
2. Problem and method of the investigation

2.1. The structure of the research problem

Generally speaking, the problem of this study was an investigation of empirical
properties of MRFA, some of them being specific to MRFA (e.g. the UCV
estimation) and others being common to all factor analytic methods (e.g., the
accuracy of the factor loadings estimates). The study was partly motivated by the
fact that the empirical evidence about the behaviour of MRFA is very limited: for
instance, no studies examining the accuracy of the estimation of factor loadings or
communalities have been done yet. Although MRFA has a strong theoretical appeal,
more empirical evidence would be necessary before the method could be judged
appropriate to be used in practice. A comparison to other widely used methods,
serving as a benchmark, has to play an important part in such an evaluation.
Furthermore, literature review shows that the evidence about the comparative
effectiveness of various factor analytic methods, such as Minres and MLFA, is
scarce and mostly not very recent. A comparative investigation of different factor
analytic methods is thus relevant even regardless of MRFA.

The problem of this dissertation can be structured into two groups of problems
(parenthesised we state the chapter in which the problem is treated):

A. Problems regarding the properties specific for MRFA:
A1. The impact of standardisation on the MRFA results (chapters 3-6)
A2. Accuracy of the UCV estimation (chapter 7)
A3. Dependence of communality estimates on the number of factors (chapter 5)

B. Problems regarding the comparison of the methods:
B1. Accuracy of the estimates of factor loadings (chapter 4)
B2. Accuracy of the communality estimates (chapter 5)
B3. Accuracy of the reproduced population correlations (chapter 6)

Most of the problems can be investigated from more than one aspect. For
instance, when we investigate the accuracy of the estimation of some parameter,
both bias and sampling variability should be considered. We do not list all research
questions here, but we rather describe them in the beginning of each chapter.

2.2. Factor analytic methods

Besides MRFA, four methods were included in the comparison. Two of them,
Minres and MLFA are in our view highly representative of the current research
practice in psychology, and each of them represents a popular estimation principle.
Additionally, both versions of Kiers’ direct method were included to gather the first
systematic empirical evidence about their behaviour.

1. Minimum Rank Factor Analysis (MRFA). The algorithms described by ten
Berge and Kiers (1991) and ten Berge et al. (1981) were used. A small modification
of ten Berge and Kiers’ MRFA algorithm was implemented: two random starts were
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used rather than p+1 rational starts. This modification was motivated by the decision
to use the same number of starts with each method and the fact that both direct
methods are quite time consuming, so it would be unpractical to use a large number
of random starts with them. Furthermore, our experience shows that two random
starts are usually sufficient to get globally optimal results in MRFA.

2. Minres factor analysis. The same algorithm as proposed by Harman and Jones
(1966) was used. Heywood cases were suppressed by means of the ten Berge and
Nevels (1977) algorithm, which is in practice equivalent to Browne’s (1967)
solution. Two random starts were used.

3.,4. The simple direct method (DS) and the complete direct method (DC) were
performed according to Kiers’ algorithms described in section 1.4. In both methods,
two random starts were used.

5. Maximum Likelihood Factor Analysis (MLFA). The MLFA function was
minimised by means of the Newton-Raphson algorithm, as described by Clarke
(1970) and Jöreskog (1977). One random start and one rational start were used. For
the rational start, the initial uniqueness matrix was computed according to
Jöreskog’s (1967) recommendation as (1 – r/2p)[diag(S–1)]–1, where S denotes the
sample estimate of the population covariance matrix. In some cases this method
failed and the algorithm did not converge within 1000 iterations; the analysis was
then repeated with an identity matrix as the starting matrix. In combination with
random starts this always led to at least one convergence. Heywood cases were dealt
with according to the procedure described in Jöreskog (1977) and Jöreskog and
Goldberger (1972).

The methods were applied on standardised data. Apart from that, MRFA was
applied on both raw and standardised sample matrices in Experiment 1.

2.3. Design of the simulations

2.3.1. Experiment 1

The aim of Experiment 1 was to compare the five methods in conditions as close as
possible to conditions found in real applications. We collected a heterogeneous
sample of 15 real data sets, most of them reported in psychological journals. They
stemmed from various fields of research, including cognitive abilities and
intelligence, personality structure and attitudes. Besides the substantive background,
the data sets also differed in properties like the number of “large” factors (relative to
the number of variables), average communality etc. The data sets used are listed in
Table 2.1, together with some descriptive properties.

Covariance matrices, which were taken as the population matrices in simulations,
were constructed as follows. First, an eigendecomposition or a factor analysis of the
observed covariance matrix was performed. Then a covariance matrix was computed
from the mr largest eigenvalues and corresponding eigenvectors (where mr denotes
the desired minimum rank). The choice of the value of mr was to a certain extent
arbitrary; it was usually a bit smaller than the original mr to eliminate very small
eigenvalues that would make mr a fuzzy quantity. Finally, the original variances
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(unities in cases of correlation matrices) were put in the diagonal of the reproduced
matrix. All constructed matrices had high minimum rank (above the Ledermann
bound). The values of r (number of extracted factors) were the same as used by the
authors of the source research reports or chosen to be theoretically defensible (e.g.,
for the Big Five data the r = 3 and the r = 5 conditions correspond to the PEN or the
Big Five model, respectively), and were always below the respective value of the
Ledermann bound to ensure identification.

Table 2.1. Data sets used in Experiment 1

Data set Reference p mr r h2 ECV% area
BFQ Bucik, Boben, & 10 6 3 .69 80.5 personality

Kranjc, 1997 5 .70 97.5
SIP 6RþDQ� ���� 6 3 2 .81 96.4 abilities
Schutz Schutz, 1958 9 6 2 .70 81.3 abilities

4 .70 99.1
Emmet Emmet, 1949 9 6 1 .66 73.7 abilities

2 .66 90.1
3 .66 96.2

BFO Bucik, Boben, & 8 6 1 .50 73.2 personality
Kranjc, 1997 2 .50 87.9

Moray Emmet, 1949 9 7 1 .77 75.3 abilities
2 .77 89.6

Car Steg, Vlek, & 10 7 2 .48 77.9 attitudes
Rooyers, 1993 4 .51 94.6

Spearman Spearman, 1904 6 3 1 .70 91.0 abilities
2 .71 96.0

Smith Smith & Stanley,
1983

6 3 2 .69 98.6 abilities

Green Green, Goldman &
Salovey, 1993

8 5 2 .76 92.2 personality

Lord Lord, 1956 15 11 4 .75 94.7 abilities
Goodwin Goodwin &

Tinker, 2002
11 7 4 .60 85.0 attitudes

Mackintosh Mackintosh & 6 3 2 .56 93.2 abilities
Bennett, 2002

Hewitt Hewitt, Caelian,
Flett, Sherry,

10 6 2 .66 70.8 personality

Collins & Flynn,
2002

3 .66 86.4

Rees Rees, 1950 7 5 2 .64 82.6 physiogn.

p: number of variables, mr: manipulated minimum rank, r: number of extracted
factors, h2: average MRFA communality estimate in population, ECV%: percentage
of the explained common variance in population, as estimated by MRFA.
“Population” refers to the constructed and not to the original population.
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There were three sample size conditions (N = 50, N = 100 and N = 500,
respectively). For each combination of conditions, 500 sample covariance matrices
were constructed as follows. A sample covariance matrix was constructed by
computing covariances among the columns of matrix X, defined as

X = NΣ1/2           (2.1)

where Σ is the population covariance matrix and N is a N × r matrix of random
numbers distributed as N(0, I). In this manner, N realisations from the multivariate
N(0, Σ) distribution were obtained in matrix X (see also Devroye, 1986, p.564).
Each sample covariance matrix was then transformed into the correlation matrix.
Finally, a standardised data matrix, required by both direct methods, was computed.

There were 72 distinct combinations of a data set, sample size and number of
extracted factors (15 data sets × three sample sizes × 1, 2 or 3 different numbers of
extracted factors, as specified in column r of Table 2.1) and 500 random samples
were generated within each combination. Each of the groups of 500 analysed sample
data sets is going to be referred to as “a simulation” (thus there were 72
simulations).

2.3.2. Experiment 2

In Experiment 2, the methods were compared in conditions of low minimum rank in
the population. Although a low rank design is unrealistic, it makes possible a unique
determination of the population communalities and the comparison of methods in
conditions of perfect fit in the population. The population correlation matrices were
artificial, which enabled an experimental control of the average communality in the
population.

Four population correlation matrices were constructed. The number of variables
was 12 in all four cases. Two values of minimum rank (mr = 2 and mr = 4) and two
values of average communality (CV% = 40 and CV% = 70) were employed. The
matrices of factor loadings were constructed as follows. Each variable had one high
loading on one of the factors and either zero or small positive or negative loadings
on the remaining factors. These small loadings accounted for 10% of the average
common variance each. The major loadings were determined so that the
communalities ranged from .3 to .5 (in the CV% = 40 condition) or from .6 to .8 (in
the CV% = 70 condition), respectively. The population loading matrices are listed in
the appendix. The population correlation matrix was then computed by
postmultiplying the loading matrix with its transpose and filling the main diagonal
with unities.

Two sample sizes were used (N = 50 and N = 500, respectively), so the total
number of combinations of experimental conditions was 8. In each condition, 500
random sample data and correlation matrices were constructed by means of the
procedure described above. All indirect methods were applied on correlation
matrices.
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The simulations in both experiments were performed by the MATLAB 5.3
(1998) program.

2.4. Statistical analysis

In Experiment 1 the design was not fully crossed, so the analyses were based on
averages (of various accuracy measures) for each simulation. On the other hand, in
Experiment 2 the unit of analysis was a result from a single sample. The notion of
variability was therefore different in both experiments. Two types of statistical
analyses were used. First, an overall descriptive analysis, based on box-plots,
descriptive statistics and ranks of methods was performed. This was followed by an
inferential analysis, which addressed the question of to what extent we can
generalise the obtained differences between the methods or conditions, respectively,
to the population. We decided to present the results mainly in the form of confidence
intervals, which in our opinion provide an informative and concise combination of
description and inference. Since the study was focused on the differences among the
methods, the within-subject confidence intervals were employed (Loftus and
Masson, 1994) in Experiment 1. These intervals are based on the mean square for
error in the repeated-measures ANOVA, and overlapping intervals correspond to
“statistically insignificant” differences. The interpretation of such intervals is thus
limited to the comparison across methods. In Experiment 2, the power was higher,
so we mostly used the between-subjects confidence intervals, which can be
interpreted as an ordinary confidence interval for the population mean, so that the
interpretation is not limited to comparison across methods. To avoid confusion, we
always state which kind of confidence intervals are reported.

Admittedly, the choice of an appropriate inference method is a debatable issue.
An obvious problem is that the possible values of the accuracy measures are
bounded, thus their distribution can be expected to be skewed, and this was in fact
generally observed. We might try to reduce skewness by some transformation before
the analysis, but this would make the results much less transparent. Symmetric
distribution is also not regarded as the most critical assumption in ANOVA
(Stevens, 1996) and besides, the sample distributions were very similar for all
methods. In some cases, the homogeneity of variance assumption was violated, and
in such cases we used the modified procedure as proposed by Loftus and Masson
(1994).


