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Appendix A

Derivation of the Maximum
Entropy Parametric Form

In this section, we derive the general parametric form of the conditional max-
imum entropy (MaxEnt) model as given in equation (2.13) in Chapter 2, re-
stated here for convenience:

p(y|x) = 1
Z(x)

exp(
m

∑
i=1

λi fi(x, y)) (A.1)

The goal is to find the model p(y|x) such that the conditional entropy of
the model is maximized:

p∗ = arg max
p∈P

H(p) (A.2)

where H(p) is given by (Berger et al., 1996):

H(p) = −∑
x,y

p̃(x)p(y|x) log p(y|x) (A.3)

We want to find the maximum of the above function while fulfilling two re-
quirements: (a) the constraints given by the training data:

Ep[ fi] = Ep̃[ fi] (A.4)

∑
x,y

p̃(x)p(y|x) fi(x, y) = ∑
x,y

p̃(x, y) fi(x, y) (A.5)
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188 APPENDIX A. DERIVATION OF THE PARAMETRIC FORM

and (b) the implicit requirement that p(y|x) has to be a valid probability dis-
tribution:

∑
y∈Ω(x)

p(y|x) = 1 (A.6)

We can restate these constraints as:

∀i, Ep[ fi]− Ep̃[ fi] = 0 (A.7)

∑
y

p(y|x)− 1 = 0 (A.8)

This is a problem of constraint optimization. To solve it, we can use the La-
grange multiplier technique to transform it into an unconstrained optimiza-
tion problem. A parameter λi (a Lagrange multiplier) is introduced for each of
the m + 1 constraints. That is, there is one Lagrange multiplier for every fea-
ture expectation constraint and one multiplier (λ0, which we will denote by γ)
for the requirement to get a proper probability distribution. The Lagrangian
function (objective function plus lambda times constraints) is defined by:

Λ(p, λ) = H(p) + ∑
i

λi(Ep[ fi]− Ep̃[ fi]) + γ ∑
y
(p(y|x)− 1) (A.9)

Λ(p, λ) = [

H(p)︷ ︸︸ ︷
−∑

x,y
p̃(x)p(y|x) log p(y|x)

+ ∑
i

λi(∑
x,y

p̃(x)p(y|x) fi(x, y)−∑
x,y

p̃(x, y) fi(x, y))

+ γ ∑
y
(p(y|x)− 1)]

(A.10)

We need to find the derivative of Λ(p, λ) with respect to p(y|x) and set it
to zero, to derive the parametric form. Since the derivative of a sum is the sum
of the derivatives of its terms, we can take the derivatives of the three terms
one at a time.
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For the first term, let’s apply the product rule ( f × g)′ = f ′ × g + f × g′):

H(p) = −[

f︷ ︸︸ ︷
p̃(x)p(y|x)

g︷ ︸︸ ︷
log p(y|x)] (A.11)

∂H(p)
∂p(y|x) = −[ ∂

∂p(y|x) [ p̃(x)p(y|x)] log p(y|x) (A.12)

+ p̃(x)p(y|x) ∂

∂p(y|x) log p(y|x)]

= −[ p̃(x) log p(y|x) + p̃(x)p(y|x) 1
p(y|x) ] (A.13)

= −[ p̃(x) log p(y|x) + p̃(x)] (A.14)
= −[ p̃(x)(1 + log p(y|x))] (A.15)

Next, we are looking for the partial derivative of the second term:

∑
x,y

∑
i

λi p̃(x)p(y|x) fi(x, y)−∑
i

λi p̃(x, y) fi(x, y) (A.16)

Since the second part corresponding to Ep̃[ fi] does not contain p(y|x), it
falls away. We thus need to find the partial derivative of the first term, which
is:

∂

∂p(y|x) = ∑
i

p̃(x)λi fi(x, y) (A.17)

The last term can be rewritten as:

γ ∑
y
(p(y|x)− 1) = ∑

y
(γp(y|x)− γ) (A.18)

The partial derivative of the last term with respect to p(y|x) is:

∂

∂p(y|x) = γ (A.19)

Putting equation (A.15), (A.17) and (A.19) together we get:

∂Λ(p, λ)

∂p(y|x) = −[ p̃(x)(1 + log p(y|x))] + ∑
i

p̃(x)λi fi(x, y) + γ (A.20)

= − p̃(x)(1 + log p(y|x)) + p̃(x)∑
i

λi fi(x, y) + γ (A.21)
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Setting this equal to 0 and solving for p(y|x):

0 = − p̃(x)(1 + log p(y|x)) + p̃(x)∑
i

λi fi(x, y) + γ (A.22)

1 + log p(y|x) = p̃(x)∑i λi fi(x, y) + γ

p̃(x)
(A.23)

1 + log p(y|x) = ∑
i

λi fi(x, y) +
γ

p̃(x)
(A.24)

log p(y|x) = ∑
i

λi fi(x, y) +
γ

p̃(x)
− 1 (A.25)

p(y|x) = exp(∑
i

λi fi(x, y)) exp(
γ

p̃(x)
− 1) (A.26)

We can now substitute p(y|x) from (A.26) into ∑y p(y|x) = 1:

∑
y

exp(∑
i

λi fi(x, y)) exp(
γ

p̃(x)
− 1) = 1 (A.27)

exp(
γ

p̃(x)
− 1) =

1
∑y exp(∑i λi fi(x, y))

(A.28)

Let’s call the denominator in (A.28) Z. Then:

exp(
γ

p̃(x)
− 1) =

1
Z

(A.29)

Now lets replace exp(γ/ p̃(x)− 1) in equation (A.26) with the right-hand side
of equation (A.29):

p(y|x) = exp(∑
i

λi fi(x, y)) exp(
γ

p̃(x)
− 1) (A.30)

= exp(∑
i

λi fi(x, y))
1
Z

(A.31)

Which gives us the parametric form of the conditional maximum entropy
model:

p(y|x) = 1
Z

exp(∑
i

λi fi(x, y)) (A.32)

with
Z = ∑

y
exp(∑

i
λi fi(x, y))




