
8. Discussion

The aim of this study was twofold. First, some questions specific for MRFA were to
be answered, including the impact of standardisation of variables, sampling
behaviour of UCV, and usefulness of the asymptotic expressions for bias and
variance of UCV. Second, MRFA was compared to four other factor analytic
methods, two well known (MLFA and Minres) and two new (DS and DC) on a
series of general criteria. A by-product of this comparison was also a clarification of
conditions influencing the quality of sample factor solutions. We shall begin this
chapter by summarising main answers to the research questions and comparing our
findings to conclusions from the previous studies (section 8.1), proceed with some
general recommendations with regard to the choice of the factor analytic method and
design of factor analytic study (section 8.2) and conclude by pointing out some
limitations of our results and suggesting some problems for the future research.

8.1. Summary of findings

Before we enter a more detailed discussion, we present Figure 8.1, which provides a
crude graphical summary of the comparison between the methods. The data for
Figure 8.1 were computed in the following manner. We selected 22 relevant
measures of “effectiveness” of the methods and classified them into five groups:

1. accuracy of loadings (congruence coefficients, MAD values , Browne’s c2),

2. communality estimation (bias of CV%, correlations with the population
communalities),

3. stability measures (SDs of the measures of accuracy of loadings and accuracy of
the communality estimation),

4. proportion of WHSs and

5. RMSR.

Finally, we standardised each measure across the five methods and computed the
average for each group.

The performance of Minres and DS was relatively good in all five aspects.
MRFA performed well in the aspect of loadings and stability, and less well in the
remaining three aspects. MLFA performed almost opposite to MRFA (well in
communality estimation and reproduction of correlation and less well in the
remaining two categories), and the performance of DC was below average in all
aspects except the WHS proportion. After this global comparison, we now turn to a
summary of the more detailed comparisons made in this dissertation.
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Figure 8.1. Summary of the comparison of the five methods.

8.1.1. Data considerations

The first issue to be resolved concerned the type of data to be used as the input.
Specifically, we investigated the impact of standardisation of variables. As we have
noted in Chapter 1, MRFA is not scale-invariant, so the results based on the
covariance matrix will differ from the results based on the correlation matrix. The
questions to be answered empirically were:
1. How much do the solutions based on standardised and nonstandardised data

differ?

2. Which type of data should preferably be used?

Our results show that this issue should generally not be a matter of concern.
Differences among variances seem to decrease the similarity of solutions somewhat,
but not to a dramatic extent. Besides, sample size and the average communality in
population influence the similarity of solutions based on standardised vs.
nonstandardised data.

A somewhat surprising finding was that the agreement between the two
approaches in terms of the presence of Heywood solutions was far from perfect: it is
not uncommon that a weak Heywood case emerges when a covariance matrix is
analysed but the analysis based on the correlation matrix produces all communalities
lower than 1, or vice versa. This fact supports the view of the sampling error as a
major factor of (weak) Heywood solutions, because it would not be reasonable to
assume that the rescaling of variables can make an inappropriate model appropriate
or vice versa.

The only real problem with regard to standardisation of variables concerns use of
the asymptotic expressions developed by Shapiro and ten Berge (2002). These
procedures are appropriate when one analyses nonstandardised sample data, i.e. the
covariance matrix of the values of variables as they are measured, rather than a
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correlation matrix. In the latter case nonsensical asymptotic bias estimates are likely
to occur. If an analysis of a correlation matrix is preferred, the UCV bias could be
still approximated by using the analysis of the corresponding covariance matrix.

Results of chapters 4, 5 and 6 showed that although the solutions based on
covariance matrices differ from the solutions based on correlation matrices, on
average both types of solutions produce practically the same indices of the accuracy
of loadings, accuracy of the communality estimates or RMSR for reproduced
population correlations. We can conclude that a user, who is not interested in
estimation of the asymptotic bias or the asymptotic variance, is free to choose
between analysing the covariance matrix or the covariance matrix. The two
approaches give slightly different results in a particular sample, but it is not possible
to predict which of them are closer to the population results.

Of course, rescaling of variables is not the only data related issue. In our study,
we have not dealt with the impact of the distribution shape and the presence of
outliers. As no distributional assumptions are made in MRFA (except for the bias
asymptotics), these factors can be expected to influence the MRFA results only
indirectly through influencing the underlying correlations (or covariances,
respectively). As any method of factor analysis, MRFA relies on the assumption that
the analysed correlations are meaningful, so the general warnings against using
variables with extremely different distributions, variables with influential points, or
dichotomous variables with severely unbalanced proportions of both values apply.

8.1.2. Estimation of the unexplained common variance

Estimation of UCV is an issue specific for MRFA, and also one of the central issues
of this investigation, since the breakdown of the common variance to ECV and UCV
is considered a major theoretical advantage of MRFA over the other factor analytic
methods. Especially interesting is the estimation of the proportion of the common
variance left unexplained after r factors have been extracted (UCV/CV), which can
be used as a goodness-of-fit measure for the common factor model with r factors.
The main research questions we dealt with were:

1. How accurate are the sample estimates of the population UCV/CV?

2. How accurate are Shapiro and ten Berge’s (2002) expressions for the asymptotic
bias and the asymptotic variance of UCV if applied to the sample data?

8.1.2.1. The bias of UCV/CV

This study confirmed the conclusions by Shapiro and ten Berge (2002) that UCV is
generally positively biased; in addition, we found that UCV/CV is positively biased,
too. The fit of the model in samples will therefore tend to appear worse than it
should, possibly leading to extraction of too many factors. Although overextraction
might be regarded as less harmful than underextraction (Wood, Tataryn & Gorsuch,
1996), it would be desirable to know what amount of bias might be expected in
certain conditions. The first obvious determinant of the bias of UCV/CV is sample
size.
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The second major factor of the UCV/CV bias is the population minimum rank.
When mr was above the Ledermann bound, the bias was not particularly high; on
the other hand, when the population mr was below the Ledermann bound, the
decrease of mr resulted in a very notable increase of bias. Shapiro and ten Berge
(2002) actually showed that the order of the bias depends on whether the population
mr LV DERYH RU EHORZ WKH /HGHUPDQQ ERXQG �VHH DOVR 6RþDQ 	 WHQ %HUJH� ������

The dramatic increase of the bias of UCV when the population minimum rank is
below the Ledermann bound is not at all surprising. As proven by Shapiro (1985),
any sample covariance matrix will have a high minimum rank with probability 1.
For instance, imagine a population covariance matrix for 10 variables with minimum
rank 3. Each sample covariance matrix will have minimum rank between 6 and 9,
therefore the sample MRFA solutions (for 3 extracted factors) will imply additional
3, 4, 5 or even 6 “ignored” factors with some positive amount of a corresponding
unexplained common variance. Therefore, the average sample UCV will be positive,
although the population MRFA solution will imply UCV equal to zero.

The average communality in the population emerged as another determinant of
the UCV/CV bias: a higher proportion of common variance in the population
corresponded to a smaller sample bias. The bias was also found smaller when the
number of extracted factors was closer to the population minimum rank, therefore
when the amount of UCV decreased. Experiment 2 also revealed interactions
between the population minimum rank, average communality and sample size. For
instance, if the sample size is small, low average population communality will
increase the bias to a larger extent than if the sample size was large.

8.1.2.2. Accuracy of the asymptotic expressions in samples

Shapiro and ten Berge (2002) developed the closed-form expressions for the
asymptotic bias and the asymptotic variance of UCV. These expressions assume that
the population covariance matrix is known, so their practical usefulness depends on
their accuracy when applied to the sample data. As could be expected, both the
average asymptotic bias estimates and the average asymptotic standard error
estimates were closer to the empirical bias and standard error, respectively, when the
sample size was larger. The average bias estimate overestimated the size of the bias
while the average standard error underestimated the size of the empirical standard
error.

From the practical viewpoint, the most interesting question is whether the
asymptotic bias estimates can be used for a bias correction. The r/mr ratio emerged
as a moderating variable: when a small number of factors was extracted, the
corrected values of UCV were on average closer to the population UCV than the
uncorrected ones. Unfortunately, we do not know the population minimum rank in
practice, but we can still use the Ledermann bound as a lower bound. The mean
absolute difference between corrected and uncorrected values was on average larger
in the small samples than in the large samples. It must be borne in mind, however,
that in the N = 50 condition both corrected and uncorrected values were quite
inaccurate. In large samples, on the other hand, both estimates become more
accurate and consequently the difference between them decreases.
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8.1.3. Factor loadings

The question of accuracy of the estimation of factor loadings is the most important
part of our study, because the factor loadings are usually the most interesting part of
the factor analytic results. Our main research questions were, in order of importance:

1. How accurately does MRFA estimate the population factor loadings in
comparison to the other methods?

2. Which characteristics of the factor analytic design influence the accuracy of
loadings and to what extent?

8.1.3.1. Measures of accuracy

Before discussing results, we should explain our choice of the accuracy measures.
For our purposes, we defined accuracy as the similarity of a sample solution to the
known population solution in terms of factor loadings. The rationale of this
approach is that the interpretation of factors is based on an inspection of loadings.
Some writers (e.g. Nunnally & Bernstein, 1994) are strongly opposed to such a
conceptualisation of similarity, because it supposedly implies a fallacious definition
of a factor as a vector of loadings. However, an alternative conceptualisation of
similarity, based on factor scores, would add another source of inaccuracy due to the
indeterminacy of factor scores. Besides, because the estimation of factor scores
requires knowledge of factor loadings, the accuracy of these estimates depends on
the accuracy of loadings. Factor loadings therefore provide the most informative
evidence about the nature of the factors.

Three measures of the accuracy of loadings were employed. The first one,
Tucker’s (1951) congruence coefficient (CC) measures the proportionality of two
vectors of loadings and can be interpreted as a measure of similarity of interpretation
of the factors. The second measure, the mean absolute deviation (MAD), detects both
departures from proportionality and differences in the size of loadings. The same
does the third measure, Browne’s (1968) c2, but since it is based on squared
differences, it is more sensitive than MAD to larger deviations. The inclusion of CC
apart from MAD and c2 enables the possibility of detecting a different aspect of the
accuracy, namely proportionality, apart from bias. We included MAD because it is
easily understandable and interpretable and since it is a comprehensive measure of
the accuracy. Finally, we additionally included c2 to make our results better
comparable to the result of the studies which used c2 or similar measures, but not CC
or MAD (e.g. Briggs & MacCallum, 2003, Browne, 1968, Manners & Brush, 1979).
This measure may also be appealing to those who prefer root mean square measures,
although we do not see this as a particular advantage. Among the two measures
Browne (1968) has used in his comprehensive comparison, we analysed c2 only. The
reason for our omission of c1 is that this measure confounds two aspects of the
accuracy of a factor solution, namely reproduction of correlations and communality
estimation. These issues were considered separately in our study.

MAD was overall the most discriminative measure with regard to differences
between methods and between experimental conditions: this can be concluded both
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from effect sizes (correlations and values of ω2) for these differences, which were
higher for MAD than for the other two measures, and from the widths of the
confidence intervals, which tended to be relatively the narrowest for MAD. In future
research, the use of MAD can therefore be recommended in addition to CC.

8.1.3.2. The comparison of methods

Before discussing the differences among the methods, we should note again that
these differences (with some exceptions with regard to DC) were very small
compared to the differences due to certain other factors like sample size. However,
they are not small enough to be simply ignored.

Although the rankings of the methods were not the same in both experiments and
for all three measures, a general conclusion can be made that MRFA, Minres and DS
estimate population loadings more accurately than do DC and MLFA. The average
results of Minres and DS were always very similar, but DS tended to be slightly less
accurate than Minres. In both experiments, the MRFA solutions had the largest
average CC. MRFA therefore produces factors whose interpretations are (on
average) the most similar to the population factors. On the other hand, the Minres
solutions had the lowest average c2 in both experiments, indicating a tendency of
Minres to produce large deviations less often than MRFA. The results for MAD
seem a bit inconsistent, since in Experiment 1 MRFA was on average more accurate
than Minres, while Minres was better in Experiment 2. This apparent inconsistency
can probably be attributed to a relatively larger bias of the absolute loadings of
MRFA in Experiment 2 than in Experiment 1. Therefore, in Experiment 2 MRFA
produced loadings, which had too large absolute values, although still highly
proportional to the population loadings. This bias resulted in the fact that the Minres
loadings were closer to the population loadings despite their slightly lower
congruence compared to the MRFA loadings. We can not provide a definite
explanation of the higher MRFA bias in Experiment 2, but we may speculate that it
is a similar phenomenon that was noted for the average communality and UCV:
when the population minimum rank is unnaturally low (i.e. below the Ledermann
bound), the MRFA estimates of the common variance are strongly biased.
Unfortunately, the sources of the bias of ECV, as reflected in the bias of loadings,
are less clear than for the bias of UCV, which was discussed in section 8.1.2.1.

We have already noted that DC and MLFA generally performed worse than the
remaining three methods. It seems that in conditions of low population minimum
rank (and consequently good model fit), DC is less sensitive to the sampling error
than the other three methods. Despite this, DC should in our view be proclaimed the
least effective method in our comparison. In Experiment 2, for instance, DC in most
cases produced notably less accurate results even when the remaining four methods
were almost levelled.

The results from Experiment 2 also showed that MRFA, Minres, DS and MLFA
are practically equally accurate if the average population communality is high or if
sample size is large. None of these findings is surprising. If the population fit is
perfect, by increasing sample size the solutions by various methods converge to the
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population solution and thus to each other. Furthermore, if the average communality
approaches 1, all solutions will converge to the principal components solution. The
reason why this convergence was more notable in Experiment 2 than in Experiment
1 should be found in the fact that in Experiment 1 population covariance matrices
had high minimum rank, therefore the population fit was only approximate.

Finally, we should note that the methods did not differ substantially in their
empirical standard errors of the accuracy measures.

8.1.3.3. What makes the estimates of loadings more or less accurate?

Among the factors, which can be at least partially controlled by the researcher,
sample size and the average communality notably affected the accuracy of the
estimates of factor loadings in both experiments. The mechanism of the sample size
effect is obvious and needs no particular discussion. On the other hand, the impact
of the average communality and its interaction with sample size is less trivial. It can
probably be best understood within the framework of the factor scores sampling,
described in Chapter 1. To briefly repeat the main idea: because of the sampling
error, common and unique factors are correlated in samples, and the factor model
can not fit the sample data perfectly. The degree of the inaccuracy depends on the
size of the covariances between the common and the unique factors, which
themselves depend both on the size of the unique variances and the correlations
between the common factors and the unique factors, the latter depending on the
sample size. The effects of sample size, average communality and their interactions
can be predicted from this framework, which all emerged in our results.

It is tempting to ask which of these factors has the largest influence on the
accuracy. In Experiment 2, we computed the effect sizes for various factors, but one
has to bear in mind that these values depend on the chosen range of the independent
variables. Nevertheless, in the range we used the sample size effect was the largest
and it was followed by the effect of the average communality and their interaction.
Additionally, minimum rank also had a notable effect on CC; as expected, the four
factor solutions were less congruent to the population solution than the two factor
solutions. The overdetermination of factors (i.e. the r/p ratio, which equalled the
mr/p ratio in Experiment 2) thus appears to influence CC more than MAD and c2,
although the differences between both mr conditions were notable on the latter two
measures as well.

Another correlate of the accuracy of the estimation of loadings was the presence
of a weak Heywood case in the solution. This factor is especially interesting because
it does not affect all methods to the same extent. Specifically, in the presence of a
weak Heywood case the accuracy of the MLFA solutions suffers more than the
accuracy of MRFA or Minres. Many contemporary approaches used for dealing with
WHSs in MLFA (e.g. as implemented in the SPSS package) are still based on fixing
the communality of the Heywood variable and continuing iterations with the
remaining variables. This principle appears not to be optimal. Unfortunately, in
MLFA it is not possible to implement a built-in procedure of a WHS prevention, as
is the case of MRFA, or a variable-wise constrained Procrustes procedure, which
can be used in Minres. Development of better procedures to deal with Heywood



124                                                                                                                       Chapter 8

cases, like the Bayes or “ridge” estimation (Bartholomew & Knott, 1999) should
therefore receive more attention of the researchers of MLFA. Finally, we note that in
our results even an elimination of WHSs would not make MLFA more accurate than
MRFA and Minres, but it would certainly reduce the differences among them.

8.1.3.4. Comparison to the previous studies

We do not know of any study comparing MRFA and other factor analytic
procedures, but there are several published studies comparing MLFA and Minres or
some other least-squares procedure. The most comprehensive among them might
still be Browne (1968). Browne’s results seem to contradict ours, as he found MLFA
superior to all other methods including Thomson’s iterated principal axes (IPA)
method. However, despite being based on the same objective function, the IPA
method can be expected to be inferior to Minres whenever a Heywood case appears.
If a Heywood case occurs during the principal-axis procedure, one can only stop
iterating prematurely, which is also what Browne did. Since the proportion of the
Heywood solutions was not trivial (7 out of 20 for Thomson’s method), the
premature ends might have reduced the accuracy of the least-squares solutions
notably. It is also worth noting that Browne did not use the congruence coefficient,
on which MLFA performed worse than on MAD or c2 in our study (especially in
Experiment 2).

Browne (1968) mentioned the possibility that the range of the communalities
might be a relevant variable in comparison between MLFA and Minres, because
MLFA uses a uniqueness-weighted covariance matrix as the starting point. Despite
this, Browne did not explicitly demonstrate this effect. Anyhow, in our Experiment
1 the performance of MLFA was not better relative to MRFA in data sets with a
larger range (or variance, respectively) of communalities of the variables. Further,
the studies of MacCallum et al. (1999) and MacCallum et al. (2001), which both
employed MLFA, found that the performance of MLFA in the condition with a wide
range of communalities was somewhere in between the performance in the high
communality condition and in the low communality condition, which means that the
average communality is relevant rather than the range. Therefore we did not include
a wide communality condition in Experiment 2; further, it appears that the relatively
narrow range of communalities in Experiment 2 did not harm the performance of
MLFA, as it was generally somewhat better than in Experiment 1.

Manners and Brush (1979) partly replicated Browne’s (1968) study and included,
among others, the Minres procedure. They replicated Browne’s finding concerning a
slight superiority of MLFA over IPA and they additionally found Minres performing
far worse than both MLFA and IPA. This finding is quite surprising, as one should
expect Minres to perform at least as well as IPA. The authors attribute this anomaly
to the method of dealing with Heywood cases, but unfortunately, it is not perfectly
clear which procedure they used.

On the other hand, Knol and Berger (1991) in their comparison used procedures
comparable to ours. So are their results: they used a measure similar to c2 (only with
an orthogonal rotation involved) and concluded that the Minres estimates were
generally more accurate than the MLFA estimates. It has to be noted that Knol and
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Berger analysed matrices of tetrachoric correlations, so their comparison alone
would be difficult to generalise.

The conclusions by Briggs and MacCallum (2003), who found the ordinary least
squares factor analysis (OLSFA) superior to MLFA with regard to the recovery of
weak factors (that is, factors with relatively small loadings) are very much in line
with our results. The fact that they found larger differences between OLSFA and
MLFA is probably due to the fact that they concentrated on weak common factors.
We should also note that small loadings roughly correspond to low communality,
which increased the difference between MLFA and Minres in our study.

Taken together with results from the last two studies, the conclusion about a
slight superiority of Minres over MLFA therefore appears quite reliable.

With regard to the impact of sample size, average communality and their
interaction, our conclusions are very similar to those of MacCallum et al. (1999) and
MacCallum et al. (2001). These authors found overdetermination more influential
than we did, but on the other hand their range of conditions was somewhat larger
than in our Experiment 2.

8.1.4. Communalities and weak Heywood solutions (WHSs)

With regard to the communality estimation, the following questions were of major
interest:

1. How accurately do various methods estimate the overall percentage of common
variance (CV%)?

2. How accurately do various methods estimate the relative sizes of
communalities?

3. How often do various methods produce weak Heywood solutions?

It should be noted again that both experiments were conceptually different with
regard to the first two questions. In Experiment 1, the population communalities
were not known because of a high minimum rank in the population. The methods
were therefore compared to their own population solution. On the other hand, in
Experiment 2 the population communalities could be uniquely determined. Despite
this difference, both experiments lead to very similar conclusions.

8.1.4.1. Estimation of CV%

First, we were interested in the degree of bias in estimating the average communality
across all variables. All methods produced positively biased estimates. In both
experiments, the differences among Minres, DS and MLFA were very small. Minres
and MLFA can be considered equally accurate in this respect. The bias of DC was,
relative to the other methods, much higher in Experiment 2, which can probably be
attributed to the difference in design of two experiments and to possibly biased
population solutions of DC in Experiment 1. The MRFA estimates were notably
more biased than the estimates of the other methods in both experiments, and only in
the N = 500 condition of Experiment 1 the average difference between MRFA and
the other methods was relatively small.
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As in case of loadings, sample size, the average population communality and
their interaction were important factors of the bias of CV%. It seems that MRFA is
especially sensitive to sampling error in this respect, as the average difference
between MRFA and the other methods (especially Minres, DS and MLFA) was
larger in smaller samples.

The effect of the population minimum rank in Experiment 2 was more intricate.
All methods except MRFA produced more biased estimates in the mr = 4 than in the
mr = 2 condition, while the reverse was true for MRFA. A smaller bias in the mr = 2
condition is easy to explain as a consequence of a better overdetermination of
factors. However, it is not so obvious why MRFA produced more biased estimates
in the seemingly better condition. We have already noted the sensitivity of MRFA to
a low population minimum rank: such conditions result in a larger bias of both UCV
and factor loadings, and consequently in a larger bias of CV%. Indeed, the
comparison of the average values for Experiment 1 and 2 show quite a dramatic
difference across different values of mr in case of MRFA, but not for Minres, DS or
MLFA. This effect was apparently strong enough to mask a possible bias-reducing
effect of a larger overdetermination in the mr = 2 condition.

8.1.4.2. Estimation of the relative sizes of communalities

Another aspect of the accuracy of the communality estimation is the estimation of
the relative sizes of the population communalities. Here we were not interested in
the question of whether the estimates are in general too high or too low, but whether
the variables with high sample communality estimates are the same as the variables
with high population communalities. Since we are not interested in the general level,
the correlation coefficient between sample estimates and population communalities
is an appropriate measure of this aspect of accuracy.

In general, we can conclude that Minres and DS were the most accurate methods,
but in Experiment 2, MLFA was approximately equally accurate as well. DC
produced the lowest average correlation. Relative to the other methods, DC was
relatively less accurate in larger samples. As shown in Experiment 2, large sample
size, large average population communality and small minimum rank corresponded
to larger average correlations. In contrast to the results on bias, the average
correlation for MRFA was larger in the mr = 4 condition than in the mr = 2
condition. However, the difference between both conditions was smaller for MRFA
than for any other method. A tentative explanation of this apparent contradiction is
that overdetermination might be more important for an accurate estimation of
particular communalities than for CV% as a whole.

8.1.4.3. Weak Heywood solutions

The discussion of (weak) Heywood solutions (WHSs) is of interest for the three
indirect methods (MRFA, Minres and MLFA) only. Neither DS nor DC can possibly
produce a negative unique variance; besides, DC produced no WHSs and DS
produced them much less frequently than the indirect methods.
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On average, MRFA produced WHSs the most frequently and Minres the least
frequently. As far as Minres and MLFA are concerned, this is in line with the
Browne’s (1968) finding that MLFA produced more Heywood solutions than
Thomson’s method.

Although the differences between the methods were, at least in some conditions,
quite large, there are several other factors influencing the frequency of WHSs. As
expected, the effect of sample size was the most striking. Similarly to the bias of
communality estimates, MRFA was more sensitive to sample size – the differences
between MRFA and Minres and MLFA, respectively, were larger in the N = 50 than
in the N = 500 condition.

Two other determinants of the frequency, as they emerged from Experiment 2,
were the average population communality and the population minimum rank.
Communality estimates tend to be especially unstable when both sample size and the
average communality are small: as the largest communality in the “low-
communality” condition of Experiment 2 was 0.50, a Heywood case for such a
variable means that its proportion of common variance was overestimated for 100%!

Finally we may note that our findings generally conform to the previous studies
on Heywood cases (e.g. Anderson & Gerbing, 1984, Boomsma, 1985), although
they were conducted in the context of constrained factor analysis models.

8.1.5. Reproduction of the population correlations

The results with regard to this topic were certainly not surprising. Minres produced
the smallest average RMSR with regard to the population correlations, but DS and
MLFA did not stay much behind. MRFA was somewhat less effective and DC was
notably less accurate than the other methods again.

Minres clearly had an advantage compared to the other methods, as its objective
function minimises the sum of squared residuals relative to the sample data. Despite
this, an automatic generalisation was not an a priori necessity, which was also the
reason to investigate this question at all.
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8.2. Practical recommendations

8.2.1. The choice of a factor analytic method

None of the methods emerged as clearly superior on all criteria used in our
comparison. The choice of the method should therefore be guided by the
researcher’s preferences with regard to specific aspects of the performance of a
method. We shall discuss the choice among the indirect methods first.

If the most desirable property is the accuracy of the factor loadings estimation,
then MRFA and Minres should be contemplated. If the stress is on obtaining factor
loadings with the most similar interpretation to the population loadings, MRFA
should be preferred. If any large absolute deviations from the population loadings
are to be avoided, Minres might be more appropriate.

If accurate communality estimates are the main desideratum, Minres and MLFA
will be preferred to MRFA. It has to be borne in mind, however, that the
communalities as estimated by Minres and MLFA are not proper (i.e., they imply an
indefinite reduced covariance matrix). It is also difficult to imagine a practical case
where the communalities are of primary interest. An exception might be reliability
analysis (as proposed by, e.g., Jöreskog, 1971), but in this case a more sound
technique would be the Minimum Trace Factor Analysis (Bentler & Woodward,
1980, Ten Berge, Snijders & Zegers, 1981), which includes a built-in Heywood case
protection.

If the likeliness of (weak) Heywood solutions should be minimised, Minres
would be a method of choice. When a Heywood solution emerges, it is advisable to
retain the Minres or the MRFA solution rather than the MLFA solution, since
Heywood cases affect the accuracy of the MLFA solutions more adversely than is
the case for the MRFA and the Minres solutions.

Because the differences between the three methods are small on most of the
criteria, theoretical considerations may still play an important role. MRFA might be
appealing to users who find the decomposition of the common variance into ECV
and UCV a useful diagnostic tool, and to those who are uncomfortable with
indefinite reduced covariance matrices implied by Minres and MLFA. On the other
hand, statistically oriented users who are, for instance, interested in analytic
estimates of the standard errors of factor loadings, might prefer MLFA. MLFA
would also be a method of choice if the scale-invariance received a high weight in
the researcher’s personal weighting scheme.

MRFA is at present not included in any commercial statistical package, but this is
not such a drawback as it seems: to fully exploit the theoretical advantages of
Minres or MLFA (e.g. standard errors of parameters) one also has to use specialised
programs, like CEFA (Browne, Cudeck, Tateneni & Mels, 1999).

It remains to discuss a possible use of the two direct methods, although more
research would be necessary before recommending any of them for general use.
Especially DS seems interesting, as its behaviour is very similar to Minres (although
DS tends to be just slightly less accurate on all empirical criteria). This similarity is
not surprising, as both methods are based on a least squares function and on an
equivalent set of restrictions; the difference between them is just in a different
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operationalisation of residuals. Therefore, DS might be useful as a factor scores
generating alternative to Minres.

DC appears to be much less promising, despite its theoretical attractiveness. The
constraints of DC are stronger than those of DS; actually, the constraint that unique
factors are not confounded with the “ignored” common factors makes it similar to
MRFA. In fact, the algorithm of DC is also aimed to the minimisation of UCV, but
the particular computational approach appears to be less effective that the one of
MRFA.

Finally, we should note that the computation time for both DC and DS depends
on sample size, which makes their use with large samples inconvenient (for instance,
the DC algorithm we used needs about a minute for an analysis involving ten
variables, three factors and one thousand cases on a PC). However, with the
increasing speed of personal computers, this problem can be expected to diminish.

8.2.2. Implications for the use of MRFA

In general, MRFA proved to be a useful method with a performance comparable to,
and in some cases even superior to popular methods like Minres and MLFA.
However, the quality of MRFA solutions depends on several characteristics of the
research design, and here we shall summarise the main points.

Although the MRFA results are not scale-invariant, the choice between analysis
of a covariance matrix or a correlation matrix is not at all crucial, as neither one can
be expected to produce better results than the other.

As for any quantitative analysis, sample size is a major factor of the quality of a
solution. However, no straightforward recipes can be given in this respect. The
necessary sample size first depends on which aspects of the factor solution are of
main interest. For example, if we only wished to obtain factors with approximately
the same interpretations as the population factors (which would roughly correspond
to CC > .90), even 50 observations might be sufficient. However, as can be seen
from the results on MAD, in such a case we should reckon with absolute deviations
from the population loadings in the order of 0.1. On the other hand, several hundred
observations would be needed for a relatively accurate estimation of the size of
particular communalities.

If the sample is not large, the average communality is an important variable, too:
if it is high (e.g. .7 or more), we may obtain factors with very high congruence
(>.98) even in samples of size 50. Of course, a direct control of the size of
communalities is not possible. In practice, avoiding variables with low reliability
and low correlations with other variables should be beneficial in this respect. We
would like to stress that we do not wish to encourage the use of very small samples
in (minimum rank) factor analysis: even if the expected congruence coefficient
might be high due to a high average communality, the sampling error will still be
considerable.

With regard to the UCV estimation some positive bias can be expected, although
it would be large (i.e. larger than about 5% of UCV) only in very small samples or
in an unnatural case of a low population minimum rank. Use of variables with high
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communalities and extracting enough factors should also help keeping the bias at a
low level.

A general use of Shapiro and ten Berge’s (2002) expression for the asymptotic
variance, applied on sample data, can be recommended, but its underestimation of
the true sampling variance has to be taken into account. The expression for the
asymptotic bias can be used for a bias correction if the number of extracted factors is
small. Therefore, the use of the bias correction can not be recommended in cases
when the approximate minimum rank is estimated (i.e. the number of factors needed
for explaining almost all common variance), but it may be useful in contexts like
scale construction, where we are interested in the question of how much common
variance is explained by the first common factor.

Sensitivity to low population minimum rank appears to be an idiosyncratic
property of MRFA; if the population minimum rank is below the Ledermann bound,
this results in a very high bias of UCV and CV, and in invalidity of the asymptotic
bias expressions. It is questionable, however, whether a low population minimum
rank exists “in Nature”. The answer partly depends on how one defines the
population: if a quasi-operational definition is accepted, like “the largest sample we
can imagine”, the answer has to be “no”. Further, it does not seem very likely that
the structure of psychological phenomena could be perfectly described in terms of a
linear model including just a few latent variables. In any case, this epistemological
decision has to be left to the researcher.
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8.3. Limitations of the present study and suggestions for future
work

The first limitation of our study was the choice of methods to be compared. Among
the popular methods, we used only Minres and MLFA, but not IPFA, Alpha FA or
GLSFA, for instance. The main reason for such a constrained range was that the
goal of our study was to investigate empirical properties of MRFA rather than to
perform a comprehensive comparison of all possible factor analytic procedures.
From that viewpoint it seemed sufficient to choose two theoretically sound and
widely used methods, each based on a different rationale. Within the least squares
framework IPFA is perhaps more widely used than Minres, but we have chosen
Minres because of its conceptual superiority with regard to prevention of Heywood
cases.

The statistical analysis could also be a target of objection. Our data were
certainly not the ideal data to perform ANOVA, as the distributions were typically
skewed. However, it may be hoped that this did not have a too detrimental effect on
results, as ANOVA is reasonably robust in this respect, and besides the shapes of the
distributions were very similar. In the worst case, a sceptical reader can still ignore
statistical inference and look only at the mean values alone (which is in fact the
approach adopted by most comparisons of the methods we have cited) and do not
consider the confidence intervals to be very precise.

Finally, it should be admitted that the range of the possible conditions was
limited. We deliberately limited our range of sample sizes to small and medium
sized samples; partly because we believe that such samples are the most frequent in
practice and partly because the influence of sampling error may be expected to be
relatively small in samples of size 1000 or more. Besides, large sample conditions
are of less interest because there is asymptotic theory available for the maximum
likelihood estimation.

In the first experiment, only sample size was directly manipulated. This made the
investigation of the role of other factors (like the average population communality)
somewhat cumbersome. However, our motivation for performing Experiment 1 was
primarily in the investigation of a wide range of close-to-real data, which would
hopefully be more valid with respect to psychological practice than the artificial
data. The relation between both experiments thus resembles the distinction between
the field and the laboratory research in behavioural sciences.

In the course of the research, some suggestions for future research emerged,
which are beyond the scope of this study. First, further research of the properties of
the Minimum Trace Factor Analysis and the Greatest Lower Bound to Reliability,
respectively, would be beneficial for the understanding of the behaviour of MRFA.
If the mechanisms producing a positive bias of the MTFA communalities are
clarified, that will be particularly useful in the context of dealing with the bias in
MRFA estimates. Second, as the main theoretical drawback of MRFA relative to
MLFA is the absence of analytic standard error estimates for factor loadings, a
development of such procedures would increase the practical usefulness and
competitiveness of MRFA. However, because of the possibility of the bootstrap
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estimation and the increasing speed of computer processors (which makes the
bootstrap estimation less time-consuming), this drawback might be more
theoretically than practically relevant. Conversely, the accuracy of MLFA would
benefit from development and implementation of new procedures for Heywood case
prevention. Finally, we would like to encourage researchers to use MAD more often
as a measure of accuracy, as it is both conceptually simple and empirically well
behaved.


