
3. The impact of standardisation of variables

An important data-related question concerns the impact of standardisation of sample
data. In contrast to MLFA, MRFA is not scale-free and the solutions based on
linearly transformed variables are in general not equivalent. However, it is not clear
a priori whether and when are these differences substantial. In exploratory factor
analysis it is common practice to analyse standardised variables; due to sampling
error, measured variables will never have exactly the same mean and variability,
even if the variables are standardised in the population (an approximation of that
situation would be, e.g., an analysis of IQ-scaled tests results). In the sequel, we
shall compare solutions based on covariance matrices (computed from the data as
they are measured, or simulated in our case) and on correlation matrices. We shall
discuss three main issues:

1. the impact of standardisation on the similarity of factor loadings (section 3.1);

2. the impact of standardisation on the similarity of communality estimates (section
3.2);

3. the impact of standardisation on the use of asymptotic expressions (section 3.3).

The results presented are based on Experiment 1, described in Chapter 2.

3.1. Equivalence of factor loadings

From the practical viewpoint the crucial question concerns the equivalence of factor
loadings, i.e. similarity of loadings after an appropriate rescaling (in our case, the
rescaling was done by dividing loadings with the respective standard deviations).
We know in advance that the loadings are not strictly equivalent, but the question is,
whether or not they are similar enough to be treated as exchangeable. A second
question we are going to answer is in which conditions are the solutions based on
standardised and nonstandardised data, respectively, more or less similar.
The following measures were calculated within each simulation:
1. Congruence coefficient (CC), averaged over samples within a simulation.

2. Mean absolute deviation (MAD), averaged over samples within a simulation.

3. Standard deviation of congruence coefficients over samples within a simulation
(SD(CC)).

4. Standard deviation of mean absolute deviations over samples within a
simulation (SD(MAD)).

The congruence coefficient (Tucker, 1951) is defined as
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where fj and gj denote two vectors of factor loadings for the j-th factor. Here, the two
vectors corresponded to loadings obtained from standardised and nonstandardised
data. In cases where more than one factor was extracted, the average congruence
coefficient over factors was used.

Mean absolute difference between elements of the loading matrices based on
standardised and nonstandardised data (MAD) is proposed here as an additional
measure of the similarity of loadings. We define it as:
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where the symbols have the same meaning as in Eq. 3.1.
In both cases, the loading matrix based on standardised data was first rotated to

the loading matrix based on nonstandardised data by the one-sided orthogonal
Procrustes rotation (ten Berge, 1977). The unrotated principal axes solution was
used in both cases. Note that the reflection included in Eq. 3.2 is not necessary when
a Procrustes rotation is applied.

Before discussing results it should be noted that coefficient of congruence and
MAD do not assess the same aspects of the factor loadings’ similarity. Specifically,
CC is a measure of proportionality of the factor loadings, and high congruence
indicates similar interpretations of the factor contents. But high proportionality is
sometimes not enough: if MRFA loadings computed from the standardised data
were systematically lower or higher than the (standardised) loadings calculated from
the unstandardised data, this would obviously be a reason for concern, even if both
sets of loading vectors were perfectly congruent. In general, when two analyses
produce both high CC and high MAD, then the interpretation of the factors’ content
will be the same or very similar, but the interpretation of quality of specific variables
as indicators of the latent constructs will differ. We can conclude that MAD is a
more general measure, since it detects any difference in factor loadings, whereas CC
detects only the differences in proportionality of loadings (which are the differences
affecting the interpretation of factors). MAD can only be low if CC is high, but not
vice versa. Both CC and MAD were computed for each sample separately and then
averaged over all 500 samples within a simulation.

Further, a standard deviation of the 500 CCs and MADs, respectively, was
computed within each simulation to get information about the expected variation of
similarity measures across the samples from the same population. The inclusion of
variability measures was motivated by the fact that factor analytic studies are usually
not repeated more than a couple of times at best. Therefore it would be undesirable
if a method produced a nontrivial proportion of dissatisfactory results, even if the
general level of factor similarity was high.

3.1.1. The average similarity of factor loadings

First we are going to review the first two measures 1-4, which represent the expected
similarity (mean CC and MAD). In most simulations (63 out of 72, which
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corresponds to 13 out of 15 data sets), the population covariance matrix was a
correlation matrix. In practice such a case would, for instance, emerge when results
from several standardised IQ tests were analysed. Table 3.1 presents descriptive
statistics for both measures of loadings’ accuracy: The descriptives were computed
both over all 63 simulations and over aggregated values for each data set. E.g., the
value 0.007 for SD of CC for all simulations (in the upper left part of the table) is the
standard deviation of mean congruence coefficients (averaged over factors and
samples) across 63 simulations. Across-simulations standard deviations in Table 3.1
therefore bear a different meaning than within-simulation standard deviations (i.e.,
measures 3 and 4), which are to be discussed later.

Table 3.1. Similarity of loadings between standardised and nonstandardised data

63 simulations 13 sets’ aggregates
CC MAD CC MAD

Mean .994 0.011 .994 0.011
SD .007 0.009 .005 0.005
Skewness –0.81 0.99 –0.78 0.29
Kurtosis –0.73 0.07 1.30 –1.33
Min. .977 0.001 .980 0.000
Max. 1.000 0.032 1.000 0.020

On average, solutions based on standardised and nonstandardised data can be
considered approximately equivalent for most practical purposes, as the average
congruence coefficient is over .99 and mean absolute deviation is 0.01. However,
this is not to say that a high degree of similarity may always be expected. First, the
degree of similarity varies across data sets: e.g., the largest MAD within 63
simulations (0.03) was almost three times the average. Second, the similarity also
varies within simulations, i.e. across samples taken from the same simulation. The
average within-simulation standard deviation (not shown in Table 1) was .025 for
the congruence coefficient and 0.015 for MAD.

To further clarify the sources of variability in similarity, we performed a repeated
measures ANOVA on simulations’ averages with sample size as the factor. Figure
3.1 presents the confidence intervals for average (over simulations) CC at each of
the three sample sizes, determined by the procedure of Loftus and Masson (1994).
Note that these and the following confidence intervals are “within-subject” (repeated
measures) confidence intervals and therefore appropriate only for comparison of
averages at various conditions (i.e. sample sizes in this case), but not for the
estimation of the population average at a certain condition. Since these confidence
intervals are based on the ANOVA results, the Geisser and Greenhouse (1959)
correction for the violation of the sphericity assumption and a modified procedure
for cases with heterogeneous variance (Loftus and Masson, 1994) were used where
necessary.
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Figure 3.1. 95% confidence intervals for the mean CC at different sample sizes.

The inspection of Figure 3.1 shows a significant effect of sample size, although
the CIs for the smallest sample sizes overlap somewhat. In samples consisting of
several hundred subjects, a practically perfect congruence may be expected, and
even for sample size 50 the expected congruence was around 0.99.

Figure 3.2. 95% confidence intervals for the mean MAD at different sample sizes.

Figure 3.2 presents results of an analogous analysis for MAD, i.e. the within-
subject confidence intervals for average (over simulations) MAD at each of the three
sample sizes. The influence of the sample size (relative to other factors) is even
higher here, as all pairs of CIs are clearly distinct. This difference is reflected in the
value of η2, which was .80 for MAD and .59 for CC. On average, MAD was

0.988

0.990

0.992

0.994

0.996

0.998

1.000

0 200 400 600

Sample size

C
on

gr
ue

nc
e 

co
ef

f.

0.000

0.005

0.010

0.015

0.020

0 200 400 600

Sample size

M
A

D



The impact of standardisation of variables                                                                             35

negligible for the sample size 500, and perceivable, but still of little practical
concern for the sample size 50.

Table 3.2. ANOVA results for the measures of the similarity of loadings

CC MAD
Effect η2 p η2 p
N .62 .00 .85 .00
h2

d .03 .50 .06 .30
N × h2

d .09 .18 .27 .00

N: sample size, h2
d: dichotomised average communality, p: p value corresponding to

the F-test for the respective effect.

The results of MacCallum et al. (1999) suggest that a possible factor of the
between-sets differences could be the average population communality.
Communality was not controlled in this study; to make the situation more
transparent, we constructed a dichotomous variable by means of a median split
(resulting in value “low” for average communalites between .48 and .66 and value
“high” for communalities between .69 and .81). Then analyses of variance were
performed on CC and MAD, respectively, with sample size as a within-subject factor
and dichotomised communality as a between-subjects factor. Selected results are
presented in Table 3.2. Both measures were, as was shown above, heavily
influenced by sample size, and on the other hand the main effect of communality
was near zero. However, the interaction between both effects had a small to
moderate effect size (much smaller than the sample size) at least for MAD. The
nature of this interaction is shown in Figure 3.3: in data sets with smaller average
communality the impact of sample size was larger, as predicted by MacCallum et al.
(1999).

A possible explanation for the sample size effect is that similarity of solutions
might be related to the similarity of variances of the variables. When these variances
are equal in the population, one should not expect huge differences among them in
samples. Thus we shall next consider the situation where the population variances
are not equal. There were two such data sets included: BFO and Smith, with ratios
of the largest to the smallest variance 2.0 and 22.4, respectively.

The first two measures of loadings’ similarity for both data sets (for BFO
averaged over both number of factors conditions), are presented in Table 3.3. In both
sets, congruence coefficients and MADs were on average somewhat worse than
those of equal variance data sets. However, they lie within the range of the values
encountered in equal-variance simulations. Similarly as for the simulations with
equal population variances, similarity improves with increasing the sample size, this
effect being more easily detectable for the MAD measures. It is also interesting that
the degree of similarity was approximately the same in both data sets, despite a
much larger heterogeneity of variances in the Smith data set.
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Figure 3.3. The sample size ×  average communality interaction in MAD.

We can conclude that the expected similarity between solutions based on
standardised and nonstandardised data, respectively, is high, especially with regard
to the factor interpretation. A somewhat lower similarity may be expected if sample
size is small and the average communality is low or when the variances of the
variables are markedly different. In most cases, however, the differences should not
be embarrassing.

Table 3.3 Average similarity of loadings between standardised and nonstandardised
data for heterogeneous-variance data sets

N Data set CC MAD
50 BFO .985 0.038

Smith .984 0.039

100 BFO .986 0.033
Smith .990 0.032

500 BFO .997 0.021
Smith .997 0.020

Average BFO .989 0.031
Smith .990 0.030

3.1.2. The variability of the similarity measures

It remains to review both variability measures, namely the within-simulation
standard deviations of CC and MAD, respectively. Figures 3.4 and 3.5 present
confidence intervals for average (over simulations) within-simulation standard
deviations of CC and MAD, respectively, at various sample sizes for data sets with
equal population variances. Both variability measures were smaller in larger
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samples; especially in the N = 500 condition the variability of CC and MAD across
samples from the same population is almost negligible, but it does not seem to be
critically high even in the N = 50 condition. The effect size of sample size was again
higher for MAD (η2 = .71) than for CC (η2 = .57).

Figure 3.4. 95% confidence intervals for the mean SD(CC) at different sample sizes.

Figure 3.5. 95% confidence intervals for the mean SD(MAD) at different sample
sizes.

Results for the heterogeneous variance sets are presented in Table 3.4. They
resemble the results concerning the similarity measures for these sets: the within-
simulation variability of the similarity measures was a bit higher in these sets
compared to the remaining sets, but not substantially. Variability was also markedly
reduced by increasing the sample size.
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Table 3.4 Average SD(CC) and SD(MAD) for heterogeneous-variance data sets

N Data set CC MAD
50 BFO 0.039 0.034

Smith 0.041 0.034

100 BFO 0.037 0.026
Smith 0.028 0.026

500 BFO 0.016 0.011
Smith 0.004 0.010

Average BFO 0.031 0.024
Smith 0.024 0.023
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3.2. Communalities

The main questions to be answered here are:
1. How similar are communalities (expressed as the proportions of common

variance) obtained by MRFA on standardised and nonstandardised data,
respectively?

2. Do weak Heywood solutions in standardised and nonstandardised data
coincide?

3. Do the differences between observed variances of the variables affect the
similarity of solutions?

3.2.1. The similarity of the communality estimates

To ensure comparability, all sample communalities were rescaled to a common
metric (i.e. expressed as a proportion of the observed variance). The main similarity
measure for communalities was the mean absolute difference (MAD) between
communalities obtained from standardised and nonstandardised data, respectively.
As before, we shall review results for equal-variance and heterogeneous-variance
data sets separately. Figure 3.6. presents the “within-subject” (repeated measures)
confidence intervals for MAD at various sample size conditions. Each point
corresponds to an average MAD for 21 simulations with a certain sample size.

Figure 3.6. 95% confidence intervals for the average MAD of communalities at
different sample sizes.

As shown in Figure 3.6,  MAD was on average rather low, even in small samples,
and it was practically negligible in the N = 500 condition. Since in large samples the
variances of the variables were closer to one than in small samples, the large effect
of sample size found (η2 = .88) was expected in advance.

Small average MAD does not yet mean that MAD for each individual sample is
small. Figure 3.7 presents standard deviations of average deviations within a single
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simulation, averaged across 21 equal-variance simulations of the same sample size.
Especially in small sample sizes as 50 and 100 the average variability of MADs
obtained at different samples from the same population was not trivial. In small
samples we should thus reckon with some small proportion of cases with somewhat
larger (e.g., more than .05) MAD between loadings from the standardised and
nonstandardised data. On the other hand, such cases should be much less frequent
when the sample consists of several hundred units. Sample size therefore has a
considerable impact (η2 = .75) on the average SD(MAD), which can again be
attributed to smaller differences between standardised and nonstandardised data in
larger samples.

Figure 3.7. 95% confidence intervals for the average SD(MAD) of communalities at
different sample sizes.

The mean correlation between communalities from raw and standardised sample
data was computed as an additional measure of similarity. In 63 simulations based
on a standardised population covariance matrix, these average correlations ranged
between .854 and .998, with a mean of .971.

Table 3.5. ANOVA results for MAD of communalities

Effect η2 p
N .94 .00
h2

d .27 .02
N × h2

d .55 .00
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As in the previous section, we checked the possible impact of the average
communality and its interaction with sample size. The results are presented in Table
3.5. The impact of the size of the average communality was relatively larger than in
case of loadings; sample size had again a very high η2, followed by a medium-sized
interaction effect and finally the communality main effect. As can be seen from
Figure 3.8, the pattern of the interaction was essentially the same as in case of
loadings: the data sets with lower average communality produced on average less
similar results, the dissimilarity being larger in small sample sizes.

Figure 3.8. The sample size × average communality interaction in MAD of
communalities.

3.2.2. Weak Heywood solutions

In the introductory chapter we defined weak Heywood solutions (WHSs) as the
solutions in which at least one communality estimate equals 1. Only the weak
Heywood cases are of interest in MRFA, because the strong Heywood cases (which
correspond to negative uniqueness estimates) are prevented by a constraint in the
modified Bentler-Woodward algorithm, as explained in Chapter 1. Weak Heywood
solutions are formally proper solutions, but are usually (whenever the variable
includes at least some measurement error) unrealistic and thus indicate a possibly
problematic solution.

For the time being, we only answer the question whether WHSs from
standardised and nonstandardised data always correspond or not. Cohen’s (1960)
coefficient kappa was used as the index of agreement between dichotomous
variables, indicating whether a weak Heywood case was present in the solution or
not. Figure 3.9 presents averages and comparative confidence intervals for each
sample size for both kappa and the proportion of absolute agreement. In absolute
terms the agreement is high in all three conditions – even in the N = 50 condition the
presence or absence of a WHS on average coincided in more than 90% of samples.
However, in some simulations the proportion of WHSs was very high or low which
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results in high expected proportions of agreement. Coefficients kappa show a less
optimistic picture of the WHS agreement than the simple proportion of agreement.
On average, they were below .90 even in the N = 500 condition. Sample size
influenced the average kappa, too, but to a smaller extent than the average MAD; the
value of η2 was .61.

Rescaling the variables before analysis may therefore influence occurrence or
non-occurrence of Heywood cases. This fact, together with a strong influence of
sample size, might imply that Heywood cases may at least to a certain extent be due
to random data variations, such as caused by sampling error.

Figure 3.9. 95% confidence intervals for the average kappa and proportion of
absolute agreement for WHSs at different sample sizes.

3.2.3. Different observed variances of the variables

It remains to answer the question of whether the differences between population
variances of the variables influence the similarity of communalities of the two
solutions and the occurrence of WHSs. Table 3.6 presents MADs and kappas for
both data sets where the population covariance matrix was not a correlation matrix.
Although MADs were inside the range of values obtained for the equal-variance data
sets, they were in all cases higher than the average for the equal-variance
simulations. MADs from the Smith data set were further notably higher than those
from the BFO data, which corresponds to a larger heterogeneity of the population
variances in the Smith data. The influence of the sample size was clear in both data
sets.

Results for the coefficient kappa on the occurrence of WHSs were somewhat less
clear. Similarly to MAD, they were considerably lower than the average for the
equal-variance simulations in most cases, and kappas from the Smith data were
lower than those from the BFO data. However, sample size did not show the
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expected relation to the average kappa. We might note here that the proportion of
WHSs was very small in some of the BFO simulations (i.e. less than 5%), which
makes coefficient kappa rather unstable. In any case it seems that the similarity of
communality estimates and the agreement of WHSs from standardised and
nonstandardised data are negatively related to differences in population variances
and that they might be unsatisfactorily low if the population variances are extremely
different.

Table 3.6. Similarity of communality estimates in heterogeneous-variance sets

N Data set MAD Kappa
50 BFO 0.030 0.756

Smith 0.068 0.474

100 BFO 0.024 0.724
Smith 0.057 0.558

500 BFO 0.011 0.518
Smith 0.045 0.456
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3.3. Applicability of the asymptotic theory on standardised data

Shapiro and ten Berge’s (2002) asymptotic formulas for bias and variance of UCV
were originally constructed for use on covariance (i.e. nonstandardised) sample
matrices. However, a correlation sample matrix is usually analysed in practice, so it
is important to know whether or not the application on a correlation matrix would
yield adequate results. For each sample correlation and covariance matrix,
respectively, we computed the estimate of the asymptotic bias and the asymptotic
variance of UCV, treating the sample (correlation or covariance) matrix as if it was
the population covariance matrix.

The results showed that the application of the asymptotic bias formula on a
correlation matrix generally produces unreasonably high estimates: on average, in
about 60% of the cases the bias estimate even exceeded the amount of common
variance. We must note that such cases emerged in analyses of raw data, too, but
much less frequently (on average in 2% of all cases). Therefore, if we compute the
asymptotic bias estimate by using the sample correlation matrix, it is very likely that
the estimate will be nonsensical or at least suspicious. We can conclude that the
asymptotic bias formulas should not be applied on sample correlation matrices. In
such cases, bias can still be approximated by applying the asymptotic formulas on
the covariance matrix and then standardising the results. For this reason, we do not
present any further comparison between the results obtained on both types of data.
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3.4. Conclusions

MRFA loadings based on raw and standardised data tend to be close to equivalent
(after standardising the loadings from the raw data), especially if the population
variances are homogeneous and the sample size is large (e.g. several hundred cases).
However, exceptions may occur and it seems that certain data sets are more prone to
yield more or less similar solutions than the other. When the population variances
are heterogeneous (which is the case usually encountered in practice), factor
interpretations still tend to be equivalent (due to high congruence), but the
differences in loadings may be as large as about .05. Obviously, there are other
factors than variance heterogeneity additionally influencing divergence in factor
loadings.

Communalities obtained from correlation and covariance matrices tend to be
highly correlated, too. An intriguing fact is that Heywood case occurrence is far
from perfectly correlated among both types of data.

Asymptotic formulas of Shapiro and ten Berge (2002) should only be applied on
nonstandardised sample data.


