000
DC .978 .028 .699 1.000
MLFA .976 .038 .718 1.000

For each of the 4000 samples we ranked the methods by their respective CC
(rank 1 corresponding to the smallest CC). Percentages of ranks from one to five and
the average ranks are presented in Table 4.10. Again, MRFA appears the most
successful: it produced the highest CC in 35% of the cases and the lowest CC in 4%
of cases only. On the other hand, either MLFA or DC occupied the last position in
87% of samples. The behaviour of DC was somewhat strange, as it produced
relatively high percentages of both the highest and the lowest ranks. The reasons for
such a bimodal distribution of ranks shall be elucidated in the following section.

Table 4.10. Means and percentages of ranks of the five methods for CC

MRFA Minres DS DC MLFA
Mean rank 2.4 2.8 2.9 3.4 3.5

1 35 18 3 30 14
Rank 2 26 19 32 11 11
percentage 3 7 37 33 3 21

4 28 18 31 3 20
5 4 9 1 53 34

Table 4.11. Descriptive statistics on the 4000 mean absolute deviations for each of
the five methods

Mean SD Min Max
MRFA 0.057 0.036 0.007 0.201
Minres 0.055 0.035 0.007 0.191
DS 0.056 0.036 0.007 0.195
DC 0.064 0.033 0.013 0.199
MLFA 0.057 0.038 0.007 0.197



60                                                                                                                      Chapter 4

Table 4.11 presents the descriptive statistics for MAD. The order of methods is
not the same as in case of CC: Minres is the most efficient and is closely followed
by DS, MRFA and MLFA. The differences between these methods are very small
again, and only DC has somewhat larger average MAD. Ranks of the methods in
Table 4.12 show a similar picture: Minres had the smallest MAD in 41% of cases,
while DC had the largest MAD in 75% of cases.

Table 4.12. Means and percentages of ranks of the five methods for MAD

MRFA Minres DS DC MLFA
Mean rank 3.2 2.1 2.5 4.4 2.9

1 20 41 6 9 24
Rank 2 10 20 51 5 14
percentage 3 7 26 32 3 31

4 56 9 10 8 16
5 6 3 1 75 15

Results for Browne’s c2 measure, presented in Table 4.13 are very similar:
Minres was on average the most effective and DC the least effective method. The
ranks in Table 4.14 closely resemble those for MAD: Minres had the smallest c2 in
41% of cases while DC had the largest one in 72% of samples.

Table 4.13. Descriptive statistics on the 4000 Browne’s  c2 values for each of the five
methods

Mean SD Min Max
MRFA 0.0059 0.0072 0.0001 0.0544
Minres 0.0055 0.0066 0.0001 0.0479
DS 0.0057 0.0071 0.0001 0.0487
DC 0.0070 0.0072 0.0002 0.0596
MLFA 0.0062 0.0080 0.0001 0.0491

Table 4.14. Means and percentages of ranks of the five methods for c2

MRFA Minres DS DC MLFA
Mean rank 3.1 2.2 2.5 4.2 3.0

1 21 41 5 10 23
Rank 2 11 17 53 7 12
percentage 3 8 28 29 4 30

4 54 10 12 8 16
5 6 3 0 72 19
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4.1.2.2. Comparison of methods in different conditions

Figures 4.5 – 4.7 present averages of the three accuracy measures at different
levels of minimum rank, proportion of the common variance in population and
sample size. As previously, 95% within-subject confidence intervals are drawn for
each mean (note that in some cases the intervals are very narrow and thus seen only
as a line). In all figures only the intervals connected by a line should be mutually
compared.

Figure 4.5 presents the average congruence coefficients. We have already noted
that MRFA overall produced the highest average CCs and MLFA the lowest, and
this can be seen in the Figure 4.5, too. An exception was DC in the N = 500
condition which produced a notably lower average than the remaining methods. The
last panel of Figure 4.5 actually indicates that DC is less sensitive to the effect of
sample size than the remaining methods: in the N = 50 condition it was better than
the others while in the N = 500 condition it was the worst.

The differences among the methods were not equally large in all conditions:
generally they were larger in conditions where CC was generally lower, i.e. at the
higher population minimum rank, small sample size and low average population
communality. On the other hand, especially in the mr = 2 and CV% = 70 conditions
the differences among the methods were hard to notice. Figure 4.6 presents the
average MAD over different conditions. As we noted, Minres produced the lowest
overall MAD while DC produced the highest average MAD. However, in some
conditions (when either sample size or the average population communality were
high) all methods except DC produced practically indistinguishable results. The
three factors – minimum rank, average communality and sample size – affected the
average MAD in the same sense as CC, thus MAD was smaller when sample size and
the average population communality, respectively, were larger and when the
minimum rank was smaller.Patterns of the average c2 over conditions, presented in
Figure 4.7, resemble much  those of MAD: Minres was in general the most effective
and DC the least effective; all methods produced smaller average c2 in the mr = 2,
CV% = 70 and N = 500 conditions, respectively; and in the latter two conditions the
differences among the methods (except DC) were practically negligible.

Table 4.15. Deviations of mean absolute loadings

Mean SD Min Max
MRFA 0.088 0.041 –0.015 0.182
Minres 0.077 0.040 –0.027 0.174
DS 0.071 0.038 –0.029 0.164
DC 0.095 0.039 –0.007 0.180
MLFA 0.050 0.035 –0.030 0.163

One should ask why do the MRFA solutions have a higher average MAD or c2

than the Minres solutions, while the MRFA have the highest average congruence
coefficient. A possible reason could be a bias of the MRFA loadings. Table 4.15
presents the descriptive statistics for deviations of sample mean absolute loadings
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from the average absolute loading in population. The mean of this measure can be
interpreted as a bias measure: a high value means that the method produces loadings
which are systematically too high in absolute value and vice versa. First, we can
note that all methods had a positive bias of mean absolute loadings. MRFA indeed
shows a relatively high bias – only the bias of DC is larger. On the other hand, the
bias of MLFA was low, and MLFA indeed had relatively small MAD and c2 values
while it had the lowest overall congruence coefficients. It therefore seems that the
differences between the method patterns for CC and MAD can be at least partially
accounted for by the bias of loadings.
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Figure 4.5. Mean CC at various levels of mr, CV% and N.
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Figure 4.6. Mean MAD at various levels of mr, CV% and N.
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Figure 4.7. Mean c2 at various levels of mr, CV% and N.

0.004

0.005

0.006

0.007

0.008

0.009

MRFA Minres DS DC MLFA

M
ea

n 
c2 mr=2

mr=4

0,000

0,002

0,004

0,006

0,008

0,010

0,012

MRFA Minres DS DC MLFA

M
ea

n 
c2 CV%=40

CV%=70

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

MRFA Minres DS DC MLFA

M
ea

n 
c2 N=50

N=500



66                                                                                                                      Chapter 4

4.1.2.3. Correlates of the accuracy of the MRFA loadings

A three-way ANOVA was additionally performed on the MRFA results to provide a
parsimonious comparison of the relative influence of the experimental conditions
and their interactions. The corresponding effect sizes are presented in Table 4.16.
Among the main effects, sample size had the strongest effect on all three measures.
Minimum rank had the smallest effect sizes, but we should not forget that values of
effect sizes depend on the variability of the independent variable and that the range
of mr was quite narrow. Among interactions, only the CV% × N interaction seems
worth considering. The nature of this interaction can be seen on Figure 4.8. In the
large sample (N = 500) condition, the average population communality did not
matter much: the mean difference between high and low communality conditions
was about .005 for CC and .01 for MAD. On the other hand, if the sample size was
small (N = 50), the difference between the CV% = 40 and CV% = 70 conditions
were much larger: about .04 for both CC and MAD.

Finally, the ω2 values (and also the η2 values) confirm our previous informal
observations that MAD is a more sensitive to the sample size effect than the
remaining two, since sample size explains much larger proportion of the variance of
MAD than the variances of the other two measures. On the other hand, CC seems to
be more sensitive to the effect of mr than the other two; the effect of the minimum
rank is, however, much smaller than the effect of sample size.

Table 4.16. Effect sizes for the accuracy measures of the MRFA loadings

η2 ω2

Source of variance CC MAD c2 CC MAD c2

Minimum rank (mr) .32 .17 .07 .10 .02 .01
Average communality (CV%) .43 .62 .53 .16 .14 .20
Sample size (N) .60 .89 .72 .31 .70 .45
mr × CV% .14 .01 .04 .03 .00 .01
mr × N .24 .06 .05 .06 .01 .01
CV% × N .33 .32 .44 .10 .04 .14
mr × CV% × N .10 .01 .03 .02 .00 .00
Error .21 .09 .18

Note. p<.001 for all effects
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Figure 4.8. The CV% × N interaction in MRFA.
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Another potential factor influencing the accuracy of the retrieval of factor
loadings is the presence of Heywood cases. In this respect, it is sensible to compare
the methods pair-wise, so that the solutions can be categorised into four cases: 1.
none of the methods produced a WHS, 2. and 3. one method has produced a WHS,
but the other has not and 4. both methods produced a WHS. Figure 4.9 presents the
95% confidence intervals for the average MAD in the four listed cased for all three
pair-wise comparisons among the indirect methods. The number of obtained
solutions falling into each case is indicated under each pair of confidence intervals.
In the first panel, one of the cases (a WHS in Minres and a proper solution in
MLFA) is not presented since it pertained to only two sample solutions.

It is easy to see that the weak Heywood solutions, produced by any of the three
methods, are on average less accurate than the strong proper solutions (i.e. the ones
with all uniquenesses positive). Further, we can note an interaction with method.
The difference between Minres and MLFA was much larger when either both
methods produced a WHS or when only MLFA produced a WHS. The same holds
for the comparison between MRFA and MLFA. On the contrary, the difference
between MRFA and Minres is almost the same in all four cases. It can be concluded
that the performance of MLFA is more sensitive to Heywood cases than the
performance of Minres and MRFA.

4.1.3. Some conclusions with regard to accuracy of the estimation of
loadings

1. In spite of the previously discussed lack of perfect equivalence between MRFA
solutions based on standardised and nonstandardised data, both types of solutions
give almost identical average results on statistics we have examined. As long as
measures with arbitrary measurement scales are used and we do not wish the
variability of variables being reflected in the results, analysis of correlation
matrices may be perfectly appropriate.

2. The examined methods differ in accuracy of retrieval of the factor loadings. These
differences are usually very small compared to the effect of factors like sample
size and variability among data sets. In general, DC performed worst in most
situations. On the other hand, the MRFA solutions tend to be on average the most
congruent with the population solution. In Experiment 1, based on high-rank
population data, MRFA also produced the smallest average MAD, but in
Experiment 2 Minres was the most successful. MLFA also performed better in
the low-rank than in high-rank situations.

3. Sample size, average communality in population and their interaction are major
factors of the accuracy of the estimation of loadings. When the average
population communality is high, the analyses performed on small samples (e.g.
50 cases) may give relatively accurate results.
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Figure 4.9. The effect of the presence of WHS on MAD.
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4.2. Variability of measures of the accuracy of loadings

Up till now we examined average values of accuracy measures within simulations as
data points. Another, though less important aspect of the accuracy of loadings is the
variability within simulations, i.e. variability of CCs and MADs across samples of a
certain size taken from the same population. The main issue here is therefore the
stability rather than accuracy. Only the results from Experiment 1 are reported here.
For each of the 72×500 samples, the congruence coefficient (averaged over r
factors) and the mean absolute deviation of loadings were computed. Then, we
computed the standard deviation of both measures across the 500 samples within
each simulation. The following results are thus again based on 72 data points.

Table 4.17. Average within-simulation standard deviations of CC and MAD

Congruence coefficient Mean absolute deviation
Sample size 50 100 500 Total 50 100 500 Total
MRFA-Cov .063 .050 .021 .044 0.028 0.022 0.012 0.021
MRFA-Corr .063 .050 .021 .044 0.028 0.022 0.012 0.021
Minres .059 .046 .020 .042 0.028 0.022 0.012 0.020
DS .059 .047 .022 .043 0.028 0.022 0.013 0.021
DC .067 .054 .029 .050 0.028 0.023 0.014 0.022
MLFA .065 .052 .028 .048 0.031 0.024 0.015 0.023

Table 4.17 presents the average standard deviations of congruence coefficients
(i.e. standard deviations of congruence coefficients, averaged over all extracted
factors within a single simulation) and mean absolute deviations. For both measures,
Minres had the smallest average standard deviation. However, the differences
among the methods are small compared to the variability across the data sets: the
standard deviations for Minres, for instance, varied between .0002 and .1318.
Because of such a large sampling variability no generalisations can be made about
the differences among the methods, thus we do not report any confidence intervals.

Not surprisingly, standard deviations were highly negatively correlated with
mean congruence coefficients (correlations for various methods ranged between -.80
and -.86): if the average congruence is high, there is not much room for variability,
at least at the upper end.

Finally, it is still instructive to inspect the mean values of SD at various sample
sizes. Especially in smaller sample sizes the standard error can be quite high (for
instance, near .03 for MAD). This fact somewhat counterbalances the relatively
optimistic picture painted by the means of the similarity measures.



5. Communality estimation

In this chapter, we shall use the two simulation studies described in Chapter 2 to
answer the following questions:

1. How accurately do various methods estimate the population communalities? This
question concerns both bias and across-sample variability; we discuss it in
section 5.1.

2. What is the proportion of weak Heywood cases in the solutions by various
methods and in what conditions do Heywood cases most often arise (section
5.2)?

3. To what extent do the MRFA communality estimates depend on the number of
factors (section 5.3)?

5.1. Accuracy of the communality estimation

The following three complementary aspects of accuracy can be distinguished:

1. the signed difference between the (average) sample estimate and the population
proportion of the common variance;

2. correlation between the sample values and the population values of
communalities of particular variables. We used the correlation coefficient rather
than MAD, because its value is not sensitive to an additive constant and thus
shows a clearer picture of the accuracy of the estimation of relative sizes of
communalities than MAD does;

3. across-samples (within simulation) variability, that is, the empirical standard
error of the common variance estimate.

5.1.1. The difference between the sample estimate and the population
proportion of the common variance

Two types of this difference can be distinguished: with regard to the population
solution by the method under investigation and with regard to the true population
communalities. In the context of comparing methods, the second type of the
difference is more interesting. The problem is, however, that an objective
determination of population communalities is possible only if the population
minimum rank is low, which is an unnatural condition. To resolve this, we shall
review both types: the simulations in Experiment 1 were based on population
covariance matrices with a high minimum rank, and its results show the size of the
difference with regard to each method’s population solution. On the other hand, the
population matrices in Experiment 2 had low minimum rank, which enables us to
determine the difference with regard to the true population communalities. We
analysed average communality estimates over variables, thus the estimated
proportion of common variance (CV) in each data set.
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5.1.1.1. Experiment 1

In this experiment, the sample solutions were compared to a different population
solution for each method, this solution being the solution for the population data,
obtained by that particular method. We therefore assessed the accuracy of the
estimation of a method’s own population solution rather than the accuracy of the
estimation of the true communalities, independent from the estimation method.

A unit of analysis in Experiment 1 was the average difference within each of the
72 simulations: the difference can therefore be considered a bias value. Specifically,
for each simulation an estimate of bias was computed as the difference between the
average communality estimate across p variables and 500 samples and the average
population estimate obtained by a particular method. Descriptive statistics for these
estimates, based on 72 simulations, are presented in Table 5.1; the box-plots are
presented in Figure 5.1. We can first note that the communality estimates by all
methods tend to be positively biased. The MRFA estimates were never negatively
biased, and most other methods (with an exception of MLFA) produced at most a
very slight negative bias in some cases.

Figure 5.1. Box-plots for the average bias of communalities.
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Table 5.1. Bias of average communality estimates for various methods

72 simulations Aggregated data
Mean SD Min Max Mean SD Min Max

MRFA-Cov .053 .043 .000 .180 .050 .027 .000 .100
MRFA-Corr .052 .042 .000 .180 .050 .027 .000 .100
Minres .017 .023 –.020 .120 .017 .016 –.010 .050
DS .018 .023 –.020 .120 .018 .016 –.010 .060
DC .014 .021 –.020 .130 .014 .012 .000 .050
MLFA .013 .027 –.070 .130 .014 .019 –.020 .060

On average, MRFA produced the most biased estimates regardless of the type of
the analysed data (i.e. correlations or covariances). Among other methods MLFA
and DC produced the average bias closest to zero. Minres and DS had somewhat
larger mean bias, but its size was still much closer to MLFA than to MRFA. MRFA
also exhibited the largest variation across simulations, i.e., the characteristics of a
simulation had a larger influence on the bias of MRFA than on the bias of the
remaining methods. DC was the most efficient in this respect, followed by Minres,
DS, and MLFA.

The aggregation within data sets had only a negligible influence on means. The
aggregated standard deviations were smaller than non-aggregated, which is a
consequence of the fact that sample size had a considerable impact on bias, as we
shall see later. The ordering of the methods, however, was not changed.

Figure 5.2. 95% confidence intervals for the average bias of communalities.

Figure 5.2 presents 95% ANOVA-based within-subject confidence intervals for
the bias (Loftus & Masson, 1994). ANOVA was performed on results from the 72
simulations. Only the intervals connected by the same line can be compared in the
inferential sense. It is clear that the ordering of the non-MRFA methods can not be

-0.02

0.00

0.02

0.04

0.06

0.08

0.10

MRFA-
Cov

MRFA-
Corr

Minres DS DC MLFA

B
ia

s 
of

 c
om

m
un

al
ity

 e
st

im
at

es

N=50

N=100

N=500



74                                                                                                                      Chapter 5

established with a high degree of confidence. On the other hand, it seems quite safe
to conclude that MRFA has a higher bias than other methods for all sample sizes,
although it comes closer (at least in the absolute sense) to the other methods for
large (N = 500) samples.

Figure 5.2 also suggests that the sample size may be an important determinant of
the bias. Figure 5.3 presents 95% confidence intervals for the bias of MRFA,
averaged across simulations with the same sample size. Sample size indeed has a
strong influence on the communality bias (η2 = .48), the relationship between them
resembling an inverse relationship. About 500 observations seem to be necessary for
the bias being smaller than 0.02, and on the other hand it can be expected to reach a
value of 0.09 in a sample consisting of only 50 observations.

Two less important determinants of the communality bias turned out to be the
average communality in the population (r = –.48) and the ratio of minimum rank to
number of variables (r = .28). Bias may therefore be expected to be relatively small
if the proportion of common variance is large and if the variables are factorially less
complex.

Other possible factors like proportion of Heywood cases, number of variables,
number of extracted factors, or the r/p and the r/mr ratios did not show any
noteworthy relation to the bias.

Figure 5.3. 95% confidence intervals for the average bias of MRFA communalities
at various sample sizes
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5.1.1.1.1.  Across-samples variability of communality estimates

Now we shall evaluate the results concerning the average within-simulation
variability, i.e. the empirical standard error of communality estimates. We are still
discussing the results from Experiment 1. Table 5.2 presents the within-simulation
standard deviations, averaged over the 72 simulations. Figure 5.4 presents the 95%
simultaneous confidence intervals for these averages.

Table 5.2. Mean SD of communality estimates for various methods

Mean SD Min Max
MRFA-Cov .100 .040 .017 .196
MRFA-Corr .100 .040 .018 .197
Minres .100 .040 .025 .192
DS .100 .050 .021 .228
DC .110 .050 .021 .238
MLFA .120 .060 .021 .271

Figure 5.4. 95% confidence intervals for the SDs of average communalities.

On the basis of Figure 5.4, no straightforward conclusions can be made about the
performance of various methods. MRFA, Minres and DS appear to be at equal level,
at least in the N = 100 and N = 500 conditions. DC tends to have a relatively lower
average SD in small samples and a higher one in large samples; MLFA, on the
contrary, tends to be relatively less efficient in smaller samples. There are, however,
large differences across data sets, as Table 5.2 shows: SDs of MRFA estimates, for
instance, varied between .02 and .20. Sample size was a major factor of these
differences, as can be seen in Figure 5.5, which presents confidence intervals for
mean SD of the average MRFA communalities, although the differences between
various sample size conditions were less dramatic as in case of the bias. Thus, even
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in samples consisting of several hundred persons, one has to reckon with nontrivial
variability of average communalities across various samples from the same
population.

Figure 5.5. 95% confidence intervals for the average within-simulation SD of MRFA
communalities at various sample sizes.

5.1.1.2. Experiment 2

In Experiment 2 the population minimum rank was low and thus we were able to
determine the population communalities uniquely. As in Chapter 4, the units of
analysis were the individual sample results rather than averages. Namely, because
there were only 8 combinations of experimental conditions (2 sample sizes × 2
minimum rank values × 2 levels of average communality) in Experiment 2, it did not
make sense to analyse bias (i.e. the average over samples), because this would give
only 8 data points. We therefore do not speak about bias in this section, but rather
about “differences in the CV proportion” (by which we mean the difference between
the sample estimate and the population value of the CV proportion). As before, 500
random correlation matrices were constructed for each combination. These matrices
were then analysed by all five methods.

Table 5.3. Difference in the CV proportion for each of the five methods

Mean SD Min Max
MRFA .141 .031 .009 .420
Minres .018 .025 -.107 .165
DS .021 .025 -.103 .170
DC .076 .026 -.058 .256
MLFA .019 .025 -.106 .204

Note. SD:  the average standard deviation across all 8 conditions.
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Figure 5.6. 95% confidence intervals for the average difference in the CV
proportion.
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Descriptive statistics for all results taken together are presented in Table 5.3. The
averages for various combinations of conditions and the corresponding 95%
confidence intervals are presented in Figure 5.6. Note that these intervals are
constructed as between-subjects intervals, thus their interpretation is not limited to
the comparison of various methods, as was the case in Experiment 1. Note also that
they apply to the particular condition only.

As in Experiment 1, all methods showed a positive average difference in the CV
proportion, although negative deviations were not uncommon. Minres, DS and
MLFA behaved very similarly. On average, the difference in the CV proportion was
about 2% of the observed variance. On the other hand, the differences for DC and
especially MRFA were on average much larger. It is interesting to note that the
average difference in the CV proportion for Minres, DS and MLFA was similar to
the bias found in Experiment 1, whereas the difference for DC and MRFA was
much higher than in Experiment 1. An explanation can be sought in two important
differences between both experiments: in Experiment 2 the population minimum
rank was below the Ledermann bound (which is approximately 7.6 for 12 variables)
and in Experiment 1 the difference in the CV proportion was computed relative to
the population solution by a specific method rather than relative to the true
communality, as has been done in Experiment 2. The reason for the discrepant
results could be either that DC and MRFA produce more biased estimates in low-
rank conditions than in high-rank conditions or that their population estimates in
Experiment 1 were too high, which could attenuate the obtained difference value.

It is difficult to test the second explanation, since in high-rank conditions the
population communalities are unknown, but a part of the answer can be obtained
from Figure 5.6: we can see that the difference in the CV proportion for the DC
estimates actually increases with increasing the population minimum rank, whereas
the opposite is true for MRFA. A higher difference in the CV proportion for MRFA
in the second experiment can be therefore at least partially attributed to low
population minimum rank, which was in both cases much below the Ledermann
bound. It is interesting that MRFA is an exception in this respect, as all other
methods showed a smaller difference in the CV proportion when the minimum rank
was smaller.

In Figure 5.6 we can further observe the influence of the sample size and the
average communality on the difference in the CV proportion. As expected, sample
size had a considerable effect on the difference in the CV proportion; in the N = 500
condition, the average difference in the CV proportion for Minres, DS and MLFA
was almost zero. MRFA is somewhat exceptional in this respect, too, as with
decreasing sample size, the difference for the MRFA communality estimates
increased relatively much more than the difference for the remaining methods.

A similar situation can be observed with regard to the average population
communality: for all methods, the difference in the CV proportion was smaller when
the population proportion of common variance was larger. Again, the MRFA
estimates were relatively more affected by the low population average communality.

To further sharpen the picture of various factors of the difference in the CV
proportion for the MRFA communality estimates, we performed a three-way
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ANOVA for the MRFA results only. Table 5.4 presents the corresponding effect
sizes. Within the chosen range of values, sample size and population average
communality had the largest influence on the total variability (but note that the range
of the mr values was relatively small). Among interactions, only the CV% × N
interactions appears to be interesting. Its nature can be seen on Figure 5.7, which
presents the average deviations of the MRFA sample estimates of the proportions of
common variance from its true population value. 95% between-subjects confidence
intervals are also included. As we have already concluded from Figure 5.6, the
difference in the CV proportion is larger if either sample size or average
communality are smaller, but Figure 5.7 shows that the increase of difference in the
CV proportion is especially large if both sample size and average communality are
small. This is in line with predictions made by MacCallum et al. (1999).

The presence of a Heywood case also proved to be a minor factor of the
difference in the CV proportion in MRFA: in the N = 50 condition (there was no
Heywood cases in the N = 500 condition) the difference between the differences for
solutions with and without Heywood cases was .018 (with a 95% confidence
interval between .026 and .011). It is not surprising that the Heywood solutions
produce slightly higher average communality, since we have no reason to expect
some compensatory mechanism, which would push the communalities of the non-
Heywood variables downwards.

Table 5.4. Analysis of variance for the MRFA deviations of CV%

Source of variance ω2 η2 p
Minimum rank (mr) .01 .13 .000
Average communality (CV%) .27 .81 .000
Sample size (N) .57 .90 .000
mr × CV% .00 .00 .000
mr × N .00 .01 .000
CV% × N .08 .57 .000
mr × CV% × N .00 .00 .513
Error .06

We can conclude that all analysed methods tend to produce too large estimates of
the CV proportion. The MRFA estimates are on average the most discrepant,
whereas Minres, DS and MLFA seem to be the most efficient in this respect. In most
methods, the difference in the CV proportion can be very small if the sample size
and/or the average population communality are large. The population minimum rank
seems to have an opposite effect to MRFA and the remaining methods.
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Figure 5.7. Average communality × sample size interaction in the MRFA results.

5.1.2. Correlation between communalities in samples and in population

This section deals with the estimation of the pattern of communality estimates for
particular variables. The question asked here is therefore whether the variables with
the highest communality estimates in population also have the highest communality
estimates in samples and vice versa. Since we are not interested in bias of the
average communality estimates here, an appropriate measure is the correlation
coefficient between the sample and the population estimates. The correlation
coefficient answers the question of whether the pattern of communality estimates is
the same in samples and in population, for instance, whether a variable with a
relatively (to the other variables) low population communality will also get
relatively low communality estimates in samples. The correlation coefficient is more
suited for answering this problem than MAD, because its value is not sensitive to an
additive constant. Specifically, because adding a scalar matrix to a symmetric matrix
does not change the eigenvectors of the symmetric matrix, the total amount of the
common variance has little effect on the pattern of the factor loadings, as long as the
communality estimates for particular variables remain proportional.
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5.1.2.1. Experiment 1

For each sample, a correlation coefficient was computed between the sample
communality estimates and the population communality estimates, obtained by the
specific method. The unit of analysis was the average of these coefficients over the
500 samples within each of the 72 simulations.

Figure 5.8. Boxplots for the mean correlations between communality estimates

Figure 5.8 and Table 5.5 present the descriptive statistics for mean correlations
over all simulations. Minres and DS produced the highest mean correlation and were
followed by MLFA, MRFA and finally DC. MRFA-Cov and MRFA-Corr produced
virtually equal mean correlations. Minres and DS also behaved very similarly with
regard to both average and median, respectively, and variability over simulations.
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Table 5.5. Descriptive statistics for the mean correlations between communality
estimates

Mean SD Min Max
MRFA-Cov .711 .206 .054 .976
MRFA-Corr .709 .205 .059 .975
Minres .771 .194 .144 .992
DS .767 .197 .129 .992
DC .660 .198 .190 .976
MLFA .718 .234 .137 .991

Figure 5.9 presents the within-subject confidence intervals for the mean (across
simulations) mean (across variables) correlations for each method at various sample
sizes. Although the pattern of means for various methods is similar at all three
sample sizes, the differences among the methods seem to be relatively larger in
smaller samples. An exception is DC, whose mean correlation is, relatively to the
remaining methods, smaller in the N = 500 than in the N = 50 condition. A similar,
although less pronounced effect can be noted for MLFA.

Figure 5.10 presents the within-subject confidence intervals for MRFA-Corr at
various sample sizes. It is clear that the sample size is an important factor of the
correlation between communality estimates. It could be concluded that in small
samples little trust should be put in the pattern of the communality estimates.
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Figure 5.9. 95% confidence intervals for the mean mean correlations for various
methods.

Figure 5.10. 95% confidence intervals for MRFA-Corr at various sample sizes.
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5.1.2.2. Experiment 2

As before, in Experiment 2 a unit of analysis was an individual correlation between
the population communalities and a sample set of estimates rather than the
simulation mean of such correlations. In contrast to Experiment 1, the same set of
the population communalities could be used for all methods when computing the
correlations, because the population communalities were uniquely determined.

As can be seen in Figure 5.11 and Table 5.6, the rank order of the methods is the
same as was in Experiment 1, thus Minres and DS performing best and DC worst.
Perhaps the most notable difference with regard to the average results was that
MLFA was still closer to Minres in Experiment 2 than in Experiment 1. The total
range of obtained correlations in Experiment 2 is larger than in Experiment 1,
because we analysed individual correlations rather than means here.

Figure 5.11. Box-plots for correlations between communality estimates.

Table 5.6. Descriptive statistics for the mean correlations between communality
estimates

Mean SD Min Max
MRFA .546 .313 -.680 .985
Minres .656 .292 -.560 .993
DS .652 .296 -.539 .992
DC .447 .279 -.542 .960
MLFA .644 .302 -.448 .992
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Figure 5.12 presents the mean correlation for each method at different minimum
rank, average communality and sample size, respectively. The confidence intervals
are 95% between-subjects confidence intervals.

A similar method × minimum rank interaction can be noted as in case of bias:
while all methods performed better when the population minimum rank was lower,
the difference between the mr = 2 and the mr = 4 condition was about equally large
for Minres, DS and MLFA, but considerably smaller for MRFA and considerably
larger for DC, respectively. MRFA thus, relative to the other methods, benefits from
a high minimum rank and DC from a low minimum rank.

The profiles for both levels of the average communality were, on the contrary,
almost identical. As expected, the correlations were on average higher in the high-
communality condition.

Finally, sample size also clearly influenced the average correlation. As in
Experiment 1, DC performed relatively better in the N = 50 than in the N = 500
condition; in the former condition it was even at about the same level as MRFA. A
comparison with Figure 5.9 from Experiment 1 shows somewhat smaller average
correlations, which can be attributed to the fact that the criterion communalities in
Experiment 1 were actually the estimates by each particular method obtained on the
population data rather than “true” population communalities.



86                                                                                                                      Chapter 5

Figure 5.12. Mean correlations between sample estimates and population
communalities.
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5.2. Weak Heywood cases

There are important conceptual differences among the five investigated methods
with regard to the occurrence of Heywood cases. Both direct methods explicitly
compute factor scores and thus neither of them can possibly produce a negative
unique variance. As already discussed in sections 1.3 and 3.2.2, MRFA has a built-in
protection against negative unique variances, but one could modify the algorithm in
such a way that such estimates were possible (by removing the nonnegativity
constraint in the CMTFA algorithm, which would then resemble the original
Bentler’s (1972) “minimum variance factor analysis” algorithm). Finally, Minres
and MLFA have no built-in protection against negative unique variances. Still, such
cases can be handled by a procedure which is technically equivalent to the oblique
Procrustes problem (ten Berge, 1993; ten Berge & Nevels, 1977; see also Harman &
Fukuda, 1966) in case of Minres or by either partialling such variables out of the
data (Jöreskog, 1967) or fixing the improper uniqenesses (Jöreskog, 1977) in case of
MLFA. In practice, we therefore do not encounter Heywood cases in the strict sense
(i.e., negative unique variances) in final solutions, since we prevent their occurrence
at one or another stage of analysis. However, unique variances (almost) equal to
zero, which we call “weak Heywood cases”, can in principle occur with all five
methods. Weak Heywood cases are not improper from the mathematical point of
view, but they are certainly embarrassing from the psychometric viewpoint, at least
as long as fallible empirical data are analysed. Namely, since it is not plausible to
expect a variance of a measured variable to consist only of reliable variance and
even less of only common variance, a weak Heywood case presents an
unrealistically optimistic picture of the latent structure. It is thus desired that a factor
analytic method does not frequently produce solutions with weak Heywood cases.
For these reasons, we shall be interested only in the weak Heywood solutions in the
sequel. We conceptually define a weak Heywood solution (WHS) as a solution
where at least one communality estimate equals 1 (at an arbitrary level of precision).
In our study, WHS was operationally defined as a solution where at least one
(scaled) uniqueness was smaller than 10-4.

5.2.1. Experiment 1

The proportions of WHSs (the frequencies of WHSs divided by 500, which was the
number of samples within a simulation), averaged over the 72 simulations, are
presented in the left-hand side of Table 5.7. We may first note that DC did not
produce any WHS at all. DS did produce WHSs frequently, but much less than the
“indirect” methods. Among them, MRFA had the highest proportion of WHSs and
Minres the smallest proportion of WHSs. Standardisation of the covariance matrix
does not seem to influence the frequency of Heywood solutions in MRFA.

Some methods produced a WHS on certain population matrices. Since it is
plausible to expect that a population WHS would correspond to a relatively high
frequency of sample WHSs, we computed our descriptive statistics once again using
only the 60 simulations where none of the methods produced a WHS in the
population. The results are presented in the right hand part of Table 5.7. As could be
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expected, the average proportions are smaller for all WHS-producing methods. The
ordering of the methods, however, does not change: MRFA still produced the most
WHSs and was followed by MLFA, Minres and DS.

Table 5.7. Average proportions of weak Heywood solutions for various methods

All simulations No WHS in the population
Mean SD Min Max Mean SD Min Max

MRFA-Cov .432 .287 0 .986 .363 .245 0 .844
MRFA-Corr .436 .289 0 .990 .366 .247 0 .850
Minres .280 .310 0 1 .180 .210 0 1
DS .068 .162 0 .678 .024 .087 0 .486
DC 0 0 0 0 0 0 0 0
MLFA .365 .334 0 1 .272 .278 0 .930

A striking feature of the results in Table 5.7 is the variability across simulations.
For instance, in one single simulation none of the methods produced any WHSs. On
the other hand, there were simulations with surprisingly high proportions of WHSs
(e.g. 85% for MRFA-Corr, and even 100% for Minres) despite the non-Heywood
population solution. It is thus interesting to ask which properties of simulations are
related to the WHS frequency.

Figure 5.13. 95% confidence intervals for the average proportion of WHSs for
various methods and sample sizes.

Since WHSs are usually (at least implicitly) considered a consequence of the
sampling error, an obvious candidate should be the sample size. Figure 5.13 presents
the within-subject confidence intervals for the average proportion of WHSs across
data sets (as before, the proportions were first aggregated within each data set) for
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the indirect methods. Only the intervals connected by lines should be compared.
Indeed, all indirect methods show a decrement of the WHS proportion in larger
samples. The WHS proportions for DS (not shown in the figure), on the contrary,
seem to bear no relationship to the sample size (the average proportions in sample
sizes 50, 100 and 500 were .05, .08 and .07, respectively). Obviously, DS behaves
different than the indirect methods, and for that reason (and for its very low average
proportion of WHSs) it is not included in Figure 5.13. Note also that DC produced
no WHSs at all, so it would make no sense to include it, either. It seems that the
differences in sample size influence not only the frequency of the WHSs but also the
differences among the methods: in the N = 50 condition we claim with a relatively
high confidence that Minres produces the smallest proportion of WHSs and MRFA
the largest, whereas in the N = 500 condition the methods are fairly levelled. It
therefore seems that MRFA (and in a lesser extent MLFA) is more sensitive to the
sampling error as far as WHSs are concerned. MRFA also produced a slightly higher
proportion of WHSs if it was performed on a correlation rather than on a covariance
matrix, but the difference was negligible with regard to the sampling error.

Figure 5.14 presents the within-subject confidence intervals for the average
proportion of WHSs for MRFA at various sample size, proving that sample size is a
major factor of the occurrence of WHSs (the value of η2 was .85).

Figure 5.14. 95% confidence intervals for the average proportion of WHSs in
MRFA.
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average communality. The most striking was the effect of sample size: for all
methods, WHSs only occurred in the N = 50 condition. Therefore we further
analysed only the N = 50 data. Figure 5.15 portrays the influence of the population
average communality and the population minimum rank. All confidence intervals
are 95% within-subjects CIs (based on the normal approximation), appropriate for
simultaneous comparison of all means.

It may be surprising that the proportion of WHSs was higher in the low-
communality condition. However, this finding makes more sense from the
perspective of MacCallum et al. (1999), who claimed that the combination of low
sample size and low communality would result in larger sampling distortions. We
can argue that the data sets with a low average communality are less well defined (in
the sense of the factor analysis model) which leaves more room for distortions
caused by the sampling error. E.g., in the previous section we found that the
communality estimates were more highly biased if the population average
communality was low. It should also be noted that the communalities in the high-
communality condition were not close to 1, but ranged from .6 to .8; this made a
possibility that a WHS occurred just because of small sampling deviations from the
true value, less relevant. Finally, it seems that various methods possess a differential
sensibility to the effect of the average communality, MLFA showing by far the
largest difference between the WHS proportions in both conditions.

The population minimum rank also proved to influence the proportion of WHSs:
all three indirect methods produced more weak Heywood solutions in the mr = 4
condition than in the mr = 2 condition. In the latter case, Minres produced no WHSs
at all, while MLFA produced only 1 out of 1000. Again, MLFA seems to be more
sensitive to this effect than the remaining two indirect methods.

With regard to MRFA, it is also interesting to note the interaction between the
population minimum rank and the average communality, which is presented on
Figure 5.16. The effect of the population minimum rank was much stronger when
the average communality was low; on the other hand, the effect of the average
communality was stronger if the population minimum rank was higher.
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Figure 5.15. 95% confidence intervals for the average proportion of WHSs for
various methods.
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Figure 5.16. Interaction between mr and average communality for MRFA.

Let us summarise some main conclusions with regard to WHSs. The direct
methods generally do not produce WHSs (or only in a very small proportion).
Among the indirect methods, Minres produces the least and MRFA the most WHSs.
Sample size is a crucial factor of the WHS frequency: in larger samples this
frequency is smaller, and besides, the differences among the methods decrease.
Additionally, factors like the presence of a population WHS, the population
minimum rank and the population average communality also affect the WHS
frequency.
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5.3. MRFA communalities and the number of factors

We have already noted that the MRFA communality estimates do not directly
depend on the number of extracted factors, since they are not computed by summing
the squared loadings. It is thus plausible to expect that the communality estimates
would remain the same if a different number of factors were extracted. The aim of
this section is to check empirically whether the average of the communality
estimates indeed remains the same if a different number of factors is extracted.

We used the same 15 population covariance matrices as in the previous chapters.
For each matrix, MRFA was run 100 times for each number of factors between 1
and p – 1. To make possible a comparison between data sets, the average
communality for each r was divided by the average communality for r = 1. Figure
5.17 presents these average standardised communalities against the difference
between r and the respective Ledermann bound for all data sets.

Figure 5.17. Average communality relative to the number of factors (0 = Ledermann
bound).

First, it is clear that the average communality tends to rise when more factors are
extracted. However, when r is far below the Ledermann bound, the average
communality usually does not depend on r, or it depends very slightly. In one data
set only (Cars) the average communalities deviated from the baseline (the value
obtained at r = 1) for more than 5% when the number of extracted factors r was two
less than the Ledermann bound. When the number of extracted factors got closer to
the Ledermann bound, the average communality started to rise according to the
increment of r. Fortunately, the cases when r is above the Ledermann bound are of
little practical interest.
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6. Reproduction of correlations

One possible description of the objective of factor analysis is that it attempts to
identify latent causes of correlations between the observed variables. A well-fitting
factor analysis solution should therefore make possible to reproduce correlations
between the observables accurately. The classical measure of accuracy in
reproduction of correlations is the root-mean-square residual (RMSR):
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where fik denotes the loading of the i-th variable on the k-th factor.

In the context of simulations, we can distinguish two sorts of RMSR. The first
one is computed by fitting the sample correlations. Of course, the factor analytic
methods are not in the same starting position here: since the objective function of
Minres is equivalent to this kind of RMSR, we know in advance that Minres would
perform best. The comparison of the methods on this kind of RMSR would only tell
us how successful a certain method is as an approximation of Minres. We do not
find this question very interesting and therefore we are not dealing with this type of
RMSR.

The second way of computing RMSR involves fitting the population correlations.
We may intuitively still expect the superiority of Minres, at least asymptotically, but
in small samples it is not an a priori necessity. We are only going to review this kind
of RMSR. Our research question shall therefore be: how accurately do various
methods reproduce the population correlations in the least squares sense (i.e. as
measured by RMSR) by using sample factor solutions, possibly in samples of
different sizes? This will be answered on the basis of the results from the two
simulation studies described in Chapter 2.

6.1. Average RMSR

6.1.1. Experiment 1

As in previous chapters, we analysed the simulations’ means: we averaged the 500
RMSRs based on sample solutions within each of the 72 simulations. Before
performing inferential analyses like ANOVA, we aggregated the simulation means
within each of the 15 data sets to eliminate the dependence of simulations within a
single data set.

We begin by reviewing some descriptive statistics for the average RMSR
produced by different methods. Table 6.1 and Figure 6.1 present a general
description of the results of all simulations. As expected, Minres on average
produced the lowest average RMSR, but results of DS were only slightly higher. DS
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was followed with somewhat larger distance by MLFA, MRFA and DC. The
variability of average RMSR’s across simulations was similar for most methods
except DC with a slightly smaller variation (especially if expressed by the
interquartile range). The average MRFA results based on standardised and
nonstandardised data were again practically indistinguishable.

Table 6.1. Descriptive statistics for the average RMSR

Mean SD Min. Max.
MRFA-Cov .096 .035 .031 .175
MRFA-Corr .096 .035 .031 .175
Minres .089 .033 .029 .157
DS .090 .033 .029 .159
DC .107 .032 .043 .179
MLFA .092 .035 .030 .169

Figure 6.1. Box-plots for the average RMSR for different methods.
Note. The box represents the interquartile range, the whiskers are lines that extend
from the box to the highest and lowest values, and the line across the box indicates
the median.

727272727272N =

MLFADCDSMinresMRFA-CorrMRFA-Cov

.2

.1

0.0



Reproduction of correlations    97

Table 6.2. Ranks of various methods by average RMSR

MRFA Minres DS DC MLFA
Mean rank (all) 3.83 1.10 2.04 4.97 3.06
Mean rank (agg.) 3.86 1.08 2.02 4.98 3.06

1 65 7
Rank 2 1 7 56 8
frequency 3 10 8 54

4 61 1 2 8
5 70 2

Note. Empty cells correspond to the frequency of zero.

For each of the 72 simulations, we also ranked the methods (only the results
based on standardised data were included for MRFA). The frequencies of ranks, as
well as the mean ranks and the mean ranks aggregated within the 15 data sets are
presented in Table 6.2. As in the previous chapters, by aggregation we mean
summing the results within a single data set first.

 As the frequencies of ranks show us, the ordering of the methods was quite
similar across simulations. In each simulation, either Minres or (much less
frequently) DS produced the smallest average RMSR. On the other hand, there were
only 2 simulations where DC did not produce the largest average RMSR. MLFA and
MRFA typically occupied the third and the fourth place, respectively. Not
surprisingly, the ordering of the methods by the mean rank is the same as the
ordering by means (see Table 6.1) or medians (See Figure 6.1).

Figure 6.2. The 95% CIs for the average RMSR for various methods and sample
sizes.
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Figure 6.2 presents within-subject confidence intervals for the mean RMSR for
each method within each sample size. Results were aggregated within data sets to
ensure independence of observations. Only the confidence intervals connected by a
line should be mutually compared. Essentially the same pattern can be observed at
all three sample sizes. The most notable difference is that DC appears to gain
slightly less accuracy from increasing the sample size. Concerning the ordering of
means, it can be concluded that Minres and DS produce smaller average RMSR’s
than MRFA, which is in turn more efficient than DS. The conclusions regarding
MLFA can not be so clear, but it seems it can be positioned between Minres and
MRFA. The average difference between the MRFA results on standardised and
nonstandardised data was again near zero.

Finally we present the confidence intervals for the average MRFA RMSRs at
different sample sizes (Figure 6.3), designed for the comparison across various
sample sizes. The differences between means at various sample sizes are clearly
distinct (η2 = .95). Note that it is not sensible to interpret the absolute sizes of these
means because of the absence of perfect fit in the population.

Figure 6.3. The 95% CIs for the average RMSR for MRFA at various sample sizes.

6.1.2. Experiment 2

When analysing the results of Experiment 2, the unit of analysis was the individual
RMSR value from a particular sample and so we had 500 samples × 2 sample sizes ×
2 minimum rank values × 2 average communality levels × 5 methods = 20000
observations. The number of variables was 12.

Table 6.3 presents descriptive statistics for all observations. Minres and DS
produced the smallest average RMSR and were very closely followed by MLFA. On
the other hand, DC produced the largest average RMSR. This pattern is also repeated
in the minimum and maximum values.
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Table 6.3. Descriptive statistics for the average RMSR

Mean SD Min. Max.
MRFA .083 .049 .012 .249
Minres .079 .046 .011 .246
DS .079 .046 .010 .246
DC .093 .046 .020 .252
MLFA .080 .047 .011 .246

For each of the 4000 sample matrices, we ranked the methods according to
RMSR. Table 6.4 presents percentages of ranks from one to five and the mean rank
for each method. It is interesting to see that Minres produced the smallest RMSR
with regard to the population correlations in 54% of samples only, despite the fact
that it always produces the smallest RMSR with regard to the sample correlations.
Still, Minres clearly had the smallest mean rank. MLFA and DS were following
Minres, and DC again emerged as the least effective method in this respect.

Table 6.4. Ranks of various methods by average RMSR

MRFA Minres DS DC MLFA
Mean rank 3.6 1.8 2.4 4.8 2.4

1 10 54 4 3 30
Rank 2 4 17 60 2 17
percentage 3 4 22 33 1 40

4 81 5 3 3 8
5 2 2 0 92 5

In the next step we checked to what extent we can generalise these differences
among the methods. We performed a repeated-measures ANOVA and constructed
95% confidence intervals, which are presented in Figure 6.4. In ANOVA, the
methods were used as a repeated measures factor, because each sample matrix was
analysed by all five methods. All methods were applied on correlation matrices.
Note that the confidence intervals are – due to high power – visible as somewhat
thicker lines. No pair of intervals overlap: Minres can thus be inferred to produce the
smallest values of RMSR and is followed by DS, MLFA, MRFA and DC. For
practical purposes, however, the performance of Minres, DS and MLFA can be
considered equivalent. The effect of sample size was again clearly visible. There is
also a slight interaction effect notable with regard to MRFA and DC: MRFA seems
to be relatively (to other methods) less effective in the N = 50 condition, whereas the
opposite holds for DC.
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Figure 6.4. The 95% CIs for the average RMSR for various methods and the two
sample sizes.

We can conclude that Minres is, as expected, the most effective method for
reproduction of the population correlations, but at the same time MLFA and
especially DS perform virtually equally well. On the other hand, DC is clearly the
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6.2. Across-samples variability of RMSR

We shall now turn to the issue of variability of RMSR computed on samples from
the same population. Within each simulation, we computed the standard deviation of
the 500 sample RMSRs. Only the results of Experiment 1 are presented. Table 6.5
presents some descriptive statistics. The differences between the methods are much
smaller than in case of means: MRFA, Minres and DS are on a practically equal
level, and only DC and MLFA produced somewhat higher average standard
deviations.

Table 6.5. Descriptive statistics for the within-simulation SD(RMSR)

Mean SD Min. Max.
MRFA-Cov .016 .008 .004 .041
MRFA-Corr .016 .008 .004 .041
Minres .016 .009 .002 .042
DS .016 .009 .003 .042
DC .017 .008 .005 .040
MLFA .018 .010 .003 .046

However, the ANOVA results, which are not reported here, show that the
differences among the methods are small with regard to the sampling variability and
no interesting generalisations can be made to the population level. Even at the
descriptive level, the across-samples variability does not have an embarrassingly
high value (compared to the mean RMSR) for any of the methods.



7. Estimation of the unexplained common variance

This chapter deals with the estimation of the unexplained portion of the common
variance. This problem is specific for MRFA, because the other methods under
investigation are based on models that do not attempt to distinguish between the
explained common variance and the total common variance. The main questions we
deal with in the following two sections are:

1. Which are the determinants of the accuracy of the estimates of the unexplained
common variance proportion, that is, the ratio of the unexplained common
variance to the total common variance (UCV/CV)? Both the bias and the
variability aspect shall be reviewed (sections 7.1.1 and 7.1.2)

2. To what extent and in which conditions are the asymptotic formulas by Shapiro
and ten Berge (2002) useful if applied to sample data? This topic shall be
discussed in section 7.2.

The answers will be based on the two simulation studies described in Chapter 2.

7.1. Accuracy of the UCV estimation

As already noted in Chapter 1, Shapiro and ten Berge (2002) have shown that the
estimates of UCV are generally biased. They also presented analytical expressions
for the asymptotic bias and the asymptotic standard error of UCV. This section
attempts to supplement their theoretical results by identifying main empirical
determinants of the bias of the proportion of UCV and evaluating the typical size of
the bias and the corresponding standard error for various conditions. Since the
results based on standardised and nonstandardised data differ very little, as we have
shown in chapter 3, we shall limit our discussion to results based on standardised
data.

7.1.1. The difference between the population value and sample estimates
of UCV/CV

Unfortunately, Shapiro and ten Berge’s theoretical developments explain the
asymptotic behaviour of the bias of UCV only. Therefore, the bias of the proportion
of UCV (we shall denote this ratio by UCV/CV), which is from the practical
viewpoint more interesting than the size of UCV itself, has to be investigated
empirically.

7.1.1.1. Experiment 1: the empirical bias of UCV/CV

In line with the empirical results from Shapiro and ten Berge (2002), the bias of
UCV was generally positive: it was negative in only 6 out of 72 simulations. The
bias of UCV/CV ranged between 0.12 and –0.03, with an average of 0.028 and SD
of 0.028. In further analyses, the 72 bias values were aggregated within the 15 data
sets to ensure the independence of observations and enable the use of inferential
statistics.
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With regard to Shapiro and ten Berge’s results (see their Eq. 45), sample size is
an obvious candidate for a bias determinant. Figure 7.1 confirms this hypothesis: in
samples of size 500 the bias was on average less than 1% of the common variance,
whereas its average value was 4% in the N = 50 condition. The effect size (η2) was
.64.

Shapiro and ten Berge (p. 90) also showed that the asymptotic bias of UCV is
zero in case of perfect fit, i.e. when the number of extracted factors is equal to the
minimum rank. Because the number of extracted factors is in practice always at or
below the Ledermann bound and the minimum rank is, on the contrary, always at or
above the Ledermann bound, one could predict that the bias should decrease if the
number of factors was larger, i.e., closer to the minimum rank. To test this
hypothesis, we computed the correlation between the bias of UCV/CV, averaged
over the three sample size conditions, and the r/mr ratio, i.e., the number of factors
relative to the population minimum rank.

Figure 7.1. 95% within-subject confidence intervals for the bias of UCV/CV.

Figure 7.2 presents the scatter-plot with a regression line for these data. The
correlation coefficient was –.62 (with 95% confidence limits –.86 and –.16), so it
seems safe to conclude that somewhat smaller bias can be expected when the r/mr
ratio is larger.

Another variable which proved to be related to the bias of UCV/CV was the
average population communality. Figure 7.3 portrays the situation: the correlation
was negative again and slightly smaller than for r/mr (r =  –.57 with 95% confidence
limits –.84 and –.08). The situation is not optimally clear due to small variability of
the average communality levels in the data sets used.
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Figure 7.2. The relation between r/mr and UCV/CV.

 Figure 7.3. The relation between the average population communality and
UCV/CV.
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7.1.1.2. Experiment 2: MAD values for UCV/CV

In the second experiment the units of analysis were the values obtained from each of
the 4000 samples rather than the averages. Strictly speaking, we are therefore not
dealing with bias in this section. Since the population minimum rank was low, it
made sense to set the number of extracted factors equal to the population minimum
rank. As a consequence, the population UCV was zero, which makes the bias (the
average difference between sample estimates and the population value) in each
condition equivalent to the mean absolute difference (MAD) between sample
estimates and the population value of UCV.

The analysis of variance showed a strong impact of all three factors – minimum
rank (mr), average communality (CV%) and sample size (N) on the MAD of
UCV/CV. All three factors also interacted with each other, but the interactions
explained much less variance than the main effects. Note that the r/mr ratio was 1
throughout Experiment 2.

Table 7.1. Effect sizes for factors of MAD of UCV/CV

Effect η2

mr .700
CV% .878
N .841
mr × CV% .303
mr × N .251
CV% × N .358
mr × CV% × N .038

Note. p<.001 for all effects.

The pattern of relationships can be seen in Figure 7.4. A 95% (between-subjects)
confidence interval is drawn at each point, but due to high power most confidence
intervals are visible only as thick lines. In general, MAD is much larger than the bias
in Experiment 1 where the data sets had high population minimum rank. Note that a
large MAD despite perfect fit does not contradict the results of Shapiro and ten
Berge (2002), because their theory is not applicable to the situations with low
population minimum rank. From Figure 7.4 we can further conclude that MAD is
smaller in conditions with a larger sample size, a larger population minimum rank or
a larger average communality, respectively. The interaction effects are slight: the
effect of the minimum rank or the average communality, respectively, decreases
with increasing sample size. The effect of minimum rank is also smaller if the
average population communality is larger. In general, these results confirm
FRQFOXVLRQV E\ 6RþDQ DQG WHQ %HUJH ������� ZKR IRXQG VLPLODU HIIHFWV RI WKH ORZ

minimum rank and sample size.
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Figure 7.4. The relationship between MAD of UCV/CV and minimum rank, average
communality and sample size, respectively.
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7.1.2. Sampling variability of UCV/CV

Apart from the bias, defined as average deviation from the population value, the
standard error is another important measure of the accuracy of the estimation. In our
case, the standard error was empirically defined as the standard deviation of 500
sample UCV/CV ratios within each of the 8 combinations of conditions and was
denoted by SD(UCV/CV).

7.1.2.1. Experiment 1

The empirical standard error estimates for the 72 simulations ranged between 0.004
and 0.060, with an average of 0.024 and SD 0.013. In the next step we tried to
identify variables which might influence the size of SD(UCV/CV). As before, the
data were aggregated within data sets to enable use of inferential statistics.

Sample size was again the most obvious potentially influential variable. Figure
7.5 depicts the relationship between sample size and SD(UCV/CV). It is clear that
the number of observations strongly determines the sampling variability of
UCV/CV: whereas in samples consisting of several hundred observations the
sampling error might have just a minor influence on results, the results from
different samples are likely to differ for several percent points if the sample size is
100 or less. The effect size (η2) was .85.

Figure 7.5. 95% within-subject confidence intervals for SD(UCV/CV) at various
sample sizes.
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Figure 7.6. The relation between the average population communality and
SD(UCV/CV).

In contrast to the bias, the r/mr ratio did not show a large impact on
SD(UCV/CV): the correlation between SD(UCV/CV), averaged over the three
sample size conditions, and r/mr was only –.28. Closeness to the exact fit does
therefore appear not to influence the standard error, at least not substantially. The
population percentage of common variance (CV%), however, was rather strongly
related to SD(UCV/CV), although less than sample size (the correlation was –.73,
with 95% confidence limits –.90 and –.34). Larger average communality in
population is thus related to a smaller standard error of UCV/CV. Figure 7.6
presents a scatter-plot portraying this relationship.

7.1.2.2. Experiment 2

As there were only 8 combinations of conditions in the second experiment (and
consequently 8 values of SD(UCV/CV)), it was neither possible nor sensible to
perform inferential analyses. Nevertheless, it is interesting to inspect the results,
presented in Figure 7.7. Both sample size and the average communality affected the
sampling variability in a similar way as in Experiment 1. Low population minimum
rank does not seem to inflate standard errors as dramatically as it inflates bias: in
fact, the values of SD(UCV/CV) were even slightly lower than the averages from
Experiment 1 (note that the overall average communality in Experiment 1 was .67,
which is close to the “high communality” condition in Experiment 2, and that the
r/mr ratio was 1 throughout Experiment 2). The impact of minimum rank was the
most notable in small samples in low-communality condition, but in all four cases
the standard error was smaller under the four-factor than under the two-factor model.
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Figure 7.7. The relation between SD(UCV/CV) and minimum rank, sample size and
average communality.
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7.2. Asymptotic estimates of bias in samples

In this section we deal with the question of how useful are Shapiro and ten Berge’s
(2002) formulas for asymptotic bias and variance of UCV, when applied to sample
results. We are going to discuss the results of Experiment 1 only, because the
population data for Experiment 2 do not conform to the assumption of a high
minimum rank made by Shapiro and ten Berge.

The asymptotic formulas estimate bias and variance of UCV rather than a
proportion of UCV within the common or the total variance. Here lies a potential
source of a spuriously high agreement between empirical bias and its asymptotic
estimates: the two could have similar average values over simulations partly due to
differences among the sizes of total variances of the analysed variables. To avoid
this, we divided the obtained values of empirical and asymptotic bias and standard
error of UCV by the population total variance (i.e. the sum of the variances of the
variables).

We discuss the estimation of bias first. Figure 7.8 portrays the values of the
average estimated bias and the empirical bias for each of the 72 simulations. The
relationship is clearly positive, although far from perfect. It can also be seen that the
relationship is not the same for all sample size groups. This becomes clearer as we
inspect the regression parameters for each group, presented in Table 7.2.

In all sample size conditions the asymptotic estimate overestimated the empirical
bias on average, as can be concluded from the values of slopes (b), but as the sample
size increased, both the correlation and the slope coefficient got closer to 1. In the N
= 500 condition, the correlation was close to perfect, but the absolute value of the
asymptotic estimate still overestimated the empirical bias by a nontrivial amount
(the value of the slope parameter b was still only .80). In small samples the intercept
(a) additionally tended to depart from zero, so a zero asymptotic estimate actually
corresponded to a negative empirical bias. It seems therefore that a sample of several
hundred observations is needed for at least a roughly accurate bias estimate.

Table 7.2. Regression of the empirical bias on average asymptotic estimate in
various sample size groups

Sample size a b r
50 -0.007 0.40 .85
100 -0.003 0.56 .94
500 0.000 0.80 .97

Total 0.000 0.36 .80

Note. a: regression intercept; b: regression slope; r: correlation coefficient.
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Figure 7.8. The relationship between the sample-based asymptotic estimate of bias
and the empirical bias of UCV.

Note. The full line is the regression line for the prediction of the empirical bias; the
dotted line is a straight line with slope 1 and intercept 0.

Now we turn to the estimation of the standard error of UCV (denoted by
SD(UCV)). Figure 7.9 presents the scatter-plot for the estimated and the empirical
standard errors for all 72 simulations and Table 7.3 presents the regression
parameters for the sample size groups. It can be seen from Figure 7.9 that the
approximation is closer than for the bias. Contrary to the bias, the asymptotic
estimates of SD(UCV) underestimate the empirical values. However, this
underestimation is less serious than the overestimation in case of bias: as the slope
coefficients show, even in the N = 50 and N = 100 conditions, the asymptotic
estimate of SD(UCV) overestimated the empirical SD(UCV) only by about 25% on
average, and in the N = 500 condition the degree of overestimation reduced to
approximately 11%. Therefore, the asymptotic formulas provide a satisfactory
estimate of the standard error of UCV even if the sample size is small. As in case of
bias we can observe the tendency of the intercept approaching 0 and the slope and
the correlation, respectively, approaching 1 as the sample size increases.
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Figure 7.9. The relationship between the sample-based asymptotic estimate of
standard error and the empirical standard error of UCV.

Note. The full line is the regression line for the prediction of the empirical SE; the
dotted line is a straight line with slope 1 and intercept 0.

Table 7.3. Regression of the empirical SD(UCV) on average asymptotic estimate of
SD(UCV) in various sample size groups

Sample size a b r
50 0.007 1.24 .93
100 0.004 1.25 .95
500 0.002 1.11 .96

Total 0.001 1.42 .96

Note. a: regression intercept; b: regression slope; r: correlation coefficient.

After we have seen that the asymptotic bias estimates are on average close to the
empirical bias values, we can ask whether a bias correction could be based on these
estimates. Specifically, are the corrected UCV values on average closer to the
population value than the uncorrected values of UCV? To answer this question, the
following difference measure was computed for each simulation:
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where UCV is the population value of the unexplained common variance, MAD is
the mean absolute difference between the sample UCV values and the population
UCV value, and MADc is the mean absolute difference between the corrected sample
UCV values and the population UCV value. Corrected sample UCV values were
computed by subtracting the sample estimate of bias from the sample estimate of
UCV. DUCV is therefore positive when the corrected values of UCV have smaller
mean absolute deviation from the population value than the uncorrected values of
UCV. The difference between both MAD values is divided by the population UCV
to make possible the comparison across data sets. Another possible standardisation
would employ the total variance instead of UCV, but the results would change very
little so we do not report them.

DUCV was computed for each of the 72 simulations. In 47 simulations (out of 72)
DUCV was negative, hence the uncorrected values were actually more accurate than
the corrected ones, but in the remaining 25 simulations DUCV was positive. At this
point, a question arises of whether we can discriminate cases where the correction is
successful from the cases where it fails. One can expect that the possible
discriminating variables would be the ones which are important in the estimation of
the asymptotic bias of UCV, for instance the number of factors, minimum rank or
sample size. The variable which discriminated simulations with positive DUCV  from
those with negative DUCV most efficiently was r/mr. Figure 7.10 presents the scatter-
plot for these two variables. When the r/mr ratio was smaller than about .38, the
corrected values were in general more efficient than the uncorrected ones and vice
versa. With this value as the threshold value, 58 out of 72 simulations were correctly
classified. Further, no misclassification was serious – even the positive values of
DUCV above the threshold and the negative values below the threshold, respectively,
were very close to zero.

It might seem strange that r/mr was discriminating better than sample size. As we
can see in Figure 7.11, sample size also influences DUCV. First, in small samples the
variability of DUCV  across simulations was larger than in the N = 500 condition.
Second, as the sample size grows larger, DUCV  on average approaches zero, both in
the high-mr and in the low-mr data sets. It is noteworthy that the bias correction is
more accurate in small rather than large samples, as the bias estimates are based on
the assumption that the population covariance matrix is used. Table 7.4, presenting
the MAD values for the uncorrected and the corrected UCV values rather than their
difference, may provide a clarification. As the sample size decreases, both
uncorrected and corrected UCV estimates become less and less accurate; the
difference between the low-mr and the high-mr condition is that in the former
condition the corrected estimates are less inaccurate than the uncorrected ones, while
in the high-mr condition the uncorrected values are less inaccurate.
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Figure 7.10. The relation between r/mr and DUCV.

Figure 7.11. Boxplots for DUCV in various sample sizes.
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Table 7.4. MAD values for uncorrected and corrected sample estimates of UCV

Low r/mr High r/mr
Uncorrected Corrected Uncorrected Corrected

N = 50 0.74 0.67 1.06 1.78
N = 100 0.49 0.42 0.73 1.13
N = 500 0.16 0.15 0.27 0.36

Additionally, we computed a correlation coefficient between the sample-based
asymptotic bias estimate and the actual sample deviation from the population value
across all 500 samples within each population. The 72 obtained correlation
coefficients ranged between –.56 and .04 with a mean –.28. The fact that the
asymptotic bias estimates are in general slightly negatively correlated with the
empirical sample deviations means that the bias correction would make those sample
UCV values which happen to be too small even smaller and vice versa. At first, this
may come as a surprise, considering the positive correlation between the averages.
However, the bias and a sample deviation are not one and the same thing: the
asymptotic formulas are simply not designed to estimate the deviation of a particular
sample from the population but they rather estimate how much will the average of
the sample values deviate from the population value. The negative correlation makes
the standard error of the sample bias estimates and consequently the corrected
sample UCV values larger, because it makes the small UCV values even smaller and
the large UCV values even larger. Still, we have seen that in certain conditions this
increase is small enough to enable a sample bias correction.

                        



8. Discussion

The aim of this study was twofold. First, some questions specific for MRFA were to
be answered, including the impact of standardisation of variables, sampling
behaviour of UCV, and usefulness of the asymptotic expressions for bias and
variance of UCV. Second, MRFA was compared to four other factor analytic
methods, two well known (MLFA and Minres) and two new (DS and DC) on a
series of general criteria. A by-product of this comparison was also a clarification of
conditions influencing the quality of sample factor solutions. We shall begin this
chapter by summarising main answers to the research questions and comparing our
findings to conclusions from the previous studies (section 8.1), proceed with some
general recommendations with regard to the choice of the factor analytic method and
design of factor analytic study (section 8.2) and conclude by pointing out some
limitations of our results and suggesting some problems for the future research.

8.1. Summary of findings

Before we enter a more detailed discussion, we present Figure 8.1, which provides a
crude graphical summary of the comparison between the methods. The data for
Figure 8.1 were computed in the following manner. We selected 22 relevant
measures of “effectiveness” of the methods and classified them into five groups:

1. accuracy of loadings (congruence coefficients, MAD values , Browne’s c2),

2. communality estimation (bias of CV%, correlations with the population
communalities),

3. stability measures (SDs of the measures of accuracy of loadings and accuracy of
the communality estimation),

4. proportion of WHSs and

5. RMSR.

Finally, we standardised each measure across the five methods and computed the
average for each group.

The performance of Minres and DS was relatively good in all five aspects.
MRFA performed well in the aspect of loadings and stability, and less well in the
remaining three aspects. MLFA performed almost opposite to MRFA (well in
communality estimation and reproduction of correlation and less well in the
remaining two categories), and the performance of DC was below average in all
aspects except the WHS proportion. After this global comparison, we now turn to a
summary of the more detailed comparisons made in this dissertation.
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Figure 8.1. Summary of the comparison of the five methods.

8.1.1. Data considerations

The first issue to be resolved concerned the type of data to be used as the input.
Specifically, we investigated the impact of standardisation of variables. As we have
noted in Chapter 1, MRFA is not scale-invariant, so the results based on the
covariance matrix will differ from the results based on the correlation matrix. The
questions to be answered empirically were:
1. How much do the solutions based on standardised and nonstandardised data

differ?

2. Which type of data should preferably be used?

Our results show that this issue should generally not be a matter of concern.
Differences among variances seem to decrease the similarity of solutions somewhat,
but not to a dramatic extent. Besides, sample size and the average communality in
population influence the similarity of solutions based on standardised vs.
nonstandardised data.

A somewhat surprising finding was that the agreement between the two
approaches in terms of the presence of Heywood solutions was far from perfect: it is
not uncommon that a weak Heywood case emerges when a covariance matrix is
analysed but the analysis based on the correlation matrix produces all communalities
lower than 1, or vice versa. This fact supports the view of the sampling error as a
major factor of (weak) Heywood solutions, because it would not be reasonable to
assume that the rescaling of variables can make an inappropriate model appropriate
or vice versa.

The only real problem with regard to standardisation of variables concerns use of
the asymptotic expressions developed by Shapiro and ten Berge (2002). These
procedures are appropriate when one analyses nonstandardised sample data, i.e. the
covariance matrix of the values of variables as they are measured, rather than a
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correlation matrix. In the latter case nonsensical asymptotic bias estimates are likely
to occur. If an analysis of a correlation matrix is preferred, the UCV bias could be
still approximated by using the analysis of the corresponding covariance matrix.

Results of chapters 4, 5 and 6 showed that although the solutions based on
covariance matrices differ from the solutions based on correlation matrices, on
average both types of solutions produce practically the same indices of the accuracy
of loadings, accuracy of the communality estimates or RMSR for reproduced
population correlations. We can conclude that a user, who is not interested in
estimation of the asymptotic bias or the asymptotic variance, is free to choose
between analysing the covariance matrix or the covariance matrix. The two
approaches give slightly different results in a particular sample, but it is not possible
to predict which of them are closer to the population results.

Of course, rescaling of variables is not the only data related issue. In our study,
we have not dealt with the impact of the distribution shape and the presence of
outliers. As no distributional assumptions are made in MRFA (except for the bias
asymptotics), these factors can be expected to influence the MRFA results only
indirectly through influencing the underlying correlations (or covariances,
respectively). As any method of factor analysis, MRFA relies on the assumption that
the analysed correlations are meaningful, so the general warnings against using
variables with extremely different distributions, variables with influential points, or
dichotomous variables with severely unbalanced proportions of both values apply.

8.1.2. Estimation of the unexplained common variance

Estimation of UCV is an issue specific for MRFA, and also one of the central issues
of this investigation, since the breakdown of the common variance to ECV and UCV
is considered a major theoretical advantage of MRFA over the other factor analytic
methods. Especially interesting is the estimation of the proportion of the common
variance left unexplained after r factors have been extracted (UCV/CV), which can
be used as a goodness-of-fit measure for the common factor model with r factors.
The main research questions we dealt with were:

1. How accurate are the sample estimates of the population UCV/CV?

2. How accurate are Shapiro and ten Berge’s (2002) expressions for the asymptotic
bias and the asymptotic variance of UCV if applied to the sample data?

8.1.2.1. The bias of UCV/CV

This study confirmed the conclusions by Shapiro and ten Berge (2002) that UCV is
generally positively biased; in addition, we found that UCV/CV is positively biased,
too. The fit of the model in samples will therefore tend to appear worse than it
should, possibly leading to extraction of too many factors. Although overextraction
might be regarded as less harmful than underextraction (Wood, Tataryn & Gorsuch,
1996), it would be desirable to know what amount of bias might be expected in
certain conditions. The first obvious determinant of the bias of UCV/CV is sample
size.
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The second major factor of the UCV/CV bias is the population minimum rank.
When mr was above the Ledermann bound, the bias was not particularly high; on
the other hand, when the population mr was below the Ledermann bound, the
decrease of mr resulted in a very notable increase of bias. Shapiro and ten Berge
(2002) actually showed that the order of the bias depends on whether the population
mr LV DERYH RU EHORZ WKH /HGHUPDQQ ERXQG �VHH DOVR 6RþDQ 	 WHQ %HUJH� ������

The dramatic increase of the bias of UCV when the population minimum rank is
below the Ledermann bound is not at all surprising. As proven by Shapiro (1985),
any sample covariance matrix will have a high minimum rank with probability 1.
For instance, imagine a population covariance matrix for 10 variables with minimum
rank 3. Each sample covariance matrix will have minimum rank between 6 and 9,
therefore the sample MRFA solutions (for 3 extracted factors) will imply additional
3, 4, 5 or even 6 “ignored” factors with some positive amount of a corresponding
unexplained common variance. Therefore, the average sample UCV will be positive,
although the population MRFA solution will imply UCV equal to zero.

The average communality in the population emerged as another determinant of
the UCV/CV bias: a higher proportion of common variance in the population
corresponded to a smaller sample bias. The bias was also found smaller when the
number of extracted factors was closer to the population minimum rank, therefore
when the amount of UCV decreased. Experiment 2 also revealed interactions
between the population minimum rank, average communality and sample size. For
instance, if the sample size is small, low average population communality will
increase the bias to a larger extent than if the sample size was large.

8.1.2.2. Accuracy of the asymptotic expressions in samples

Shapiro and ten Berge (2002) developed the closed-form expressions for the
asymptotic bias and the asymptotic variance of UCV. These expressions assume that
the population covariance matrix is known, so their practical usefulness depends on
their accuracy when applied to the sample data. As could be expected, both the
average asymptotic bias estimates and the average asymptotic standard error
estimates were closer to the empirical bias and standard error, respectively, when the
sample size was larger. The average bias estimate overestimated the size of the bias
while the average standard error underestimated the size of the empirical standard
error.

From the practical viewpoint, the most interesting question is whether the
asymptotic bias estimates can be used for a bias correction. The r/mr ratio emerged
as a moderating variable: when a small number of factors was extracted, the
corrected values of UCV were on average closer to the population UCV than the
uncorrected ones. Unfortunately, we do not know the population minimum rank in
practice, but we can still use the Ledermann bound as a lower bound. The mean
absolute difference between corrected and uncorrected values was on average larger
in the small samples than in the large samples. It must be borne in mind, however,
that in the N = 50 condition both corrected and uncorrected values were quite
inaccurate. In large samples, on the other hand, both estimates become more
accurate and consequently the difference between them decreases.
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8.1.3. Factor loadings

The question of accuracy of the estimation of factor loadings is the most important
part of our study, because the factor loadings are usually the most interesting part of
the factor analytic results. Our main research questions were, in order of importance:

1. How accurately does MRFA estimate the population factor loadings in
comparison to the other methods?

2. Which characteristics of the factor analytic design influence the accuracy of
loadings and to what extent?

8.1.3.1. Measures of accuracy

Before discussing results, we should explain our choice of the accuracy measures.
For our purposes, we defined accuracy as the similarity of a sample solution to the
known population solution in terms of factor loadings. The rationale of this
approach is that the interpretation of factors is based on an inspection of loadings.
Some writers (e.g. Nunnally & Bernstein, 1994) are strongly opposed to such a
conceptualisation of similarity, because it supposedly implies a fallacious definition
of a factor as a vector of loadings. However, an alternative conceptualisation of
similarity, based on factor scores, would add another source of inaccuracy due to the
indeterminacy of factor scores. Besides, because the estimation of factor scores
requires knowledge of factor loadings, the accuracy of these estimates depends on
the accuracy of loadings. Factor loadings therefore provide the most informative
evidence about the nature of the factors.

Three measures of the accuracy of loadings were employed. The first one,
Tucker’s (1951) congruence coefficient (CC) measures the proportionality of two
vectors of loadings and can be interpreted as a measure of similarity of interpretation
of the factors. The second measure, the mean absolute deviation (MAD), detects both
departures from proportionality and differences in the size of loadings. The same
does the third measure, Browne’s (1968) c2, but since it is based on squared
differences, it is more sensitive than MAD to larger deviations. The inclusion of CC
apart from MAD and c2 enables the possibility of detecting a different aspect of the
accuracy, namely proportionality, apart from bias. We included MAD because it is
easily understandable and interpretable and since it is a comprehensive measure of
the accuracy. Finally, we additionally included c2 to make our results better
comparable to the result of the studies which used c2 or similar measures, but not CC
or MAD (e.g. Briggs & MacCallum, 2003, Browne, 1968, Manners & Brush, 1979).
This measure may also be appealing to those who prefer root mean square measures,
although we do not see this as a particular advantage. Among the two measures
Browne (1968) has used in his comprehensive comparison, we analysed c2 only. The
reason for our omission of c1 is that this measure confounds two aspects of the
accuracy of a factor solution, namely reproduction of correlations and communality
estimation. These issues were considered separately in our study.

MAD was overall the most discriminative measure with regard to differences
between methods and between experimental conditions: this can be concluded both
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from effect sizes (correlations and values of ω2) for these differences, which were
higher for MAD than for the other two measures, and from the widths of the
confidence intervals, which tended to be relatively the narrowest for MAD. In future
research, the use of MAD can therefore be recommended in addition to CC.

8.1.3.2. The comparison of methods

Before discussing the differences among the methods, we should note again that
these differences (with some exceptions with regard to DC) were very small
compared to the differences due to certain other factors like sample size. However,
they are not small enough to be simply ignored.

Although the rankings of the methods were not the same in both experiments and
for all three measures, a general conclusion can be made that MRFA, Minres and DS
estimate population loadings more accurately than do DC and MLFA. The average
results of Minres and DS were always very similar, but DS tended to be slightly less
accurate than Minres. In both experiments, the MRFA solutions had the largest
average CC. MRFA therefore produces factors whose interpretations are (on
average) the most similar to the population factors. On the other hand, the Minres
solutions had the lowest average c2 in both experiments, indicating a tendency of
Minres to produce large deviations less often than MRFA. The results for MAD
seem a bit inconsistent, since in Experiment 1 MRFA was on average more accurate
than Minres, while Minres was better in Experiment 2. This apparent inconsistency
can probably be attributed to a relatively larger bias of the absolute loadings of
MRFA in Experiment 2 than in Experiment 1. Therefore, in Experiment 2 MRFA
produced loadings, which had too large absolute values, although still highly
proportional to the population loadings. This bias resulted in the fact that the Minres
loadings were closer to the population loadings despite their slightly lower
congruence compared to the MRFA loadings. We can not provide a definite
explanation of the higher MRFA bias in Experiment 2, but we may speculate that it
is a similar phenomenon that was noted for the average communality and UCV:
when the population minimum rank is unnaturally low (i.e. below the Ledermann
bound), the MRFA estimates of the common variance are strongly biased.
Unfortunately, the sources of the bias of ECV, as reflected in the bias of loadings,
are less clear than for the bias of UCV, which was discussed in section 8.1.2.1.

We have already noted that DC and MLFA generally performed worse than the
remaining three methods. It seems that in conditions of low population minimum
rank (and consequently good model fit), DC is less sensitive to the sampling error
than the other three methods. Despite this, DC should in our view be proclaimed the
least effective method in our comparison. In Experiment 2, for instance, DC in most
cases produced notably less accurate results even when the remaining four methods
were almost levelled.

The results from Experiment 2 also showed that MRFA, Minres, DS and MLFA
are practically equally accurate if the average population communality is high or if
sample size is large. None of these findings is surprising. If the population fit is
perfect, by increasing sample size the solutions by various methods converge to the
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population solution and thus to each other. Furthermore, if the average communality
approaches 1, all solutions will converge to the principal components solution. The
reason why this convergence was more notable in Experiment 2 than in Experiment
1 should be found in the fact that in Experiment 1 population covariance matrices
had high minimum rank, therefore the population fit was only approximate.

Finally, we should note that the methods did not differ substantially in their
empirical standard errors of the accuracy measures.

8.1.3.3. What makes the estimates of loadings more or less accurate?

Among the factors, which can be at least partially controlled by the researcher,
sample size and the average communality notably affected the accuracy of the
estimates of factor loadings in both experiments. The mechanism of the sample size
effect is obvious and needs no particular discussion. On the other hand, the impact
of the average communality and its interaction with sample size is less trivial. It can
probably be best understood within the framework of the factor scores sampling,
described in Chapter 1. To briefly repeat the main idea: because of the sampling
error, common and unique factors are correlated in samples, and the factor model
can not fit the sample data perfectly. The degree of the inaccuracy depends on the
size of the covariances between the common and the unique factors, which
themselves depend both on the size of the unique variances and the correlations
between the common factors and the unique factors, the latter depending on the
sample size. The effects of sample size, average communality and their interactions
can be predicted from this framework, which all emerged in our results.

It is tempting to ask which of these factors has the largest influence on the
accuracy. In Experiment 2, we computed the effect sizes for various factors, but one
has to bear in mind that these values depend on the chosen range of the independent
variables. Nevertheless, in the range we used the sample size effect was the largest
and it was followed by the effect of the average communality and their interaction.
Additionally, minimum rank also had a notable effect on CC; as expected, the four
factor solutions were less congruent to the population solution than the two factor
solutions. The overdetermination of factors (i.e. the r/p ratio, which equalled the
mr/p ratio in Experiment 2) thus appears to influence CC more than MAD and c2,
although the differences between both mr conditions were notable on the latter two
measures as well.

Another correlate of the accuracy of the estimation of loadings was the presence
of a weak Heywood case in the solution. This factor is especially interesting because
it does not affect all methods to the same extent. Specifically, in the presence of a
weak Heywood case the accuracy of the MLFA solutions suffers more than the
accuracy of MRFA or Minres. Many contemporary approaches used for dealing with
WHSs in MLFA (e.g. as implemented in the SPSS package) are still based on fixing
the communality of the Heywood variable and continuing iterations with the
remaining variables. This principle appears not to be optimal. Unfortunately, in
MLFA it is not possible to implement a built-in procedure of a WHS prevention, as
is the case of MRFA, or a variable-wise constrained Procrustes procedure, which
can be used in Minres. Development of better procedures to deal with Heywood
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cases, like the Bayes or “ridge” estimation (Bartholomew & Knott, 1999) should
therefore receive more attention of the researchers of MLFA. Finally, we note that in
our results even an elimination of WHSs would not make MLFA more accurate than
MRFA and Minres, but it would certainly reduce the differences among them.

8.1.3.4. Comparison to the previous studies

We do not know of any study comparing MRFA and other factor analytic
procedures, but there are several published studies comparing MLFA and Minres or
some other least-squares procedure. The most comprehensive among them might
still be Browne (1968). Browne’s results seem to contradict ours, as he found MLFA
superior to all other methods including Thomson’s iterated principal axes (IPA)
method. However, despite being based on the same objective function, the IPA
method can be expected to be inferior to Minres whenever a Heywood case appears.
If a Heywood case occurs during the principal-axis procedure, one can only stop
iterating prematurely, which is also what Browne did. Since the proportion of the
Heywood solutions was not trivial (7 out of 20 for Thomson’s method), the
premature ends might have reduced the accuracy of the least-squares solutions
notably. It is also worth noting that Browne did not use the congruence coefficient,
on which MLFA performed worse than on MAD or c2 in our study (especially in
Experiment 2).

Browne (1968) mentioned the possibility that the range of the communalities
might be a relevant variable in comparison between MLFA and Minres, because
MLFA uses a uniqueness-weighted covariance matrix as the starting point. Despite
this, Browne did not explicitly demonstrate this effect. Anyhow, in our Experiment
1 the performance of MLFA was not better relative to MRFA in data sets with a
larger range (or variance, respectively) of communalities of the variables. Further,
the studies of MacCallum et al. (1999) and MacCallum et al. (2001), which both
employed MLFA, found that the performance of MLFA in the condition with a wide
range of communalities was somewhere in between the performance in the high
communality condition and in the low communality condition, which means that the
average communality is relevant rather than the range. Therefore we did not include
a wide communality condition in Experiment 2; further, it appears that the relatively
narrow range of communalities in Experiment 2 did not harm the performance of
MLFA, as it was generally somewhat better than in Experiment 1.

Manners and Brush (1979) partly replicated Browne’s (1968) study and included,
among others, the Minres procedure. They replicated Browne’s finding concerning a
slight superiority of MLFA over IPA and they additionally found Minres performing
far worse than both MLFA and IPA. This finding is quite surprising, as one should
expect Minres to perform at least as well as IPA. The authors attribute this anomaly
to the method of dealing with Heywood cases, but unfortunately, it is not perfectly
clear which procedure they used.

On the other hand, Knol and Berger (1991) in their comparison used procedures
comparable to ours. So are their results: they used a measure similar to c2 (only with
an orthogonal rotation involved) and concluded that the Minres estimates were
generally more accurate than the MLFA estimates. It has to be noted that Knol and
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Berger analysed matrices of tetrachoric correlations, so their comparison alone
would be difficult to generalise.

The conclusions by Briggs and MacCallum (2003), who found the ordinary least
squares factor analysis (OLSFA) superior to MLFA with regard to the recovery of
weak factors (that is, factors with relatively small loadings) are very much in line
with our results. The fact that they found larger differences between OLSFA and
MLFA is probably due to the fact that they concentrated on weak common factors.
We should also note that small loadings roughly correspond to low communality,
which increased the difference between MLFA and Minres in our study.

Taken together with results from the last two studies, the conclusion about a
slight superiority of Minres over MLFA therefore appears quite reliable.

With regard to the impact of sample size, average communality and their
interaction, our conclusions are very similar to those of MacCallum et al. (1999) and
MacCallum et al. (2001). These authors found overdetermination more influential
than we did, but on the other hand their range of conditions was somewhat larger
than in our Experiment 2.

8.1.4. Communalities and weak Heywood solutions (WHSs)

With regard to the communality estimation, the following questions were of major
interest:

1. How accurately do various methods estimate the overall percentage of common
variance (CV%)?

2. How accurately do various methods estimate the relative sizes of
communalities?

3. How often do various methods produce weak Heywood solutions?

It should be noted again that both experiments were conceptually different with
regard to the first two questions. In Experiment 1, the population communalities
were not known because of a high minimum rank in the population. The methods
were therefore compared to their own population solution. On the other hand, in
Experiment 2 the population communalities could be uniquely determined. Despite
this difference, both experiments lead to very similar conclusions.

8.1.4.1. Estimation of CV%

First, we were interested in the degree of bias in estimating the average communality
across all variables. All methods produced positively biased estimates. In both
experiments, the differences among Minres, DS and MLFA were very small. Minres
and MLFA can be considered equally accurate in this respect. The bias of DC was,
relative to the other methods, much higher in Experiment 2, which can probably be
attributed to the difference in design of two experiments and to possibly biased
population solutions of DC in Experiment 1. The MRFA estimates were notably
more biased than the estimates of the other methods in both experiments, and only in
the N = 500 condition of Experiment 1 the average difference between MRFA and
the other methods was relatively small.
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As in case of loadings, sample size, the average population communality and
their interaction were important factors of the bias of CV%. It seems that MRFA is
especially sensitive to sampling error in this respect, as the average difference
between MRFA and the other methods (especially Minres, DS and MLFA) was
larger in smaller samples.

The effect of the population minimum rank in Experiment 2 was more intricate.
All methods except MRFA produced more biased estimates in the mr = 4 than in the
mr = 2 condition, while the reverse was true for MRFA. A smaller bias in the mr = 2
condition is easy to explain as a consequence of a better overdetermination of
factors. However, it is not so obvious why MRFA produced more biased estimates
in the seemingly better condition. We have already noted the sensitivity of MRFA to
a low population minimum rank: such conditions result in a larger bias of both UCV
and factor loadings, and consequently in a larger bias of CV%. Indeed, the
comparison of the average values for Experiment 1 and 2 show quite a dramatic
difference across different values of mr in case of MRFA, but not for Minres, DS or
MLFA. This effect was apparently strong enough to mask a possible bias-reducing
effect of a larger overdetermination in the mr = 2 condition.

8.1.4.2. Estimation of the relative sizes of communalities

Another aspect of the accuracy of the communality estimation is the estimation of
the relative sizes of the population communalities. Here we were not interested in
the question of whether the estimates are in general too high or too low, but whether
the variables with high sample communality estimates are the same as the variables
with high population communalities. Since we are not interested in the general level,
the correlation coefficient between sample estimates and population communalities
is an appropriate measure of this aspect of accuracy.

In general, we can conclude that Minres and DS were the most accurate methods,
but in Experiment 2, MLFA was approximately equally accurate as well. DC
produced the lowest average correlation. Relative to the other methods, DC was
relatively less accurate in larger samples. As shown in Experiment 2, large sample
size, large average population communality and small minimum rank corresponded
to larger average correlations. In contrast to the results on bias, the average
correlation for MRFA was larger in the mr = 4 condition than in the mr = 2
condition. However, the difference between both conditions was smaller for MRFA
than for any other method. A tentative explanation of this apparent contradiction is
that overdetermination might be more important for an accurate estimation of
particular communalities than for CV% as a whole.

8.1.4.3. Weak Heywood solutions

The discussion of (weak) Heywood solutions (WHSs) is of interest for the three
indirect methods (MRFA, Minres and MLFA) only. Neither DS nor DC can possibly
produce a negative unique variance; besides, DC produced no WHSs and DS
produced them much less frequently than the indirect methods.
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On average, MRFA produced WHSs the most frequently and Minres the least
frequently. As far as Minres and MLFA are concerned, this is in line with the
Browne’s (1968) finding that MLFA produced more Heywood solutions than
Thomson’s method.

Although the differences between the methods were, at least in some conditions,
quite large, there are several other factors influencing the frequency of WHSs. As
expected, the effect of sample size was the most striking. Similarly to the bias of
communality estimates, MRFA was more sensitive to sample size – the differences
between MRFA and Minres and MLFA, respectively, were larger in the N = 50 than
in the N = 500 condition.

Two other determinants of the frequency, as they emerged from Experiment 2,
were the average population communality and the population minimum rank.
Communality estimates tend to be especially unstable when both sample size and the
average communality are small: as the largest communality in the “low-
communality” condition of Experiment 2 was 0.50, a Heywood case for such a
variable means that its proportion of common variance was overestimated for 100%!

Finally we may note that our findings generally conform to the previous studies
on Heywood cases (e.g. Anderson & Gerbing, 1984, Boomsma, 1985), although
they were conducted in the context of constrained factor analysis models.

8.1.5. Reproduction of the population correlations

The results with regard to this topic were certainly not surprising. Minres produced
the smallest average RMSR with regard to the population correlations, but DS and
MLFA did not stay much behind. MRFA was somewhat less effective and DC was
notably less accurate than the other methods again.

Minres clearly had an advantage compared to the other methods, as its objective
function minimises the sum of squared residuals relative to the sample data. Despite
this, an automatic generalisation was not an a priori necessity, which was also the
reason to investigate this question at all.
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8.2. Practical recommendations

8.2.1. The choice of a factor analytic method

None of the methods emerged as clearly superior on all criteria used in our
comparison. The choice of the method should therefore be guided by the
researcher’s preferences with regard to specific aspects of the performance of a
method. We shall discuss the choice among the indirect methods first.

If the most desirable property is the accuracy of the factor loadings estimation,
then MRFA and Minres should be contemplated. If the stress is on obtaining factor
loadings with the most similar interpretation to the population loadings, MRFA
should be preferred. If any large absolute deviations from the population loadings
are to be avoided, Minres might be more appropriate.

If accurate communality estimates are the main desideratum, Minres and MLFA
will be preferred to MRFA. It has to be borne in mind, however, that the
communalities as estimated by Minres and MLFA are not proper (i.e., they imply an
indefinite reduced covariance matrix). It is also difficult to imagine a practical case
where the communalities are of primary interest. An exception might be reliability
analysis (as proposed by, e.g., Jöreskog, 1971), but in this case a more sound
technique would be the Minimum Trace Factor Analysis (Bentler & Woodward,
1980, Ten Berge, Snijders & Zegers, 1981), which includes a built-in Heywood case
protection.

If the likeliness of (weak) Heywood solutions should be minimised, Minres
would be a method of choice. When a Heywood solution emerges, it is advisable to
retain the Minres or the MRFA solution rather than the MLFA solution, since
Heywood cases affect the accuracy of the MLFA solutions more adversely than is
the case for the MRFA and the Minres solutions.

Because the differences between the three methods are small on most of the
criteria, theoretical considerations may still play an important role. MRFA might be
appealing to users who find the decomposition of the common variance into ECV
and UCV a useful diagnostic tool, and to those who are uncomfortable with
indefinite reduced covariance matrices implied by Minres and MLFA. On the other
hand, statistically oriented users who are, for instance, interested in analytic
estimates of the standard errors of factor loadings, might prefer MLFA. MLFA
would also be a method of choice if the scale-invariance received a high weight in
the researcher’s personal weighting scheme.

MRFA is at present not included in any commercial statistical package, but this is
not such a drawback as it seems: to fully exploit the theoretical advantages of
Minres or MLFA (e.g. standard errors of parameters) one also has to use specialised
programs, like CEFA (Browne, Cudeck, Tateneni & Mels, 1999).

It remains to discuss a possible use of the two direct methods, although more
research would be necessary before recommending any of them for general use.
Especially DS seems interesting, as its behaviour is very similar to Minres (although
DS tends to be just slightly less accurate on all empirical criteria). This similarity is
not surprising, as both methods are based on a least squares function and on an
equivalent set of restrictions; the difference between them is just in a different
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operationalisation of residuals. Therefore, DS might be useful as a factor scores
generating alternative to Minres.

DC appears to be much less promising, despite its theoretical attractiveness. The
constraints of DC are stronger than those of DS; actually, the constraint that unique
factors are not confounded with the “ignored” common factors makes it similar to
MRFA. In fact, the algorithm of DC is also aimed to the minimisation of UCV, but
the particular computational approach appears to be less effective that the one of
MRFA.

Finally, we should note that the computation time for both DC and DS depends
on sample size, which makes their use with large samples inconvenient (for instance,
the DC algorithm we used needs about a minute for an analysis involving ten
variables, three factors and one thousand cases on a PC). However, with the
increasing speed of personal computers, this problem can be expected to diminish.

8.2.2. Implications for the use of MRFA

In general, MRFA proved to be a useful method with a performance comparable to,
and in some cases even superior to popular methods like Minres and MLFA.
However, the quality of MRFA solutions depends on several characteristics of the
research design, and here we shall summarise the main points.

Although the MRFA results are not scale-invariant, the choice between analysis
of a covariance matrix or a correlation matrix is not at all crucial, as neither one can
be expected to produce better results than the other.

As for any quantitative analysis, sample size is a major factor of the quality of a
solution. However, no straightforward recipes can be given in this respect. The
necessary sample size first depends on which aspects of the factor solution are of
main interest. For example, if we only wished to obtain factors with approximately
the same interpretations as the population factors (which would roughly correspond
to CC > .90), even 50 observations might be sufficient. However, as can be seen
from the results on MAD, in such a case we should reckon with absolute deviations
from the population loadings in the order of 0.1. On the other hand, several hundred
observations would be needed for a relatively accurate estimation of the size of
particular communalities.

If the sample is not large, the average communality is an important variable, too:
if it is high (e.g. .7 or more), we may obtain factors with very high congruence
(>.98) even in samples of size 50. Of course, a direct control of the size of
communalities is not possible. In practice, avoiding variables with low reliability
and low correlations with other variables should be beneficial in this respect. We
would like to stress that we do not wish to encourage the use of very small samples
in (minimum rank) factor analysis: even if the expected congruence coefficient
might be high due to a high average communality, the sampling error will still be
considerable.

With regard to the UCV estimation some positive bias can be expected, although
it would be large (i.e. larger than about 5% of UCV) only in very small samples or
in an unnatural case of a low population minimum rank. Use of variables with high
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communalities and extracting enough factors should also help keeping the bias at a
low level.

A general use of Shapiro and ten Berge’s (2002) expression for the asymptotic
variance, applied on sample data, can be recommended, but its underestimation of
the true sampling variance has to be taken into account. The expression for the
asymptotic bias can be used for a bias correction if the number of extracted factors is
small. Therefore, the use of the bias correction can not be recommended in cases
when the approximate minimum rank is estimated (i.e. the number of factors needed
for explaining almost all common variance), but it may be useful in contexts like
scale construction, where we are interested in the question of how much common
variance is explained by the first common factor.

Sensitivity to low population minimum rank appears to be an idiosyncratic
property of MRFA; if the population minimum rank is below the Ledermann bound,
this results in a very high bias of UCV and CV, and in invalidity of the asymptotic
bias expressions. It is questionable, however, whether a low population minimum
rank exists “in Nature”. The answer partly depends on how one defines the
population: if a quasi-operational definition is accepted, like “the largest sample we
can imagine”, the answer has to be “no”. Further, it does not seem very likely that
the structure of psychological phenomena could be perfectly described in terms of a
linear model including just a few latent variables. In any case, this epistemological
decision has to be left to the researcher.
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8.3. Limitations of the present study and suggestions for future
work

The first limitation of our study was the choice of methods to be compared. Among
the popular methods, we used only Minres and MLFA, but not IPFA, Alpha FA or
GLSFA, for instance. The main reason for such a constrained range was that the
goal of our study was to investigate empirical properties of MRFA rather than to
perform a comprehensive comparison of all possible factor analytic procedures.
From that viewpoint it seemed sufficient to choose two theoretically sound and
widely used methods, each based on a different rationale. Within the least squares
framework IPFA is perhaps more widely used than Minres, but we have chosen
Minres because of its conceptual superiority with regard to prevention of Heywood
cases.

The statistical analysis could also be a target of objection. Our data were
certainly not the ideal data to perform ANOVA, as the distributions were typically
skewed. However, it may be hoped that this did not have a too detrimental effect on
results, as ANOVA is reasonably robust in this respect, and besides the shapes of the
distributions were very similar. In the worst case, a sceptical reader can still ignore
statistical inference and look only at the mean values alone (which is in fact the
approach adopted by most comparisons of the methods we have cited) and do not
consider the confidence intervals to be very precise.

Finally, it should be admitted that the range of the possible conditions was
limited. We deliberately limited our range of sample sizes to small and medium
sized samples; partly because we believe that such samples are the most frequent in
practice and partly because the influence of sampling error may be expected to be
relatively small in samples of size 1000 or more. Besides, large sample conditions
are of less interest because there is asymptotic theory available for the maximum
likelihood estimation.

In the first experiment, only sample size was directly manipulated. This made the
investigation of the role of other factors (like the average population communality)
somewhat cumbersome. However, our motivation for performing Experiment 1 was
primarily in the investigation of a wide range of close-to-real data, which would
hopefully be more valid with respect to psychological practice than the artificial
data. The relation between both experiments thus resembles the distinction between
the field and the laboratory research in behavioural sciences.

In the course of the research, some suggestions for future research emerged,
which are beyond the scope of this study. First, further research of the properties of
the Minimum Trace Factor Analysis and the Greatest Lower Bound to Reliability,
respectively, would be beneficial for the understanding of the behaviour of MRFA.
If the mechanisms producing a positive bias of the MTFA communalities are
clarified, that will be particularly useful in the context of dealing with the bias in
MRFA estimates. Second, as the main theoretical drawback of MRFA relative to
MLFA is the absence of analytic standard error estimates for factor loadings, a
development of such procedures would increase the practical usefulness and
competitiveness of MRFA. However, because of the possibility of the bootstrap
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estimation and the increasing speed of computer processors (which makes the
bootstrap estimation less time-consuming), this drawback might be more
theoretically than practically relevant. Conversely, the accuracy of MLFA would
benefit from development and implementation of new procedures for Heywood case
prevention. Finally, we would like to encourage researchers to use MAD more often
as a measure of accuracy, as it is both conceptually simple and empirically well
behaved.
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Appendix: loading matrices for Experiment 2

  Two factors, low communality                  Two factors, high communality

-.063 .704 -.084 .891
.000 .694 .000 .884
.063 .678 .084 .870
-.063 .664 -.084 .859
.000 .654 .000 .853
.063 .636 .084 .838
.622 -.063 .827 -.084
.611 .000 .820 .000
.592 .063 .805 .084
.577 -.063 .793 -.084
.564 .000 .786 .000
.544 .063 .770 .084

         Four factors, low communality                  Four factors, high communality

.701 .063 .000 -.063 .883 .100 -.009 -.100

.688 -.063 .063 .000 .876 .082 -.027 -.082

.675 .000 -.063 .063 .868 .064 -.045 -.064

.063 .661 .000 -.063 .045 .859 -.064 -.045
-.063 .648 .063 .000 .027 .848 -.082 -.027
.000 .633 -.063 .063 .009 .836 -.100 -.009
.063 .000 .619 -.063 -.009 .100 .825 .009
-.063 .063 .604 .000 -.027 .082 .815 .027
.000 -.063 .589 .063 -.045 .064 .804 .045
.063 .000 -.063 .573 -.064 .045 .064 .791
-.063 .063 .000 .557 -.082 .027 .082 .777
.000 -.063 .063 .540 -.100 .009 .100 .762


