
5. Communality estimation

In this chapter, we shall use the two simulation studies described in Chapter 2 to
answer the following questions:

1. How accurately do various methods estimate the population communalities? This
question concerns both bias and across-sample variability; we discuss it in
section 5.1.

2. What is the proportion of weak Heywood cases in the solutions by various
methods and in what conditions do Heywood cases most often arise (section
5.2)?

3. To what extent do the MRFA communality estimates depend on the number of
factors (section 5.3)?

5.1. Accuracy of the communality estimation

The following three complementary aspects of accuracy can be distinguished:

1. the signed difference between the (average) sample estimate and the population
proportion of the common variance;

2. correlation between the sample values and the population values of
communalities of particular variables. We used the correlation coefficient rather
than MAD, because its value is not sensitive to an additive constant and thus
shows a clearer picture of the accuracy of the estimation of relative sizes of
communalities than MAD does;

3. across-samples (within simulation) variability, that is, the empirical standard
error of the common variance estimate.

5.1.1. The difference between the sample estimate and the population
proportion of the common variance

Two types of this difference can be distinguished: with regard to the population
solution by the method under investigation and with regard to the true population
communalities. In the context of comparing methods, the second type of the
difference is more interesting. The problem is, however, that an objective
determination of population communalities is possible only if the population
minimum rank is low, which is an unnatural condition. To resolve this, we shall
review both types: the simulations in Experiment 1 were based on population
covariance matrices with a high minimum rank, and its results show the size of the
difference with regard to each method’s population solution. On the other hand, the
population matrices in Experiment 2 had low minimum rank, which enables us to
determine the difference with regard to the true population communalities. We
analysed average communality estimates over variables, thus the estimated
proportion of common variance (CV) in each data set.
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5.1.1.1. Experiment 1

In this experiment, the sample solutions were compared to a different population
solution for each method, this solution being the solution for the population data,
obtained by that particular method. We therefore assessed the accuracy of the
estimation of a method’s own population solution rather than the accuracy of the
estimation of the true communalities, independent from the estimation method.

A unit of analysis in Experiment 1 was the average difference within each of the
72 simulations: the difference can therefore be considered a bias value. Specifically,
for each simulation an estimate of bias was computed as the difference between the
average communality estimate across p variables and 500 samples and the average
population estimate obtained by a particular method. Descriptive statistics for these
estimates, based on 72 simulations, are presented in Table 5.1; the box-plots are
presented in Figure 5.1. We can first note that the communality estimates by all
methods tend to be positively biased. The MRFA estimates were never negatively
biased, and most other methods (with an exception of MLFA) produced at most a
very slight negative bias in some cases.

Figure 5.1. Box-plots for the average bias of communalities.
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Table 5.1. Bias of average communality estimates for various methods

72 simulations Aggregated data
Mean SD Min Max Mean SD Min Max

MRFA-Cov .053 .043 .000 .180 .050 .027 .000 .100
MRFA-Corr .052 .042 .000 .180 .050 .027 .000 .100
Minres .017 .023 –.020 .120 .017 .016 –.010 .050
DS .018 .023 –.020 .120 .018 .016 –.010 .060
DC .014 .021 –.020 .130 .014 .012 .000 .050
MLFA .013 .027 –.070 .130 .014 .019 –.020 .060

On average, MRFA produced the most biased estimates regardless of the type of
the analysed data (i.e. correlations or covariances). Among other methods MLFA
and DC produced the average bias closest to zero. Minres and DS had somewhat
larger mean bias, but its size was still much closer to MLFA than to MRFA. MRFA
also exhibited the largest variation across simulations, i.e., the characteristics of a
simulation had a larger influence on the bias of MRFA than on the bias of the
remaining methods. DC was the most efficient in this respect, followed by Minres,
DS, and MLFA.

The aggregation within data sets had only a negligible influence on means. The
aggregated standard deviations were smaller than non-aggregated, which is a
consequence of the fact that sample size had a considerable impact on bias, as we
shall see later. The ordering of the methods, however, was not changed.

Figure 5.2. 95% confidence intervals for the average bias of communalities.

Figure 5.2 presents 95% ANOVA-based within-subject confidence intervals for
the bias (Loftus & Masson, 1994). ANOVA was performed on results from the 72
simulations. Only the intervals connected by the same line can be compared in the
inferential sense. It is clear that the ordering of the non-MRFA methods can not be
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established with a high degree of confidence. On the other hand, it seems quite safe
to conclude that MRFA has a higher bias than other methods for all sample sizes,
although it comes closer (at least in the absolute sense) to the other methods for
large (N = 500) samples.

Figure 5.2 also suggests that the sample size may be an important determinant of
the bias. Figure 5.3 presents 95% confidence intervals for the bias of MRFA,
averaged across simulations with the same sample size. Sample size indeed has a
strong influence on the communality bias (η2 = .48), the relationship between them
resembling an inverse relationship. About 500 observations seem to be necessary for
the bias being smaller than 0.02, and on the other hand it can be expected to reach a
value of 0.09 in a sample consisting of only 50 observations.

Two less important determinants of the communality bias turned out to be the
average communality in the population (r = –.48) and the ratio of minimum rank to
number of variables (r = .28). Bias may therefore be expected to be relatively small
if the proportion of common variance is large and if the variables are factorially less
complex.

Other possible factors like proportion of Heywood cases, number of variables,
number of extracted factors, or the r/p and the r/mr ratios did not show any
noteworthy relation to the bias.

Figure 5.3. 95% confidence intervals for the average bias of MRFA communalities
at various sample sizes
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5.1.1.1.1.  Across-samples variability of communality estimates

Now we shall evaluate the results concerning the average within-simulation
variability, i.e. the empirical standard error of communality estimates. We are still
discussing the results from Experiment 1. Table 5.2 presents the within-simulation
standard deviations, averaged over the 72 simulations. Figure 5.4 presents the 95%
simultaneous confidence intervals for these averages.

Table 5.2. Mean SD of communality estimates for various methods

Mean SD Min Max
MRFA-Cov .100 .040 .017 .196
MRFA-Corr .100 .040 .018 .197
Minres .100 .040 .025 .192
DS .100 .050 .021 .228
DC .110 .050 .021 .238
MLFA .120 .060 .021 .271

Figure 5.4. 95% confidence intervals for the SDs of average communalities.

On the basis of Figure 5.4, no straightforward conclusions can be made about the
performance of various methods. MRFA, Minres and DS appear to be at equal level,
at least in the N = 100 and N = 500 conditions. DC tends to have a relatively lower
average SD in small samples and a higher one in large samples; MLFA, on the
contrary, tends to be relatively less efficient in smaller samples. There are, however,
large differences across data sets, as Table 5.2 shows: SDs of MRFA estimates, for
instance, varied between .02 and .20. Sample size was a major factor of these
differences, as can be seen in Figure 5.5, which presents confidence intervals for
mean SD of the average MRFA communalities, although the differences between
various sample size conditions were less dramatic as in case of the bias. Thus, even
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in samples consisting of several hundred persons, one has to reckon with nontrivial
variability of average communalities across various samples from the same
population.

Figure 5.5. 95% confidence intervals for the average within-simulation SD of MRFA
communalities at various sample sizes.

5.1.1.2. Experiment 2

In Experiment 2 the population minimum rank was low and thus we were able to
determine the population communalities uniquely. As in Chapter 4, the units of
analysis were the individual sample results rather than averages. Namely, because
there were only 8 combinations of experimental conditions (2 sample sizes × 2
minimum rank values × 2 levels of average communality) in Experiment 2, it did not
make sense to analyse bias (i.e. the average over samples), because this would give
only 8 data points. We therefore do not speak about bias in this section, but rather
about “differences in the CV proportion” (by which we mean the difference between
the sample estimate and the population value of the CV proportion). As before, 500
random correlation matrices were constructed for each combination. These matrices
were then analysed by all five methods.

Table 5.3. Difference in the CV proportion for each of the five methods

Mean SD Min Max
MRFA .141 .031 .009 .420
Minres .018 .025 -.107 .165
DS .021 .025 -.103 .170
DC .076 .026 -.058 .256
MLFA .019 .025 -.106 .204

Note. SD:  the average standard deviation across all 8 conditions.
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Figure 5.6. 95% confidence intervals for the average difference in the CV
proportion.
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Descriptive statistics for all results taken together are presented in Table 5.3. The
averages for various combinations of conditions and the corresponding 95%
confidence intervals are presented in Figure 5.6. Note that these intervals are
constructed as between-subjects intervals, thus their interpretation is not limited to
the comparison of various methods, as was the case in Experiment 1. Note also that
they apply to the particular condition only.

As in Experiment 1, all methods showed a positive average difference in the CV
proportion, although negative deviations were not uncommon. Minres, DS and
MLFA behaved very similarly. On average, the difference in the CV proportion was
about 2% of the observed variance. On the other hand, the differences for DC and
especially MRFA were on average much larger. It is interesting to note that the
average difference in the CV proportion for Minres, DS and MLFA was similar to
the bias found in Experiment 1, whereas the difference for DC and MRFA was
much higher than in Experiment 1. An explanation can be sought in two important
differences between both experiments: in Experiment 2 the population minimum
rank was below the Ledermann bound (which is approximately 7.6 for 12 variables)
and in Experiment 1 the difference in the CV proportion was computed relative to
the population solution by a specific method rather than relative to the true
communality, as has been done in Experiment 2. The reason for the discrepant
results could be either that DC and MRFA produce more biased estimates in low-
rank conditions than in high-rank conditions or that their population estimates in
Experiment 1 were too high, which could attenuate the obtained difference value.

It is difficult to test the second explanation, since in high-rank conditions the
population communalities are unknown, but a part of the answer can be obtained
from Figure 5.6: we can see that the difference in the CV proportion for the DC
estimates actually increases with increasing the population minimum rank, whereas
the opposite is true for MRFA. A higher difference in the CV proportion for MRFA
in the second experiment can be therefore at least partially attributed to low
population minimum rank, which was in both cases much below the Ledermann
bound. It is interesting that MRFA is an exception in this respect, as all other
methods showed a smaller difference in the CV proportion when the minimum rank
was smaller.

In Figure 5.6 we can further observe the influence of the sample size and the
average communality on the difference in the CV proportion. As expected, sample
size had a considerable effect on the difference in the CV proportion; in the N = 500
condition, the average difference in the CV proportion for Minres, DS and MLFA
was almost zero. MRFA is somewhat exceptional in this respect, too, as with
decreasing sample size, the difference for the MRFA communality estimates
increased relatively much more than the difference for the remaining methods.

A similar situation can be observed with regard to the average population
communality: for all methods, the difference in the CV proportion was smaller when
the population proportion of common variance was larger. Again, the MRFA
estimates were relatively more affected by the low population average communality.

To further sharpen the picture of various factors of the difference in the CV
proportion for the MRFA communality estimates, we performed a three-way
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ANOVA for the MRFA results only. Table 5.4 presents the corresponding effect
sizes. Within the chosen range of values, sample size and population average
communality had the largest influence on the total variability (but note that the range
of the mr values was relatively small). Among interactions, only the CV% × N
interactions appears to be interesting. Its nature can be seen on Figure 5.7, which
presents the average deviations of the MRFA sample estimates of the proportions of
common variance from its true population value. 95% between-subjects confidence
intervals are also included. As we have already concluded from Figure 5.6, the
difference in the CV proportion is larger if either sample size or average
communality are smaller, but Figure 5.7 shows that the increase of difference in the
CV proportion is especially large if both sample size and average communality are
small. This is in line with predictions made by MacCallum et al. (1999).

The presence of a Heywood case also proved to be a minor factor of the
difference in the CV proportion in MRFA: in the N = 50 condition (there was no
Heywood cases in the N = 500 condition) the difference between the differences for
solutions with and without Heywood cases was .018 (with a 95% confidence
interval between .026 and .011). It is not surprising that the Heywood solutions
produce slightly higher average communality, since we have no reason to expect
some compensatory mechanism, which would push the communalities of the non-
Heywood variables downwards.

Table 5.4. Analysis of variance for the MRFA deviations of CV%

Source of variance ω2 η2 p
Minimum rank (mr) .01 .13 .000
Average communality (CV%) .27 .81 .000
Sample size (N) .57 .90 .000
mr × CV% .00 .00 .000
mr × N .00 .01 .000
CV% × N .08 .57 .000
mr × CV% × N .00 .00 .513
Error .06

We can conclude that all analysed methods tend to produce too large estimates of
the CV proportion. The MRFA estimates are on average the most discrepant,
whereas Minres, DS and MLFA seem to be the most efficient in this respect. In most
methods, the difference in the CV proportion can be very small if the sample size
and/or the average population communality are large. The population minimum rank
seems to have an opposite effect to MRFA and the remaining methods.
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Figure 5.7. Average communality × sample size interaction in the MRFA results.

5.1.2. Correlation between communalities in samples and in population

This section deals with the estimation of the pattern of communality estimates for
particular variables. The question asked here is therefore whether the variables with
the highest communality estimates in population also have the highest communality
estimates in samples and vice versa. Since we are not interested in bias of the
average communality estimates here, an appropriate measure is the correlation
coefficient between the sample and the population estimates. The correlation
coefficient answers the question of whether the pattern of communality estimates is
the same in samples and in population, for instance, whether a variable with a
relatively (to the other variables) low population communality will also get
relatively low communality estimates in samples. The correlation coefficient is more
suited for answering this problem than MAD, because its value is not sensitive to an
additive constant. Specifically, because adding a scalar matrix to a symmetric matrix
does not change the eigenvectors of the symmetric matrix, the total amount of the
common variance has little effect on the pattern of the factor loadings, as long as the
communality estimates for particular variables remain proportional.

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0 200 400 600

Sample size

D
iff

. i
n 

th
e 

M
R

F
A

 p
ro

po
rt

io
ns

 
of

 C
V

CV%=40

CV%=70



Communality estimation                                                                                                          81

81

5.1.2.1. Experiment 1

For each sample, a correlation coefficient was computed between the sample
communality estimates and the population communality estimates, obtained by the
specific method. The unit of analysis was the average of these coefficients over the
500 samples within each of the 72 simulations.

Figure 5.8. Boxplots for the mean correlations between communality estimates

Figure 5.8 and Table 5.5 present the descriptive statistics for mean correlations
over all simulations. Minres and DS produced the highest mean correlation and were
followed by MLFA, MRFA and finally DC. MRFA-Cov and MRFA-Corr produced
virtually equal mean correlations. Minres and DS also behaved very similarly with
regard to both average and median, respectively, and variability over simulations.
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Table 5.5. Descriptive statistics for the mean correlations between communality
estimates

Mean SD Min Max
MRFA-Cov .711 .206 .054 .976
MRFA-Corr .709 .205 .059 .975
Minres .771 .194 .144 .992
DS .767 .197 .129 .992
DC .660 .198 .190 .976
MLFA .718 .234 .137 .991

Figure 5.9 presents the within-subject confidence intervals for the mean (across
simulations) mean (across variables) correlations for each method at various sample
sizes. Although the pattern of means for various methods is similar at all three
sample sizes, the differences among the methods seem to be relatively larger in
smaller samples. An exception is DC, whose mean correlation is, relatively to the
remaining methods, smaller in the N = 500 than in the N = 50 condition. A similar,
although less pronounced effect can be noted for MLFA.

Figure 5.10 presents the within-subject confidence intervals for MRFA-Corr at
various sample sizes. It is clear that the sample size is an important factor of the
correlation between communality estimates. It could be concluded that in small
samples little trust should be put in the pattern of the communality estimates.
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Figure 5.9. 95% confidence intervals for the mean mean correlations for various
methods.

Figure 5.10. 95% confidence intervals for MRFA-Corr at various sample sizes.
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5.1.2.2. Experiment 2

As before, in Experiment 2 a unit of analysis was an individual correlation between
the population communalities and a sample set of estimates rather than the
simulation mean of such correlations. In contrast to Experiment 1, the same set of
the population communalities could be used for all methods when computing the
correlations, because the population communalities were uniquely determined.

As can be seen in Figure 5.11 and Table 5.6, the rank order of the methods is the
same as was in Experiment 1, thus Minres and DS performing best and DC worst.
Perhaps the most notable difference with regard to the average results was that
MLFA was still closer to Minres in Experiment 2 than in Experiment 1. The total
range of obtained correlations in Experiment 2 is larger than in Experiment 1,
because we analysed individual correlations rather than means here.

Figure 5.11. Box-plots for correlations between communality estimates.

Table 5.6. Descriptive statistics for the mean correlations between communality
estimates

Mean SD Min Max
MRFA .546 .313 -.680 .985
Minres .656 .292 -.560 .993
DS .652 .296 -.539 .992
DC .447 .279 -.542 .960
MLFA .644 .302 -.448 .992
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Figure 5.12 presents the mean correlation for each method at different minimum
rank, average communality and sample size, respectively. The confidence intervals
are 95% between-subjects confidence intervals.

A similar method × minimum rank interaction can be noted as in case of bias:
while all methods performed better when the population minimum rank was lower,
the difference between the mr = 2 and the mr = 4 condition was about equally large
for Minres, DS and MLFA, but considerably smaller for MRFA and considerably
larger for DC, respectively. MRFA thus, relative to the other methods, benefits from
a high minimum rank and DC from a low minimum rank.

The profiles for both levels of the average communality were, on the contrary,
almost identical. As expected, the correlations were on average higher in the high-
communality condition.

Finally, sample size also clearly influenced the average correlation. As in
Experiment 1, DC performed relatively better in the N = 50 than in the N = 500
condition; in the former condition it was even at about the same level as MRFA. A
comparison with Figure 5.9 from Experiment 1 shows somewhat smaller average
correlations, which can be attributed to the fact that the criterion communalities in
Experiment 1 were actually the estimates by each particular method obtained on the
population data rather than “true” population communalities.
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Figure 5.12. Mean correlations between sample estimates and population
communalities.
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5.2. Weak Heywood cases

There are important conceptual differences among the five investigated methods
with regard to the occurrence of Heywood cases. Both direct methods explicitly
compute factor scores and thus neither of them can possibly produce a negative
unique variance. As already discussed in sections 1.3 and 3.2.2, MRFA has a built-in
protection against negative unique variances, but one could modify the algorithm in
such a way that such estimates were possible (by removing the nonnegativity
constraint in the CMTFA algorithm, which would then resemble the original
Bentler’s (1972) “minimum variance factor analysis” algorithm). Finally, Minres
and MLFA have no built-in protection against negative unique variances. Still, such
cases can be handled by a procedure which is technically equivalent to the oblique
Procrustes problem (ten Berge, 1993; ten Berge & Nevels, 1977; see also Harman &
Fukuda, 1966) in case of Minres or by either partialling such variables out of the
data (Jöreskog, 1967) or fixing the improper uniqenesses (Jöreskog, 1977) in case of
MLFA. In practice, we therefore do not encounter Heywood cases in the strict sense
(i.e., negative unique variances) in final solutions, since we prevent their occurrence
at one or another stage of analysis. However, unique variances (almost) equal to
zero, which we call “weak Heywood cases”, can in principle occur with all five
methods. Weak Heywood cases are not improper from the mathematical point of
view, but they are certainly embarrassing from the psychometric viewpoint, at least
as long as fallible empirical data are analysed. Namely, since it is not plausible to
expect a variance of a measured variable to consist only of reliable variance and
even less of only common variance, a weak Heywood case presents an
unrealistically optimistic picture of the latent structure. It is thus desired that a factor
analytic method does not frequently produce solutions with weak Heywood cases.
For these reasons, we shall be interested only in the weak Heywood solutions in the
sequel. We conceptually define a weak Heywood solution (WHS) as a solution
where at least one communality estimate equals 1 (at an arbitrary level of precision).
In our study, WHS was operationally defined as a solution where at least one
(scaled) uniqueness was smaller than 10-4.

5.2.1. Experiment 1

The proportions of WHSs (the frequencies of WHSs divided by 500, which was the
number of samples within a simulation), averaged over the 72 simulations, are
presented in the left-hand side of Table 5.7. We may first note that DC did not
produce any WHS at all. DS did produce WHSs frequently, but much less than the
“indirect” methods. Among them, MRFA had the highest proportion of WHSs and
Minres the smallest proportion of WHSs. Standardisation of the covariance matrix
does not seem to influence the frequency of Heywood solutions in MRFA.

Some methods produced a WHS on certain population matrices. Since it is
plausible to expect that a population WHS would correspond to a relatively high
frequency of sample WHSs, we computed our descriptive statistics once again using
only the 60 simulations where none of the methods produced a WHS in the
population. The results are presented in the right hand part of Table 5.7. As could be
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expected, the average proportions are smaller for all WHS-producing methods. The
ordering of the methods, however, does not change: MRFA still produced the most
WHSs and was followed by MLFA, Minres and DS.

Table 5.7. Average proportions of weak Heywood solutions for various methods

All simulations No WHS in the population
Mean SD Min Max Mean SD Min Max

MRFA-Cov .432 .287 0 .986 .363 .245 0 .844
MRFA-Corr .436 .289 0 .990 .366 .247 0 .850
Minres .280 .310 0 1 .180 .210 0 1
DS .068 .162 0 .678 .024 .087 0 .486
DC 0 0 0 0 0 0 0 0
MLFA .365 .334 0 1 .272 .278 0 .930

A striking feature of the results in Table 5.7 is the variability across simulations.
For instance, in one single simulation none of the methods produced any WHSs. On
the other hand, there were simulations with surprisingly high proportions of WHSs
(e.g. 85% for MRFA-Corr, and even 100% for Minres) despite the non-Heywood
population solution. It is thus interesting to ask which properties of simulations are
related to the WHS frequency.

Figure 5.13. 95% confidence intervals for the average proportion of WHSs for
various methods and sample sizes.

Since WHSs are usually (at least implicitly) considered a consequence of the
sampling error, an obvious candidate should be the sample size. Figure 5.13 presents
the within-subject confidence intervals for the average proportion of WHSs across
data sets (as before, the proportions were first aggregated within each data set) for
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the indirect methods. Only the intervals connected by lines should be compared.
Indeed, all indirect methods show a decrement of the WHS proportion in larger
samples. The WHS proportions for DS (not shown in the figure), on the contrary,
seem to bear no relationship to the sample size (the average proportions in sample
sizes 50, 100 and 500 were .05, .08 and .07, respectively). Obviously, DS behaves
different than the indirect methods, and for that reason (and for its very low average
proportion of WHSs) it is not included in Figure 5.13. Note also that DC produced
no WHSs at all, so it would make no sense to include it, either. It seems that the
differences in sample size influence not only the frequency of the WHSs but also the
differences among the methods: in the N = 50 condition we claim with a relatively
high confidence that Minres produces the smallest proportion of WHSs and MRFA
the largest, whereas in the N = 500 condition the methods are fairly levelled. It
therefore seems that MRFA (and in a lesser extent MLFA) is more sensitive to the
sampling error as far as WHSs are concerned. MRFA also produced a slightly higher
proportion of WHSs if it was performed on a correlation rather than on a covariance
matrix, but the difference was negligible with regard to the sampling error.

Figure 5.14 presents the within-subject confidence intervals for the average
proportion of WHSs for MRFA at various sample size, proving that sample size is a
major factor of the occurrence of WHSs (the value of η2 was .85).

Figure 5.14. 95% confidence intervals for the average proportion of WHSs in
MRFA.

5.2.2. Experiment 2
Overall, MRFA produced the highest proportion of WHSs (at least one weak
Heywood case occurred in 24.0% of all MRFA solutions. The proportion for MLFA
was 9.5% and Minres was the most effective indirect method with only 3.2% of
WHSs. On the other hand, neither of the two direct methods did produce any WHSs.
Further we investigated the possible influence of sample size, minimum rank and
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average communality. The most striking was the effect of sample size: for all
methods, WHSs only occurred in the N = 50 condition. Therefore we further
analysed only the N = 50 data. Figure 5.15 portrays the influence of the population
average communality and the population minimum rank. All confidence intervals
are 95% within-subjects CIs (based on the normal approximation), appropriate for
simultaneous comparison of all means.

It may be surprising that the proportion of WHSs was higher in the low-
communality condition. However, this finding makes more sense from the
perspective of MacCallum et al. (1999), who claimed that the combination of low
sample size and low communality would result in larger sampling distortions. We
can argue that the data sets with a low average communality are less well defined (in
the sense of the factor analysis model) which leaves more room for distortions
caused by the sampling error. E.g., in the previous section we found that the
communality estimates were more highly biased if the population average
communality was low. It should also be noted that the communalities in the high-
communality condition were not close to 1, but ranged from .6 to .8; this made a
possibility that a WHS occurred just because of small sampling deviations from the
true value, less relevant. Finally, it seems that various methods possess a differential
sensibility to the effect of the average communality, MLFA showing by far the
largest difference between the WHS proportions in both conditions.

The population minimum rank also proved to influence the proportion of WHSs:
all three indirect methods produced more weak Heywood solutions in the mr = 4
condition than in the mr = 2 condition. In the latter case, Minres produced no WHSs
at all, while MLFA produced only 1 out of 1000. Again, MLFA seems to be more
sensitive to this effect than the remaining two indirect methods.

With regard to MRFA, it is also interesting to note the interaction between the
population minimum rank and the average communality, which is presented on
Figure 5.16. The effect of the population minimum rank was much stronger when
the average communality was low; on the other hand, the effect of the average
communality was stronger if the population minimum rank was higher.
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Figure 5.15. 95% confidence intervals for the average proportion of WHSs for
various methods.
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Figure 5.16. Interaction between mr and average communality for MRFA.

Let us summarise some main conclusions with regard to WHSs. The direct
methods generally do not produce WHSs (or only in a very small proportion).
Among the indirect methods, Minres produces the least and MRFA the most WHSs.
Sample size is a crucial factor of the WHS frequency: in larger samples this
frequency is smaller, and besides, the differences among the methods decrease.
Additionally, factors like the presence of a population WHS, the population
minimum rank and the population average communality also affect the WHS
frequency.
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5.3. MRFA communalities and the number of factors

We have already noted that the MRFA communality estimates do not directly
depend on the number of extracted factors, since they are not computed by summing
the squared loadings. It is thus plausible to expect that the communality estimates
would remain the same if a different number of factors were extracted. The aim of
this section is to check empirically whether the average of the communality
estimates indeed remains the same if a different number of factors is extracted.

We used the same 15 population covariance matrices as in the previous chapters.
For each matrix, MRFA was run 100 times for each number of factors between 1
and p – 1. To make possible a comparison between data sets, the average
communality for each r was divided by the average communality for r = 1. Figure
5.17 presents these average standardised communalities against the difference
between r and the respective Ledermann bound for all data sets.

Figure 5.17. Average communality relative to the number of factors (0 = Ledermann
bound).

First, it is clear that the average communality tends to rise when more factors are
extracted. However, when r is far below the Ledermann bound, the average
communality usually does not depend on r, or it depends very slightly. In one data
set only (Cars) the average communalities deviated from the baseline (the value
obtained at r = 1) for more than 5% when the number of extracted factors r was two
less than the Ledermann bound. When the number of extracted factors got closer to
the Ledermann bound, the average communality started to rise according to the
increment of r. Fortunately, the cases when r is above the Ledermann bound are of
little practical interest.
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