
6. Reproduction of correlations

One possible description of the objective of factor analysis is that it attempts to
identify latent causes of correlations between the observed variables. A well-fitting
factor analysis solution should therefore make possible to reproduce correlations
between the observables accurately. The classical measure of accuracy in
reproduction of correlations is the root-mean-square residual (RMSR):
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where fik denotes the loading of the i-th variable on the k-th factor.

In the context of simulations, we can distinguish two sorts of RMSR. The first
one is computed by fitting the sample correlations. Of course, the factor analytic
methods are not in the same starting position here: since the objective function of
Minres is equivalent to this kind of RMSR, we know in advance that Minres would
perform best. The comparison of the methods on this kind of RMSR would only tell
us how successful a certain method is as an approximation of Minres. We do not
find this question very interesting and therefore we are not dealing with this type of
RMSR.

The second way of computing RMSR involves fitting the population correlations.
We may intuitively still expect the superiority of Minres, at least asymptotically, but
in small samples it is not an a priori necessity. We are only going to review this kind
of RMSR. Our research question shall therefore be: how accurately do various
methods reproduce the population correlations in the least squares sense (i.e. as
measured by RMSR) by using sample factor solutions, possibly in samples of
different sizes? This will be answered on the basis of the results from the two
simulation studies described in Chapter 2.

6.1. Average RMSR

6.1.1. Experiment 1

As in previous chapters, we analysed the simulations’ means: we averaged the 500
RMSRs based on sample solutions within each of the 72 simulations. Before
performing inferential analyses like ANOVA, we aggregated the simulation means
within each of the 15 data sets to eliminate the dependence of simulations within a
single data set.

We begin by reviewing some descriptive statistics for the average RMSR
produced by different methods. Table 6.1 and Figure 6.1 present a general
description of the results of all simulations. As expected, Minres on average
produced the lowest average RMSR, but results of DS were only slightly higher. DS
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was followed with somewhat larger distance by MLFA, MRFA and DC. The
variability of average RMSR’s across simulations was similar for most methods
except DC with a slightly smaller variation (especially if expressed by the
interquartile range). The average MRFA results based on standardised and
nonstandardised data were again practically indistinguishable.

Table 6.1. Descriptive statistics for the average RMSR

Mean SD Min. Max.
MRFA-Cov .096 .035 .031 .175
MRFA-Corr .096 .035 .031 .175
Minres .089 .033 .029 .157
DS .090 .033 .029 .159
DC .107 .032 .043 .179
MLFA .092 .035 .030 .169

Figure 6.1. Box-plots for the average RMSR for different methods.
Note. The box represents the interquartile range, the whiskers are lines that extend
from the box to the highest and lowest values, and the line across the box indicates
the median.
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Table 6.2. Ranks of various methods by average RMSR

MRFA Minres DS DC MLFA
Mean rank (all) 3.83 1.10 2.04 4.97 3.06
Mean rank (agg.) 3.86 1.08 2.02 4.98 3.06

1 65 7
Rank 2 1 7 56 8
frequency 3 10 8 54

4 61 1 2 8
5 70 2

Note. Empty cells correspond to the frequency of zero.

For each of the 72 simulations, we also ranked the methods (only the results
based on standardised data were included for MRFA). The frequencies of ranks, as
well as the mean ranks and the mean ranks aggregated within the 15 data sets are
presented in Table 6.2. As in the previous chapters, by aggregation we mean
summing the results within a single data set first.

 As the frequencies of ranks show us, the ordering of the methods was quite
similar across simulations. In each simulation, either Minres or (much less
frequently) DS produced the smallest average RMSR. On the other hand, there were
only 2 simulations where DC did not produce the largest average RMSR. MLFA and
MRFA typically occupied the third and the fourth place, respectively. Not
surprisingly, the ordering of the methods by the mean rank is the same as the
ordering by means (see Table 6.1) or medians (See Figure 6.1).

Figure 6.2. The 95% CIs for the average RMSR for various methods and sample
sizes.
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Figure 6.2 presents within-subject confidence intervals for the mean RMSR for
each method within each sample size. Results were aggregated within data sets to
ensure independence of observations. Only the confidence intervals connected by a
line should be mutually compared. Essentially the same pattern can be observed at
all three sample sizes. The most notable difference is that DC appears to gain
slightly less accuracy from increasing the sample size. Concerning the ordering of
means, it can be concluded that Minres and DS produce smaller average RMSR’s
than MRFA, which is in turn more efficient than DS. The conclusions regarding
MLFA can not be so clear, but it seems it can be positioned between Minres and
MRFA. The average difference between the MRFA results on standardised and
nonstandardised data was again near zero.

Finally we present the confidence intervals for the average MRFA RMSRs at
different sample sizes (Figure 6.3), designed for the comparison across various
sample sizes. The differences between means at various sample sizes are clearly
distinct (η2 = .95). Note that it is not sensible to interpret the absolute sizes of these
means because of the absence of perfect fit in the population.

Figure 6.3. The 95% CIs for the average RMSR for MRFA at various sample sizes.

6.1.2. Experiment 2

When analysing the results of Experiment 2, the unit of analysis was the individual
RMSR value from a particular sample and so we had 500 samples × 2 sample sizes ×
2 minimum rank values × 2 average communality levels × 5 methods = 20000
observations. The number of variables was 12.

Table 6.3 presents descriptive statistics for all observations. Minres and DS
produced the smallest average RMSR and were very closely followed by MLFA. On
the other hand, DC produced the largest average RMSR. This pattern is also repeated
in the minimum and maximum values.
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Table 6.3. Descriptive statistics for the average RMSR

Mean SD Min. Max.
MRFA .083 .049 .012 .249
Minres .079 .046 .011 .246
DS .079 .046 .010 .246
DC .093 .046 .020 .252
MLFA .080 .047 .011 .246

For each of the 4000 sample matrices, we ranked the methods according to
RMSR. Table 6.4 presents percentages of ranks from one to five and the mean rank
for each method. It is interesting to see that Minres produced the smallest RMSR
with regard to the population correlations in 54% of samples only, despite the fact
that it always produces the smallest RMSR with regard to the sample correlations.
Still, Minres clearly had the smallest mean rank. MLFA and DS were following
Minres, and DC again emerged as the least effective method in this respect.

Table 6.4. Ranks of various methods by average RMSR

MRFA Minres DS DC MLFA
Mean rank 3.6 1.8 2.4 4.8 2.4

1 10 54 4 3 30
Rank 2 4 17 60 2 17
percentage 3 4 22 33 1 40

4 81 5 3 3 8
5 2 2 0 92 5

In the next step we checked to what extent we can generalise these differences
among the methods. We performed a repeated-measures ANOVA and constructed
95% confidence intervals, which are presented in Figure 6.4. In ANOVA, the
methods were used as a repeated measures factor, because each sample matrix was
analysed by all five methods. All methods were applied on correlation matrices.
Note that the confidence intervals are – due to high power – visible as somewhat
thicker lines. No pair of intervals overlap: Minres can thus be inferred to produce the
smallest values of RMSR and is followed by DS, MLFA, MRFA and DC. For
practical purposes, however, the performance of Minres, DS and MLFA can be
considered equivalent. The effect of sample size was again clearly visible. There is
also a slight interaction effect notable with regard to MRFA and DC: MRFA seems
to be relatively (to other methods) less effective in the N = 50 condition, whereas the
opposite holds for DC.
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Figure 6.4. The 95% CIs for the average RMSR for various methods and the two
sample sizes.

We can conclude that Minres is, as expected, the most effective method for
reproduction of the population correlations, but at the same time MLFA and
especially DS perform virtually equally well. On the other hand, DC is clearly the
least effective.
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6.2. Across-samples variability of RMSR

We shall now turn to the issue of variability of RMSR computed on samples from
the same population. Within each simulation, we computed the standard deviation of
the 500 sample RMSRs. Only the results of Experiment 1 are presented. Table 6.5
presents some descriptive statistics. The differences between the methods are much
smaller than in case of means: MRFA, Minres and DS are on a practically equal
level, and only DC and MLFA produced somewhat higher average standard
deviations.

Table 6.5. Descriptive statistics for the within-simulation SD(RMSR)

Mean SD Min. Max.
MRFA-Cov .016 .008 .004 .041
MRFA-Corr .016 .008 .004 .041
Minres .016 .009 .002 .042
DS .016 .009 .003 .042
DC .017 .008 .005 .040
MLFA .018 .010 .003 .046

However, the ANOVA results, which are not reported here, show that the
differences among the methods are small with regard to the sampling variability and
no interesting generalisations can be made to the population level. Even at the
descriptive level, the across-samples variability does not have an embarrassingly
high value (compared to the mean RMSR) for any of the methods.


