
Chapter 1

Introduction

Instrumental variable estimation has a long history in econometrics. The
first contributions took place in the context of simultaneous equations,
where instrumental variables were used to deal with problems result-
ing from simultaneity. Although the interest for simultaneous equations
gradually diminished, the same can not be said for the instrumental
variables techniques developed in this field. Publications on instrumen-
tal variables continue to appear, both theoretical and applied. By far
the most well known recent contribution is Hansen’s (1982) generalized
method of moments (GMM).

The reason for this continued attention is that the method of instru-
mental variables may be seen as an organizing principle for dealing with
endogenous explanatory variables. That is, explanatory variables which
are correlated with the disturbances. This endogeneity may be the re-
sult of simultaneity, as encountered in equilibrium demand-and-supply
models; self-selection, where the sampling process is endogenous; or it
may be the result of measurement errors in the explanatory variables,
as studied in the errors-in-variables literature. The three cases serve as
examples in this chapter.

These examples do not cover all cases to which the instrumental vari-
ables methodology applies. A useful reference in this respect is Bowden
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and Turkington (1984) who discuss a wide variety of estimation and hy-
pothesis testing problems. This introductory chapter does not intend to
give an overview of the existing literature. Covering a history of over
70 years may be a thesis in its own right. Instead this chapter touches
on a selection of issues to give a first impression of some of the ideas
underlying this thesis. The emphasis will be on results and their implica-
tions rather than on rigorous formal derivations. This lack of formality
is compensated by the subsequent chapters, which are more technical in
nature.

In order to make explicit to what extent this thesis contributes to
the existing literature the point of departure will be a basic instru-
mental variables model, which is formulated in Section 1.1. The three
previously mentioned examples are described in Section 1.2. Section 1.3
discusses simultaneous equations models. The limited information con-
text of such models results in the formulation of a classical instrumental
variables model, where the first-stage regression is linear and the distur-
bances are homoscedastic. Two instrumental variable estimators have
played a prominent role in this model: the limited information maximum
likelihood (LIML) estimator and the two-stage least squares (TSLS) es-
timator. They are described in Section 1.4. Section 1.5 describes the
group-asymptotic approach, which will be used throughout this thesis.
Monte Carlo simulations are considered in Section 1.6, and Section 1.7
concludes with an outline of the subsequent chapters.

1.1 The model

Consider the estimation of a g-dimensional parameter vector δ based on
a random sample of n observations of a random vector (y, x′, z′) that
satisfies

E (y − x′δ|z) = 0, (1.1)

where y is a scalar, x a g × 1 vector of explanatory variables and z a
K × 1 vector of instruments. A familiar case is found if the instruments
and the explanatory variables coincide: x = z. By defining ε = y − x′δ,
equation (1.1) specifies a linear regression model

y = x′δ + ε, (1.2)
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where E (ε|x) = 0.
The instrumental variables approach deals with situations where the

assumption E (ε|x) = 0 is not realistic. That is, when x contains endoge-
nous variables which are correlated with the disturbance term ε. In that
case, the estimation of δ is based on the presence of observations of the
instrumental variables collected in the K × 1 vector z. These variables
are assumed to satisfy E (ε|z) = 0. So, exogenous explanatory variables
may also serve as instruments.

Let the first-stage regression be given by E (x|z) = f(z), say. The
basic model may now be written as

y = x′δ + ε,

x = f(z) + v,
(1.3)

where E ((ε, v′)|z) = 0. The equations given in (1.3) will be referred to
as the structural form of the model. Except for the existence of second
order moments, no further distributional assumptions will be made for
the moment. In particular, the reduced form disturbances (ε, v′) may be
heteroscedastic

Var ((ε, v′)|z) = Σ(z) =

(
σ2(z) σ12(z)
σ21(z) Σ22(z)

)
, (1.4)

where σ2(z) is a scalar, σ21(z) = σ12(z)′ is a g × 1 vector and Σ22(z) is
a g × g matrix.

The reduced form of the model is given by

y = f(z)′δ + u,

x = f(z) + v.
(1.5)

Of course, u = ε + v′δ. Hence, the covariance matrix of (u, v′) is given
by

Ω(z) =

(
ω2(z) ω12(z)
ω21(z) Ω22(z)

)
=

(
1 δ′

0 Ig

)
Σ(z)

(
1 0
δ Ig

)
, (1.6)

where ω2(z) is a scalar, ω21(z) = ω12(z)′ is a g × 1 vector and Ω22(z) is
a g × g matrix.
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Without further assumptions δ may not be identified. Much depends
on the first-stage regression function f(z): the instruments should ac-
count for some of the variation in the explanatory variables. A necessary
condition for δ to be identified is that for all γ ∈ IRg

f(z)′γ = 0 a.s. (almost surely) =⇒ γ = 0.

Indeed, if this condition does not hold, there exists a γ 6= 0 for which
f(z)′γ = 0 a.s. So if δ satisfies (1.3) or (1.5), then δ + γ also satisfies
(1.3) or (1.5). Consequently, the two parameter vectors are distribu-
tionally indistinguishable and δ is not identified. Further comments on
identification will be given in Section 1.4, where the case of a linear
first-stage regression and homoscedastic disturbances is discussed.

Finally, notice that functions of the instruments z may also serve as
instruments. In particular, the variables in f(z) might be such functions
if they were known. The instruments collected in f(z) are sometimes
called optimal. In case these instruments were available, one could per-
form a least squares regression of y on f(z) to obtain the ordinary least
squares estimator of δ.

In the absence of such information, f(z) may be approximated by a
linear function of z, which can then be estimated. In this thesis, we con-
sider an approximation of f(z) based on step-functions. Such functions
transform the instruments into dummy variables by which the observa-
tions can be grouped. The resulting formulation of the model is known in
the errors-in-variables model as the functional relationship model (with
replicated observations) and will be considered in detail in Chapters 2
and 3.

1.2 Some examples

1.2.1 An example with self-selection

One possible cause for endogeneity is self-selection. The example consid-
ered here is based on Angrist (1990) who discusses the estimation of the
effect of Vietnam veteran status on civilian earnings. The central issue
in this research is the question whether or not serving in the military has
a negative effect on future income. The U.S. policy reflects the intention
to compensate veterans: since World-War II, millions of veterans have
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enjoyed benefits for medical care, education, housing and insurance. Ad-
ditional benefits are provided for veterans who fought in Vietnam. The
goal of such government policies is, of course, to compensate as precisely
as possible the loss of personal income due to being involved in defending
U.S. interests.

The key problem with comparing civilian earnings by veteran status
is that it may be biased by the fact that some men are more likely to
serve in the armed forces than others. For instance, it is quite plausible
that men with relatively few civilian opportunities are more likely to
enlist. In that case, part of the difference in civilian earnings may be
falsely attributed to military service. One could argue that these veter-
ans would have earned less even if they had not served in the military.
Consequently, there would be no reason for full compensation of the
difference.

If we consider serving in the military in the Vietnam era as a
treatment, the statistical problem is that the treatment has not been
randomly assigned. So, the data have not been generated by a ran-
domized experiment. However, the way in which men were selected for
service provides additional information which can be used to estimate
the effect of serving in the armed forces on civilian earnings. For that
matter consider the cohort of men born in 1951. In 1971 the numbers
1-365 were randomly assigned to birthdays in this cohort and announced
on television. Later that year, when manpower needs were known, the
Department of Defense determined a ceiling and men with lottery num-
bers below this ceiling were drafted. In 1971 this ceiling was set at 125.
Subsequent selection was based on a physical examination and a men-
tal aptitude test. Hence, not all men with lottery numbers below the
ceiling actually served. Moreover, men with lottery numbers excluding
them from the draft, could freely enlist. Only the initial selection, based
on the lottery numbers, was random. Nevertheless, these numbers did
affect the probability of serving in Vietnam.

In order to give an instrumental variables formulation of this infor-
mation consider a random sample (yi, si), i = 1, . . . , n, taken from the
1951 cohort, where yi denotes earnings and where si is a dummy variable
denoting veteran status. The difference in civilian earnings may then be
modelled as

yi = α+ siβ + εi.
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However, due to the possible self-selection, it may not be assumed that
E (εi|si) = 0. Now consider a variable zi that indicates the lottery num-
ber associated with observation i. In particular, let ej , j = 1, . . . 365, be
the j-th column of the 365× 365 identity matrix, and define zi as

zi = ej , (1.7)

if the i-th observation has lottery number j. Since the lottery numbers
were randomly assigned, the assumption that E (εi|zi) = 0 does seem
reasonable. Hence, the dummy variables in zi serve as instruments.

Moreover, the lottery numbers have an effect on the explanatory
variable si. Within the population of men with lottery numbers below
the ceiling the fraction of men who served is larger than the fraction in
the population of men with lottery numbers excluding them from the
selection. In addition to this effect, men with low lottery numbers might
have volunteered before the ceiling was announced in order to improve
their terms of service. Due to this anticipating behavior, the fractions of
men serving may vary between all lottery numbers.

Let xi = (1, si)
′, δ = (α, β)′ and pj = E (si|zi = ej), the probability

of serving in Vietnam given lottery number j. For i = 1, . . . , n,

yi = x′iδ + εi,

xi = Π′zi + vi,
(1.8)

where Π′ = (π1, . . . , π365), πj = (1, pj)
′ and E ((εi, v

′
i)|zi) = 0. This

model fits within the basic model given in (1.3). Due to the fact that
the instruments are dummy variables, the first-stage regression is linear.
With respect to the covariance matrix of the residuals (εi, v

′
i), note that

since si has a Bernoulli distribution with probability of ”success” pj ,
differences in pj lead to heteroscedasticity. The covariance matrix Ω(z)
varies with z.

Another representation of (1.8) is found by grouping the independent
observations with respect to the lottery numbers. Let nj be the number
of observations with lottery number j. The observations with the same
lottery number will be denoted by (yij, x

′
ij), i = 1, . . . , nj . Now the

reduced form of (1.8) can be written as
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yij = π′jδ + uij, i = 1, . . . , nj

xij = πj + vij, j = 1, . . . ,K,
(1.9)

where uij = εij + v′ijδ, K = 365 and
∑K
j=1 nj = n. Hence, (yij, x

′
ij) can

be considered as a random drawing from a (g+ 1)-dimensional distribu-
tion indexed by j, whose expectation satisfies E (yij) = E (xij)

′δ. The
covariance matrices of the K different populations are denoted by

Var (uij , v
′
ij) = Ω(zi = ej) = Ωj.

In fact, Angrist considered several cohorts and earnings measured at
several time points. He also used information from different samples, so
that the actual data used in his study is not as easily described as sug-
gested here. Moreover, he considered instruments that indicate groups
of five consecutive lottery numbers. Since functions of z also serve as
instruments, such a grouping is again exogenous. From the literature on
instrumental variable estimation little is known on how to choose the
instruments. Common knowledge, as expressed by among others Bow-
den and Turkington (1984), suggests that a multiplicity of instruments
in itself is undesirable and that some kind of economization should be
undertaken. In a somewhat different context, Chapter 4 relates to this
issue.

1.2.2 Errors-in-variables models

The term instrumental variables was first coined in the context of errors-
in-variables models. Most notably Wald (1940) considered observations
yi and si, i = 1, . . . , n that satisfy the error-ridden relation

yi = α+ ξiβ + ui,

si = ξi + vi,
(1.10)

where the errors ui and vi have zero expectation (and are uncorrelated).
The “true values” ξi of the error-ridden observations si are assumed to
be nonstochastic, or they are assumed to be i.i.d random variables in-
dependent of the errors. It is customary to refer to the first case as a
functional relation and to the second as a structural relation (Madansky,
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1959; Moran, 1971). In both cases the estimation of α and β is problem-
atic. Surveys are given in Kendall and Stuart (1979, Chapter 29) and
Aigner et al. (1984).

Wald (1940) suggested an estimator found by dividing the data into
two groups and then to fit a line through the group means. He also
gave sufficient conditions for its consistency. However, Neyman and Scott
(1951), who provided necessary and sufficient conditions, recognized that
consistency will hold in very exceptional cases only. Indeed, the require-
ment that the grouping should be independent of the errors ui and vi is
easily violated if the grouping is based on the observations si. In fact,
Pakes (1982) showed that under normality of ξi and a grouping rule
based on the observed values of the si, the grouping estimator has the
same asymptotic bias as the OLS-estimator.

Another approach has been to use nonnormality. As shown by
Reiersøl (1950) and, for the multivariate case, by Kapteyn and Wans-
beek (1983) and Bekker (1986), the linear structural relationship may be
identified under certain distributional assumptions that allow for non-
normality. However, estimators based on moments of third and higher
order typically show a large estimator variance. Aigner et al. (1984) con-
clude that, to make progress in practical problems, the use of additional
identifying information seems almost indispensable.

Such information may come in the form of replicated observations
for the functional relation. This is just model (1.9), but now with the
additional assumption Ωj = Ω. Maximum likelihood estimation under
normality for this and generalized models that allow for more than one
linear relation, has been considered by, among others, Anderson (1951),
Villegas (1961) and Healy (1980). The resulting estimator for the single
relation model is of the LIML-type, which will be described in Section
1.4 of this chapter.

Another way to represent this additional information is to consider
model (1.10) as a structural relation and to assume the existence of a
vector of instrumental variables z consisting of group dummies such as
in (1.8). Furthermore, consider stochastics conditional on z such that
E(εi) = E(vi) = 0 and E(ξi) = pj if the i-th observation is in group j.
Again, the resulting model can be formulated as in (1.9). In the context
of grouping estimators of the Wald-type, we could say that we no longer
need a grouping rule based on the observed values of si, but instead the
grouping is given a priori.
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1.2.3 A simple demand-and-supply model

The first systematic application of instrumental variables did not take
place in the context of errors-in-variables models. As Goldberger (1972)
pointed out, the method is of earlier genesis. The first contributions
took place in the 1920’s in the development of stochastic simultaneous
equations. In this subsection an equilibrium model for a single good is
considered, which is similar to a model studied by one of the earliest
pioneers, Sewall Wright (1934).

Let pi be the price of a certain good at time i and let yd
i and ys

i

denote the quantity demanded and the quantity supplied, resp. Consider
the following demand-and-supply curves

yd
i = αd +βd pi + z′1i γ

d +εi, (1.11)

ys
i = αs +βs pi + z′2i γ

s +ηi, (1.12)

where E ((εi, ηi)|z1i, z2i) = 0. The variables collected in the K1×1 vector
z1i are quantities, such as disposable income, which affect the behavior
of consumers, but not the behavior of producers. Similarly, the variables
collected in the K2× 1 vector z2i are quantities, such as the costs of raw
materials, which affect the behavior of producers but leave the consumers
unaffected. For simplicity no explanatory variables are included which
affect both the behavior of consumers and the behavior of producers.
Finally, the price pi is such that demand and supply are in equilibrium

yi = yd
i = ys

i .

As a consequence of this simultaneity, the price may be correlated
with the disturbances (εi, ηi). For instance, a positive taste shock at the
consumers side, εi > 0, shifts the demand curve upwards, parallel to
the demand curve where εi = 0. If all other factors remain the same,
the price of the good must rise to reach an equilibrium state. Hence,
variations in εi may result in variations in price.

Let us limit our attention to the estimation of the demand function.
By defining xi = (pi, z

′
1i, 1)′ and δ = (βd, γd′, αd)′ the demand curve can

be written as

yi = x′iδ + εi. (1.13)
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Since pi is an element of xi, it may not be assumed that E (εi|xi) = 0.
However, by defining zi = (z′1i, z

′
2i, 1)′, it follows that E (εi|zi) = 0. So,

the variables collected in the K-vector zi, where K = K1 +K2 +1, serve
as instruments. Subtracting (1.11) from (1.12) one obtains

pi = Π′1zi + vi,

where vi = (ηi − εi)/(βd−βs) and

Π′1 = (Π′11,Π
′
12,Π

′
13) =

( − γd′

βd−βs
,

γs′

βd−βs
,
αs−αd

βd−βs

)
,

Hence, the instruments have an exogenous effect on the explanatory
variable pi. Collecting all explanatory variables we find

xi =

 Π′11 Π′12 Π′13

IK1 0 0
0 0 1

 zi +

 vi
0
0

 . (1.14)

Together, equations (1.13) and (1.14) constitute a model such as
the basic model given in Section 1.1. Due to the linear specification of
the model, the first-stage regression is linear. Notice how the exogenous
explanatory variables (1, z′1i) in xi are treated. Such variables serve as
instruments. By including them both as explanatory variables and as
instrumental variables, the model can be formulated as in (1.3) or (1.5),
where Ω(z) is a singular matrix.

1.3 Simultaneous equations models

The demand-and-supply model is a simple example of a simultaneous
equations model. Although the interest for simultaneous equations has
gradually diminished, their importance for the development of instru-
mental variable estimation justifies a brief discussion. This discussion
results in the formulation of a model where the first-stage regression is
linear and the disturbances are homoscedastic. The subsequent sections
will focus on this classical instrumental variables model.

A specification of the structural form of a system of G simultaneous
equations in a nondynamic context is given by
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Y B = ZC +E, (1.15)

where Y is an n×G matrix of n observations of G endogenous variables,
Z is an n×K matrix of full column rank of n observations of K non-
random exogenous variables and E is an n × G matrix of structural
disturbances. The coefficient matrices B (G×G) and C (K×G) comprise
parameters that are to be estimated from the data and about which some
a priori economic knowledge is assumed. Usually this knowledge takes
the form of linear restrictions which correspond to exclusions of elements
of Y and Z from a single equation of (1.15).

It is assumed that the rows of E have second order moments and are
independently identically distributed (i.i.d.) with mean zero. Further-
more, the matrix B is assumed to be nonsingular, so Y can be solved
from (1.15):

Y = ZΓ + V, (1.16)

where Γ = CB−1 and V = EB−1. This is called the reduced form of the
model. Of course, as the rows of E are i.i.d. the same holds true for the
rows of V .

Methods for estimating simultaneous equations models can be di-
vided into full information methods and limited information methods.
The former, of which the principal examples are three-stage least squares
and full information maximum likelihood, estimate all parameters at
once. A problem with such methods is that a full specification of all equa-
tions in the model is required. A misspecification of any equation will
in general affect the estimation of all equations. When an investigator
is only interested in a single equation he may prefer limited information
methods. These methods only estimate the equation of interest and are
robust against misspecifications in the other equations.

A single equation of (1.15) can be written in the following explicit
form that already incorporates exclusion type restrictions:

y1 = Y2β + Z1γ + ε, (1.17)

where Y2 is an n × G1 matrix of included endogenous variables. The
n × K1 matrix Z1 comprises all included exogenous variables and ε is
the n × 1 vector of random structural disturbances on the equation.
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Without loss of generality it may be assumed that the first K1 columns
of Z form Z1. That is,

Z = (Z1, Z2),

where Z2 is an n×K2 matrix of excluded exogenous variables and

K = K1 +K2.

Selecting the G1 columns of (1.16) which correspond to Y2 one can write

Y2 = (Z1, Z2)

(
Γ1

Γ2

)
+ V2, (1.18)

where Γ1 is a K1 ×G1 matrix and Γ2 is a K2 ×G1 matrix . Equations
(1.17) and (1.18) specify the limited information context of simultaneous
equations.

To draw the connection with the model described in Section 1.1, let
X = (Y2, Z1) and let δ = (β′, γ′)′, the g×1 parameter vector of interest,
where g = K1 +G1. The structural form of the model is then given by

y1 = Xδ + ε,

X = (Z1, Z2)

(
Γ1 IK1

Γ2 0

)
+ (V2, 0)

= ZΠ + V,

(1.19)

where Π is a K×g matrix. The reduced form of the model can be written
as

y1 = ZΠδ + u,

X = ZΠ + V.
(1.20)

So the limited information context of simultaneous equations fits the
basic model (1.3). In this setting, however, the first-stage regression is
linear. Moreover, since the rows of E are i.i.d., the structural form dis-
turbances collected in (ε, V ) and the reduced form disturbances collected
in (u, V ) are homoscedastic: Σ(z) = Σ and Ω(z) = Ω.
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1.4 LIML and TSLS

The principal examples of limited information (or single equation) esti-
mators are the two-stage least squares (TSLS) estimator and the limited
information maximum likelihood (LIML) estimator. Before formulating
these estimators it is natural to first discuss the identification of δ in the
model given by (1.19) or (1.20).

1.4.1 Identification

A sufficient condition for the parameter vector δ to be identified is given
by

rank (Γ2) = G1, (1.21)

(see, for instance, Bekker, Merckens and Wansbeek, 1994). If the distur-
bances are normally distributed, condition (1.21) is also necessary. Since
Γ2 is a K2 × G1 matrix, G1, the number of included endogenous vari-
ables, must not exceed K2, the number of excluded exogenous variables.
One usually refers to

K − g = K1 −G1,

as the degree of overidentification. The model is said to be just-identified
if K = g.

Since

rank (Π) = rank

(
Γ1 IK1

Γ2 0

)
= rank (Γ2) +K1,

condition (1.21) may also be written as

rank (Π) = g. (1.22)

In the sequel it will be assumed that (1.22) holds.

1.4.2 LIML

If the disturbances collected in (u, V ) in (1.20) are normally distributed,
the maximum likelihood (ML) estimator of δ is known as the limited
information maximum likelihood (LIML) estimator (Anderson and Ru-
bin, 1949). First consider the case where all explanatory variables are
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endogenous, so that Ω is nonsingular. The likelihood of Y = (y1,X) is
then given by

L = |2πΩ|−n/2 exp {−1/2 tr Ω−1(Y − ZΠ(δ, Ig))
′(Y − ZΠ(δ, Ig))},

(1.23)

where | · | denotes the determinant of a matrix and tr (·) the trace. To
formulate the solution of δ when L is maximized with respect to Ω, Π
and δ, let the (g + 1)× (g + 1) matrices S̄ and S⊥ be defined as

S̄ =
1

n
Y ′PZY,

S⊥ =
1

n
Y ′(I − PZ)Y,

(1.24)

where PZ is the projection matrix on the range of Z:

PZ = Z(Z ′Z)−1Z ′.

The LIML estimator is given by the vector δ̂LIML which satisfies

(S̄ − λ̂LIML S
⊥)

(
1

−δ̂LIML

)
= 0, (1.25)

where λ̂LIML is the smallest value such that S̄ − λ̂LIML S
⊥ is singular.

If some of the explanatory variables collected in X are exogenous, so
that Ω is singular, the likelihood given in (1.23) is not defined. In this
case the exogenous and endogenous variables in X are separated, as in
(1.17), and the likelihood of Ỹ = (y1, Y2) is maximized. In the literature
it is usual to partition the parameter vector δ accordingly in the vector
β, which corresponds to the endogenous explanatory variables, and the
vector γ, which corresponds to the exogenous explanatory variables. The
ML estimator of β is the vector β̂LIML which satisfies

(Ỹ ′PZ1 Ỹ − λ̂LIML Ỹ
′(I − PZ)Ỹ )

(
1

−β̂LIML

)
= 0, (1.26)

where λ̂LIML is minimal. The ML estimator of γ is given by

γ̂LIML = (Z ′1Z1)−1Z ′1(y1 − Y2β̂LIML ). (1.27)
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However, as will be shown in Appendix 4.A of Chapter 4, δ̂LIML =
(β̂′LIML , γ̂LIML )′ can also be found by solving (1.25). So, the LIML
estimator can be formulated in a unified way, without discriminating
between exogenous and endogenous explanatory variables.

Goldberger and Olkin (1971) show that the LIML estimator can also
be interpreted as a minimum distance estimator. A similar result, in the
context of dummy instruments, can be found in Chapter 2. There it is
shown that the LIML estimator is the GMM estimator based on the
moment restrictions implied by the reduced form of the model.

1.4.3 The computation of LIML

Solving δ̂LIML amounts to an eigenvalue problem. First consider the
case of overidentification, K > g, so that S̄ is nonsingular almost surely.
Let µ be the largest eigenvalue of S̄−1/2S⊥S̄−1/2 with corresponding
eigenvector f . Then

(S̄−1/2S⊥S̄−1/2 − µIg+1)f = 0, (1.28)

or, equivalently,

(S̄ −
1

µ
S⊥)S̄−1/2f = 0. (1.29)

Since µ is the largest value such that S̄−1/2S⊥S̄−1/2−µIg+1 is singular,

λ̂LIML is equal to 1/µ. Moreover,

S̄−1/2f = c

(
1

−β̂LIML

)
, (1.30)

for some scalar c. From (1.30) one finds an explicit solution of δ̂LIML in
terms of S̄−1/2 and f :

δ̂LIML = −
(0, Ig)S̄

−1/2f

e′1S̄
−1/2f

, (1.31)

where e1 is the first column of Ig+1. Although the computation of f
and S̄−1/2 may have been problematic in the past, it is no challenge for
present day computers.
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In particular in case of just-identification, i.e. if K = g, the LIML
estimator can be expressed in a simple form. Now S̄ is singular, so that
λ̂LIML = 0, and equation (1.25) amounts to

δ̂LIML = S̄−1
22 S̄21, (1.32)

where

S̄22 = (0, Ig)S̄(0, Ig)
′,

S̄21 = (0, Ig)S̄e1.

1.4.4 TSLS

Soon after the introduction of the LIML estimator, Basmann (1957)
and Theil (1958) proposed another (limited information) estimator of
δ: the two-stage least squares (TSLS) estimator. Its mechanics can be
described very easily. If Π were known, the obvious estimator of δ would
be the least squares estimator

(Π′Z ′ZΠ)−1Π′Z ′y1.

In the absence of this information, the least squares estimator of Π

Π̂ = (Z ′Z)−1Z ′X,

is used as a plug-in estimator to obtain the TSLS estimator

δ̂TSLS = (X ′PZX)−1X ′PZy1 = S̄−1
22 S̄21. (1.33)

Notice that in case of just-identification, K = g, the LIML estimator
and the TSLS estimator coincide. In case of overidentification, however,
the methods yield numerically different estimators and econometricians
seem to prefer the TSLS estimator.

Although asymptotics will be further discussed in Section 1.5, un-
derstanding the popularity of the TSLS estimator is impossible without
a reference to the large sample asymptotic distributions of TSLS and
LIML. Large sample asymptotics amounts to a sequence in which Ω and
K are kept fixed while n→∞ and
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Π′Z ′ZΠ

n
→ A,

where A is an invertible matrix. Under such a sequence the limiting
distribution of TSLS is given by (see, for instance, Theil, 1971)

√
n(δ̂TSLS − δ)→ N(0, σ2A−1). (1.34)

This result holds under the assumption that the rows of (u, V ) are i.i.d.
with mean zero and covariance matrix Ω.

Under the same assumptions, which allow for nonnormality, the
limiting distribution of LIML is given by (Anderson and Rubin, 1950)

√
n(δ̂LIML − δ)→ N(0, σ2A−1). (1.35)

So, the large sample asymptotic distribution of the LIML estimator is
equivalent to that of TSLS. It seems to be thought that the TSLS es-
timator is more easily computed than LIML. In view of the asymptotic
equivalence of the estimators, the LIML estimator is not widely used.

1.4.5 Finite sample comparisons

However, the large sample asymptotic equivalence of TSLS and LIML
does not mean that their finite sample distributions are the same. They
are not. In the early years (say, until the 1960s) most of the finite sample
properties of TSLS and LIML were obtained by Monte Carlo simulations.
The conclusions of these studies concerning the choice between TSLS
and LIML were inconclusive, although they gave a slight edge to TSLS
in terms of mean squared error. Most of these studies did not realize that
this criterium may not be appropriate in view of the later established
fact that LIML does not have moments of any order and that TSLS has
moments up to the degree of overidentification K − g.

For the case of normally distributed disturbances, the exact distri-
bution of LIML and TSLS have since been obtained; see, for example,
Anderson and Sawa (1973, 1979) and Phillips (1984,1985). Anderson
(1982) summarized some of these results and showed that TSLS ex-
hibits a greater median bias than LIML, especially when the degree of
overidentification is large. Amongst others, Bound, Jaeger and Baker
(1995) recently gave attention to the bias of the TSLS estimator if the
instruments are only weakly correlated with the explanatory variables.
More precisely, they considered a single explanatory variable, g = 1, and
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showed, building on earlier work by Nagar (1959), that the mean bias
of TSLS, relative to the bias of the ordinary least squares estimator, is
approximately inversely proportional to

Π′Z ′ZΠ

KΩ22
.

Similar results with multiple regressors have been described by, amongst
others, Staiger and Stock (1994). Partly because of this bias, the large
sample asymptotic distribution may not provide an accurate approxi-
mation to the finite sample distribution of TSLS.

1.4.6 A method of moments interpretation

A simple finite sample property by which TSLS and LIML may be com-
pared is the property of being a method of moments (MM) estimator.
Notice that both estimators are functions of the statistics S̄ and S⊥. A
particular estimator δ̂(S̄, S⊥) is said to be an MM estimator (Greene,
1993) based on the statistics S̄ and S⊥ if it satisfies :

δ̂( E (S̄), E (S⊥)) = δ. (1.36)

Notice that if the variances of the statistics S̄ and S⊥ are zero, δ̂(S̄, S⊥)
is equal to δ̂( E (S̄), E (S⊥)).

The expectations E (S̄) and E (S⊥) are easily obtained if the rows of
(u, V ) are normally distributed. In that case the statistics S̄ and S⊥ have
Wishart distributions. To introduce this family of distributions, consider
independent normally distributed p-dimensional random vectors ζi, i =
1, . . . , n, with mean mi and identical covariance matrix Ω. Let the p× p
matrix W be defined as

W =
n∑
i=1

ζiζ
′
i.

Then W is said to have a Wishart distribution of order p, with n degrees
of freedom, covariance matrix Ω and noncentrality matrix M, where

M =
∑
i=1

mim
′
i.

The distribution is said to be central if M = 0. Notice that if p = 1, W
has a (non-central) Chi-square distribution. So the Wishart distribution
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can be considered as a matrix generalization of the Chi-square distri-
bution. Similar to Eaton (1983, definition 8.2) the Wishart distribution
will be denoted by

W
(

Ω, n, M
)
,

where the order p is suppressed for convenience.
It follows from Proposition 8.13, Eaton (1983), that the distributions

of S̄ and S⊥ are given by

S̄ ∼ W
(
n−1Ω, K, n−1(δ, Ig)

′Π′Z ′ZΠ(δ, Ig)
)
,

S⊥ ∼ W
(
n−1Ω, n−K, 0

)
.

(1.37)

Using the properties of non-central Wishart distributions the expecta-
tions of S̄ and S⊥ are given by (Eaton, 1983, p.317)

E (S̄) = n−1 (δ, Ig)
′Π′Z ′ZΠ(δ, Ig) +

K

n
Ω,

E (S⊥) =
n−K

n
Ω.

(1.38)

In case of nonnormality the expectations are found using Lemma 2.1
in Chapter 2. This lemma provides expressions of the first two moments
of a statistic Y ′CY a, where C is a non-stochastic symmetric matrix, a is
a non-stochastic vector and the rows of Y are independent with identical
covariance matrix. Applying this lemma with C = PZ and C = (I−PZ),
resp, it follows that the expectations of S̄ and S⊥ are again given by
(1.38). So (1.38) is also valid in case the observations are not normally
distributed.

For the LIML estimator given in (1.25) one finds, by replacing S̄ and
S⊥ by their expectations:

λ̂( E (S̄), E (S⊥)) = K/(n−K),

δ̂LIML ( E (S̄), E (S⊥)) = δ.
(1.39)

So the LIML estimator can be interpreted as an MM estimator.
The TSLS estimator, which is a function only of S̄, does not share

this property. Replacing S̄ by E (S̄) in (1.33) results in
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δ̂TSLS ( E (S̄)) = δ +K
(

Π′Z ′ZΠ +KΩ22

)−1
(ω21 − Ω22δ). (1.40)

Notice that (1.40) suggests that the distribution of TSLS may be badly
centered if the degree of overidentification is large or when the instru-
ments are weak, i.e. when Π′Z ′ZΠ is ”small” relative to Ω22. This
corresponds to the bias of TSLS reported earlier. The right-hand-side of
(1.40) is equal to δ if and only if

σ21 = ω21 − Ω22δ = 0.

However, this condition is satisfied only if the explanatory variables are
not correlated with the disturbances ε.

1.5 Group-asymptotics

The problem with the exact distribution of TSLS and LIML is twofold.
The exact distributions are derived in case of normally distributed dis-
turbances. It may be true that the distributions are not very sensitive
to departures from normality. However, the verification of such a result
may not be easy in view of the second problem. The exact distributions,
especially that of LIML, are fairly complicated. For example, the expres-
sion of the exact distribution of LIML contains multiple infinite series
of hypergeometric functions which converge slowly. Phillips (1985) notes
that the numerical evaluation of the expression is hampered by compu-
tational difficulties. At present, the exact distributions do not permit
meaningful general conclusions.

Another approach to compare TSLS and LIML is to approximate
their distributions by one or more terms in an asymptotic expansion.
Apart from large sample asymptotics, where n → ∞, such expansions
have been given for a variety of other parameter sequences. For example,
Kadane’s (1971) small sigma-asymptotics corresponds to an asymptotic
sequence in which the sample size is fixed but where Ω→ 0. Surveys are
given in Anderson (1977) and Morimune (1983). Most of these results,
however, pertain to a single endogenous explanatory variable.

In this thesis the approach of Bekker (1994) is adopted, who considers
an asymptotic sequence in which both the sample size and the number
of instruments increases. Formulated in terms of the parameters of the
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model, this alternative asymptotics amounts to a sequence in which δ

and Ω are fixed, while n→∞ and K →∞ such that

Π′Z ′ZΠ

n
→ A,

K

n
→ α,

(1.41)

where A is an invertible g × g matrix and α is non-negative. In fact,
Bekker (1994) restricts the sequences to cases where A is the sample
value of n−1Π′Z ′ZΠ. To obtain approximations to the finite sample dis-
tribution of LIML and TSLS, which depend on n−1Π′Z ′ZΠ and not on
its limit A, this choice of A is the most obvious. However, similar to the
formulation of the large sample asymptotic sequences, the value of A is
not specified. Hence, (1.41) constitutes a family of sequences parame-
terized by A and α. The sequences will henceforward be referred to as
group-asymptotics. Large sample asymptotics is found as a special case
where α = 0.

The group-asymptotic approach was first mentioned in Anderson
(1976). He considered the estimation of δ = (α, β) in the functional rela-
tionship model given in (1.9), where nj = 1 and Ωj = Ω is known up to a
scalar multiplication. For this model large sample asymptotics amounts
to K → ∞. As he shows, the estimation of this model is mathemati-
cally equivalent to limited information estimation of δ in the demand
function given in (1.11) (where, in fact, he assumes γd = 0). In this
context, large sample asymptotics would amount to n → ∞. So, large
sample asymptotics implies two distinct asymptotic approximations to
one and the same estimator, depending arbitrarily on how the model
has been formulated. The group-asymptotics combines both sequences
and would give the same approximation independent of the formulation
of the model.

Another motivation of the group-asymptotic sequences can be found
in Bekker (1994) and is related to the MM interpretation discussed pre-
viously. This motivation is based on a simple principle which says that
the sequence should be directed so that it generates acceptable approx-
imations to known distributional properties of related statistics. When
a sequence provides better approximations to these known properties, it
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can also be expected to provide better approximations to the distribu-
tions of these estimators. One such known property is the expectation
of the statistics S̄ and S⊥.

Recall that the expectations of S̄ and S⊥ are given by

E (S̄) = n−1 (δ, Ig)
′Π′Z ′ZΠ(δ, Ig) +

K

n
Ω,

E (S⊥) =
n−K

n
Ω.

In the large sample asymptotic sequence, where n→∞ and K is fixed,
the error term KΩ/n becomes negligible in the probability limit:

plim (S̄) = (δ, Ig)
′A(δ, Ig),

plim (S⊥) = Ω.

As a consequence, the TSLS estimator is consistent under such se-
quences. As opposed to (1.40):

δ̂TSLS ( plim (S̄)) = δ.

In the group-asymptotic sequence, where n → ∞ and K → ∞, the
error term in E (S̄) does not converge to zero. For this sequence the
probability limits of S̄ and S⊥ are given by

plim (S̄) = (δ, Ig)
′A(δ, Ig) + αΩ,

plim (S⊥) = (1− α)Ω.

Now similar to (1.40):

δ̂TSLS ( plim (S̄)) = δ + α
(
A+ αΩ22

)−1
(ω21 − Ω22δ). (1.42)

So, the TSLS estimator is consistent if and only if the explanatory vari-
ables are not correlated with the disturbances ε. On the other hand,
and similar to (1.39), the LIML estimator is group-asymptotically con-
sistent:



32 1.5. Group-asymptotics

λ̂LIML ( plim (S̄), plim (S⊥)) = α/(1 − α)

δ̂LIML ( plim (S̄), plim (S⊥)) = δ.

(1.43)

In case of normally distributed disturbances, the (first-order) group-
asymptotic distributions of LIML and TSLS have been derived by Ku-
nitomo (1981) and, in a more general context, by Bekker (1994). Since
TSLS is not group-asymptotically consistent, the limiting distribution
of TSLS is not symmetric around the true value:

√
n(δ̂TSLS − d)→ N(0, VTSLS ),

where d = plim (δ̂TSLS ) as given in (1.42). Due to the group-asymptotic
consistency of the LIML estimator, the limiting distribution of LIML is
symmetric around the true value:

√
n(δ̂LIML − δ)→ N(0, VLIML ).

So, as opposed to the large sample asymptotic distributions of LIML
and TSLS, the group-asymptotic distributions are different. An explicit
expression of VTSLS can be found in Bekker (1994); an expression of
VLIML can be found in Bekker (1994) as well as in Chapter 4.

Apart from comparing the estimators by their group-asymptotic
distributions, these distributions may also be used to construct approx-
imate confidence intervals. For the formulation of a confidence interval
based on the LIML estimator, let V̂LIML be a consistent estimator of
VLIML . In case of one explanatory variable, where g = 1 and δ is a
scalar, an approximate (1− p)100% confidence interval of δ is given by

δ̂LIML ± Φ−1(1− p/2)

√
V̂ , (1.44)

where Φ−1(·) is the inverse of the standard normal cumulative distri-
bution function. Due to the fact that the distribution of TSLS may be
badly located, confidence intervals based on this estimator may not be
accurate.
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1.6 Monte Carlo simulations

A point of concern is whether the group-asymptotic distributions provide
sufficiently accurate approximations to the finite sample distributions
of the estimators. One way to verify this is to approximate the exact
distributions by Monte Carlo simulations. The method is discussed in
relation to the LIML estimator.

Reconsider model (1.20) with a single explanatory variable (g = 1),
so that δ is a scalar:

Y = (y1,X) = ZΠ(δ, 1) + (u, V ).

The n rows of (u, V ) are assumed to be independent and normally dis-
tributed with mean zero and covariance matrix Ω. Let the (univariate)
distribution of δ̂LIML be denoted by

FLIML (t) = P (δ̂LIML ≤ t). (1.45)

The parameters of the model, on which FLIML depends, are suppressed
to keep the notation simple. To simulate this distribution for a given
choice of the parameters, let (u, V )(i), i = 1, . . . ,m, be artificially gen-
erated observations of the random matrix (u, V ), and let Y (i) be the

corresponding realizations of Y . In turn, one obtains m estimates δ̂
(i)
LIML ,

which can be seen as independent drawings from the exact distribution
FLIML .

The simulated distribution Fm(t) is defined as

Fm(t) =
1

m

m∑
i=1

I(δ̂
(i)
LIML ≤ t), (1.46)

where I(δ̂
(i)
LIML ≤ t) is the indicator function given by

I(δ̂
(i)
LIML ≤ t) =


1 if δ̂

(i)
LIML ≤ t

0 if δ̂
(i)
LIML > t

If the number of replications m is sufficiently large, the empirical and
exact distributions become indistinguishable. In this thesis all Monte
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Carlo experiments are performed with m = 20.000. With as many as
20.000 replications the Kolmogorov-Smirnov test statistic,

sup
t
|Fm(t)− F (t)|,

says that the simulated distribution is within 0.01 of the exact distribu-
tion with a probability of over 0.99.

The merit of the Monte Carlo method, as opposed to analytical
approaches, is the ease by which the exact distribution of LIML can
be evaluated. Moreover, the method is not restricted to normally dis-
tributed disturbances. Apart from evaluating the performance of LIML,
the Monte Carlo method can also be used to evaluate related statistics,
such as the confidence intervals given in (1.44).

The method is limited by the fact that each simulation gives an
evaluation of FLIML for a single parameter combination. By repeated
simulation it is only possible to cover some finite subset of the full pa-
rameter space. Partial knowledge of how the distribution of LIML is
affected by the parameters may, however, imply a substantial reduction
of the dimensionality of this parameter space.

For the example considered here, Lemma 4.4 of Chapter 4 implies
that it is sufficient to consider the case where Ω = I2. Results for the
general case are implied by linearly transforming the Monte Carlo results
obtained for this Ω. Moreover, the distributions of S̄ and S⊥, as given
in (1.37), only depend on Z and Π through Π′Z ′ZΠ = τ2, say, and the
rank of Z, K. Since LIML is a function of these statistics, the same holds
true for the distribution of LIML. Hence, it is sufficient to simulate the
LIML estimator when the data are generated by the canonical form of
the model:

Y = τ ιn(δ, 1) + (u, V ),

where τ is a positive scalar, ιn is the n× 1 vector of ones, Ω = I2 and

Z =

(
IK
0

)
.

As Mariano (1982) argues,

”...one should avoid choosing different points in the
original space which lead to the same or very similar
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points in the canonical parameter space. The reduction
to canonical form induces a transformation from the
original to the canonical parameter space. Parameter
values for Monte Carlo simulation should be chosen as
to avoid duplication of points in the canonical space.
To put it in another way: a reduction to canonical form
defines iso-distribution orbits in the parameter space;
points lying on the same orbit generate or imply the
same distribution for the LIML estimator. The lesson
for Monte Carlo: just one point per orbit; anything be-
yond that is unnecessary duplication. If the investigator
happens to pick points on the same orbits, then he may
be misled to claim generality of a specific result which
only holds locally.”

Monte Carlo results for instrumental variable estimators in a model
similar to (1.20) can be found in Bekker (1994). These results show
that the group-asymptotic approach provides approximations which are
closer to the exact distributions of the estimators when compared to
large sample asymptotics. Similar evidence is found in this thesis.

1.7 Outline of the thesis

First there are some limitations in the coverage of this thesis in a number
of respects. Instrumental variables techniques have been developed for
a variety of models different from the ones considered in this thesis. A
more general framework, allowing for non-linear dependencies on the
parameters of interest and a dynamic context, can be found in Hansen
(1982). Although the title of Chapter 4 may suggest differently, the
material in this thesis does not primarily focus on weak instruments as
discussed in, amongst others, Nelson and Startz (1990a, b), Staiger and
Stock (1994) and Bound, Jaeger and Baker (1995). Moreover, inference
will be based on asymptotic results, and exact confidence intervals, such
as described in Anderson and Rubin (1949), are not discussed. For a
causal interpretation of instrumental variables the reader is referred to
Angrist, Imbens and Rubin (1996).

The chapters in this thesis are self-contained. In particular, Chapters
2 and 3 are to a large extend copies of separate papers co-authored by
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P.A. Bekker. Chapter 2 is based on Bekker and Van der Ploeg (1996) and
Chapter 3 is based on Van der Ploeg and Bekker (1996). Between the
chapters there is a substantial overlap in the notation of parameters.
However, to allow the reader to enter this thesis in any chapter, all
symbols are locally defined.

The point of departure in Chapter 2 is the basic model described
in Section 1.1. After a transformation of the instruments into dummy
variables, this model can be formulated such as in (1.9). GMM and
ML estimators under normality are derived, both under homo and
heteroscedasticity. In the latter case this results in the formulation of
estimators which have not been previously described. The performances
of the estimators are evaluated by their group-asymptotic distributions,
which are derived without assuming normality. Approximations and con-
fidence intervals, based on these distributions, are examined in a Monte
Carlo simulation.

Chapter 3 considers the same model as in Chapter 2. Under the
assumption of normally distributed disturbances efficiency bounds are
derived, in a group-asymptotic context, for a class of consistent estima-
tors. It is shown that the GMM and ML estimators described in Chapter
2 are not group-asymptotically efficient. Furthermore, a first attempt is
made to formulate efficient estimators.

The group-asymptotic inefficiency of the LIML estimator is fur-
ther discussed in Chapter 4, where comparisons are made between
the LIML estimator and an estimator which disregards some of the
instruments. These comparisons are based on their large sample and
group-asymptotic limiting distributions. The two approaches have differ-
ent implications with respect to the relative efficiency of the estimators,
which are put to the test in a Monte Carlo experiment.


