
7. Estimation of the unexplained common variance

This chapter deals with the estimation of the unexplained portion of the common
variance. This problem is specific for MRFA, because the other methods under
investigation are based on models that do not attempt to distinguish between the
explained common variance and the total common variance. The main questions we
deal with in the following two sections are:

1. Which are the determinants of the accuracy of the estimates of the unexplained
common variance proportion, that is, the ratio of the unexplained common
variance to the total common variance (UCV/CV)? Both the bias and the
variability aspect shall be reviewed (sections 7.1.1 and 7.1.2)

2. To what extent and in which conditions are the asymptotic formulas by Shapiro
and ten Berge (2002) useful if applied to sample data? This topic shall be
discussed in section 7.2.

The answers will be based on the two simulation studies described in Chapter 2.

7.1. Accuracy of the UCV estimation

As already noted in Chapter 1, Shapiro and ten Berge (2002) have shown that the
estimates of UCV are generally biased. They also presented analytical expressions
for the asymptotic bias and the asymptotic standard error of UCV. This section
attempts to supplement their theoretical results by identifying main empirical
determinants of the bias of the proportion of UCV and evaluating the typical size of
the bias and the corresponding standard error for various conditions. Since the
results based on standardised and nonstandardised data differ very little, as we have
shown in chapter 3, we shall limit our discussion to results based on standardised
data.

7.1.1. The difference between the population value and sample estimates
of UCV/CV

Unfortunately, Shapiro and ten Berge’s theoretical developments explain the
asymptotic behaviour of the bias of UCV only. Therefore, the bias of the proportion
of UCV (we shall denote this ratio by UCV/CV), which is from the practical
viewpoint more interesting than the size of UCV itself, has to be investigated
empirically.

7.1.1.1. Experiment 1: the empirical bias of UCV/CV

In line with the empirical results from Shapiro and ten Berge (2002), the bias of
UCV was generally positive: it was negative in only 6 out of 72 simulations. The
bias of UCV/CV ranged between 0.12 and –0.03, with an average of 0.028 and SD
of 0.028. In further analyses, the 72 bias values were aggregated within the 15 data
sets to ensure the independence of observations and enable the use of inferential
statistics.
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With regard to Shapiro and ten Berge’s results (see their Eq. 45), sample size is
an obvious candidate for a bias determinant. Figure 7.1 confirms this hypothesis: in
samples of size 500 the bias was on average less than 1% of the common variance,
whereas its average value was 4% in the N = 50 condition. The effect size (η2) was
.64.

Shapiro and ten Berge (p. 90) also showed that the asymptotic bias of UCV is
zero in case of perfect fit, i.e. when the number of extracted factors is equal to the
minimum rank. Because the number of extracted factors is in practice always at or
below the Ledermann bound and the minimum rank is, on the contrary, always at or
above the Ledermann bound, one could predict that the bias should decrease if the
number of factors was larger, i.e., closer to the minimum rank. To test this
hypothesis, we computed the correlation between the bias of UCV/CV, averaged
over the three sample size conditions, and the r/mr ratio, i.e., the number of factors
relative to the population minimum rank.

Figure 7.1. 95% within-subject confidence intervals for the bias of UCV/CV.

Figure 7.2 presents the scatter-plot with a regression line for these data. The
correlation coefficient was –.62 (with 95% confidence limits –.86 and –.16), so it
seems safe to conclude that somewhat smaller bias can be expected when the r/mr
ratio is larger.

Another variable which proved to be related to the bias of UCV/CV was the
average population communality. Figure 7.3 portrays the situation: the correlation
was negative again and slightly smaller than for r/mr (r =  –.57 with 95% confidence
limits –.84 and –.08). The situation is not optimally clear due to small variability of
the average communality levels in the data sets used.
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Figure 7.2. The relation between r/mr and UCV/CV.

 Figure 7.3. The relation between the average population communality and
UCV/CV.
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7.1.1.2. Experiment 2: MAD values for UCV/CV

In the second experiment the units of analysis were the values obtained from each of
the 4000 samples rather than the averages. Strictly speaking, we are therefore not
dealing with bias in this section. Since the population minimum rank was low, it
made sense to set the number of extracted factors equal to the population minimum
rank. As a consequence, the population UCV was zero, which makes the bias (the
average difference between sample estimates and the population value) in each
condition equivalent to the mean absolute difference (MAD) between sample
estimates and the population value of UCV.

The analysis of variance showed a strong impact of all three factors – minimum
rank (mr), average communality (CV%) and sample size (N) on the MAD of
UCV/CV. All three factors also interacted with each other, but the interactions
explained much less variance than the main effects. Note that the r/mr ratio was 1
throughout Experiment 2.

Table 7.1. Effect sizes for factors of MAD of UCV/CV

Effect η2

mr .700
CV% .878
N .841
mr × CV% .303
mr × N .251
CV% × N .358
mr × CV% × N .038

Note. p<.001 for all effects.

The pattern of relationships can be seen in Figure 7.4. A 95% (between-subjects)
confidence interval is drawn at each point, but due to high power most confidence
intervals are visible only as thick lines. In general, MAD is much larger than the bias
in Experiment 1 where the data sets had high population minimum rank. Note that a
large MAD despite perfect fit does not contradict the results of Shapiro and ten
Berge (2002), because their theory is not applicable to the situations with low
population minimum rank. From Figure 7.4 we can further conclude that MAD is
smaller in conditions with a larger sample size, a larger population minimum rank or
a larger average communality, respectively. The interaction effects are slight: the
effect of the minimum rank or the average communality, respectively, decreases
with increasing sample size. The effect of minimum rank is also smaller if the
average population communality is larger. In general, these results confirm
FRQFOXVLRQV E\ 6RþDQ DQG WHQ %HUJH ������� ZKR IRXQG VLPLODU HIIHFWV RI WKH ORZ

minimum rank and sample size.
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Figure 7.4. The relationship between MAD of UCV/CV and minimum rank, average
communality and sample size, respectively.
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7.1.2. Sampling variability of UCV/CV

Apart from the bias, defined as average deviation from the population value, the
standard error is another important measure of the accuracy of the estimation. In our
case, the standard error was empirically defined as the standard deviation of 500
sample UCV/CV ratios within each of the 8 combinations of conditions and was
denoted by SD(UCV/CV).

7.1.2.1. Experiment 1

The empirical standard error estimates for the 72 simulations ranged between 0.004
and 0.060, with an average of 0.024 and SD 0.013. In the next step we tried to
identify variables which might influence the size of SD(UCV/CV). As before, the
data were aggregated within data sets to enable use of inferential statistics.

Sample size was again the most obvious potentially influential variable. Figure
7.5 depicts the relationship between sample size and SD(UCV/CV). It is clear that
the number of observations strongly determines the sampling variability of
UCV/CV: whereas in samples consisting of several hundred observations the
sampling error might have just a minor influence on results, the results from
different samples are likely to differ for several percent points if the sample size is
100 or less. The effect size (η2) was .85.

Figure 7.5. 95% within-subject confidence intervals for SD(UCV/CV) at various
sample sizes.
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Figure 7.6. The relation between the average population communality and
SD(UCV/CV).

In contrast to the bias, the r/mr ratio did not show a large impact on
SD(UCV/CV): the correlation between SD(UCV/CV), averaged over the three
sample size conditions, and r/mr was only –.28. Closeness to the exact fit does
therefore appear not to influence the standard error, at least not substantially. The
population percentage of common variance (CV%), however, was rather strongly
related to SD(UCV/CV), although less than sample size (the correlation was –.73,
with 95% confidence limits –.90 and –.34). Larger average communality in
population is thus related to a smaller standard error of UCV/CV. Figure 7.6
presents a scatter-plot portraying this relationship.

7.1.2.2. Experiment 2

As there were only 8 combinations of conditions in the second experiment (and
consequently 8 values of SD(UCV/CV)), it was neither possible nor sensible to
perform inferential analyses. Nevertheless, it is interesting to inspect the results,
presented in Figure 7.7. Both sample size and the average communality affected the
sampling variability in a similar way as in Experiment 1. Low population minimum
rank does not seem to inflate standard errors as dramatically as it inflates bias: in
fact, the values of SD(UCV/CV) were even slightly lower than the averages from
Experiment 1 (note that the overall average communality in Experiment 1 was .67,
which is close to the “high communality” condition in Experiment 2, and that the
r/mr ratio was 1 throughout Experiment 2). The impact of minimum rank was the
most notable in small samples in low-communality condition, but in all four cases
the standard error was smaller under the four-factor than under the two-factor model.
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Figure 7.7. The relation between SD(UCV/CV) and minimum rank, sample size and
average communality.
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7.2. Asymptotic estimates of bias in samples

In this section we deal with the question of how useful are Shapiro and ten Berge’s
(2002) formulas for asymptotic bias and variance of UCV, when applied to sample
results. We are going to discuss the results of Experiment 1 only, because the
population data for Experiment 2 do not conform to the assumption of a high
minimum rank made by Shapiro and ten Berge.

The asymptotic formulas estimate bias and variance of UCV rather than a
proportion of UCV within the common or the total variance. Here lies a potential
source of a spuriously high agreement between empirical bias and its asymptotic
estimates: the two could have similar average values over simulations partly due to
differences among the sizes of total variances of the analysed variables. To avoid
this, we divided the obtained values of empirical and asymptotic bias and standard
error of UCV by the population total variance (i.e. the sum of the variances of the
variables).

We discuss the estimation of bias first. Figure 7.8 portrays the values of the
average estimated bias and the empirical bias for each of the 72 simulations. The
relationship is clearly positive, although far from perfect. It can also be seen that the
relationship is not the same for all sample size groups. This becomes clearer as we
inspect the regression parameters for each group, presented in Table 7.2.

In all sample size conditions the asymptotic estimate overestimated the empirical
bias on average, as can be concluded from the values of slopes (b), but as the sample
size increased, both the correlation and the slope coefficient got closer to 1. In the N
= 500 condition, the correlation was close to perfect, but the absolute value of the
asymptotic estimate still overestimated the empirical bias by a nontrivial amount
(the value of the slope parameter b was still only .80). In small samples the intercept
(a) additionally tended to depart from zero, so a zero asymptotic estimate actually
corresponded to a negative empirical bias. It seems therefore that a sample of several
hundred observations is needed for at least a roughly accurate bias estimate.

Table 7.2. Regression of the empirical bias on average asymptotic estimate in
various sample size groups

Sample size a b r
50 -0.007 0.40 .85
100 -0.003 0.56 .94
500 0.000 0.80 .97

Total 0.000 0.36 .80

Note. a: regression intercept; b: regression slope; r: correlation coefficient.
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Figure 7.8. The relationship between the sample-based asymptotic estimate of bias
and the empirical bias of UCV.

Note. The full line is the regression line for the prediction of the empirical bias; the
dotted line is a straight line with slope 1 and intercept 0.

Now we turn to the estimation of the standard error of UCV (denoted by
SD(UCV)). Figure 7.9 presents the scatter-plot for the estimated and the empirical
standard errors for all 72 simulations and Table 7.3 presents the regression
parameters for the sample size groups. It can be seen from Figure 7.9 that the
approximation is closer than for the bias. Contrary to the bias, the asymptotic
estimates of SD(UCV) underestimate the empirical values. However, this
underestimation is less serious than the overestimation in case of bias: as the slope
coefficients show, even in the N = 50 and N = 100 conditions, the asymptotic
estimate of SD(UCV) overestimated the empirical SD(UCV) only by about 25% on
average, and in the N = 500 condition the degree of overestimation reduced to
approximately 11%. Therefore, the asymptotic formulas provide a satisfactory
estimate of the standard error of UCV even if the sample size is small. As in case of
bias we can observe the tendency of the intercept approaching 0 and the slope and
the correlation, respectively, approaching 1 as the sample size increases.
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Figure 7.9. The relationship between the sample-based asymptotic estimate of
standard error and the empirical standard error of UCV.

Note. The full line is the regression line for the prediction of the empirical SE; the
dotted line is a straight line with slope 1 and intercept 0.

Table 7.3. Regression of the empirical SD(UCV) on average asymptotic estimate of
SD(UCV) in various sample size groups

Sample size a b r
50 0.007 1.24 .93
100 0.004 1.25 .95
500 0.002 1.11 .96

Total 0.001 1.42 .96

Note. a: regression intercept; b: regression slope; r: correlation coefficient.

After we have seen that the asymptotic bias estimates are on average close to the
empirical bias values, we can ask whether a bias correction could be based on these
estimates. Specifically, are the corrected UCV values on average closer to the
population value than the uncorrected values of UCV? To answer this question, the
following difference measure was computed for each simulation:
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where UCV is the population value of the unexplained common variance, MAD is
the mean absolute difference between the sample UCV values and the population
UCV value, and MADc is the mean absolute difference between the corrected sample
UCV values and the population UCV value. Corrected sample UCV values were
computed by subtracting the sample estimate of bias from the sample estimate of
UCV. DUCV is therefore positive when the corrected values of UCV have smaller
mean absolute deviation from the population value than the uncorrected values of
UCV. The difference between both MAD values is divided by the population UCV
to make possible the comparison across data sets. Another possible standardisation
would employ the total variance instead of UCV, but the results would change very
little so we do not report them.

DUCV was computed for each of the 72 simulations. In 47 simulations (out of 72)
DUCV was negative, hence the uncorrected values were actually more accurate than
the corrected ones, but in the remaining 25 simulations DUCV was positive. At this
point, a question arises of whether we can discriminate cases where the correction is
successful from the cases where it fails. One can expect that the possible
discriminating variables would be the ones which are important in the estimation of
the asymptotic bias of UCV, for instance the number of factors, minimum rank or
sample size. The variable which discriminated simulations with positive DUCV  from
those with negative DUCV most efficiently was r/mr. Figure 7.10 presents the scatter-
plot for these two variables. When the r/mr ratio was smaller than about .38, the
corrected values were in general more efficient than the uncorrected ones and vice
versa. With this value as the threshold value, 58 out of 72 simulations were correctly
classified. Further, no misclassification was serious – even the positive values of
DUCV above the threshold and the negative values below the threshold, respectively,
were very close to zero.

It might seem strange that r/mr was discriminating better than sample size. As we
can see in Figure 7.11, sample size also influences DUCV. First, in small samples the
variability of DUCV  across simulations was larger than in the N = 500 condition.
Second, as the sample size grows larger, DUCV  on average approaches zero, both in
the high-mr and in the low-mr data sets. It is noteworthy that the bias correction is
more accurate in small rather than large samples, as the bias estimates are based on
the assumption that the population covariance matrix is used. Table 7.4, presenting
the MAD values for the uncorrected and the corrected UCV values rather than their
difference, may provide a clarification. As the sample size decreases, both
uncorrected and corrected UCV estimates become less and less accurate; the
difference between the low-mr and the high-mr condition is that in the former
condition the corrected estimates are less inaccurate than the uncorrected ones, while
in the high-mr condition the uncorrected values are less inaccurate.
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Figure 7.10. The relation between r/mr and DUCV.

Figure 7.11. Boxplots for DUCV in various sample sizes.
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Table 7.4. MAD values for uncorrected and corrected sample estimates of UCV

Low r/mr High r/mr
Uncorrected Corrected Uncorrected Corrected

N = 50 0.74 0.67 1.06 1.78
N = 100 0.49 0.42 0.73 1.13
N = 500 0.16 0.15 0.27 0.36

Additionally, we computed a correlation coefficient between the sample-based
asymptotic bias estimate and the actual sample deviation from the population value
across all 500 samples within each population. The 72 obtained correlation
coefficients ranged between –.56 and .04 with a mean –.28. The fact that the
asymptotic bias estimates are in general slightly negatively correlated with the
empirical sample deviations means that the bias correction would make those sample
UCV values which happen to be too small even smaller and vice versa. At first, this
may come as a surprise, considering the positive correlation between the averages.
However, the bias and a sample deviation are not one and the same thing: the
asymptotic formulas are simply not designed to estimate the deviation of a particular
sample from the population but they rather estimate how much will the average of
the sample values deviate from the population value. The negative correlation makes
the standard error of the sample bias estimates and consequently the corrected
sample UCV values larger, because it makes the small UCV values even smaller and
the large UCV values even larger. Still, we have seen that in certain conditions this
increase is small enough to enable a sample bias correction.

                        


