
1. Introduction

The aim of this thesis was an evaluation of an accidental invention. Fifteen years
ago, ten Berge and Kiers (1988, 1991) developed a computational procedure for the
evaluation of the minimum rank of a covariance matrix. Their procedure also
produced the corresponding rank-minimising diagonal elements, so it was
potentially useful as a factor analytic method. The method was named the
(Approximate) Minimum Rank Factor Analysis (MRFA) and has some appealing
theoretical advantages: it yields communality estimates which are proper in every
respect, and it estimates the amount of the common variance left unexplained after
some small number of common factors has been extracted. Despite some theoretical
developments in the following years (Shapiro & ten Berge, 2002), the question of
the practical usefulness of MRFA remained unanswered. A particularly intriguing
question concerns the empirical performance of MRFA compared to the
“mainstream” factor analytic methods like Maximum Likelihood Factor Analysis
and Minres.

This thesis attempts to give some answers to these questions. In this chapter we
first introduce a general factor analytic model and explain some terms, which will
receive special attention later in the thesis. Then we present the basic principles
underlying the methods we have chosen for the comparison. Finally, we discuss
some determinants of the accuracy of factor analytic solutions.

In Chapter 2 we describe the experimental design of our investigation. In
Chapters 3 – 7 we present the results concerning various aspects of the empirical
effectiveness of MRFA and other methods. Among these, Chapters 4 – 6 are
devoted to the comparison of MRFA and four other factor analytic methods. We
conclude the thesis with a discussion in which we summarise our findings, discuss
their consequences for practice and suggest some ideas for future research.

1.1. The factor analysis model

1.1.1. Definition of the model

The aim of exploratory common factor analysis (which we further refer to simply as
“factor analysis”) is to describe p manifest variables in terms of a smaller number of
r latent variables, or common factors. Factor analysis is based on a linear model of
relationships between manifest and latent variables. This model can be described as
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which means that the variable Xk (which is centered and possibly in standardised
form) is a linear combination of m latent common factors Fj and the variable’s
unique part (also called unique factor) Ek, where pkj are the weights defining the
linear combination. In matrix notation we can write it as
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X = FP′ + E             (1.2)

where X is an N×p matrix of values of the manifest variables, P is a p×m pattern
matrix (a matrix of regression weights for predicting manifest variables from
common factors), F is an N×m matrix of common factor scores and E is an N×p
matrix of scores of unique factors. Common factors explain the part of variance
which variables share with each other, so they account for the correlations among
the variables. Unique factors, on the other hand, explain the variance which
variables do not share with any other variable, so they do not affect covariances
among the variables. From these definitions it is obvious that the unique factors are
uncorrelated both with each other and with the common factors. We can take the
common factors standardised, so that the covariance matrix of manifest variables C
can be written as

C = PΦP′ + U = SP′ + U                 (1.3)

where Φ is an m×m matrix of factor correlations, S is a p×m matrix of factor
loadings (correlations between variables and common factors) and U is a p×p
diagonal matrix of uniquenesses. If the common factors are mutually uncorrelated,
Eq.1.3 can be rewritten as

C = AA′ + U = Cred + U                         (1.4)

where A is both the factor structure matrix and the pattern matrix and Cred is the
reduced covariance matrix, which contains variances and covariances for the
common parts of the variables. The rank of Cred shall be referred to as the reduced
rank of C. For simplicity, we will further assume uncorrelated factors. This implies
no loss of generality, since the factors can still be obliquely rotated anytime after
extraction.

Despite early beliefs (for instance, Ledermann, 1937) that Cred can be accurately
reproduced by a small number of common factors, its actual minimum rank tends to
be relatively high in practice. By minimum rank (mr) we mean the smallest m for
which we can find a loading matrix A and a nonnegative diagonal matrix U that
together reproduce C perfectly, so that the reproduced covariance matrix AA′ is
equal to the reduced covariance matrix Cred, where C = Cred + U. Guttman (1958)
showed that a universal upper bound to mr is p–1. This means that we can always
determine communalities such as to achieve the reduced rank of C equal to p–1, but
in certain cases the minimum reduced rank is equal to p–1 as well. Furthermore,
Shapiro (1982) proved that the minimum rank is almost surely (with probability 1)
not below the Ledermann (1937) bound, defined as
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For instance, when 10 manifest variables are analysed, 6, 7, 8, or even 9 common
factors are necessary to fully account for the covariances among the variables.
However, researchers are usually interested in low-rank solutions for reasons of
scientific parsimony and identifiability of the model. The number of factors
extracted, which we denote by r, is therefore generally smaller than the minimum
rank of Cred. In that case the covariance matrix of common parts does not equal AA′
any more. We can elaborate the model stated in Eq.1.2 as follows. Write the
centered data matrix as

X = [FA | FB][ A | B ]′ + E,             (1.6)

where the letter A refers to the first r factors and B refers to the last m–r (i.e. the
ignored) factors. As before, we assume orthogonal factors (in practice, orthogonality
can be imposed on the particular method of extraction). In this case, the observed
covariance matrix becomes

C = AA′ + BB′ + U = AA′ + (C – U – AA′) + U = AA′ + (Cred – AA′) + U.        (1.7)

The observed covariance matrix is in this case a sum of three covariance
matrices: the reproduced covariance matrix AA′, the residual covariance matrix BB′
= C – U – AA′ and the uniqueness matrix U.

Taking traces of the four involved matrices we obtain:

tr(C) = tr(AA′) + tr(Cred – AA′) + tr(U),              (1.8)

where the respective traces are equal to the amount of the total observed variance
(OV), explained common variance (ECV), unexplained common variance (UCV)
and unique variance (UV), respectively, so

OV = ECV + UCV + UV.             (1.9)

By “explained” we mean “explained by the r common factors”.
Usually, the measurement scales of the manifest variables are arbitrary and we do

not wish them to affect the parameters of the model. In such cases the variables are
standardised before the analysis, which makes their covariance matrix C equal to the
correlation matrix, which we shall denote by R. If a scale-free method of factor
analysis is used, this issue is not relevant and we can analyse either a covariance
matrix or the correlation matrix.

1.1.2. Identification

Before we discuss procedures for the estimation of A and U, we shortly state the
conditions in which a unique solution can be found. It is clear that A itself is never
identified, since a postmultiplication by an arbitrary orthonormal matrix results in
the same reproduced covariances. A thus has rotational freedom, unless we set
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constraints on its elements. On the other hand, the elements of U may be uniquely
determined and so the identification problem actually concerns the identification of
the unique variances.

Anderson and Rubin (1956) gave several necessary and / or sufficient conditions
for the identification of factor analysis models, which were, however, either quite
specific (applicable to certain sizes of A only) or not very practical. A general
formulation of the identifiability conditions was worked out by Shapiro (1985, 1989)
and Bekker and ten Berge (1997). Putting their results together, we can state the
following:

1. if mr < Lb(p), the FA model is globally identified almost surely;

2. if mr > Lb(p), the FA model is not globally identified almost surely;

3. if mr = Lb(p), the FA model is locally identified almost surely.

A globally identified model has only one solution. The local identification at the
Ledermann bound results in a finite number of possibly distinct solutions (which
could also be one or even zero). For instance, already Wilson and Worcester (1939)
have demonstrated that two distinct solutions are found in some case of six variables
and three common factors. Because an unidentified model results in an infinite
number of solutions with different interpretations, such a model is of no practical
use (except for certain very specific purposes, like the determination of the exact
minimum rank). A practical implication of these identification conditions is
therefore that it only makes sense to extract a small number of factors, so that r <
Lb. Fortunately, extracting a small number of factors is just what we are in practice
interested in. Some amount of unexplained common variance is therefore inevitable;
if a factor analysis model is appropriate for the data, this amount is relatively low.

1.1.3. Improper solutions

The three matrices in the right hand side of Eq.1.7 are covariance matrices.
Therefore, their estimates (obtained by some estimation method) should be Gramian,
if the solution is to be proper. AA′ is Gramian by construction, so it is always proper
as long as A consists of real elements.

The case usually associated with the term “improper solution” is when the
estimate of U contains one or more negative elements, which is commonly referred
to as a Heywood case. A solution which yields one or more unique variance
estimates equal to zero, while the remaining unique variance estimates are positive,
shall be referred to as a weak Heywood solution (WHS). Such a solution is formally
proper, but it is still embarrassing because it implies that some variable has perfect
reliability and can be perfectly explained by few latent variables.

The exact mechanisms leading to a Heywood case are still not very well
understood. Simulation studies which investigated empirical correlates of the
frequency of Heywood solutions in the context of Constrained Maximum Likelihood
Factor Analysis (Anderson & Gerbing, 1984; Boomsma, 1985; Gerbing &
Anderson, 1987) identified small sample size as the main determinant (of course,
this is true only as long as the population solution does not involve a Heywood



Introduction                                                                                                                             5

case). Additionally, a low p/r ratio and a population uniqueness close to zero also
increased the frequency of Heywood solutions. Kano (1990) discusses a situation
where an inappropriate number of extracted factors leads to a Heywood case.

Methods exist for prevention or at least suppression of Heywood cases, so that
we end up with a weak Heywood solution. This implicitly assumes that the
population uniqueness of a Heywood variable is zero, which is of course open to
objection, but on the other hand it is probably the only thing one can do except
rejecting the solution altogether. There is no general principle for Heywood case
prevention, therefore we shall mention specific techniques while discussing
estimation methods in section 5.2.

Another form of improper solution, which has drawn far less attention than the
Heywood case, is when Cred – AA′ (the covariance matrix between the common
parts of the variables, not explained by the extracted factors) is not Gramian. We
shall discuss this problem in section 1.3.
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1.2. Standard approaches to the estimation of the factor model
parameters

In this section we describe two main approaches to the estimation of the parameters
of the factor model. We do not deal with methods which are either obsolete, like the
centroid method (Thurstone, 1935), or based on rationales too specific to get into
common use, like image analysis (Guttman, 1953) or alpha factor analysis (Kaiser
and Caffrey, 1965).

1.2.1. The maximum likelihood criterion

Maximum Likelihood Factor Analysis (MLFA) attempts to estimate A and U in
such a way that the likelihood of obtaining the observed sample covariance matrix is
maximised. The maximum likelihood estimation thus maximises a likelihood
function, which indicates how likely the actual covariances would emerge if the
population parameters were equal to A and U. The first MLFA algorithm was
developed by Lawley (1940), but the first computationally effective algorithm was
devised by Jöreskog (1967). We shall only note some main points rather than
describe the algorithm in detail. For details, the reader is referred to Jöreskog (1967,
1977), Lawley and Maxwell (1971) and Wansbeek and Meijer (2000).

The starting assumption is that the data in the population follow the multivariate
normal distribution and that the population covariance matrix can be factored as Σ =
AA′ + U. Then, a likelihood function for the observed covariances can be
formulated. This function can be translated in an equivalent function, which has to
be minimised rather than maximised (Lawley and Maxwell, 1971, p.26):

hML(A,U) = log|Σ| + tr(CΣ-1) – log|C| – p.           (1.10)

For a fixed U, the minimising A can be simply computed as (Lawley and
Maxwell, 1971, p.28):

A = U1/2Ω(Θ – I)1/2,                                  (1.11)

where Θ is a diagonal matrix of the r largest eigenvalues of U-1/2CU-1/2, and Ω is the
corresponding matrix of eigenvectors. Equivalently, one can compute A by means of
a truncated eigendecomposition of C – U (Harman, 1976, p. 182). The real problem
thus lies in the minimisation of hML over U, which can be achieved by minimising
the function (Jöreskog, 1967, p.448):

��ORJ��
��

0/
USI

S

UL

L

S

UL

L
−−+





−= ∑∏

+=+=

θθ8 ,                      (1.12)

where θi are the smallest p – r eigenvalues of U-1/2CU-1/2. Jöreskog (1967, p.449)
comments that fML(U) “is a measure of the variation of the roots around the value
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one. The maximum likelihood estimates are obtained when the roots are as equal to
1 as possible in an approximate least squares sense.” In fact, the latter condition
corresponds to the smallest eigenvalues of U-1/2CredU

-1/2 being approximately equal
to zero, because U-1/2CredU

-1/2 is equal to U-1/2CU-1/2 – I.
The minimisation of fML(U) can be achieved by various numerical procedures.

Jöreskog (1967), for instance, implemented the Fletcher and Powell (1963) method,
based on repeated computation of fML(U) and its derivatives. The computational
implementation of this method is, however, quite complex. Clarke (1970) described
an alternative minimisation method, based on the Newton-Raphson approach, which
is also implemented in the SPSS package (Norušis, 1996). Clarke’s method requires
the second order derivatives of fML(U), but it is computationally simpler than
Jöreskog’s (1967) method. More recently, Rubin and Thayer (1982, 1983) applied
the EM algorithm to MLFA.

It was soon noted that Heywood cases occur quite often with ML estimation.
Jöreskog (1967) recommended the following method of suppressing Heywood
cases. If in the course of the iterations one or more elements of U become smaller
than some arbitrary threshold value (e.g. .005 for standardised variables), the
corresponding variables are partialled out of C, which effectively implies equating
each Heywood variable with a common factor (namely, if some variable’s loading
on a common factor is 1, then the factor and the variable are identical). The partial
covariance matrix is then analysed by MLFA to obtain estimates for the remaining
variables. The unique variance estimates of the Heywood variables are set to zero,
and loadings on the corresponding factors are estimated by means of a simple
regression procedure.

Because this procedure is quite cumbersome, Jöreskog and Goldberger (1972),
see also Jöreskog (1977), proposed a simpler method for dealing with Heywood
cases. First a logarithmic transformation of the diagonal values of U is performed to
ensure stability of the derivatives. The minimisation procedure allows for exclusion
of particular variables, so that when a uniqueness estimate becomes smaller than
some threshold value, its value can be fixed and minimisation continued with the
remaining variables. For further discussion on potential possibilities of Heywood
case prevention see also Martin and McDonald (1975) and Bartholomew and Knott
(1999).

1.2.2. The least squares criterion

The rationale of the least squares criterion in factor analysis can be stated as follows.
Factor analysis explains common variance, which is the source of correlations
among the observed variables. Consequently, a factor analysis model should aim at
the best possible reproduction of these correlations. The simplest criterion for the
goodness-of-fit of the reproduced correlation matrix to the observed correlation
matrix, commonly known as the Unweighted Least Squares (ULS) criterion, is
based on minimising the sum of squared residuals (i.e. differences between the
observed and the reproduced correlations). The objective function can be stated as
follows:
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fULS(A) = ( )∑
≠

−
p
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where 
LM
��  denotes reproduced correlations, that is, off-diagonal elements of AA′. It

can be rewritten in matrix notation as

fULS(A,U) = ||R – AA′ – U||2,                        (1.14)

where ||X||2 = tr(X′X). If A is known, the optimal U is simply diag(I – AA′), and if U
is known, we can find the optimal A as KALA

1/2, where, following the notation from
Eq.1.6 and Eq.1.7, LA is a diagonal matrix of the r largest eigenvalues of R – U and
KA is a matrix containing the corresponding eigenvectors (Harman & Jones, 1966).
These relations make possible a reformulation of fULS(A,U) as a function of either A
or U alone, as we shall see below.

For future discussion it is useful to note that minimising fULS is equivalent to
minimising the sum of squares of the p – r smallest eigenvalues of R – U. To show
this, write R – U as AA′ + KBLBKB′, where LB denotes a diagonal matrix of the p – r
smallest eigenvalues of R – U and KB is a matrix containing the corresponding
eigenvectors (KBLBKB′ thus represents the part of R – U, not explained by A and
U). Then, from Eq.1.14, we have:

fULS(A,U) = ||AA′ + KBLBKB′ – AA′ ||2 =  ||KBLBKB′ ||2 = ||LB||2.                        (1.15)

The oldest computational approach (Thomson, 1934) to the minimising of
fULS(A,U), commonly known as Iterated Principal Factors Analysis (IPFA), consists
of inserting some communality estimates (e.g. squared multiple correlations) in the
diagonal of R, performing a truncated eigendecomposition of that matrix for a fixed
number of factors r, taking A as the matrix of the first r principal components,
computing new communality estimates (as diagonal elements of AA′) and repeating
these steps until convergence. The drawback of this technique is that no remedies
exist for possible Heywood cases: if we get min(U) < 0 at some point, nothing can
be done except terminate iterating prematurely.

Harman and Jones (1966) proposed the Minres (minimising residuals) algorithm,
which operates on the loading matrix only. Minres is an iterative algorithm, which
alternately updates the rows of A one after another. To find the appropriate least
squares update, Harman and Jones translate the problem into a standard regression
form (also see ten Berge, 1993, p.50). Let ai′ be the i-th row of A, let r(i) be the i-th
column of R – I, and let A(i) be matrix A with the i-th row replaced by a row of
zeros. The least squares function for the i-th row of correlations can now be written
as

gULS(ai) = ||r(i) - A(i)ai||
2,                            (1.16)
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and the minimising ai can immediately be found as

ai = (Ai′Ai)
-1Ai′ri.                        (1.17)

Minres starts with some initial estimate of A and then updates each row of A.
Then the value of fULS(A) is evaluated. If its difference from the function value from
the previous iteration is less than the convergence criterion, the procedure is
terminated.

Two desirable properties of this procedure are worth mentioning. First, due to
optimisation properties of linear regression, the value of fULS(A) can not possibly
increase. Second, the row-wise updating of A makes possible an effective treatment
of Heywood cases. If a Heywood case arises, the update of ai is computed by means
of a constrained least squares minimisation, the constraint being ai′ai = 1 (which
means that the communality estimate for this variable is 1). The general form of this
problem is known as the constrained oblique Procrustes problem (Browne, 1967; ten
Berge and Nevels, 1977; see also Harman and Fukuda, 1966; Mulaik, 1972, p.152-
153).

Another possibility of minimising fULS is by the minimisation over U,
analogously to MLFA. Both first and second derivatives of the function are easily
computed, so that the Newton-Raphson method can be applied (Jöreskog, 1977;
Norušis, 1996). However, the method of prevention of Heywood cases described
above is not applicable to this procedure; Jöreskog (1977) recommends using the
same procedure as for MLFA instead.

Several other objective functions are based on the least squares principle, the best
known among them probably being the Generalised Least Squares (GLS) function
(Jöreskog & Goldberger, 1972) where the matrix of residual covariances is weighted
by the inverted covariance matrix. The behaviour of the GLS estimates is very
similar to the ML estimates.

1.2.3. Comparison of both estimation principles

In practice, MLFA and Minres produce results which are usually very similar,
although not identical. The question can be asked which method is to be preferred.
Some writers, especially those with background in mathematical statistics, have
expressed more or less explicitly their preference for MLFA. For instance, by not
mentioning other methods, Lawley and Maxwell (1971) in their classic monograph
implicitly treated MLFA as the method of factor analysis. More recently,
Bartholomew and Knott (1999) wrote that Minres “offers few advantages and is not
included in modern computer packages” (p.56). The main reason for the appeal of
MLFA probably lies in the theoretical asymptotic properties of the maximum
likelihood estimators, such as asymptotic normality, efficiency and consistency, and
in the possibility of development of analytical inferential procedures. Among the
latter, estimates of standard errors for loadings are especially practically important
(Cudeck and O’Dell, 1994). Finally, the MLFA estimates are scale invariant, which
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implies that analysing a correlation matrix or a covariance matrix makes no
difference.

On the other hand, the ML estimation is based on distributional assumptions,
whereas the ULS estimation is distribution free. The ML estimators are also not
necessarily unbiased, although the factor analytic literature is vague in this respect.
Further, the ULS estimates are consistent as well, without relying on any
distributional assumption, and their standard errors can be effectively estimated by
means of the bootstrap procedure (Krijnen, 1996). We should also bear in mind that
the asymptotic properties depend not only on the distributional assumptions, but also
on the assumption that the model fits perfectly, which is to certain extent always
violated, too. Finally, even when the assumptions are (approximately) met,
asymptotic properties may not be very useful in small samples.

Therefore, theoretical considerations do not point to a clear and definite
superiority of one method over another. From that viewpoint it is surprising that the
number of published studies comparing both methods is quite small.

Browne (1968) compared the behaviour of five factor analytic techniques:
MLFA, Thomson’s method (IPFA), two versions of principal factors method
without iteration and the centroid method. Only the first two are still worth
considering. Browne used two population loading matrices, with 12 and 16
variables, respectively, and four population common factors (the smaller loading
matrix was a submatrix of the larger one). Communalities ranged between .10 and
.90. Each variable had either one or two nonzero loadings. Two measures of
accuracy of the estimated loading matrices were used. The first measure was the
sum of squared differences between the sample reproduced correlations and
communalities and their population counterparts. The second measure was the sum
of squared differences between the sample loadings (rotated by the oblique
Procrustes rotation) and the population loadings. The research design consisted of
three conditions, but only one of them (p = 12, r = 4, N = 100) is relevant for our
discussion, because it involved both MLFA and IPFA. The results based on 20
random samples showed that MLFA was on average the most accurate on both
measures, while IPFA was on average in the second place. On the other hand,
MLFA produced more Heywood solutions (11) than IPFA (7). In the N = 1500
condition, however, MLFA produced no Heywood cases (IPFA was not included in
this condition). It should be noted that Heywood cases were not suppressed (neither
in MLFA nor in IPFA): when a negative communality estimate was obtained,
iterations were terminated and the last solution with all uniquenesses being positive
retained.

Manners and Brush (1979) partly replicated Browne’s (1968) study by taking the
same population loading matrix. They created two sample size conditions (N = 100
and N = 500, respectively) and two number of variables conditions (p = 10 and p =
16, respectively), and created 10 random correlation matrices within each of the four
combinations. The methods used were IPFA, Alpha Factor Analysis (AFA), MLFA
and Minres. The inaccuracy measure was identical to Browne’s second measure,
except that an orthogonal rather than oblique target rotation was used. As in
Browne’s study, MLFA produced the smallest overall value of the accuracy
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measure, and was followed by IPFA and AFA. Minres performed badly: the value of
the inaccuracy measure was more than three times as large as the value for IPFA.
The authors attribute this to the use of Harman and Fukuda’s (1966) technique for
resolution of Heywood cases (for the other three methods, iterations were terminated
when a Heywood case occurred). Obviously, the Minres procedure used was not the
optimal one, since techniques for prevention of Heywood cases should increase
rather than decrease the accuracy of loadings.

More recently, Knol and Berger (1991) compared the accuracy of Minres, IPFA,
MLFA, AFA and the GLS factor analysis (GLSFA). Since the aim of their study
was a comparison of factor analysis and item response models for dichotomous data,
matrices of tetrachoric correlations were analysed. Two accuracy measures were
used: the accuracy measure for loadings was equivalent to Browne’s second
measure, except that the orthogonal Procrustes rotation was used. The accuracy
measure for communalities was the root-mean-squared difference between the
population communalities and their sample estimates. Four sets of parameters were
used and three sample size conditions (N = 250, 500, and 1000, respectively), and 10
random samples were drawn in each combination. In general, both IPFA and Minres
were more accurate than MLFA and GLSFA on both criteria, although the order of
accuracy of the methods was not the same for all parameter sets.

Very recently, Briggs and MacCallum (2003) compared the recovery of weak
common factors by MLFA and Ordinary Least Squares Factor Analysis (OLSFA),
which is based on the unweighted least squares function. They conducted a large-
scale simulation study which included various degrees of model error (by
introducing a large number of "minor" common factors) and sample size (100, 300
and 500). They constructed population loading matrices for 16 variables with 3 or 4
common factors, among which either one or two were "weak", i.e., had relatively
small loadings (.4-.5). Only the recovery of these weak factors was of interest. The
measures of accuracy they used were the congruence coefficient and the root mean
square deviation. Both methods performed well when the amount of model and
sampling error was small. On the other hand, when more error was introduced (for
instance, when sample size was 100 rather than 300 or 500), OLSFA systematically
outperformed MLFA. Furthermore, MLFA estimates had larger empirical standard
errors. The performance of both methods was notably worse when a Heywood case
emerged in a solution and MLFA produced many more Heywood cases than
OLSFA, at least in the N = 100 condition.

A common problem of the described studies except the one by Briggs and
MacCallum is that a small number of both random samples and population matrices
was used and consequently little attempt was made in the direction of statistical
inference. Of course, until recently, large scale simulation studies were prevented by
the processing speed limitations, but clearly the most definite conclusion one can
arrive at so far is that more empirical comparative evidence is needed in this respect.
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1.3. The minimum rank factor analysis (MRFA)

1.3.1. Motivation and definition

To motivate the rationale of MRFA, let us consider a problem with the standard
factor analytic methods, called “Harman’s paradox” by ten Berge (2000). When a
correlation matrix (or a covariance matrix) is fitted by, e.g., Minres or MLFA and
the fit is not perfect, then the implied reduced correlation matrix Rred = R – U is
indefinite. Specifically, the smallest p – r eigenvalues of Rred sum to zero, therefore
at least one of them has to be negative. This phenomenon is not limited to Minres
and MLFA: it is easy to see that R – U is indefinite whenever communality
estimates are computed from loadings for the first r factors. Recall the
decomposition of R – U into AA′ + KBLBKB′. From U = I – diag(AA′), it follows
that tr(R – U) = tr(AA′). Thus tr(KBLBKB′) = tr(LB) = 0, which implies either that
LB is a zero matrix (indicating a perfect fit) or that at least one of its elements is
negative (in case of imperfect fit). The concept of the proportion of ECV is thus lost
for practical purposes: the classic methods implicitly assume that the proportion of
the explained common variance is 100%, because the sum of the first r eigenvalues
of Rred is equal to the sum of the communality estimates. Further, such a solution
implies factors which explain a negative amount of variance.

Interestingly, this issue has received almost no attention, although the problem is
not unknown. For instance, Harman (1976, p.182) just briefly mentioned the
emergence of negative eigenvalues, but gave no comment on it. Apparently, the
issue was not considered problematic from the practical point of view and besides, it
is not possible to resolve the problem within the framework of Minres of MLFA. On
the other hand, one could object to an interpretation of the estimates of loadings and
communalities if the associated reduced covariance matrix actually cannot be a
covariance matrix. Further, the assumption of ECV being equal to CV is quite
unfortunate from the practical viewpoint, because the ECV proportion could be a
most useful tool for deciding on the appropriate number of factors to extract.

A method which does provide a Gramian Rred (or Cred, respectively) is Minimum
Rank Factor Analysis (MRFA), proposed by ten Berge and Kiers (1988, 1991).
MRFA attempts to find communality estimates which imply the best approximation
of the rank r solution, subject to the constraint that Rred is Gramian. The criterion for
its determination is as follows: by extracting r factors, the sum of the last p – r
eigenvalues of Rred should be as small as possible while all eigenvalues remain
nonnegative. The function which is minimised in MRFA can be written as (ten
Berge & Kiers, 1991)

fMRFA(U) = ∑
+=
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subject to the condition that both R – U and U be Gramian, where λ i
 stands for the i-

th largest eigenvalue of R – U. The number of extracted factors r has to be fixed in
advance.
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The constraint that the reduced eigenvalues must not be negative forms an
important difference between MRFA on one side and Minres and MLFA on the
other side: the latter two also make the sum of the last p – r eigenvalues of Rred as
close to zero as possible, but without the nonnegativity constraint, which leads to the
sum equalling zero and to an indefinite Rred. On the other hand, in MRFA the
amount of variance explained by the ignored factors (i.e., the unexplained common
variance) is minimised while the solution remains proper in all respects.

1.3.2. The algorithm of MRFA

An algorithm minimising the MRFA function directly has not been found. Ten
Berge and Kiers (1991) suggest to find some tractable function the minimum of
which coincides with the minimum of fMRFA(U). We can make use of the following
property of generalised quadratic forms: for any symmetric matrix S of order p, the
minimum of tr(X′SX), subject to X′X = Ip-r, is attained when X contains the
eigenvectors corresponding to the p – r smallest eigenvalues of S, and this minimum
is equal to the sum of these eigenvalues. Now take S = Rred. Minimising tr(X′SX) in
that case means minimising the unexplained common variance, which is by
definition equal to the sum of the p – r smallest eigenvalues of Rred. The minimum
of the following function will therefore coincide with the minimum of fMRFA(U):

gMRFA(KB, U) = tr[KB′(R – U)KB]                      (1.19)

subject to the condition that both R – U and U be Gramian, where (consistent with
the notation in the previous section) KB is a column-wise p×(p – r) orthonormal
matrix. Ten Berge and Kiers (1988, 1991) suggest a two-step approach to the
minimisation of gMRFA(KB, U) by alternately optimising KB and U.

In the first step (called “main iterations”), KB is optimised for a fixed U. As
already explained, the optimal KB can be found simply by performing the eigenvalue
decomposition of the current R – U and taking eigenvectors corresponding to the p –
r smallest eigenvalues to obtain KB.

In the second step (“inner iterations”), U is optimised for a fixed KB. Define the
diagonal matrix W2 as:

W2 = diag(KBKB′).           (1.20)

Because in this step both R and KB are constant, the minimum of gMRFA(KB, U) in
the inner iterations step coincides with the maximum of the function

hMRFA(U) = tr(KB′UKB) = tr(W2U)                       (1.21)

subject to the constraint that both W(R – U)W and W2U be Gramian, which is in
practice equivalent to the constraint that both R – U and U be Gramian (see below
for an exception). This function can be minimised by means of the Constrained
Minimum Trace Factor Analysis (CMTFA). In the current version of MRFA, the
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CMTFA algorithm by ten Berge, Snijders and Zegers (1981) is implemented, which
is essentially the Bentler and Woodward (1980) procedure (MBWP), although
alternative algorithms exist (Alizadeh, Haeberly, Nayakkankuppam, Overton &
Schmieta, 1997; Jamshidian & Bentler, 1998). CMTFA was originally designed to
find the greatest lower bound to reliability (see also Bentler, 1972) and its objective
can be described as follows: for a covariance matrix S, find a diagonal matrix D with
the largest trace, subject to the condition that both D and S – D are Gramian. In our
case, S = WRW and D = W2U. After finding the minimising W2U, the
corresponding U and the value of fMRFA(U) can be computed. If convergence has not
been reached yet, the algorithm proceeds with the next main iteration.

Norman D. Verhelst (personal communication, July 31, 2003) noted that the two
pairs of constraints stated above need not be equivalent, because W can have a zero
diagonal element. For instance, if R – U has a negative i-th diagonal element (and is
thus indefinite) and the i-th diagonal element of W is zero, W(R – U)W can still be
Gramian. However, although it is possible to construct covariance matrices leading
to such an anomaly, obtaining a zero diagonal element in W seems very unlikely in
practice. More importantly, even if this actually happened, the MRFA algorithm
would break down before the next main iteration, because the update of U could not
be computed from W2U due to the singularity of W.

After convergence, factor loadings are determined by means of the eigenvalue
decomposition of R – U. ECV and UCV are computed as the sum of the r largest
eigenvalues and the sum of the remaining  p – r eigenvalues of R – U, respectively.

To avoid solutions based on local minima, it is recommended to run the
algorithm more than once, using different starting matrices U and T (the latter is
used in the CMTFA algorithm). Ten Berge and Kiers (1991) describe a set of p
initial matrices U, but our experience shows that about two or three random starts
are usually sufficient.

1.3.3. The properties of MRFA

Some properties of MRFA follow from its algorithm:

1. The MRFA solution always results in Gramian R – U and U, giving the model
parameters in proper bounds.

2. MRFA determines all three parts of Eq.1.7, which enables computation of the
proportion of common variance explained by the extracted factors (ECV).

3. MRFA is not scale-invariant.

4. MRFA is a least squares method, since its objective function can be stated in
terms of minimising unexplained variance (see also ten Berge, 1998).

Some other characteristics of MRFA have been noted empirically.

1. The optimal communality estimates differ according to the number of extracted
factors (ten Berge, 1998). It would seem reasonable to accept the estimates
obtained in the condition of exact fit (thus when f(U2)=0); unfortunately, such a
solution is unidentified almost surely.
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2. Shapiro and ten Berge (2002) note that the communality of a variable can reach
the value of unity (taken that the variable is standardised), thus weak Heywood
solutions are still possible.

Apart from fitting the factor analysis model, the MRFA procedure can be used
for two specific goals. First, it is possible to determine the minimum rank of the
covariance matrix, which is equal to the smallest r producing fMRFA(U) = 0. Ten
Berge & Kiers (1991) performed a simulation study to test the efficiency of MRFA
in determining the minimum rank of a matrix. Their results confirmed empirical
convergence of the algorithm and successful minimising of the MRFA function in
cases of perfect fit (i.e. a correct identification of mr), mostly using only one random
start. Second, by setting r to zero, the procedure becomes unweighted CMTFA,
since the main iterations do not change anything. This results in optimal estimates of
error variances, leading to the greatest lower bound to the reliability of the sum of
the variables analysed.

We should finally warn against two possible misinterpretations of the MRFA
criterion. First, minimising UCV is not same as maximising ECV, because CV is not
a fixed constant. In fact, the method which maximises ECV is the principal
components method. Second, the MRFA solution is generally not the minimum rank
solution: the rank of Rred will be equal to the minimum rank of R only in case of
perfect fit. However, a r < mr MRFA solution is still the optimal solution in the
approximate minimum rank respect, because it finds the best proper approximation
of the rank r solution.

1.3.3.1. The bias in MRFA

Optimisation algorithms are often prone to chance capitalisation. Since the MRFA
algorithm includes the CMTFA algorithm, which is known to give strongly biased
results in small and medium-sized samples (Shapiro and ten Berge, 2000), the
question of bias of the MRFA results is a very important one.

Shapiro and ten Berge (2002) have studied the asymptotic theory for bias of
estimates of the UCV. The theory pertains to the following conditions:

1. the distribution of variables is multivariate normal;

2. the minimum rank of the population covariance matrix is equal to or higher than
the Ledermann bound;

3. the sample covariance matrix is not singular.

The asymptotic theory also supposes sample computations being done on the
covariance matrix, even if the population covariance matrix is a correlation matrix.
Shapiro and ten Berge’s developments enable the computation of the asymptotic
bias of UCV, the asymptotic variance of UCV and the asymptotic covariance matrix
of the sample unique variances. The most interesting theoretical result is that the
asymptotic bias is zero in case of perfect fit (when the number of extracted factors is
the same as the minimum rank). Simulations done by Shapiro and ten Berge (2002)
also showed that the empirical bias of the UCV was usually a bit larger than the
theoretical bias, although the difference was not very large (in most cases around 1-
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2% of UCV). They also found that the empirical bias was always positive, thus
overestimating the proportion of UCV. It should be noted that there is no theory
available about the bias of the explained common variance and of the total common
variance.

Finally, we note that the negative bias of tr(D) in CMTFA and the resulting
positive bias of UCV in MRFA are counterintuitive. The capitalisation of chance
due to sampling error usually results in the objective function being
“overoptimised”. In MRFA, however, it is “underoptimised”, as UCV tends to be
larger in samples than in population. The explanation for this phenomenon is yet to
be found.
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1.4. Direct methods

A well-known problem in common factor analysis is the indeterminacy of factor
scores: the values in the matrix F can not be determined, but only (more or less
accurately) estimated. Several estimation methods exist (see Grice, 2001, for an
overview), which produce either the most valid estimates (Thurstone, 1935),
correlation preserving estimates (ten Berge, Krijnen, Wansbeek & Shapiro, 1999) or
unbiased estimates (Bartlett, 1937). However, none of the resulting scores possess
all of the stated properties simultaneously, so the researcher has to choose the most
desirable property.

In some unpublished notes, Henk A.L. Kiers (personal communication, June
2001) made an attempt to circumvent these problems by developing a method which
operates on the data matrix rather than on a covariance matrix and consequently
produces factor scores directly. Another desirable feature of this approach is that
improper solutions can not possible emerge, because the values of factors are
estimated directly. We shall call this approach Direct Factor Analysis. In fact, Kiers
developed two differently constrained versions of the method: the first one, which is
based on a smaller set of constraints, shall be called DS (for Direct-Simple) in the
sequel, while we shall denote the version based on the full set of constraints by DC
(for Direct-Complete). Although the investigation of Direct Factor Analysis does not
play a central role in this study, we shall describe them in some detail, because no
published material is available on this topic yet. Similar ideas were suggested
already by Takane, Young and de Leeuw (1979) and Gifi (1990, p.347), but in the
context of nonmetric factor analysis.

1.4.1. The DS method

The DS method minimises the following objective function:

fDS(F,A,E,D) = ||Z – FA′ – ED||2,           (1.22)

where Z is an N×p standardised scores matrix, F is an N×r matrix of common factor
scores, A is a p×r matrix of common factor loadings, E is an N×p matrix of unique
factor scores, and D is a p×p matrix of unique factor loadings, subject to the
following constraints:

[F E]′[F E] = I,           (1.23)

D diagonal.           (1.24)
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The first constraint implies orthogonality of both common and unique factors,
and the second constraint ensures uniqueness of the unique factors. Note that the
matrix A does not contain correlations, because the columns of F are normalised
rather than standardised. A matrix of correlations between variables and common
factors can be obtained by dividing all elements of A by N1/2.

It is easy to note the similarity between the DS and the ULS minimisation. Both
approaches assume a model based on an additive decomposition of the total variance
into the explained common variance and the unique variance, both produce
orthogonal common and unique factors, and both minimise the residual variation in
the least squares sense without constraints on the ignored factors. The lack of this
constraint also makes the residual matrix R – AA′ – D2 indefinite in both methods.
However, the approaches differ in their definitions of residuals the sum-of-squares
of which is to be minimised: the DS method defines residuals as the differences
between the observed and the predicted standardised values of the scores on the
variables, while the ULS methods define residuals as the differences between the
observed and the predicted product-moments of standardised values. The DS and the
ULS objective functions are therefore not equivalent, although their minimizers may
lie close to each other.

The DS function is minimised by means of an alternating least squares algorithm,
which we shall now briefly describe. Each iteration consists of three steps. At the
beginning, all estimated matrices can be initialised as random matrices.

In the first step, F and E are updated for fixed A and D. Let G = [F E] and W =
[A D]. The objective function for this step can be written as

hDS(G) = ||Z – GW′ ||2 =  –2tr(G′ZW) + c,           (1.25)

where c is a constant; G is constrained such that G′G = I. The problem can therefore
be translated into a maximisation of the trace of a generalised linear form subject to
an orthonormality constraint and the solution can be found by taking

G = MQ′,           (1.26)

where ZW = MNQ′ is the singular value decomposition of ZW (see e.g. ten Berge,
1993, p.29).

In the second step we update A for fixed Z, F, E and D. This is done simply by
minimising fDS over A, which is a regression function with the solution

A = (Z – ED)′F = Z′F.           (1.27)

Finally, D is updated for fixed Z, F, E and A. This is slightly more complicated
because D is constrained to be diagonal. To find the solution, we first write the
objective function as the sum of summed discrepancies for each column i:
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Because of the orthonormality of the columns of G, the i-th diagonal value of D
can be found as:

di = ei′(Z – FA′)i = ei′zi           (1.29)

and the solution for D is

D = diag(E′Z).           (1.30)

After the completion of all steps, the objective function is evaluated and
compared to the value from the previous iteration.

1.4.2. The DC method

The DC method minimises the following objective function:

fDC(F,A,E) = ||Z – FA′ – E||2,                                (1.31)

where the matrices are defined as in section 1.4.1., subject to the following
constraints:

E′F = O,           (1.32)

E′E diagonal,           (1.33)

E′Z diagonal.           (1.34)

The crucial difference between the DS and the DC estimation is that the
diagonality constraint for E′Z is introduced in DC. The substantive meaning of this
constraint is that the ignored common factors, which are reflected in the residuals,
should not be confounded with the unique factors. If we make each unique factor
orthogonal to all variables except its respective variable (which is equivalent to E′Z
being diagonal), then such a unique factor will truly represent only the unique
variance of the variable. On the other hand, if a unique factor is correlated with more
than one variable, it must include some common parts as well. But since E and F are
already constrained to be orthogonal by the first constraint, the third constraint
prevents the unique factors being confounded with the ignored common factors also.

The lack of the D matrix in the DC objective function is only a matter of
convenience: because the columns of E in Eq.1.31 are not constrained to be
normalised, this matrix is equivalent to the product ED in Eq.1.22.

The constraint in Eq. 1.34 makes the DC method similar to MRFA in the sense
that it recognises the existence of ignored common factors, separates them from
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unique factors, and makes them orthogonal to both extracted common factors and
unique factors. However, the computational approach of both methods is different.
MRFA minimises the unexplained common variance directly by minimising the last
p – r eigenvalues of R. On the other hand, DC in turn maximises the explained
common variance and the unique variance, as will be seen from the description of
the algorithm.

The minimisation of fDC can be achieved by means of an alternating least squares
algorithm. Consider the update for F first. F is constrained to be orthogonal to E. To
satisfy this constraint, the update for F is based on an orthonormal null space basis
for E, denoted as J. J is orthogonal to E and the update for F can be found by
determining a matrix V such that F = JV. The criterion for choosing V is the
maximisation of the observed variance, which leads to the minimisation of

gDC(V) = ||JVA′ – Z||2,           (1.35)

which is the Penrose regression function with the solution

V = (J′J) -1J′ZA(A′A)-1 = J′ZA(A′A)-1.           (1.36)

E is updated column-wise. The update for the i-th column of E, denoted by ei, is
found as follows. First, matrices Zi and Ei are constructed by replacing the i-th
column of Z and E, respectively, with a column of zeros. Now let Hi = [Zi F Ei], let
Hi = MiNiQi′ be the singular value decomposition of Hi and let Ji consist of the last
N – rank(Hi) columns of Mi. Such a Ji is orthogonal to all observed and latent
variables except to the i-th observed variable and its respective unique factor.
Similarly to the previous step, we now look for a vector vi minimising

hiDC(vi) = ||Jivi – zi||
2,           (1.37)

where zi is the i-th column of Z. This is an ordinary regression function with the
solution vi = Ji′zi, thus the update for ei is

ei = JiJi′zi.                      (1.38)

After updating all columns of E, only the update for A still remains to be found.
As no restrictions are put on A, its update can be found by the ordinary regression
formula:

A = Z′F(F′F)-1.           (1.39)

As in case of DC, the final elements of A can be rescaled. The DC common
factors are generally not mutually orthogonal, but they can be orthogonalised after
convergence of the algorithm.
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1.5. Some general determinants of accuracy of sample factor
solutions

Investigation of characteristics of data and research design, leading to greater or
smaller accuracy of estimation is not among the main objectives of this study, but a
brief discussion of the subject shall prove useful in later chapters.

Browne (1968), apart from the comparison of methods, found that increasing
sample size or the p/r ratio (which we may call “overdetermination” of factors)
results in a higher accuracy of estimated loadings, lower frequency of Heywood
cases and faster convergence in the MLFA estimation. Tucker, Koopman and Linn
(1969) were interested in recovery of factors from the population (in terms of
congruence) rather than in sampling effects. They concluded that the solutions were
highly congruent with the true factor structure when the p/r ratio was high and when
the “major factor domain” was highly represented in data. In our terminology, the
latter could be approximated by a high proportion of the explained common
variance. Pennell (1968) similarly found that high communalities resulted in a
higher stability of loadings and that this effect was smaller if the p/r ratio was larger.
Velicer, Peacock and Jackson (1982) found that loadings were estimated more
accurately when sample size was larger and when nonzero factor loadings were
higher in their absolute values.

It is quite obvious why sample size affects the accuracy of estimation: because
the sample covariance matrix converges to the population covariance matrix as
sample size approaches infinity, it is necessary that the sample solution converges to
the population solution. The role of other factors is, however, not obvious. A useful
framework for explanation of the effects of communality and overdetermination is
based on work of Cliff and Hamburger (1967) and MacCallum and Tucker (1991).
We shall provisionally call this framework the factor score sampling framework,
because it is based on the notion of factors as random variables, which can be
sampled as well as can be the observed variables.

Consider the population factor model first. Let Λ be the population pattern matrix
for common factors, let Ξ be the population pattern matrix for unique factors, and let
Fpop and Epop be the population matrices of common and unique factor scores,
respectively. Denote the population covariance matrix of common and unique
factors by ΣFE. This matrix can be written as
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where the submatrices are the covariance matrices among the common (C) and the
unique (U) factors. Unique factors are uncorrelated among themselves and with the
common factors in the population. If we further define all factors as standardised in
the population, ΣFE simplifies to
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where Φpop is the correlation matrix among the common factors in population. The
population matrix of observed variables (in the centered form) can be written as

Xpop = [Fpop Epop][Λ Ξ]′ = FpopΛ′ + EpopΞ,           (1.42)

where Fpop and Epop are the population matrices of common and unique factors,
respectively, Λ is the common factor pattern matrix and Ξ is a diagonal matrix of
unique factor loadings.

The population covariance matrix of observed variables is then

ΣX = ΛΦpopΛ′ + Ξ2.                 (1.43)

Now consider the situation in samples. In the process of sampling we get
matrices Xsam, Fsam and Esam by taking N rows from the respective matrices Xpop, Fpop

and Epop. The sample factor covariance matrix can be written as
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Because of sampling error, the submatrices of CFE are not the same as their
population counterparts. Most importantly, neither the covariances between common
and unique factors nor the covariances among unique factors are zero any more. The
sample covariance matrix of observed variables therefore takes a more complicated
form than its population counterpart:

CX = [Λ Ξ]CFE[Λ Ξ]′ = ΛCCCΛ′ + ΛCCUΞ + ΞCUCΛ′ + ΞCUUΞ.           (1.45)

Note that the loadings matrix [Λ Ξ] remains the same as in the population, since
sampling should not affect the true loadings. We may consider the unique factors
being standardised in the sample, which allows for a simpler expression of CX:

CX = ΛCCCΛ′ + Ξ2 + ζ,           (1.46)

where ζ = ΛCCUΞ + ΞCUCΛ′ + Ξ(CUU–I)Ξ, representing the parts of CX which can
not be fitted by the factor model. However, a factor analysis algorithm attempts to fit
the model expressed by Eq.1.43, so it treats (ΛCCCΛ′ + ζ) as if it was equal to
ΛCCCΛ′. This is where the inaccuracy of the pattern estimates comes from. The
elements of ζ depend on sample covariances between common and unique factors
and among the unique factors, respectively. The absolute sizes of these covariances
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partly depend on sample size: in smaller samples they tend to deviate more from
their population value of zero due to larger sampling error. On the other hand, the
size of a covariance depends on the variances of both variables. Therefore, the
smaller the unique variances, the smaller the elements in ζ. It further follows that
sample size interacts with the size of unique variances. For instance, in the ideal case
with all uniquenesses equal to zero, we could perfectly recover the population
pattern regardless of sample size. On the other hand, when the unique variances are
high, large samples are needed to compensate their increasing effect on the elements
of ζ.

MacCallum, Widaman, Zhang and Hong (1999) additionally discussed the
possible effect of overdetermination on ζ. A lower r for the fixed p reduces the
number of elements in CCU, thus a smaller number of factors (for a fixed number of
variables) should improve accuracy of the estimation. By a similar reasoning that
applied to sample size, the authors also predicted an interactive effect of the p/r ratio
and the size of unique variances. They also performed a simulation study in which
they investigated effects of sample size, average communality in population,
overdetermination and their correlation on the average congruence between sample
loading matrices and the population loadings. All hypotheses with regard to the
effects of sample size, average communality, overdetermination, and the sample size
× average communality and average communality × overdetermination interaction,
respectively, were confirmed. The effects of sample size and communality were
confirmed by MacCallum, Widaman, Preacher and Hong (2001), who found
relatively small effects of overdetermination and the sample size × average
communality interaction. The results from this study also indicate that the model
error, due to a lack of fit in population, does not interact with the sources of error
due to sampling.


