
4. Retrieval of factor loadings

In this chapter we shall report on the retrieval of factor loadings in the two
simulation studies, described in Chapter 2. We shall address the following questions:

1. Do the MRFA solutions based on standardised or nonstandardised data,
respectively, differ according to the average accuracy of the retrieval of factor
loadings (sections 4.1.1.1 and 4.1.1.2)?

2. Do the five methods of factor analysis differ according to the average accuracy of
the retrieval of factor loadings (sections 4.1.1.1, 4.1.1.2, 4.1.2.1 and 4.1.2.2)?

3. How do sample size and other factors affect the accuracy of loadings’ retrieval
(sections 4.1.1.2, 4.1.2.2 and, specifically for MRFA, 4.1.1.3 and 4.1.2.3)?

4. How much does the accuracy of the retrieval of factor loadings vary over samples
from the same population (section 4.2)?

In general, section 4.1 deals with the average accuracy of loadings while section
4.2 reviews the sampling variability.

4.1. The average accuracy of the retrieval of factor loadings

Three measures for assessing the accuracy of retrieval of factor loadings were used:
the congruence coefficient (CC), the mean absolute deviation (MAD) and Browne’s
(1968) measure c2. We have already explained the first two in Chapter 3. Before
computing CC and MAD we rotated the sample loading matrix to the population
loading matrix, used in the construction of the population covariance matrix, by
means of the orthogonal Procrustes rotation. Browne (1968, p.289) defined his
second measure of accuracy of loadings c2 as
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where Λ and A are the population and the sample loading matrix, respectively, and
T is the rotation matrix for the oblique Procrustes rotation, satisfying the condition
that the diagonal elements of T′T are all equal to 1 (ten Berge & Nevels, 1977).
Browne’s justification of the use of an oblique rotation was that the sample factors
can be expected to be somewhat oblique even when the population factors are
orthogonal. To make the values of c2 comparable across simulations we additionally
divided it by pr to get the average squared difference between the sample and the
population loadings. A first difference between c2 and MAD is that for MAD the
absolute differences are summed, whereas c2 is based on squared differences. In our
case the second difference was that the oblique rotation was used when computing c2

and the orthogonal rotation was used for computing MAD.
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4.1.1. Experiment 1

4.1.1.1. Overall comparison

We begin with presenting some general descriptive graphs and statistics for all three
measures, averaged over 500 samples within each simulation.

Figure 4.1 presents box-and-whiskers plots for all methods, showing the median
(black line), interquartile range (box), range (“whiskers”) and outliers (circles), for
the 72 averages. By MRFA-Cov we denote the MRFA results based on covariance
matrices, and by MRFA-Corr we denote the MRFA results based on correlation
matrices. All methods produced satisfactory high median congruence coefficients
between sample and population loadings in most simulations. MRFA, Minres and
DS had slightly lower median CCs and higher median values of MAD and c2 than
DS and MLFA. The latter also had a larger spread of the averages of CC and c2 over
simulations. The covariance-based and the correlation-based MRFA results were
practically indistinguishable. All distributions, especially those of CC and c2, are
asymmetric.

Table 4.1 shows descriptive statistics for the 72 averages over simulations.
MRFA had on average the highest mean congruence, followed by Minres, both
direct methods and finally Maximum likelihood. MRFA also had the smallest
variability of CCs while MLFA had the largest one. However, all methods produced
close to perfect mean congruence in at least some simulations. On average, MRFA
produced practically identical results without regard to whether a covariance or
correlation matrix was analysed: the mean difference between average congruence
coefficients was .0004 (in favour of standardised data), and the across-simulations
correlation between the mean congruences was .997.

Table 4.1. Descriptive statistics on the 72 mean congruence coefficients for each of
the six methods

Mean SD Min Max
MRFA-Cov .940 .063 .746 1.000
MRFA-Corr .940 .063 .745 1.000
Minres .938 .065 .735 1.000
DS .935 .067 .728 1.000
DC .928 .067 .750 .999
MLFA .925 .074 .716 1.000
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Figure 4.1. Boxplots for mean congruence coefficients, MAD and c2.
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Because the results based on the same data set are not statistically independent,
we also aggregated the mean congruence coefficients within each data set first and
computed the descriptives on these aggregated data. The aggregation resulted in
slightly higher means and smaller SDs but had a little effect on conclusions. MRFA
still produced the most and MLFA the least congruent solutions. The across-sets
variability of average congruence coefficients was the smallest for MRFA and the
largest for MLFA. We therefore do not present the aggregated results here, but we
deal with them in the following section, where it was necessary to use aggregated
results to perform inferential procedures.

For each simulation, the methods were ranked according to the value of the mean
congruence coefficient, rank 1 corresponding to the highest value. For MRFA only
the results based on standardised data were used. The results are presented in Table
4.2 and can be summarised by the mean rank, which is the smallest for MRFA,
followed by Minres, DS, DC and finally MLFA. The mean ranks changed only
marginally (and the order of methods remained the same) if we ranked data
aggregated within data sets, so we do not report them. MRFA thus seems to
outperform other methods in general, but the rank order of methods is not invariant
and any of the methods may produce better results than the others not only in a
particular sample but also with regard to a particular data set.

Table 4.2. Means and frequencies of ranks of various methods for mean congruence
coefficients

MRFA-Corr Minres DS DC MLFA
Mean rank 1.85 2.46 2.96 3.54 4.19

1 35 14 8 13 2
Rank 2 21 22 15 11 3
frequency 3 8 26 26 5 7

4 8 9 18 10 27
5 0 1 5 33 33

The same analysis was performed for MAD. Table 4.3 presents descriptive
statistics for the averages over simulations. The mean difference between MRFA
based on covariance and correlation matrices, respectively, was negligible again
(.0005). The ordering of the methods was very similar to those described in case of
congruence coefficients: on average, MRFA produced the smallest mean absolute
deviation, without regard to the type of matrix analysed, and was closely followed
by Minres and DS. Both MLFA and especially DC produced somewhat higher
MADs than the other methods. This ordering was the same if the averages were
computed over separate simulations or over aggregated averages within a data set
(the latter are thus omitted here). The ordering according to the variability of
averages was different than in case of congruence coefficients: Minres seems to
produce the least variable MADs over simulations and data sets, respectively.
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Table 4.3. Descriptive statistics on the 72 mean MAD values for each of the six
methods

Mean SD Min Max
MRFA-Cov 0.073 0.037 0.016 0.167
MRFA-Corr 0.073 0.037 0.016 0.168
Minres 0.075 0.034 0.018 0.159
DS 0.076 0.035 0.017 0.163
DC 0.085 0.037 0.020 0.173
MLFA 0.083 0.040 0.018 0.170

Table 4.4. Means and frequencies of ranks of various methods for mean MAD values

MRFA Minres DS DC MLFA
Mean rank 2.01 2.14 2.78 4.08 3.99

1 34 23 6 8 1
Rank 2 16 25 22 6 3
frequency 3 9 16 28 6 13

4 13 7 14 4 34
5 0 1 2 48 21

The methods were ranked again in each simulation, rank 1 assigned to the
method with the smallest MAD. As can be seen in Table 4.4, mean ranks produced
the same ordering of methods as averages, i.e. MRFA performing best and DC
worst. Similarly as with the congruence, MRFA produced the smallest MAD in 34
out of 72 simulations, and it never had the worst average. On the other hand, DC
produced the highest average MAD in more than half of the simulations. MLFA
performed slightly better, but still occupied either the fourth or the fifth place in 55
out of 72 cases.

Table 4.5. Descriptive statistics on the 72 mean Browne’s c2 values for each of the
six methods

Mean SD Min Max
MRFA-Cov 0.0128 0.0124 0.0004 0.0550
MRFA-Corr 0.0128 0.0125 0.0004 0.0546
Minres 0.0125 0.0113 0.0006 0.0509
DS 0.0132 0.0119 0.0005 0.0534
DC 0.0165 0.0135 0.0004 0.0573
MLFA 0.0156 0.0145 0.0010 0.0558

In case of c2 (Table 4.5) the ordering was partially different: Minres produced the
smallest average c2 (and also the smallest SD over simulations) and was closely
followed by MRFA and DS. DC was the least effective in this respect.
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The average results are mirrored in the frequencies of ranks (rank 1 again
corresponded to the smallest value), presented in Table 4.6: Minres and MRFA had
the smallest average ranks, while DC and MLFA tended to produce the highest
averages within simulations.

Table 4.6. Means and frequencies of ranks of various methods for mean Browne’s c2

values

MRFA Minres DS DC MLFA
Mean rank 2.2 2.1 2.7 4.1 4.0

1 29 28 5 10 0
Rank 2 13 20 30 5 4
frequency 3 15 16 23 4 14

4 14 8 12 4 34
5 1 0 2 49 20

4.1.1.2. Comparison of methods at various sample sizes

Now we shall compare the average CC, MAD and c2 for different methods at
different sample sizes. The unit of analysis was the average value of CC, MAD or c2,
respectively, for each of the 72 simulations. These averages were further aggregated
within their respective data sets to prevent the dependence of observations and a
resulting invalidity of the results of ANOVA. ANOVA designs with method as
within-subject factors were used. The repeated-measures analysis was appropriate
because the methods were applied on the same sample matrices and because samples
of various sizes were based on the same population matrix. Therefore, the averages
over each group of 500 samples (i.e. simulation averages) were correlated across
data sets. As in the previous chapter, we constructed within-subject confidence
intervals as proposed by Loftus & Masson (1994). Note again that these intervals are
appropriate for the comparison of means and not for interval estimation of specific
means. To counteract violations of the sphericity assumption, the Geisser and
Greenhouse (1959) correction for degrees of freedom was used when necessary. In
some cases (specifically, in designs with sample size as the factor) the homogeneity
of variance assumption was violated, too. In that cases we employed the modified
procedure circumventing this assumption (see Loftus and Masson, 1994, p.484).

Figure 4.2 presents 95% within-subject confidence intervals for mean CC, MAD
and c2, respectively, for different methods at different sample sizes. The confidence
intervals are appropriate for comparison of methods within a single sample size; that
is, only the intervals connected with a line can be mutually compared. This type of
confidence interval was chosen because there would be little use in comparing, for
instance, the mean CC of Minres in sample size 100 with the one of MLFA at
sample size 500.

The confidence intervals were (relative to the size of differences) smaller for
MAD than for CC. However, similar conclusions can be drawn from all three panels.
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First, MRFA produced practically identical mean results regardless of whether the
data had been standardised before analysis or not.

Further we can note an interaction between method and sample size: in sample
size 50 and 100, MRFA, Minres and DS had almost equal average CC and MAD,
respectively. On the other hand, both Minres and DS have worse mean values of all
three measures than MRFA in sample size 500. It thus seems that in larger samples
Minres and DS performed slightly worse than MRFA, but the residual variation was
too large to allow a generalisation of this finding.

On the other hand we can be much more confident that the performance of both
DC and MLFA is in general worse than those of MRFA. Minres and DS also
performed better than DC and MLFA in all nine comparisons, but their confidence
intervals overlapped, especially in the N = 500 condition. The differences between
these methods thus seem to be relatively (with regard to the residual variance) larger
in small rather than large samples.

Some additional general conclusions can be made from Figure 4.2. MAD proved
to be somewhat more sensitive to the effect of sample size than CC and c2 – the
residual variability was relatively smaller when MAD was the dependent variable.
This can be illustrated by the values of η2 corresponding to the variation between the
methods: these were (on average across the three sample sizes) .36 for CC, .41 for
MAD and .38 for c2, respectively. Further, the differences between the methods were
relatively small compared to the differences between the chosen sample sizes.

Finally, sample size does not affect the difference between average CC, MAD or
c2, respectively, for MRFA-Cov and MRFA-Corr. That is, although the loadings of
MRFA-Cov and MRFA-Corr diverge (in terms of CC and MAD) more in small than
in large samples, as was found in the previous chapter, they still tend to produce
loadings equally congruent to the population loadings as well in small as in medium-
sized samples.

4.1.1.3. Correlates of the accuracy of the MRFA loadings

In the next step we shall concentrate more on the correlates of the accurate
estimation of loadings in MRFA. The most obvious such factor is sample size.
Figure 4.3. presents the within-subject confidence intervals for CC, MAD and c2,
respectively, at the three sample sizes. We can see a strong impact of sample size on
both measures of retrieval accuracy, especially on MAD (the value of η2 was .92 for
MAD and .81 and .77 for c2 and CC, respectively). For instance, in the N = 50
condition, the loadings deviated from the population loadings on average for ±.1,
whereas in N = 500 condition MAD reduced to .04. Further, CC can be expected to
be around .97 when the sample size is 500, which can be interpreted as almost
perfect congruence to the population loadings.  On the other hand, the average value
of .91, found in the N = 50 condition, corresponds to a solution with a similar
although not identical interpretation to the population solution.
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Figure 4.2. 95% within-subject confidence intervals for the mean CC, MAD and c2

of various methods at various sample sizes.
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Figure 4.3. 95% within-subject confidence intervals for average measures of
accuracy of loadings for MRFA-Corr at various sample sizes.
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Note that these values only tell us what can be expected in certain conditions – as
we are going to see in the next section, the variability of congruence coefficients and
mean absolute deviations across samples from the same population is far from
trivial.

In the introduction chapter we noted the hypothesis (MacCallum et al., 1999) that
the average communality and its interaction with sample size may additionally
influence the congruence between the sample and the population factor solution. We
computed correlations between the average population communality for each data
set and the average of each of the measures of the accuracy of loadings. Correlations
were computed on aggregated data.

Figure 4.4 presents the scatter-plots (with regression line and corresponding 95%
confidence intervals for the regression line) for the average population communality
and each of the three accuracy measures. The corresponding Pearson correlation
coefficients are presented in the first column of Table 4.7. (with the heading “All”).
As in case of sample size, MAD emerged as the most sensitive measure. An
inspection of the scatter-plot for CC reveals an outlier in the lower left corner. If this
data set is omitted, the correlation with CC decreases to .35; however, the
correlation with MAD is still –.69. The positive relationship between accuracy of the
retrieval of loadings and the average communality in the population is thus not only
a sampling artefact.

Table 4.7. Correlations between the average communality in population and
average measures of the loadings’ accuracy

All N = 50 N = 100 N = 500
CC .58 .57 .58 .55
   95% CI .84 .10 .84 .08 .84 .10 .83 .05

MAD –0.77 –0.78 –0.77 –0.71
   95% CI –0.43 –0.92 –0.45 –0.92 –0.43 –0.92 –0.31 –0.90

c2 –0.68 –0.71 –0.65 –0.54
   95% CI –0.26 –0.88 –0.31 –0.90 –0.21 –0.87 –0.79 –0.13

All correlations are computed across the 15 data sets.

MacCallum et al. (1999) also predicted an interactive effect between sample size
and communality. One way of checking for interaction is to aggregate average
accuracy measures for each sample size separately (therefore only across different
numbers of extracted factors for each data set) and compute the correlation for each
sample size. These correlations are presented in the remaining columns of Table 4.7.
The decrease of the absolute size of the correlation coefficient as the sample grows
larger is quite notable, especially for MAD and c2. The impact of the population
average communality therefore appears to be larger in small sample sizes, as
MacCallum et al. predicted.
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Figure 4.4. Scatter-plots for the average measures of accuracy predicted by the
average communality in population.

Note. The straight line represents the regression line and the curves represent 95%
CI for the regression.

Mean communality in population

.9.8.7.6.5.4

M
ea

n 
B

ro
w

ne
's

 c
2

.04

.03

.02

.01

0.00

Mean communality in population

.9.8.7.6.5.4

M
ea

n 
C

C
 fo

r 
M

R
F

A
1.1

1.0

.9

.8

Mean communality in population

.9.8.7.6.5.4

M
ea

n 
M

A
D

 fo
r 

M
R

F
A

.14

.12

.10

.08

.06

.04

.02



58                                                                                                                      Chapter 4

Other potentially interesting variables as the r/mr and the r/p ratios, proportion of
solutions with a weak Heywood case, or the population proportion of the explained
common variance did not show a notable relation to measures of the accuracy of
loadings.

4.1.1.4. Are the differences in MAD due to biased estimates?

Since the differences with regard to MAD seem to be relatively larger than the
differences with regard to CC, a question can be asked whether the differences in
MAD between the methods can be attributed to a bias in loadings’ estimates. For
instance, if a certain method tended to produce loadings which were in absolute size
on average consistently lower or higher than the population loadings, this would
affect MAD, but not necessarily CC, too. Table 4.8 provides a description of this
bias for all five methods.

Table 4.8. Descriptive statistics for the bias of absolute loadings

Mean Median SD Min. Max.
MRFA-Corr 0.009 0.004 0.014 –0.016 0.072
Minres –0.006 –0.009 0.016 –0.033 0.064
DS –0.002 –0.007 0.027 –0.047 0.083
DC 0.019 0.016 0.023 –0.018 0.091
MLFA –0.004 –0.008 0.026 –0.047 0.063

In general, MRFA and DC tended to have a positive bias of absolute loadings
and the remaining three methods had a negative average (and median) bias. DC
obviously produced more biased loadings than the other methods, but it is less clear
which method is the least biased, as the medians give a different ranking than the
means. It is also clear that the bias of MRFA and Minres was more stable across
simulations, as they both had lower SD and interquartile range of the bias values. To
conclude, the explanation of the high MAD caused by biased loadings can only be
partially supported;  it does not account for the lower accuracy of the MLFA
loadings.

4.1.2. Experiment 2

In Experiment 2 we used artificial data with two levels of minimum rank (2 and 4),
sample size (50 and 500) and the average population communality (40% and 70%);
500 random sample correlation matrices were constructed in each of the 8
combinations of conditions. There were 12 variables throughout. Because the results
of Experiment 1 showed no difference between the average results of MRFA-Corr
and MRFA-Cov, the latter was omitted from the second experiment, that is, all
methods were applied on sample correlation matrices. As in section 4.1.1. we shall
first review the overall performance of the five methods and then take a closer look
at their behaviour under various conditions.
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4.1.2.1. Overall comparison

Table 4.9 presents the descriptive statistics for the average (over factors) congruence
coefficient for each method. The differences between the methods are very small
and on average all methods produced satisfactorily high coefficients; nevertheless,
MRFA produced the highest average CC and MLFA the smallest one.

Table 4.9. Descriptive statistics on the 4000 mean congruence coefficients for each
of the five methods

Mean SD Min Max
MRFA .980 .029 .753 1.000
Minres .979 .030 .762 1.000
DS .978 .033 .741 1.000
DC .978 .028 .699 1.000
MLFA .976 .038 .718 1.000

For each of the 4000 samples we ranked the methods by their respective CC
(rank 1 corresponding to the smallest CC). Percentages of ranks from one to five and
the average ranks are presented in Table 4.10. Again, MRFA appears the most
successful: it produced the highest CC in 35% of the cases and the lowest CC in 4%
of cases only. On the other hand, either MLFA or DC occupied the last position in
87% of samples. The behaviour of DC was somewhat strange, as it produced
relatively high percentages of both the highest and the lowest ranks. The reasons for
such a bimodal distribution of ranks shall be elucidated in the following section.

Table 4.10. Means and percentages of ranks of the five methods for CC

MRFA Minres DS DC MLFA
Mean rank 2.4 2.8 2.9 3.4 3.5

1 35 18 3 30 14
Rank 2 26 19 32 11 11
percentage 3 7 37 33 3 21

4 28 18 31 3 20
5 4 9 1 53 34

Table 4.11. Descriptive statistics on the 4000 mean absolute deviations for each of
the five methods

Mean SD Min Max
MRFA 0.057 0.036 0.007 0.201
Minres 0.055 0.035 0.007 0.191
DS 0.056 0.036 0.007 0.195
DC 0.064 0.033 0.013 0.199
MLFA 0.057 0.038 0.007 0.197
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Table 4.11 presents the descriptive statistics for MAD. The order of methods is
not the same as in case of CC: Minres is the most efficient and is closely followed
by DS, MRFA and MLFA. The differences between these methods are very small
again, and only DC has somewhat larger average MAD. Ranks of the methods in
Table 4.12 show a similar picture: Minres had the smallest MAD in 41% of cases,
while DC had the largest MAD in 75% of cases.

Table 4.12. Means and percentages of ranks of the five methods for MAD

MRFA Minres DS DC MLFA
Mean rank 3.2 2.1 2.5 4.4 2.9

1 20 41 6 9 24
Rank 2 10 20 51 5 14
percentage 3 7 26 32 3 31

4 56 9 10 8 16
5 6 3 1 75 15

Results for Browne’s c2 measure, presented in Table 4.13 are very similar:
Minres was on average the most effective and DC the least effective method. The
ranks in Table 4.14 closely resemble those for MAD: Minres had the smallest c2 in
41% of cases while DC had the largest one in 72% of samples.

Table 4.13. Descriptive statistics on the 4000 Browne’s  c2 values for each of the five
methods

Mean SD Min Max
MRFA 0.0059 0.0072 0.0001 0.0544
Minres 0.0055 0.0066 0.0001 0.0479
DS 0.0057 0.0071 0.0001 0.0487
DC 0.0070 0.0072 0.0002 0.0596
MLFA 0.0062 0.0080 0.0001 0.0491

Table 4.14. Means and percentages of ranks of the five methods for c2

MRFA Minres DS DC MLFA
Mean rank 3.1 2.2 2.5 4.2 3.0

1 21 41 5 10 23
Rank 2 11 17 53 7 12
percentage 3 8 28 29 4 30

4 54 10 12 8 16
5 6 3 0 72 19
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4.1.2.2. Comparison of methods in different conditions

Figures 4.5 – 4.7 present averages of the three accuracy measures at different
levels of minimum rank, proportion of the common variance in population and
sample size. As previously, 95% within-subject confidence intervals are drawn for
each mean (note that in some cases the intervals are very narrow and thus seen only
as a line). In all figures only the intervals connected by a line should be mutually
compared.

Figure 4.5 presents the average congruence coefficients. We have already noted
that MRFA overall produced the highest average CCs and MLFA the lowest, and
this can be seen in the Figure 4.5, too. An exception was DC in the N = 500
condition which produced a notably lower average than the remaining methods. The
last panel of Figure 4.5 actually indicates that DC is less sensitive to the effect of
sample size than the remaining methods: in the N = 50 condition it was better than
the others while in the N = 500 condition it was the worst.

The differences among the methods were not equally large in all conditions:
generally they were larger in conditions where CC was generally lower, i.e. at the
higher population minimum rank, small sample size and low average population
communality. On the other hand, especially in the mr = 2 and CV% = 70 conditions
the differences among the methods were hard to notice. Figure 4.6 presents the
average MAD over different conditions. As we noted, Minres produced the lowest
overall MAD while DC produced the highest average MAD. However, in some
conditions (when either sample size or the average population communality were
high) all methods except DC produced practically indistinguishable results. The
three factors – minimum rank, average communality and sample size – affected the
average MAD in the same sense as CC, thus MAD was smaller when sample size and
the average population communality, respectively, were larger and when the
minimum rank was smaller.Patterns of the average c2 over conditions, presented in
Figure 4.7, resemble much  those of MAD: Minres was in general the most effective
and DC the least effective; all methods produced smaller average c2 in the mr = 2,
CV% = 70 and N = 500 conditions, respectively; and in the latter two conditions the
differences among the methods (except DC) were practically negligible.

Table 4.15. Deviations of mean absolute loadings

Mean SD Min Max
MRFA 0.088 0.041 –0.015 0.182
Minres 0.077 0.040 –0.027 0.174
DS 0.071 0.038 –0.029 0.164
DC 0.095 0.039 –0.007 0.180
MLFA 0.050 0.035 –0.030 0.163

One should ask why do the MRFA solutions have a higher average MAD or c2

than the Minres solutions, while the MRFA have the highest average congruence
coefficient. A possible reason could be a bias of the MRFA loadings. Table 4.15
presents the descriptive statistics for deviations of sample mean absolute loadings
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from the average absolute loading in population. The mean of this measure can be
interpreted as a bias measure: a high value means that the method produces loadings
which are systematically too high in absolute value and vice versa. First, we can
note that all methods had a positive bias of mean absolute loadings. MRFA indeed
shows a relatively high bias – only the bias of DC is larger. On the other hand, the
bias of MLFA was low, and MLFA indeed had relatively small MAD and c2 values
while it had the lowest overall congruence coefficients. It therefore seems that the
differences between the method patterns for CC and MAD can be at least partially
accounted for by the bias of loadings.
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Figure 4.5. Mean CC at various levels of mr, CV% and N.
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Figure 4.6. Mean MAD at various levels of mr, CV% and N.
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Figure 4.7. Mean c2 at various levels of mr, CV% and N.
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4.1.2.3. Correlates of the accuracy of the MRFA loadings

A three-way ANOVA was additionally performed on the MRFA results to provide a
parsimonious comparison of the relative influence of the experimental conditions
and their interactions. The corresponding effect sizes are presented in Table 4.16.
Among the main effects, sample size had the strongest effect on all three measures.
Minimum rank had the smallest effect sizes, but we should not forget that values of
effect sizes depend on the variability of the independent variable and that the range
of mr was quite narrow. Among interactions, only the CV% × N interaction seems
worth considering. The nature of this interaction can be seen on Figure 4.8. In the
large sample (N = 500) condition, the average population communality did not
matter much: the mean difference between high and low communality conditions
was about .005 for CC and .01 for MAD. On the other hand, if the sample size was
small (N = 50), the difference between the CV% = 40 and CV% = 70 conditions
were much larger: about .04 for both CC and MAD.

Finally, the ω2 values (and also the η2 values) confirm our previous informal
observations that MAD is a more sensitive to the sample size effect than the
remaining two, since sample size explains much larger proportion of the variance of
MAD than the variances of the other two measures. On the other hand, CC seems to
be more sensitive to the effect of mr than the other two; the effect of the minimum
rank is, however, much smaller than the effect of sample size.

Table 4.16. Effect sizes for the accuracy measures of the MRFA loadings

η2 ω2

Source of variance CC MAD c2 CC MAD c2

Minimum rank (mr) .32 .17 .07 .10 .02 .01
Average communality (CV%) .43 .62 .53 .16 .14 .20
Sample size (N) .60 .89 .72 .31 .70 .45
mr × CV% .14 .01 .04 .03 .00 .01
mr × N .24 .06 .05 .06 .01 .01
CV% × N .33 .32 .44 .10 .04 .14
mr × CV% × N .10 .01 .03 .02 .00 .00
Error .21 .09 .18

Note. p<.001 for all effects
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Figure 4.8. The CV% × N interaction in MRFA.
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Another potential factor influencing the accuracy of the retrieval of factor
loadings is the presence of Heywood cases. In this respect, it is sensible to compare
the methods pair-wise, so that the solutions can be categorised into four cases: 1.
none of the methods produced a WHS, 2. and 3. one method has produced a WHS,
but the other has not and 4. both methods produced a WHS. Figure 4.9 presents the
95% confidence intervals for the average MAD in the four listed cased for all three
pair-wise comparisons among the indirect methods. The number of obtained
solutions falling into each case is indicated under each pair of confidence intervals.
In the first panel, one of the cases (a WHS in Minres and a proper solution in
MLFA) is not presented since it pertained to only two sample solutions.

It is easy to see that the weak Heywood solutions, produced by any of the three
methods, are on average less accurate than the strong proper solutions (i.e. the ones
with all uniquenesses positive). Further, we can note an interaction with method.
The difference between Minres and MLFA was much larger when either both
methods produced a WHS or when only MLFA produced a WHS. The same holds
for the comparison between MRFA and MLFA. On the contrary, the difference
between MRFA and Minres is almost the same in all four cases. It can be concluded
that the performance of MLFA is more sensitive to Heywood cases than the
performance of Minres and MRFA.

4.1.3. Some conclusions with regard to accuracy of the estimation of
loadings

1. In spite of the previously discussed lack of perfect equivalence between MRFA
solutions based on standardised and nonstandardised data, both types of solutions
give almost identical average results on statistics we have examined. As long as
measures with arbitrary measurement scales are used and we do not wish the
variability of variables being reflected in the results, analysis of correlation
matrices may be perfectly appropriate.

2. The examined methods differ in accuracy of retrieval of the factor loadings. These
differences are usually very small compared to the effect of factors like sample
size and variability among data sets. In general, DC performed worst in most
situations. On the other hand, the MRFA solutions tend to be on average the most
congruent with the population solution. In Experiment 1, based on high-rank
population data, MRFA also produced the smallest average MAD, but in
Experiment 2 Minres was the most successful. MLFA also performed better in
the low-rank than in high-rank situations.

3. Sample size, average communality in population and their interaction are major
factors of the accuracy of the estimation of loadings. When the average
population communality is high, the analyses performed on small samples (e.g.
50 cases) may give relatively accurate results.
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Figure 4.9. The effect of the presence of WHS on MAD.
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4.2. Variability of measures of the accuracy of loadings

Up till now we examined average values of accuracy measures within simulations as
data points. Another, though less important aspect of the accuracy of loadings is the
variability within simulations, i.e. variability of CCs and MADs across samples of a
certain size taken from the same population. The main issue here is therefore the
stability rather than accuracy. Only the results from Experiment 1 are reported here.
For each of the 72×500 samples, the congruence coefficient (averaged over r
factors) and the mean absolute deviation of loadings were computed. Then, we
computed the standard deviation of both measures across the 500 samples within
each simulation. The following results are thus again based on 72 data points.

Table 4.17. Average within-simulation standard deviations of CC and MAD

Congruence coefficient Mean absolute deviation
Sample size 50 100 500 Total 50 100 500 Total
MRFA-Cov .063 .050 .021 .044 0.028 0.022 0.012 0.021
MRFA-Corr .063 .050 .021 .044 0.028 0.022 0.012 0.021
Minres .059 .046 .020 .042 0.028 0.022 0.012 0.020
DS .059 .047 .022 .043 0.028 0.022 0.013 0.021
DC .067 .054 .029 .050 0.028 0.023 0.014 0.022
MLFA .065 .052 .028 .048 0.031 0.024 0.015 0.023

Table 4.17 presents the average standard deviations of congruence coefficients
(i.e. standard deviations of congruence coefficients, averaged over all extracted
factors within a single simulation) and mean absolute deviations. For both measures,
Minres had the smallest average standard deviation. However, the differences
among the methods are small compared to the variability across the data sets: the
standard deviations for Minres, for instance, varied between .0002 and .1318.
Because of such a large sampling variability no generalisations can be made about
the differences among the methods, thus we do not report any confidence intervals.

Not surprisingly, standard deviations were highly negatively correlated with
mean congruence coefficients (correlations for various methods ranged between -.80
and -.86): if the average congruence is high, there is not much room for variability,
at least at the upper end.

Finally, it is still instructive to inspect the mean values of SD at various sample
sizes. Especially in smaller sample sizes the standard error can be quite high (for
instance, near .03 for MAD). This fact somewhat counterbalances the relatively
optimistic picture painted by the means of the similarity measures.


