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Abstract

At the ZLB, the policy rate stops revealing the central bank’s shadow stance,

censoring the forecast errors needed for learning. I show that this distorts agents’

perceived policy law of motion, producing earlier expected lift-off than the central

bank under an unchanged policy rule - a pattern documented in Swedish and U.S.

forecasts. In a New Keynesian model, agents expect lift-off seven quarters early,

and repeated premature forecasts can push perceived policy persistence beyond the

stability boundary. Communicating the rule-consistent lift-off date reduces dis-

agreement, contains belief drift, and improves macroeconomic outcomes, providing

a case for parsimonious, informational, commitment-free forward guidance.
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1 Introduction

During recent low interest rate episodes, private policy rate forecasts often exceeded

central bank projections, implying earlier expected lift-off. Can the lower bound itself

generate this disagreement when the policy rule is unchanged? When the policy rate is

constrained by the zero lower bound (ZLB)1, its realization ceases to reveal the stance

that monetary policy would take absent the constraint. This paper shows that, after

agents have learned normal-times dynamics, the resulting data censoring leads adaptive

learners to expect lift-off too early. It also creates a role for forward guidance that does

not rely on a promise to deviate from future policy: communicating the central bank’s

rule-consistent lift-off projection supplies a missing signal about the policy path.

The mechanism is straightforward. Above the ZLB, agents can compare their policy

rate forecasts with realizations and update their perceived law of motion. At the ZLB,

they expect and observe the lower bound. The resulting zero policy rate forecast error

prevents them from learning that their latent shadow rate path is too high. That is the

case because the ZLB changes how shocks propagate to output and inflation: adverse

shocks contract activity more when policy cannot provide its normal accommodation,

which implies a deeper shadow rate path under an unchanged policy rule. Agents grad-

ually learn the output and inflation dynamics from observable errors, but the censored

shadow rate error leaves their expected policy path uncorrected and too high. When they

prematurely forecast lift-off and the policy rate remains at the floor, the subsequent neg-

ative forecast errors tend to raise their perceived persistence of the shadow rate. With

long-horizon expectations, repeated errors can therefore unanchor the expected policy

path and feed back into output and inflation. The disagreement therefore reflects an

informational advantage of the central bank.2 Although both sides observe the shocks,

the bank knows the structural model and can compute how the binding ZLB changes the

1I use “ZLB” for expositional convenience. The mechanism applies to an effective lower bound at any
level.

2This differs from Andrade et al. (2019), where private forecasters largely agree about the expected
low-rate path but disagree about its macroeconomic interpretation. Here, disagreement is instead be-
tween the representative private sector and the central bank over the policy rate path itself.
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aggregate law of motion and the rule-consistent shadow-rate path, whereas private agents

must learn that mapping from censored observations. In this broad sense, the mechanism

is an information effect, but its source is asymmetric model knowledge rather than the

private news about fundamentals usually meant by the “Fed information effect” (Bauer

and Swanson, 2023).

I first document the same state-dependent disagreement under two markedly differ-

ent transparency regimes. The Riksbank has published its repo-rate path in real time

since 2007, allowing me to match these projections with contemporaneous money-market

surveys through 2026. By contrast, Federal Reserve staff funds-rate projections were

confidential and became public only after a five-year lag; I match the released vintages

with contemporaneous Wall Street Journal forecasts for the 2008 - 2015 and 2020 ZLB

episodes. Despite this institutional contrast, both comparisons yield the same pattern:

at the lower bound, private forecasters expect earlier lift-off than the central bank. The

U.S. pattern is consistent with evidence that market participants expected lift-off within

roughly four quarters through 2010 (Swanson andWilliams, 2014) and that investors over-

predicted short rates in downturns and Federal Reserve easings (Cieslak, 2018). These

comparisons motivate the direction and state-dependence of the interest rate disagree-

ment pattern studied in the model, but they do not by themselves identify the censoring

mechanism presented here.

I then embed constant-gain adaptive learning with long-horizon expectations (Preston,

2005) in a canonical New Keynesian model. Agents are additionally able to understand

the lower bound, track a notional shadow rate, and truncate their policy rate forecasts

at the floor. They are therefore more sophisticated than learners who simply extrapolate

the observed constrained rate, but they do not immediately internalize how the binding

constraint changes the aggregate law of motion. I show analytically that, after beliefs

have converged to the normal-times law of motion, a sufficiently adverse demand shock

that binds the ZLB makes agents’ output, inflation, and shadow rate forecasts too high

relative to the central bank’s model-consistent projections. Agents consequently predict

an earlier lift-off even though the policy is unchanged.
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The numerical experiments assess the size and consequences of this wedge. Following a

common Great-Recession-sized shock, the median agent without communication expects

lift-off seven quarters earlier than the central bank. Across 10,000 matched 500-quarter

simulations, 45.3% of no-communication paths attempt to push perceived shadow rate

persistence beyond the unit circle stability boundary. Depending on how agents incor-

porate the announcement, lift-off guidance lowers this incidence to 7.4 - 11.2% and, over

the 40-quarter crisis window, mean stabilization loss falls by 23 - 40%. The gains are

economically meaningful but heterogeneous across histories.

In every binding period, the central bank truthfully reports its expected remaining

ZLB duration, which identifies its expected lift-off date; in the learning treatments, it

also reports the projected rate at lift-off. Agents may impose the communicated dura-

tion on their interest rate forecasts, use the lift-off projection to update their perceived

law of motion, or do both. The announcement reveals the bank’s model-consistent pol-

icy projection rather than a deviation from its policy rule. It is therefore Delphic for-

ward guidance in the terminology of Campbell et al. (2012), rather than the Odyssean

commitment studied by Eggertsson and Woodford (2003) and Krugman et al. (1998).3

The lift-off communication thereby conveys information about the otherwise unobserved

shadow policy trajectory. By allowing agents to either align their expected ZLB duration

or informing revisions to their perceived law of motion, it reduces forecast disagreement

and improves macroeconomic outcomes. The results support the simplicity of the mes-

sage as they show the biggest gains are received when the ZLB duration disagreement is

closed, rather than the precise gradient of the policy rate.

A close econometric counterpart is Aruoba et al. (2022), who develop an occasion-

ally binding SVAR in which the observed policy rate is censored and shock propagation

changes when the constraint binds. Whereas they estimate regime-dependent dynamics

and recover a shadow rate, this paper asks how private agents learn the changed dynamics

when the shadow rate is unobserved. Agents maintain a linear perceived law of motion for

a latent shadow rate and truncate the implied policy-rate path at the floor. The resulting

3Campbell et al. (2017) find that FOMC announcements contain a substantial Delphic component
while leaving room for Odyssean guidance.
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censoring generates early-lift-off disagreement and creates a role for communication.

Existing learning models generate liquidity or deflation traps through pessimistic ex-

pectations (Benhabib et al., 2014; Evans et al., 2008), while Bullard and Mitra (2002)

and Evans and Honkapohja (2003) study stability under alternative Taylor rules. Most

closely, Eusepi (2010) shows that policy-rule transparency stabilizes learning in a non-

linear liquidity-trap model, and Eusepi and Preston (2010) show that communicating

the policy function anchors long-horizon expectations. Here, the rule is unchanged and

known; communication instead reveals a shadow policy path hidden by the constraint.

The policy implication is state dependent. In normal times, the model provides no

systematic informational case for policy-path communication because the observed rate

reveals the policy stance. At the lower bound, however, routine and truthful publication

of the bank’s rule-consistent policy projection can reduce premature lift-off beliefs and

the associated drift in perceived policy persistence. Section 2 presents the evidence,

Section 3 develops the model and analytical result, and Section 4 reports the quantitative

experiments.

2 Evidence of forecast disagreement at the ZLB

The Great Recession and the long ZLB spell that followed produced historically high

disagreement among private forecasters (Andrade et al., 2019) and systematic forecast

errors relative to empirical policy rules. Engen et al. (2015) show that over 2008-2014

Blue Chip forecasts of the Treasury bill exceeded the path implied by standard Taylor

rules. They attribute this to a misperceived Fed reaction function and excessive optimism

about the speed of recovery.

I ask whether the same optimism appears when private forecasts are compared with

central banks’ internal interest rate projections rather than with stylized rules. That

comparison requires both sides of the forecast. Throughout this section I define the

policy rate disagreement gap as the private forecast minus the central bank’s internal

forecast. A positive value means that private agents expect a higher policy rate, which
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Table 1: One-year-ahead disagreement on the Swedish repo rate

Based on money-market 1-year-ahead repo rate
count mean se(mean) min max

Low 41 0.0756 0.0168 -0.2157 0.2566
High 61 -0.1026 0.0405 -0.8958 0.6688

Based on Riksbank 1-year-ahead repo rate
count mean se(mean) min max

Low 44 0.0877 0.0178 -0.2157 0.3677
High 58 -0.1210 0.0410 -0.8958 0.6688

Notes: Gap = money-market expectation minus Riksbank path. Positive:
the market expects a higher repo rate. Low (High): one-year-ahead expec-
tation below (above) 0.25. Primary pairs, February 2007 - June 2026.
Source: Riksbank Monetary Policy Reports and Updates; Prospera/Origo
Money Market Players.

at the effective lower bound this is the direction associated with earlier expected lift-off.

The Riksbank is unusually transparent among major central banks in publishing its

own policy rate path together with a survey of money-market participants. Own-path

publications begin with the February 2007 Monetary Policy Report. I reconstruct the

comparison from official Riksbank vintages and Prospera/Origo Money Market Players

releases through June 2026.4 Figure 1 plots one- and two-year-ahead repo-rate forecasts.

When the one-year-ahead rate is near the lower bound, the market path lies above the

Riksbank path most of the time. Table 1 reports the one-year numerical disagreement.

Low (High) denotes a one-year-ahead expectation below (above) 0.25 percent. In the

low-rate regime the mean disagreement is 0.076 percentage points when the split uses the

market forecast and 0.088 percentage points when it uses the Riksbank forecast (standard

errors 0.017 and 0.018). The market is higher in 31 of 41 and 34 of 44 observations,

respectively. Appendix A.2 presents further horizon and cutoff robustness, and a snapshot

case study of 2009-10. The results support the idea that markets tend to have higher

medium-run expectations of the policy rate relative to the monetary authority in low-rate

regimes such as the lower bound.

On the opposite side in terms of transparency, the Federal Reserve did not use to

publish a routine funds-rate path over 2003-2014. The Tealbook (formerly Greenbook)

4Appendix A.1 describes sources, pairing, and horizon alignment. I match each Riksbank publication
to the latest survey dated on or before it and drop three pairs whose survey is more than 45 days old.
Among the 102 retained pairs the median lag is 14 days and the largest is 29 days.
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Figure 1: Forecasts of the Swedish repo rate
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Monetary Policy Reports and Updates, 2007{2026.

records Board staff projections prepared before each FOMC meeting and released with

a five-year lag. Staff funds-rate assumptions are available from January 1981 through

December 2014 at eight meetings per year, with horizons of up to eight quarters.5 Pri-

vate forecasts come from the Wall Street Journal Economic Forecasting Survey, available

monthly since January 2003. Targets are end-June and end-December; from 2009 - 2011

the horizon sometimes extends to three years. Matching by calendar month of the Teal-

book publication yields the observation counts in Table A.2.

Figure 2 plots the WSJ mean minus the FED staff projection at horizons of one to

eight quarters. Positive values mean that the survey expects a higher funds rate than

staff, the same convention as for Sweden.

During periods at the zero lower bound, notably 2008 - 2011, the survey lies above

staff, and the gap is larger at longer horizons. The gap shrinks with the 2005 - 2007

5See Appendix A.1. The staff series is the Philadelphia Fed Real-Time Data file “Output Gap and
Financial Assumptions from the Board of Governors.”
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Figure 2: Federal funds rate forecast disagreement, 2003 - 2014
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hiking cycle and after calendar- and threshold-based forward guidance from early 2012.6

Through mid-2013 the survey still expects a higher funds rate six to eight quarters ahead.

The pattern matches the Riksbank evidence: in low-rate environments private agents

tend to expect a higher policy rate path than the central bank. Daly (2025) notes that

during the Global Financial Crisis markets regularly expected rates to rise faster than

FOMC participants did, and that more explicit communication helped clarify the path.

Bernanke (2012) and Yellen (2011) likewise argue that guidance can correct expectations

of an earlier increase than the FOMC anticipated. This wedge is the empirical counterpart

of the information channel modeled below.

Using Blue Chip Financial Forecasts, Cieslak (2018) finds that private funds-rate

forecast errors are large and negative in easing episodes, especially 2007 - 2009, and more

predictable than the future funds rate itself. Tealbook staff forecasts are more accurate

than the market’s but still exhibit predictable errors. That paper studies forecast errors

6Quantitative easing is outside the scope of this paper; see Bhattarai et al. (2022).
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rather than staff - survey disagreement; it is consistent with the difficulty of forecasting

the funds rate as the lower bound approaches.

The Philadelphia staff funds-rate file ends in 2014.7 To study the more recent pan-

demic ZLB period, I code the Tealbook A Long-Term Outlook Q4 staff path from the

eight 2020 issues and match each Q4 point to the same-month WSJ mean for that year’s

December.8 Figure 3 shows the two paths at each Tealbook date. In January and March,

staff still projected a rising funds rate; the WSJ year-end means lie below that path.

From April the staff path is at the ELB through 2022 (later through 2023 - 24), while the

survey lies above staff at longer year-end horizons - earlier expected lift-off, as in 2008 -

2011. Figure A.2 reports the same comparison as a gap by Tealbook date. The end-2020

gap is near zero once both sides are at the ELB; the end-2021 through end-2023 gaps are

positive and then shrink through the rest of 2020.

Using probabilities implied by federal-funds futures, Janson and Jia (2020) report

that the probability of remaining in the ELB target range rose from 88 to 100 percent for

the December 2020 meeting and from 86 to 100 percent for the September 2021 meeting

around the June 2020 FOMC meeting. The accompanying SEP placed all 17 participants

at the ELB through end-2021. The pre-announcement wedge has the same direction as in

2008-2014: markets attached positive probability to earlier lift-off than the subsequently

revealed FOMC path (and the then-unreleased staff forecasts). Its disappearance after

the SEP dots were published is consistent with guidance affecting the market’s policy

rate beliefs.

The relevant disagreement need not appear in modal forecasts. In the June 2020

Surveys of Primary Dealers and Market Participants the median modal path remained

at 0.13 percent through end-2022, but combined respondents placed about 52 percent

probability on an end-2022 midpoint above 0.25 percent. That probability fell to 40

percent in July and 31 percent in September, while the probability on the 0 - 0.25 percent

range rose from about 44 to 65 percent (Federal Open Market Committee, 2020). By

December 2020, SEP and New York Fed modal paths coincide at six-month, one-year, and

7Upon inquiry, no expansion of the funds-rate releases was planned past December 2014.
8See Appendix A.1.
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Figure 3: Tealbook A staff Q4 path and WSJ year-end (December) mean, 2020
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two-year horizons, though private distributions still assigned 29 - 33 percent probability

to a midpoint above 0.25 percent at two years (Board of Governors of the Federal Reserve

System, 2020; Federal Reserve Bank of New York, 2020a,b).

Abstracting from disagreement, Campbell et al. (2012) find that future monetary pol-

icy tightening lowers unemployment expectations and raises inflation expectations in the

US, contrary to New Keynesian predictions. They interpret this as Delphic forward guid-

ance. Campbell et al. (2017) classify FOMC private information by the difference between

Tealbook forecasts of inflation, GDP growth and unemployment and Blue Chip private

forecasts. The four-quarter-ahead futures rate is positively correlated with policymak-

ers’ GDP-growth forecast exceeding the market’s (and negatively with unemployment).

Meeting announcements therefore transmitted the committee’s private information about

the outlook - supporting a Delphic forward guidance interpretation.

3 Model

To explain why disagreement between the central bank and the private agents arises at

the zero lower bound I build a simple New Keynesian model featuring adaptive learning

as an expectation formation framework for the agents. The model environment is the

canonical New Keynesian model with a representative consumer and monopolistically

competitive firms subject to Calvo pricing. The novel contribution is to augment the

agents’ mental model by keeping track of a fictional shadow rate. This allows the agents

to form expectations of future binding ZLB spells and their lift-offs. Moreover, I extend

the long-horizon learning framework by allowing the agents to interpret central bank

communication about the future path of the policy rate, i.e. forward guidance. This

section begins by outlining the model under rational expectations before introducing

long-horizon adaptive learning as the expectations formation framework of the agents.
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3.1 Rational Expectations

As extensively discussed in Woodford (2003) and Gaĺı (2015), under rational expectations

(RE) the linearized aggregate economy of the canonical New Keynesian model can be

summarized by the following two equations:

xt = Etxt+1 −
1

σ
(it − Etπt+1 − rt) (1)

πt = κxt + βEtπt+1 + ut (2)

with shock processes

rt = ρrrt−1 + εrt , εrt ∼ N(0, σ2
r) (3)

ut = ρuut−1 + εut , εut ∼ N(0, σ2
u) (4)

where xt is the current output gap, defined as the difference between output and its

natural rate in an economy with fully flexible prices; πt denotes the inflation rate; it the

nominal interest rate; β is the discount factor; σ is the coefficient of relative risk aversion;

and κ is a composite of structural parameters. All endogenous variables are expressed

as log-deviations from their steady state values. Thus, in steady state x = π = i = 0.

Finally, rt and ut stand for exogenous natural rate and cost-push shocks, respectively,

and follow AR(1) processes.

The model is closed with a monetary policy (MP) rule subject to the zero lower bound

(ZLB):

st = ρist−1 + (1− ρi)(χππt + χxxt)

it = max {i∗, st} (5)

where st is the hypothetical unconstrained shadow rate and it is the realized policy rate

subject to the lower bound i∗. Note that above the ZLB this monetary policy rule implies

that the policy and shadow interest rates coincide - that is st = it if st ≥ i∗, while it is
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constrained by the ZLB where st is not - it = i∗ if st < i∗.

The reaction parameters satisfy χπ > 1 and χx > 0, and the interest rate smoothing

- ρi ∈ (0, 1). The constant i∗ = 1 − 1/β < 0 represents the effective lower bound on

interest rates since, otherwise, as explained in Eggertsson and Woodford (2003) agents

would choose to hold all their assets in cash. I will refer to it as the ZLB to be consistent

with the arguments in the Introduction and with real world analogies.

The rational expectations minimum state-variable solution to the model in (1) - (5)

is of the form:

Yt
3×1

≡

⎡⎢⎢⎢⎢⎣
x

π

i

⎤⎥⎥⎥⎥⎦
t

= Γ
3×4

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

ut

rt

it−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
≡ ΓZt (6)

where Yt and Zt contain the endogenous and state variables, respectively, and Γ is the

rational expectations equilibrium policy matrix9. Note that due to the smoothing in the

Taylor rule, the lagged interest rate becomes a state variable.

3.2 Expectations formation

The specification of expectations employed is adaptive learning (ADL). In particular,

agents do not know the true structure of the economy and make forecasts as econo-

metricians using simple regression models.10 They observe both the realizations of the

endogenous (Yt) and state variables (Zt) and try to estimate the transition matrix Γ as

more data becomes available.11

As such, adaptive learning is inherently a linear updating procedure, which when

iterated forward produces forecasts for the endogenous variables which are also linear in

the states. On the other hand, the ZLB creates a non-linearity in the path of the interest

9Note that (6) represents the solutions of the model under RE without a ZLB. If the ZLB is respected,
when binding the solution of the model will be piece-wise linear featuring a sequence of different policy
transformations Γi for every period i when the ZLB is binding.

10This follows the “consistency principle” of Evans and Honkapohja (2001).
11This updating is usually done using recursive least squares, constant gain learning or gradient descent.
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rate by truncating it as in (5). Thus, to account for that the agents must understand

the interest rate cannot go below i∗ both in realizations and in their forecasts. To get

around this issue I model the agents as forming expectations about the shadow interest

rate and then truncating at the ZLB to obtain their interest rate forecasts consistent

with the monetary policy rule in (5). During a period of binding ZLB the agents use

their forecasted shadow rate (st) to form lift-off expectations based on the past observed

policy prior to the ZLB.

Keeping mental track of both the policy rate and an estimated shadow rate is impor-

tant to avoid a forecast bias for the learners. When st < i∗ if they were to use i−1 = i∗

as a basis for expectations for t = 0, 1... in (6), they would have an upward bias in their

projected paths for the interest rate because the ZLB i∗ is higher than the shadow rate

at t = −1. Hence, as outlined below, I assume that above the ZLB agents rely solely on

realized prices (i.e. actual interest rate it through the states vector Zt) for updating their

expectations and forecasts. When the ZLB binds, on the other hand, due to a lack of

exact observable data on the policy rate, they rely on their shadow rate projections (st)

for keeping track of the full path the policy instrument below the ZLB. The states vector

at the ZLB becomes St ≡
[︃
1 ut rt st−1

]︃′
. Thus, even though the use of a shadow

rate complicates the notation, this dichotomy is necessary for more realistic and sophis-

ticated expectations. In this sense the imperfect knowledge of the adaptively learning

agents here is conservative.

As shown next, as additional data become available each period the agents update

their forecasting model by updating the coefficients to their perceived transition matrix

Φt using a recursive constant gain algorithm. As is common in the literature, I assume

that they observe the disturbances rt and ut and know their autoregressive coefficients.12

Adaptive Learning

Just like in the rational expectations solution in (6) the learning agents use the state

variables vector and a transition matrix to forecast the endogenous variables vector.

12Eusepi and Preston (2010) show that this assumption can be dispensed with and instead agents
would estimate those coefficients. For simplicity, it is maintained.
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Unlike RE, however, they do not know the correct transition matrix Γ from (6) and

instead use their estimated perceived 3-by-4 transition matrix Φt−1 from the end of period

t− 1:

Φt−1 ≡

⎡⎢⎢⎢⎢⎣
ϕx,t−1

ϕπ,t−1

ϕi,t−1

⎤⎥⎥⎥⎥⎦ ≡

⎡⎢⎢⎢⎢⎣
ϕxc,t−1 ϕxu,t−1 ϕxr,t−1 ϕxi,t−1

ϕπc,t−1 ϕπu,t−1 ϕπr,t−1 ϕπi,t−1

ϕic,t−1 ϕiu,t−1 ϕir,t−1 ϕii,t−1

⎤⎥⎥⎥⎥⎦ (7)

The rows of Φt−1 - ϕx,t−1, ϕπ,t−1, ϕi,t−1, contain the perceived laws of motion for the

output gap, inflation, and the shadow interest rate, respectively. Its columns contain

the intercept and the responses to the cost-push shock, the natural rate shock, and the

lagged observed policy rate. In particular, ϕii,t−1 is the agents’ perceived persistence of

the interest rate. Note that above the ZLB13, when st = it ⇒ St = Zt, we could simply

express the agents’ beliefs as:

Êt

⎡⎢⎢⎢⎢⎣
xt

πt

it

⎤⎥⎥⎥⎥⎦ = Φt−1Zt =

⎡⎢⎢⎢⎢⎣
ϕx,t−1

ϕπ,t−1

ϕi,t−1

⎤⎥⎥⎥⎥⎦Zt (8)

However, given the presence of a lower bound constraint on the interest rate and

following the discussion above, I assume agents use the vector of realized prices Zt ≡[︃
1 ut rt it−1

]︃′
to form expectations of the output gap and inflation, but they use

St ≡
[︃
1 ut rt st−1

]︃′
to forecast the shadow rate, and hence - the interest rate by

respecting the ZLB. The timing is such that at the beginning of period t the agents

observe the states (Zt and St) and use their perceived transition matrix Φt−1 to form

nowcasts for xt, πt, it, st as follows:

13Or in a model with no binding ZLB.
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Êt

⎡⎢⎣ xt

πt

⎤⎥⎦ =

⎡⎢⎣ ϕx,t−1

ϕπ,t−1

⎤⎥⎦Zt

Êtst = ϕi,t−1St

Êtit = max
{︂
i∗, Êtst

}︂
, j ≥ 0

(9)

where Ê is the expectations operator for the learners. Longer-run expectations are also

formed at the beginning of period t by iterating forward the state vectors EtZt+j and

EtSt+j as in (10) and applying again the current perceived transition matrix Φt−1 as in

(13).

ÊtSt+j =

[︃
1 ρjuut ρjrrt Êtst+j−1

]︃′
Êtst+j = ϕi,t−1ÊtSt+j

Êtit+j = max
{︂
i∗, Êtst+j

}︂
, j ≥ 0

ÊtZt+j =

[︃
1 ρjuut ρjrrt Êtit+j−1

]︃′
(10)

Note that because the interest rate is a state variable, the agents first need to forecast

the interest rate up to period t+ j− 1 before they can forecast output gap or inflation at

period t+j. To actually obtain a forecast for the interest rate at t+j−1, the agents first

forecast the shadow rate at the same horizon and apply the ZLB constraint as in (10)

above. Therefore, interest rate forecasts depend on recursively forming one-step-ahead

forecasts for the shadow rate and updating the forecasted state vectors EtZt+j and EtSt+j.

To express this recursive forecasting procedure more compactly, consider first the case

in which no binding lower bound is expected. Then it+j = st+j and hence Zt+j = St+j.

Combining the evolution of the exogenous states in equation (10) with the perceived law
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of motion for the shadow rate in equation (9) gives

ÊtSt+1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0

0 ρu 0 0

0 0 ρr 0

ϕic,t−1 ϕiu,t−1 ϕir,t−1 ϕii,t−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⏞ ⏟⏟ ⏞

Ψt−1

St. (11)

Holding agents’ period-t beliefs fixed over the forecast horizon, their expected future state

vector is therefore

ÊtSt+j = Ψ j
t−1St. (12)

Conditional on computed forecasts for the states, the agents are able to form expectations

about the aggregate endogenous variables at any horizon:

Êt

⎡⎢⎣ xt+j

πt+j

⎤⎥⎦ =

⎡⎢⎣ ϕx,t−1

ϕπ,t−1

⎤⎥⎦ ÊtZt+j

Êtst+j = ϕi,t−1ÊtSt+j

Êtit+j = max
{︂
i∗, Êtst+j

}︂
, j ≥ 0

(13)

Note that the only autoregressive process in the expectations formation is that of

the shadow rate - st+j, and its autoregressive coefficient is ϕii,t−1 - namely, the perceived

persistence of the shadow rate.14 This AR(1) coefficient is then the only unknown eigen-

value of the agents’ PLMs for endogenous and exogenous variables - Φt−1 and Ψt−1,

respectively15. The anchoring of long-run expectations and the stability of the learning

system will depend mainly on whether ϕii,t stays within the unit circle as the agents

update their beliefs. Section 4.3 further highlights its importance in a numerical exercise

and discusses its relationship to interest rate forecast disagreement between the agents

14In simpler terms, this can also be understood as the perceived persistence of the interest rate but
due to the presence of an occasionally binding ZLB it is technically correct to refer to the unconstrained
shadow rate.

15Remember that, as is standard in the literature, it is assumed that the agents perfectly know the
two shocks AR(1) coefficients - ρu and ρr.
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and the central bank (see Section 3.4).

At the end of period t the agents update this perceived law of motion (PLM) by a

recursive constant gain algorithm using the difference between their nowcasts of endoge-

nous variables ÊYt and the actual realizations Yt. Each error correction term is given a

constant gain τ against their prior beliefs from t− 1. They also weigh this forecast error

by the historical variance-covariance matrix Rt of the state variables, which they first up-

date in a similar manner, and use the weighted forecast discrepancy for error correction.

16.

Φt =

⎡⎢⎢⎢⎢⎣
ϕx

ϕπ

ϕi

⎤⎥⎥⎥⎥⎦
t

= Φt−1 + τ
(︂
Yt − ÊtYt

)︂
Z ′

tR
−1
t (14)

Rt = Rt−1 + τ (ZtZ
′
t −Rt−1) (15)

3.3 Bounded Rationality and the Actual Law of Motion

Replacing RE with ADL means that the structural equations of the economy (1)-(2) need

to be modified accordingly. For a related class of models Preston (2005, 2006) and Eusepi

and Preston (2018) argue that under ADL aggregate expectations Êt are an average of the

expectations of heterogeneous households and firms who know only their own objectives,

constraints and beliefs and cannot compute aggregate probability laws, i.e. cannot obtain

model-consistent expectations like RE. Thus, agents act rationally when it comes to their

own objective functions but unlike rational agents fail to anticipate the aggregate laws

of motion and resort to econometric learning as in section 3.2. A representative agent

can be obtained when a symmetric equilibrium is assumed in which although everyone’s

problem is identical, no individual is aware of that and as a result the representative agent

cannot compute aggregate probability laws. This breaks the law of iterated expectations

16Note that here I assume constant gain learning instead of the decreasing gain learning used in
Evans and Honkapohja (2001) The reason is that the former is more useful for tracking regime changes,
while the latter is useful for studying asymptotic convergence properties of learning models to their RE
counterparts. Given the current emphasis on the ZLB, tracking is a necessary feature of the model.
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(LIE) for the operator Ê, and hence the recursion from which the aggregate demand (1)

and Phillips curve (2) equations are derived. These two equations under ADL and Ê then

depend on a long horizon expectations reading:

xt = Êt

∞∑︂
T=t

βT−t

[︃
(1− β)xT+1 −

1

σ
(iT − πT+1 − rT )

]︃
(16)

πt = Êt

∞∑︂
T=t

(αβ)T−t [κxT + (1− α)βπT+1 + uT ] (17)

where Êt again stands for the expectations of the adaptive learners and α is the Calvo

probability of not being able to reset prices. I will refer to these two equations as the

actual law of motion (ALM) of the economy.

Yet, Honkapohja et al. (2012) point out that assuming a continuum of symmetrical

agents as is the case in the used NK model, one could still apply the LIE and resort to

one period ahead Euler equation learning. I keep the infinite horizon learning for two

reasons.

First, it allows for incorporation of FG as information about future policy rates into

the agents’ expectations and hence into the law of motion for the aggregate variables,

contrary to the Euler equation learning approach. Thus, forward guidance can have real

effects as described later in Section 3.5. Second, because agents do not know the structure

of the economy, they cannot foresee how the ZLB will change the actual law of motion

of the system. Consider equation (1) and apply Ê instead of the RE operation as the

Euler equation learning approach advocated by Honkapohja et al. (2012) would prescribe.

Now, if the ZLB is expected to be binding for a few periods ahead, its effect should come

through expectations of the output gap (Êtxt+1) and inflation (Êtπt+1). But these are only

gradually updated (as described in Section 3.2), implying that although agents respect

the ZLB in their forecasts for the interest rate, they are completely oblivious of its future

effects on inflation and the output gap when only the one-period-ahead Euler equation

(1) is used. In contrast, suppose that agents expect t = TZLB as the last period of

binding ZLB. Then in the long horizon approach (16) they could set Êtit+s = i∗ for all

t+ s ≤ TZLB. Then, the expected duration of the ZLB has an effect on the realizations

19



of the output gap both through the current and future binding periods, which in turn is

reflected on future inflation as in (17). Thus, the economy driven by the modified learners

with long-run expectations features minimal deviations from the rational expectations

economy which are reflected only in the recursively updated Êt+sxt+s+j and Êt+sπt+s+j

for s ≥ 1, j ≥ 0.

These arguments are related to the discussion of the use of long horizon expectations

for anticipated structural changes in Evans et al. (2008).

3.4 Disagreement between the CB and the learning agents

The machinery built so far only describes the expectations formation of the agents and

the effects of these expectations on the realizations of output gap and inflation through

the ALM in (16) and (17). It notably omits the behavior of monetary policy and the

expectations framework of the central bank. Below we will study how the interest rate

forecast of a central bank with rational expectations differs from those of the learners

and we will argue that this is consistent with the empirical evidence presented in section

2.

Suppose the economy exists for a long enough period with no extreme shocks that

bring it to the ZLB. Then, following the forecast and updating procedures from section

3.2 the learning agents have converged to the RE solution of the model in (6). This

implies that at some period t − s, s > 1 the perceived transition matrix has converged

to the actual one - Φt−s = Γ.17 Therefore, the agents have fully learned the model with

no binding ZLB and their forecasts (and errors) are indistinguishable of those of rational

agents. The period of the Great Moderation is a useful analogy for this scenario.

Now, suppose the economy is hit by a demand shock εr at period t which brings the

interest rate to the ZLB for at least 2 periods. Since the agents respect the ZLB in their

expectations they know that today the interest rate will be at the ZLB - Êit = i∗. Hence,

from (15) the forecast error correction term for the interest rate’s law of motion is zero and

17Note that due to the constant gain learning the PLM Φt converges to the rational expectations
equilibrium transition matrix Γ in distribution rather than point-wise. See Evans and Honkapohja
(2001) for a proof. For the sake of argument here I consider the Great Moderation example as having
Φt−s = Γ.
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no updating occurs - ϕi,t = ϕi,t−1. On the other hand, their perceived LOMs for output

gap and inflation (ϕx,t−1 and ϕπ,t−1) are the first and second rows of the transition matrix

for a world with no binding ZLB (Φt−1 = Γ). A model prescribed by Γ is characterized

by an active monetary policy rule which accommodates demand shocks. This, however,

is no longer true with a binding ZLB which locks the interest rate at an inefficiently high

level i∗. Therefore the agents’ forecasts for time t of output, inflation, and the interest

rate will be based on t − 1 beliefs of the Great Moderation and will be too optimistic.

At the end of period t they will observe the realizations and update their expectations

as in (15). Overall, during the expected period of the ZLB the agents will not update

their perceived law of motion for the shadow rate because they expect i∗ and see i∗ at the

ZLB, that is - they have no forecast error on the interest rate. Although they might be

wrong about the depth of the shadow rate, the ZLB censors the data at i∗ and eliminates

any interest rate forecast errors. However, they will still make observable forecast errors

for output gap and inflation and will update their beliefs for their laws of motion.

Contrary to the adaptively learning agents, let us assume the central bank knows the

ALM of the model (16) and (17) and observes agents’ expectations for all endogenous

variables.18 Upon observing agents’ expectations the CB uses them in the ALM equations

(16) and (17) and obtains model-consistent forecasts. Given its nowcasts for output gap

and inflation, it uses the MP rule (5) and forms projections for the shadow rate.

Remember that during the ZLB the learners fail to adjust their perceived law of

motion for the interest rate (ϕi,t+s = ϕi,t−1 if Êt+s−1it+s = i∗, s ≥ 0) because their ZLB

expectations in the immediate future are matched by the censored interest rate even if

they are wrong about the shadow rate. The CB, on the other hand, uses the actual

law of motion of the economy conditional on the learners’ expectations, thus obtaining

model-consistent forecasts about the shadow rate, the ZLB duration, and the interest rate

path. The ZLB acts as an informational curtain for the learning agents and, as explained

next, this will prove to be at the heart of the forecast disagreement between them and

the rational CB.

18Considering the vast amounts of information collected and processed by central banks as well as
their sophisticated forecast models this does seem like a realistic assumption.
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Due to the inactive monetary policy accommodation, a binding ZLB means a given

(negative) shock hits harder output gap and inflation compared to normal times. This

naturally necessitates a proportionally lower interest rate trajectory than the same shock

would have required above the ZLB. During the ZLB this translates to a deeper shadow

rate and a mechanically prolonged ZLB period than what normal-times dynamics would

imply. Due to the informational curtain of the ZLB, the agents do not observe the

shadow rate and cannot update their shadow rate PLM. They still rely on their ”Great

Moderation” PLM just before the ZLB which forecasts a shallower interest (shadow) rate

response and hence expect an earlier lift-off than the model-consistent forecasts of the

CB. The assumption that the central bank knows the true model of the economy implies

that the agents are also too optimistic relative to the actual realizations. As discussed in

section 2, this is supported by the empirical evidence for policy rate forecasts in the US

and Sweden, as well as, in financial markets as shown by Cieslak (2018).

The agents gradually update their output gap and inflation expectations, but the

binding ZLB prevents them from understanding how the new ZLB regime changes the

dynamics of the MP rule even in the absence of an explicit policy change. The only source

of change in the system is the ZLB which affects the propagation of the state variables Zt

to the endogenous variables Yt, i.e. the transition matrix Γ from (6) is no longer constant

but can be approximated by a time-varying piece-wise linear function (see Guerrieri and

Iacoviello, 2015).

Proposition 1. Suppose the economy is brought to the zero lower bound (”Great Reces-

sion”) after a period of convergence to a rational expectations model with no binding ZLB

(”Great Moderation”). Then, the mechanics described above result in a disagreement be-

tween the agents and the central bank about the future path of the interest rate even in

the absence of any policy change. Namely, the agents expect an earlier lift-off from the

ZLB than the central bank.

Proof: see Appendix B.2

Intuitively, as show in (13), agents’ period t expectations (Êt) depend on estimations

up to period t− 1 (Φt−1).
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Appendices B.1 and B.2 show that the actual law of motion of the economy implies:

xt = Êt

∞∑︂
T=t

βT−t

[︃
(1− β)xT+1 −

1

σ
(iT − πT+1 − rT )

]︃
= (1− β)Êt

∞∑︂
T=t

βT−txT+1⏞ ⏟⏟ ⏞
Xx,t

− 1

σ
Êt

∞∑︂
T=t

βT−tiT⏞ ⏟⏟ ⏞
Xi,t

+
1

σ
Êt

∞∑︂
T=t

βT−tπT+1⏞ ⏟⏟ ⏞
Xπ,t

+
rt

σ(1− βρr)

= (1− β)Xx,t −
1

σ
Xi,t +

1

σ
Xπ,t +

rt
σ(1− βρr)

= (18)

= f(ϕx, ϕπ, Êt

∞∑︂
T=t

βT−tiT , Zt) =

⎧⎪⎪⎨⎪⎪⎩
f(ϕx, ϕπ, ϕi, Zt), in normal times

fZLB(ϕx, ϕπ, ÊtXi,t), if ZLB expected to bind

where the final two cases derive from the agents’ understanding of the ZLB. As per (13),

they forecast the shadow rate and censor it at the ZLB i∗, thus making Xi,t ≡
∞∑︁
T=t

βT−tiT

highly non-linear in Zt (Appendix B.2). On the other hand, in normal times the function

can be reduced to a linear function of beliefs and states: f(ϕx, ϕπ, ϕi, Zt) (see Appendix

B.1.1). The agents’ period t beliefs (Φt−1) are consistent with a linear ”Great Moderation”

economy and correspond to f(·). The proof in Appendix B.2 shows that due to the non-

linearity of the ZLB:

Êtxt = ϕx,t−1Zt = f(ϕx, ϕπ, ϕi, Zt) > fZLB(ϕx, ϕπ, ÊtXi,t) = γx,tZt = xt (19)

where γx,t is the output gap row of one from the sequence of actual transition matrices Γt

during a binding ZLB spell.19 Intuitively, this occurs because for a given shock (say rt)

the dynamics of the economy with a binding ZLB imply higher interest rates (at i∗ rather

than negative as the shadow rate would prescribe), providing less policy accommodation

to the shocks. Thus, under γx,t shocks hit harder than what agents were used to in

the ”Great Moderation” (ϕx,t−1 = γx), leading agents to have too optimistic output gap

expectations. The same argument applies to the inflation expectations.20

19As discussed before, Guerrieri and Iacoviello, 2015 show that during a binding ZLB there is no single
transition matrix Γ as in the REE during normal times (see (6)), but a continuum of matrices, which
can be approximated piece-wise linearly by a sequence of Γt’s.

20Note that Appendix B.2.2 shows that the forecast errors on inflation are lower due to κ, α < 1.
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Given that the CB uses model-consistent expectations (i.e. actual xt and πt), and

applies its unchanged policy rule (5), then due to the agents too optimistic Êtxt and

Êtπt, the CBs desired shadow rate is lower agents’ expectation st < Êtit = ϕi,t−1Zt. This

argument can be iterated forward to show that agents expect a higher trajectory for the

policy rate and, as a result, a sooner lift-off from the ZLB.

In essence, the ZLB affects actual laws of motion for the endogenous variables through

two channels. First, there is the traditional level channel which limits it+s ≥ i∗ for the

duration of the ZLB spell. Second, as described above, it temporarily changes the map-

ping of shocks to endogenous variables through a sequence of piece-wise linear matrices

Γt ̸= Γ ( Yt = ΓtZt). Unlike the traditional adaptive learning approaches, the learners

here are equipped to cope with the first channel by keeping track of a mental shadow

rate and censoring it. Yet, unlike rational agents, they do not internalize the second

channel. They only adjust their beliefs Φt towards Γt gradually with observations (and

forecast errors), but informational curtain of the ZLB prevents them from doing so for

the perceived LOM of the interest rate - ϕi. This propagates their forecast disagreement

about the lift-off date from the ZLB relative to the rational CB and gives room for policy

communication in the form of forward guidance to correct it.

3.5 Forward guidance

I assume that in order to correct disagreement about the future path of interest rates, the

CB uses forward guidance by truthfully revealing its expected remaining ZLB duration

during every binding period.21 Because the duration is measured from the current period,

it also identifies the expected lift-off date. This is the least informationally dense message

the CB can send. Naturally, more sophisticated communication schemes might help

the agents update their beliefs even closer to the truth, yet Section 4 shows that even

21This assumption abstracts from potential strategic behavior and credibility issues of forward guidance
communication. Bassetto (2019) models forward guidance as cheap talk and shows how its informative-
ness depends on the central bank’s private information and pre-existing credibility. Bodenstein et al.
(2012) and Haberis et al. (2019) study imperfectly credible policy promises at the ZLB, while Boneva et
al. (2018) and Angeletos and Sastry (2021) consider the design of threshold-, calendar-, instrument-, and
target-based guidance. See also Campbell et al. (2019) on the quantitative limits imposed by imperfect
communication.
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such a parsimonious message is effective in guiding the agents and greatly improves

macroeconomic outcomes. This communication is inherently conditional on the current

state of the economy and does not represent a commitment by the CB, making it a model

of Delphic, rather than Odyssean forward guidance.

To interpret this guidance, agents must first estimate their own remaining ZLB du-

ration. In each binding period t, they form long-run expectations Êt {xj, πj, ij, sj}∞j=t as

outlined in Section 3.2. Let T ag ≥ 1 denote the number of quarters for which agents

expect the ZLB to remain binding, including the current quarter:

T ag such that

⎧⎪⎨⎪⎩ Êtit+j = i∗, j = 0, . . . , T ag − 1,

Êtit+Tag > i∗.
(20)

Thus, t+ T ag is the agents’ expected lift-off date.

The central bank is assumed to have model-consistent expectations (Et), conditioning

on the agents’ current PLM and their long-run expectations (ÊtYt+j). However, it has

no choice variable and truthfully reveals its expectations, thus abstracting from strategic

behavior. It observes agents’ expectations (ÊtYt+j, j ≥ 0 and T ag) and uses them to

form model-consistent expectations of output gap and inflation according to the model’s

ALM in (16)-(17):

Etxt+j = Êt

∞∑︂
T=t+j

βT−t+j

[︃
(1− β)xT+1 −

1

σ
(iT − πT+1 − rT )

]︃
(21)

Etπt+j = Êt

∞∑︂
T=t+j

(αβ)T−t+j [κxT + (1− α)βπT+1 + uT ] (22)

EtÊtYt+j = ÊtYt+j (23)

where the agents’ long-run beliefs evolve as in (13). Then, the CB forecasts its own policy

rate it+j according to the policy rule (5):

Etst+j = Etρist+j−1 + (1− ρi)(χπEtπt+j + Etχxxt+j) (24)

Etit+j = max {i∗,Etst+j} (25)
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In a similar fashion to the agents in (20), the CB obtains its expected remaining ZLB

duration, including the current quarter:

TCB such that

⎧⎪⎨⎪⎩ Etit+j = i∗, j = 0, . . . , TCB − 1,

Etit+TCB > i∗.
(26)

Hence, t+ TCB is the CB’s expected lift-off date.

As per Proposition 1, we would have TCB > T ag, because agents’ expectations adjust

to reflect the new regime brought by the ZLB only gradually through observations by

updating the perceived transition matrix Φt. Whenever lift-off forecasts disagree, there

is scope for forward guidance. I consider four regimes - a non-communication baseline

and three ways in which agents might interpret lift-off forward guidance messages:

1. Baseline ”No FG” - the central bank does not release any communica-

tion.

The agents expect lift-off at t+T ag and, even if the central bank expects TCB > T ag,

it does not communicate that. If the ZLB is still binding at t+T ag, agents are sur-

prised by observing it+Tag = i∗ when they had forecast Êtit+Tag > i∗. This forecast

error leads them to update their beliefs in the usual manner described in Section

3.2, treating observations of iTag+j = i∗, j > 0 as regular interest rate data points.

2. ”Period FG” - agents only adopt the communication length of the ZLB

spell.

At every binding period t, the CB releases its expected remaining ZLB duration

TCB. If different from T ag, the agents adopt it outright in their expectations without

adjusting their interest rate PLM - ϕi,t−1:

Êtij = i∗, j ∈ [t, t+ TCB − 1] (27)

Êtsj = ϕi,t−1ÊtSj (28)

Êtij = max
{︂
i∗, Êtsj

}︂
, j ≥ t+ TCB (29)
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This expectational mask gets reflected in the aggregate demand equation (16).22

Note that in this case the law of motion for the interest rate is not updated, so

even at the expected lift-off date t+ TCB there might still be interest rate nowcast

disagreement between the CB and the agents.

3. ”Learning FG” - agents adjust their interest rate PLM in response to

the CB’s lift-off communication

The CB announces TCB as in the previous case of period FG, along with its first

expected interest rate above the ZLB, Etit+TCB . Instead of adopting the commu-

nicated ZLB duration, agents now treat Etit+TCB as an additional data point for

learning. In words, upon receiving a FG message, agents perform a mid-period

update on their interest rate PLM (ϕi,t−1) by comparing the announced Etit+TCB

against their own forecast Êtit+TCB . If there is a forecast error relative to the CB’s

announcement, they perform a mid-period learning step (as in (15)) solely on their

interest rate PLM. That is, they reason how their interest PLM must adjust to

fit the CB’s announcement. I allow the learning gain λ to differ from the regular

gain τ ; a lower gain may be interpreted as agents placing less credibility on the

message.23 Namely:

ϕ̃i,t−1 = ϕi,t−1 + λÊtS
′
t+TCBR

−1
t−1

(︂
Etit+TCB − Êtit+TCB

)︂
(30)

Φt−1 =
[︂
ϕx,t−1;ϕπ,t−1; ϕ̃i,t−1

]︂
(31)

4. ”Period + Learning FG” - agents both apply the communicated ZLB

length and also update their interest rate PLM

22This interpretation is akin to the framework of forward guidance as anticipated shocks by Del Negro
et al. (2012).

23The baseline calibration sets λ = τ , giving an FG announcement the same weight as one quarter of
data. Appendix C.4 relaxes this. Learning is performed at the expected lift-off date t + TCB because
the duration announcement only reveals that the policy rate is constrained through t + TCB − 1; it
does not reveal the CB’s expected shadow rate in that final binding quarter. Learning instead from i∗

at t + TCB − 1 would therefore be inaccurate because Etst+TCB−1 need not equal i∗. If the CB also
communicated that shadow rate, learning could instead take place in the final binding quarter. The
update uses the last known variance-covariance matrix R−1

t−1 (because the FG message arrives before the
realizations of the current endogenous variables) and the regressors, including the expected shadow rate,
iterated forward to St+TCB .
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This interpretation scenario is simply a combination of 2. and 3. It is expected

that the largest stability gains will come from eliminating the lift-off disagreement

as in period FG, yet upon lift-off the updated PLM might be closer to the truth

and imply lower forecast errors.

Note that in all FG interpretations (Period FG, Learning FG, and their combination),

forward guidance has real effects on the current output gap (16) and inflation (17) by

virtue of affecting the agents’ interest rate forecasts - either through the FG mask in

Period FG, or the updated interest rate PLM (Φt−1) in Learning FG, or both in Period

+ Learning FG. Naturally, the altered output gap and inflation lead the CB to change its

policy stance through the policy rule, which next period could lead to a new FG commu-

nication. This endogenous interplay is active at every ZLB period and is at the essence of

information revealing, Delphic communication, resembling the Riksbank regular internal

projections. To the best of my knowledge, this is a novel approach to modeling Delphic

FG, that is the use of an endogenous central bank lift-off projection as a communication

signal that alters the agents’ interest rate expectations, and has real effects.24

4 Quantitative experiments: disagreement, learning

instability, and communication

4.1 Experimental design and measurement

This section presents the numerical analysis of the learning economy with and without

forward guidance. For each communication regime, I simulate 10,000 Monte Carlo (MC)

matched paths over 500 periods.25 All regimes share the matched MC independent draws

of the natural rate (rt) and cost-push (ut) shocks. To mimic the initial state as coming

24Existing adaptive learning analyses generally represent forward guidance as anticipated monetary
policy shocks as a commitment to a deviation from the regular policy rule. In Cole (2020a) and Cole
(2020b), the announced shocks enter agents’ forecasting models and agents recursively learn their macroe-
conomic effects. These papers therefore already generate contemporaneous effects of forward guidance
under adaptive learning, but through an announced policy deviation and commitment (i.e. Odyssean
FG) rather than an endogenous, rule-consistent lift-off projection communication (i.e. Delphic FG).

25The simulation design is required here because the recursive learning algorithm needs variability in
order to reliably estimate the transition matrix Φ.
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from a ”Great Moderation” past, all simulations are initiated at the rational expectations

equilibrium of the linear model with no binding ZLB, i.e. x1 = π1 = i1 = 0, Φ1 = Γ, R1 =

Ω where Ω is the variance-covariance matrix of the state vector Z. Then, a common GFC-

type negative demand shock εr2 pushes the economy to the ZLB for an extended period

of time.26 The calibration follows Table B.3 and is explained in detail in Appendix B.3.

Section 4.2 analyzes the emergent interest rate forecast disagreement between the

agents and the central bank as a result of the informational curtain on shadow rates

imposed by the binding ZLB. Section 4.3 describes how this disagreement gives rise to

learning instability, unanchored expectations, and explosive dynamics. Section 4.4 shows

that Delphic forward guidance in the form of lift-off date communication sharply reduces

disagreement, instability, and stabilization loss.

Although the model is presented with an intercept for generality, the quantitative

experiments impose a zero intercept and estimate the remaining 3 × 3 coefficient ma-

trix - Φt. This restriction removes an additional potential source of forecast drift for

long-run expectations and is therefore conservative for the mechanism of the ZLB as an

informational curtain.

4.2 No forward guidance - disagreement at the ZLB

In the absence of communication, the ZLB censors shadow rate forecast errors whenever

agents expect and observe a binding policy rate. Their interest rate PLM therefore does

not adjust to the depth of the latent shadow rate, leading to overly optimistic shadow

rate forecasts and premature lift-off forecasts. Across binding ZLB quarters, the agents’

median shadow rate nowcast is 7.88 annualized percentage points higher than the central

bank’s, while their median lift-off forecast is seven quarters early. In contrast, above the

ZLB the median shadow rate gap between them is approximately zero.

Figure 4 below shows Monte Carlo fan charts for xt, πt, and the shadow rate. These

can be interpreted as responses to the large negative natural rate shock in period 2,

which produces a prolonged ZLB spell. The thicker solid blue line shows the median

26The shock is common across all communication regimes, so their differences are identified from
communication rather than from different shock realizations.
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end-of-period realizations of output and inflation and the central bank’s realized shadow

rate, while the thinner solid orange line shows the agents’ median beginning-of-period

nowcasts. Dashed lines show the corresponding 10 - 90 percentile bounds. Agents are

too optimistic about the responses of all three variables. Constant-gain learning quickly

narrows the output-gap and inflation nowcast errors. By contrast, while both the expected

and observed policy rates remain at the floor, the shadow rate forecast error is censored

and cannot correct the interest rate PLM.

Figure 4: No FG: Monte Carlo responses to the common GFC shock
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It is particularly striking that the forecast errors are concentrated on the downside:

the upper percentile bounds for realizations and nowcasts largely overlap, whereas the

lower realization bounds fall well below the corresponding nowcasts. This asymmetry
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is the result of the informational curtain created by a binding ZLB. Above the ZLB,

all variables are observable and agents can correct misspecified beliefs through forecast

errors. Moreover, in the upper tail the policy rate is unconstrained, so the initial “Great

Moderation” beliefs coincide with the rational-expectations beliefs of the model, Φ0 = Γ.

Once the ZLB binds, agents respect the floor in their interest rate forecasts but do not

internalize the full change in the aggregate law of motion described in Section 3.4. The

lower output-gap and inflation bands gradually converge through adaptive learning, but

the informational curtain over the shadow rate leaves interest rate expectations system-

atically too high.

Figure 5 plots annualized shadow rate disagreement between the agents and the CB,

400(Êtst − st), in normal times (right panel) and at the ZLB (left panel). At the ZLB,

agents expect a higher shadow rate in 99.3% of observations, with a median gap of 7.88

annualized percentage points. This is consistent with Proposition 1.27 Above the ZLB,

the median gap is approximately zero and observations are split nearly evenly by sign.

Thus, there is no systematic median interest rate forecast disagreement above the ZLB,

consistent with the Riksbank and Federal Reserve evidence in Section 2.

The agents’ optimism also implies a higher expected policy rate trajectory at the

ZLB and, most often, earlier lift-off. Figure 6 (Panel A) plots the agents’ and the CB’s

remaining ZLB durations, T ag and TCB, during the initial episode. Both durations include

the current binding quarter, and lift-off is expected at t+ T ag and t+ TCB, respectively.

In this episode, agents generally expect three to six fewer binding quarters than the CB.28

Because both durations are measured from the same period t, lift-off disagreement is

T ag − TCB. Figure 6 (Panel B) presents its distribution across all binding path-quarters.

Consistent with Panel A, the median agent expects lift-off seven quarters earlier than the

CB. Agents expect earlier lift-off in 88.9% of observations, the same date in 2.3%, and

27Restricting each path to observations through its own first projection event preserves the pattern:
the median ZLB gap is 4.35 annualized percentage points and is positive in 99.3% of observations. The
narrower tails indicate that the most extreme full-sample values arise after a path first encounters the
projection boundary.

28Initially there is no lift-off forecast because the interest rate remains above the ZLB owing to sub-
stantial policy inertia. As discussed in Appendix B.3, the one-year delay between the shock and the first
ZLB observation is broadly similar to the US experience between the onset of the GFC in 2007Q4 and
the first ZLB observation in 2008Q4.
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Figure 5: No FG: shadow rate nowcast disagreement
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later lift-off in 8.8%. Figure C.1 further plots TCB conditional on T ag = 1: agents then

expect the current quarter to be the last at the ZLB and lift-off at t+1. The CB expects

a longer duration in 93.7% of those observations, implying a forecast error at the agents’

anticipated lift-off if the ZLB remains binding.

This state-dependent disagreement offers clear implications for policy communication

above and below the ZLB. Above the ZLB, in normal times, there is no systematic median

interest rate disagreement between the bank and the agents. There, agents observe

all necessary information and the model suggests no systematic role for guidance to

correct an informational problem. Once at the ZLB, however, the observed policy rate

is censored at the floor and no longer reveals the trajectory of the shadow rate. The

resulting disagreement about the future policy rate path creates room for the CB to

communicate that its current forecast implies a later lift-off than agents expect. Thus,

the ZLB’s informational curtain mechanism creates a case for Delphic forward guidance

communication at the ZLB.29

29These implications accord closely with Warsh (2026), who describes forward guidance during the
Global Financial Crisis as “essential at the time,” while arguing that its role in normal times should be
“limited and circumscribed.”
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Figure 6: No FG: Remaining ZLB duration and lift-off disagreement
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4.3 From disagreement to instability

Agents’ positive shadow rate disagreement at the ZLB becomes an observed policy rate

forecast error once they prematurely forecast lift-off. The resulting update to the interest

rate PLM changes the perceived persistence of the shadow rate, ϕii,t. Agents’ forecasts

for the shadow state vector satisfy ÊtSt+j = Ψj
t−1St. As discussed in Section 3.2, because

the perceived state-transition matrix is triangular,

eig(Ψt−1) = {1, ρu, ρr, ϕii,t−1} . (32)

The first eigenvalue is associated mechanically with the constant in the state vector, while

ρu and ρr are known and stationary. Consequently, ϕii,t−1 is the only estimated eigenvalue

that can destabilize agents’ dynamic forecasts.

As |ϕii,t| approaches unity, the expected shadow rate mean-reverts increasingly slowly.

At unity, mean reversion is lost, and beyond unity, iterated future forecasts for the shadow

rate, and hence the interest rate, become unanchored and explosive and feed into output

gap and inflation through the ALM (16) and (17). Thus, expectations-driven instability

is preceded by a region of high perceived interest rate persistence in which relatively small

forecast errors can have large effects on the expected path of monetary policy. To deal

numerically with such events, the experiments employ a projection facility (PF) bound

of |ϕii,t| ≤ ϕ̄ii = 0.98.30 The PF bound identifies attempted learning updates that would

move the perceived law of motion beyond this stability region. Whenever |˜︁ϕii,t| > ϕ̄ii,

the entire update step is rejected and beliefs remain at the last admissible configuration,

Φt = Φt−1 and Rt = Rt−1.
31

Disagreement about lift-off from the ZLB tends to generate precisely such updates.

Let ˜︁ϕii,t denote the candidate coefficient produced by RLS before application of the

30Raising the bound to 0.99 reduces PF incidence from 45.28% to 43.17% but slightly increases macroe-
conomic failures; Section C.3 reports the matched-path comparison.

31See Evans and Honkapohja (1998), Marcet and Sargent (1989), and Slobodyan and Wouters (2012)
for further details and applications of projection facilities in the adaptive learning literature.
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projection facility: ˜︁ϕii,t = ϕii,t−1 + τ
[︁
R−1

t Zt

]︁
i

(︂
it − Êtit

)︂
. (33)

When agents forecast that the economy has already lifted off while the ZLB continues to

bind, the interest rate forecast error (it − Êtit) is negative.
32 During these episodes, the

effective gain associated with the lagged interest rate state (
[︁
R−1

t Zt

]︁
i
) is typically also

negative. The resulting update to ϕii,t is therefore positive. Repeated premature lift-

off forecasts progressively raise the perceived persistence of the shadow rate and bring

agents’ forecasting model closer to the stability boundary.

Intuitively, at their expected lift-off date t + T ag, agents observe a lower policy rate

than expected despite observing ut+Tag and rt+Tag . They respond by increasing perceived

policy persistence, ϕii, and reducing the perceived responses to shocks, ϕiu and ϕir.
33

This pattern is a quantitative result rather than an analytical restriction, yet it occurs

in the vast majority of belief updates when agents expect an earlier lift-off from the ZLB.

Table 2 (Panel A) shows that above the ZLB, 53.6% of implemented updates are positive.

At the ZLB, 78.6% of updates are zero because agents often also forecast the policy rate

at the floor. Conditional on a non-zero at-ZLB update, however, 94.7% are positive.

Despite being wrong on the shadow rate (as shown in the previous section), their ability

to truncate the interest at the lower bound means at those times they have no forecast

error, eliminating any mechanical expectational drifts from learning a fixed variable at

the ZLB.

The No FG experiment produces at least one projection facility (PF) event in 4,528 of

the 10,000 simulated paths, an unconditional incidence of 45.28%.34 Of these first events,

1,558 occur above the ZLB and 2,970 occur while the ZLB is binding, with 1,402 during

32When agents also expect the ZLB to bind, the realized and forecast policy rates coincide at the floor,
so the interest rate PLM is not updated.

33Figure C.2 in the Appendix shows the evolution of the components of the agents’ PLM, Φt. In the
No FG regime, the bottom row shows that learning after the GFC-induced ZLB spell lowers ϕir,t and
raises ϕii,t. At longer horizons, updates become more dispersed around the REE initialization (Figure
C.3).

34Figure C.4 shows the number of PF hits per PF path. Among these paths, 87.2% have more than
one event and the median is 12 hits. All 4,528 first projection events are genuine attempted crossings of
the interest rate persistence boundary - ϕ̄ii, and none is classified as a numerical projection trigger. The
projection facility is therefore detecting economically generated learning dynamics rather than a failure
of the simulation algorithm.
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Table 2: No FG: interest rate perceived persistence updates and first projection events

Panel A. All paths until the first PF event
At ZLB Above ZLB

Observations 522,873 2,962,820
Mean, implemented 0.0052 -0.0005
Median, implemented 0 0
P10–P90, implemented [0,0.0194] [-0.0014,0.0004]
P1–P99, candidate total [-0.0002,0.0809] [-0.0144,0.0069]
Maximum |∆|, candidate total 0.823 36.732
− / 0 /+ (%), implemented 1.1/78.6/20.3 46.4/0.1/53.6
Panel B. At the first PF event

PF at ZLB PF outside ZLB
Number of paths 2,970 1,558
Share of all PF paths 65.6% 34.4%
Premature liftoff forecast at the event 100% 0%
Median quarters with premature lift-off forecasts 12 —
Median quarters premature-liftoff streak at PF event 6 —
Median accepted Φi,i before update 0.949 0.961
Median attempted change in Φi,i 0.0639 0.049
Median interest-rate forecast error (annualized pp) −1.10 0.58

Notes: Panel A: The sample runs from quarter 2 through the path’s own first projection-facility
event, including the event quarter; never-PF paths remain uncensored. Panel B: The reported
interest rate forecast error is realized minus agents’ forecast, so a negative value means that
agents overpredict the current policy rate.
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the initial GFC-induced spell and 1,568 during a later spell. The following event study

aligns paths on their first projection event, so repeated events do not receive additional

weight.

Table 2 (Panel B) summarizes first PF events at and above the ZLB. Among at-

ZLB events, the median path has accumulated 12 quarters with a premature lift-off

forecast, including an uninterrupted terminal streak of 6 quarters. The persistence drift

is therefore associated with repeated forecast errors generated while the shadow rate

remains hidden by the ZLB, rather than merely with the presence of the lower bound

itself. The median attempted persistence increase is 0.0639 at an at-ZLB event and

0.049 above the ZLB.35 At-ZLB events exhibit the familiar overoptimistic pattern, with

a median annualized interest rate forecast error of -1.10 percentage points. Above-ZLB

events have an opposite-signed median error of 0.58 percentage points.

Figure 7 (Panel A) shows the evolution of the accepted pre-update persistence coeffi-

cient around the first PF event. For at-ZLB events, the median increase is concentrated

in the final several quarters before the event - characteristic of a sudden uncovered lift-off

disagreement; outside-ZLB events exhibit a longer buildup. Panel B reports the share

of paths on which agents forecast a policy rate above the ZLB while the realized rate

remains constrained. Among paths whose first projection event occurs at the ZLB, the

prevalence of premature lift-off forecasts increases markedly as the event approaches and

reaches 100% in the event quarter. Figure 8 plots the corresponding interest rate forecast

errors. At-ZLB events are driven by premature lift-off expectations, whereas positive

errors above the ZLB emerge mainly near the PF event. This supports interpreting the

latter as a broader post-ZLB learning instability: the full perceived law of motion has

already drifted away from its rational-expectations initialization, even though the mon-

itored interest rate root may remain some distance below the projection boundary until

the triggering quarter.

Although the two event types differ, they remain linked to earlier ZLB experience.

Appendix C.2 compares the No FG baseline with matched simulations that omit the

35Figure C.5 visualizes the cumulative distributions of the accepted pre-event ϕii and the post-update
candidate.
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imposed GFC shock. The GFC raises PF incidence both at and above the ZLB and

brings the median first event forward from quarter 270 to quarter 100. This persistence

indicates that above-ZLB PF events can reflect belief drift accumulated during earlier

ZLB spells.

Projection events are also informative about the subsequent stability of the economy.

Table 3 shows that of the 4,528 paths with a PF event, 1,165, or 25.7%, subsequently reach

the ad-hoc macroeconomic feasibility bound where the absolute value of the output gap,

inflation, or the interest rate reaches 1,000. None of the 5,472 paths without a PF event

reaches this bound. Thus, all 1,165 macroeconomic failures occur after a projection event.

Among paths experiencing both events, the macroeconomic failure occurs a median of 95

quarters after the first PF event.36

Table 3: Macroeconomic volatility through the first projection event

Target Stable Any PF Macro fail. PF/no fail
Paths — 5,472 4,528 1,165 3,363
Output gap 1.00–1.50 1.41 5.57 12.02 4.76
Inflation 0.76–1.24 1.15 2.15 4.38 1.89
Policy rate — 1.84 1.38 1.04 1.41

Notes: Entries are medians across paths. Output-gap units are percentage points; inflation
and policy-rate units are annualized percentage points. For a path with a projection event, its
sample standard deviation uses valid observations through and including the first-PF quarter and
excludes all later quarters. The event-quarter macro variables realization precedes the rejected
learning update.

Table 3 further asks whether PF paths already exhibit greater macroeconomic volatil-

ity before the projection intervention. Each PF path is retained through and including its

first-event quarter but is censored thereafter. PF paths that do not subsequently fail nu-

merically are already macroeconomically volatile at the time of the first PF event relative

to stable paths: their median output-gap volatility is 4.76 rather than 1.41 percentage

points, and inflation volatility is 1.89 rather than 1.15 annualized percentage points. A

projection event without a later macroeconomic failure should not therefore be treated

36These associations are descriptive rather than causal: adverse shock and belief histories can generate
both a PF event and a later macroeconomic failure. Moreover, rejecting the candidate update at the
first PF changes the subsequent path, so the simulations do not reveal the counterfactual trajectory that
would have followed without the intervention. Nevertheless, the concentration of later failures among PF
paths shows that the facility identifies economically fragile trajectories rather than innocuous numerical
outliers.
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Figure 7: Perceived persistence and premature lift-off around the first projection event
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Figure 8: Agents’ interest rate nowcast error before the first projection event
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automatically as a false positive. The projection intervention removes precisely the can-

didate update that would have moved the perceived interest rate root beyond the stable

region.37

In summary, repeated premature lift-off forecasts at the ZLB raise perceived interest

rate persistence and can produce PF events. Crossings above the ZLB arise after broader

PLM drift and are triggered by opposite-signed forecast errors. The at-ZLB events pro-

vide the most direct evidence for the informational-curtain mechanism. PF paths also

exhibit substantially higher output-gap and inflation volatility before the projection in-

tervention, consistent with economically consequential fragility rather than innocuous

numerical outliers.

4.4 Forward guidance as a stabilizing force for expectations

The preceding sections established a sequence starting from disagreement about lift-off to

drift in the perceived persistence of the shadow rate and, eventually, to attempted cross-

ings of the projection boundary. This section asks whether communicating the central

bank’s expected remaining ZLB duration - and hence its expected lift-off date - is enough

to ameliorate the informational curtain and reduce the risk of expectational instability.

37Note that interest rate volatility is less discriminating because the lower bound compresses observed
variation in the policy rate.
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The three FG experiments are again as follows. In Period FG, agents impose the commu-

nicated duration TCB on their interest rate forecast, but do not update their perceived

law of motion in response to the announcement. In Learning FG, the announcement

instead generates an inter-period PLM update in equation (30), with a learning gain on

the message λ (in the baseline λ = τ = 0.03), but agents do not impose the communi-

cated ZLB duration mask on their forecasts. Period + Learning FG combines the two

operations, while No FG applies neither.38

Figure 9’s upper panel shows the evolution of perceived shadow rate persistence,

ϕii,t−1, across communication regimes following the common GFC innovation. All four

regimes share the initial 4-5 quarters between the crisis shock and hitting the ZLB and

have largely similar downward trends in ϕii. What is more, Figure C.2 shows that in those

periods the agents increase their perceived sensitivity of all three endogenous variables

(x, π, i) to the natural rate (r). This is due to the combination of long-run expectations in

the ALM and the ability of agents to expect a future binding ZLB as a result of the GFC

negative natural rate shock, and accordingly truncate their expectations. An anticipated

binding ZLB implies future suboptimally high interest rates. This, of course, leads to

a deeper drop in output gap and inflation today, and as a result - in the current policy

rate too. Observing these sharp declines, the agents adjust their current PLMs towards

higher sensitivities to shocks and lower perceived reduced-form persistence of the policy

rate. Overall, this brings their beliefs one step closer to how rational agents would form

expectations. In particular, the pattern of initially decreased perceived interest rate per-

sistence renders the following stability results conservative. In the event of more sudden

drops to the ZLB (e.g. ad-hoc deviation from the policy rule), the agents wouldn’t have

the time and observations to correct downwards their PLM persistence, leading to larger

lift-off disagreement and more projection facility events. Accordingly, the instability re-

sults can be interpreted as a lower bound on the relevance of the informational curtain

mechanism.

38If the announcement update in the Period + Learning FG regime violates the projection facility, both
the update and the associated mask are rejected, so the pre-announcement configuration is retained. In
a matched-path robustness that retains the mask after rejecting the update, PF incidence is unchanged
at 7.89%, while macroeconomic failure falls from 1.53% to 1.42%.
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Once at the ZLB, however, the learning dynamics diverge across the FG regimes.

Under No FG, median persistence rises to 0.727 in quarter 53. Period FG remains below

its initialization throughout the displayed horizon, while Learning FG and Period +

Learning FG peak much earlier at 0.708 and 0.706, respectively. 39

The lower panel further displays the shadow rate disagreement stemming from the

different beliefs in each regime. In all regimes disagreement sharply rises after entering

the ZLB. Its median peak falls from 1.16 annualized percentage points under No FG to

0.86 under Period FG, 0.47 under Learning FG, and 0.45 under Period + Learning FG.

Notably, even Period FG, which has no such beliefs, updating exhibits lower disagreement

than the no communication baseline. Interestingly, this effect operates not by bringing

the agents’ beliefs closer to the truth, but rather by adopting the CB’s announced ZLB

path in their expectations, agents now expect lower future interest rates. Through the

ALM this boost output gap and inflation, bringing them, and by extension - the interest

rate, closer to the optimistic views of the agents, thus lowering the nowcast disagreement.

Figures C.6 - C.8 report operative post-communication durations during the initial

episode. Accepted announcements align the median duration exactly under Period FG

and Period + Learning FG. Learning FG does not impose the duration mask, but reduces

the median gap to at most one quarter during the initial spell.

The differences in disagreement and perceived persistence translate into large differ-

ences in calibrated tail risk. Table 4 (Panel A) reports the corresponding incidence and

event contexts. Without communication, 45.28% of paths experience at least one at-

tempted crossing of the projection boundary. Period FG lowers this incidence by 37.91

percentage points, to 7.37%; Learning FG lowers it to 11.21%, and Period + Learning FG

to 7.89%. This shows that eliminating the duration or lift-off disagreement in the Period

FG variations is much more important for stability than getting the PLM gradient right.

39Note that the No FG and Period FG regimes show increasing trends for ϕii,t at the ZLB. For both
the reason is that the plot is showing the median value across all paths, not just those which are strictly
at the ZLB at the given period. This means that as the GFC shock and Monte Carlo innovations co-
exist, some paths enter or exit the ZLB sooner than others. This means the cross-sectional distribution
of ϕii,t is constantly changing, altering which observation occupies its median rank. For any single path
in either of these regimes, under a binding and expected ZLB, ϕii,t is not updated since the agents have
zero forecast error for period t.
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Figure 9: Perceived shadow rate persistence and disagreement across FG regimes
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This happens because if lift-off disagreement is eliminated, any small nowcast disagree-

ment above the ZLB can be corrected properly with the regular learning step. Instead,

if agents try to correct their PLM they might not fully close the lift-off disagreement

(Figure C.7) or overdo the update step and destabilize their expectations. A commu-

nication update generates the first PF event in 4.80% of Learning FG paths and 4.04%

of combined-treatment paths. Communication nevertheless delays the median first event

from quarter 100 under No FG to quarters 262, 224, and 220, respectively.40

Table 4: Stability and stabilization loss across communication regimes

Panel A. Learning stability

No FG Period FG Learning FG Per. + Learn. FG

At least one PF 45.28% 7.37% 11.21% 7.89%
First PF at the ZLB 29.70% 1.15% 8.15% 4.77%
First PF outside the ZLB 15.58% 6.22% 3.06% 3.12%
First PF from communication update — — 4.80% 4.04%
Median first-PF quarter 100 262 224 220
Median lift-off shadow-rate disagreement 0.69 0.32 0.52 0.24
Macroeconomic failure 11.65% 0.82% 3.05% 1.53%

Panel B. Central-bank stabilization loss over the 40-quarter crisis window

Mean loss 34.72 20.95 26.63 25.62
Median loss 6.03 5.31 4.96 4.91
Mean loss index 100 60.35 76.71 73.79
P10–P90 path-wise change, % [0,0] [-49.7,0] [-42.1,0] [-43.4,0]

Notes: Percentages are unconditional shares of 10,000 matched paths. A PF event is a rejected
candidate update satisfying |˜︁ϕii,t| > 0.98. Event contexts refer to the path’s first PF; the commu-
nication row identifies first PF events triggered by the pre-data FG update. Macroeconomic failure
is a nonfinite outcome or a crossing of the simulation bound. Lift-off shadow-rate disagreement
is the median of 400(sagTag+1 − sCB

Tag+1), in annualized percentage points, at each path’s expected
lift-off date. Loss is the discounted average over quarters 2–40; its index normalizes the No FG
mean to 100. Path-wise changes compare each FG regime with No FG under the same shocks.

The stability ranking is mirrored in the probability of infeasible macroeconomic out-

comes. The No FG economy reaches the macroeconomic feasibility bound in 11.65% of

paths. The probability falls to 0.82% under Period FG, 3.05% under Learning FG, and

1.53% under Period + Learning FG. Communication therefore reduces both attempted

crossings of the learning-stability boundary and subsequent crossings of the much looser

macroeconomic feasibility bound. The result is therefore not merely that communication

prevents a candidate coefficient from crossing the expectational stability boundary. It

also substantially reduces the frequency with which the simulated macroeconomy subse-

40Figure C.9 plots the unconditional cumulative incidence of each regime’s first projection event.
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quently reaches the much looser feasibility bound.

To approximate a welfare comparison, I use volatility-based loss on a fixed 40-quarter

window which spans the initial GFC-induced lower-bound episode and its recovery.For

regime s and path n, the central bank’s normalized discounted stabilization loss is

L̄s
40,n =

40∑︂
t=2

βt−2
[︁
(400πs

t,n)
2 + 0.5(100xs

t,n)
2
]︁

40∑︂
t=2

βt−2

. (34)

Panel B of Table 4 shows that all three interpretations of forward guidance improve

the stabilization criterion. With mean No FG loss normalized to 100, the corresponding

mean loss indices are 60.35 under Period FG, 76.71 under Learning FG, and 73.79 under

Period + Learning FG. The mean reductions are therefore 39.65%, 23.29%, and 26.21%.

The paired median path-wise reductions are 10.54%, 15.09%, and 16.32%, respectively.

Period FG delivers the largest reduction in mean loss and the lowest PF incidence, whereas

the learning treatments deliver larger improvements for the median path while exposing

beliefs to announcement-update risk.

Appendix C.4 varies the announcement gain. Under Learning FG, the loss index

declines from 80.65 at λ = 0.01 to 74.78 at λ = 0.06, while PF incidence reaches a shallow

minimum of 10.86% at λ = 0.02 and then rises to 23.52%. Under Period + Learning FG,

the loss index declines from 75.18 to 67.51; PF incidence falls to 6.75% at λ = 0.04 before

rising to 10.32% at λ = 0.06. Thus, greater weight on the message improves crisis-window

stabilization but increases projection risk at sufficiently high gains; the duration mask

moderates this trade-off. The loss distribution is right-skewed, so the substantially larger

mean improvements partly reflect protection against adverse tail realizations rather than

uniform stabilization across histories.

These results highlight the paper’s main argument: the shadow rate censoring by

the ZLB creates an informational problem for adaptive learners that generates policy

rate forecast disagreement with the central bank. If left unchecked, this disagreement

could lead to unanchored expectations and instability. Delphic communication about the
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expected remaining ZLB duration substantially reduces the associated disagreement and

calibrated tail risk. Despite different among themselves, the various FG interpretations

all improve on the projection risk over the no-communication case. Yet, the empirical

relevance of the different FG interpretations is beyond the scope of this paper and is left

for future research.

5 Conclusion

This paper shows that the lower bound can itself generate state-dependent disagreement

about the policy path even when the monetary policy rule is unchanged. Above the ZLB,

realized policy rates allow private agents to evaluate and update their perceived law of

motion for the instrument. At the ZLB, the observed rate instead censors the forecast

errors associated with the latent shadow rate. The central bank knows the structural

model and can compute the rule-consistent shadow-rate path, whereas private agents

must learn that mapping from censored observations. They consequently expect the

shadow rate to recover too quickly and predict lift-off earlier than the central bank. The

same directional pattern appears in private forecasts relative to both the Riksbank’s real-

time published paths and the Federal Reserve’s historically confidential staff projections,

despite the institutions’ markedly different past transparency regimes.

The model establishes this disagreement analytically and quantifies its consequences.

Following a Great-Recession-sized shock, the median private sector forecast places lift-off

seven quarters earlier than the central bank’s projection. Learners interpret repeated

premature lift-off forecast errors as evidence of a more persistent policy rate that is less

responsive to shocks. An excessive increase in the perceived shadow rate persistence can

unanchor long-horizon expectations, leading to instability. Across matched simulations,

45.3% of no-communication paths attempt updates beyond the projection boundary.

Routine and truthful communication of the central bank’s expected ZLB duration lowers

this incidence to 7.4 - 11.2% and reduces mean stabilization loss over the crisis window

by 23 - 40%. For stability, eliminating disagreement about the duration of the ZLB is

46



more important than correcting the entire perceived policy law of motion.

The policy implication is inherently state dependent. In normal times, the observed

policy rate reveals the policy stance, leaving no systematic informational case for pub-

lishing a projected path. The paper therefore provides a case for Delphic forward guid-

ance: when a constraint prevents the policy instrument from revealing the underlying

policy stance, transparent communication can supply the information that the realized

instrument no longer provides, without requiring a promise to deviate from future policy.

The analysis assumes that the central bank has better structural knowledge and that

its announcements are credible. Allowing the bank itself to learn, introducing imperfect

credibility, and identifying empirically how private agents process lift-off announcements

are natural directions for future work.
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Appendices

A Data

A.1 Construction of the forecast comparisons

Sources are the Riksbank’s published policy rate paths (Monetary Policy Reports and Up-

dates, February 2007 - June 2026) and the mean expected repo rate in the Prospera/Origo

money-market survey at three, twelve, and twenty-four months. Each vintage is matched

to the most recent survey on or before the publication date. Three Updates (September

2008, December 2008, and September 2009) are dropped because those surveys are more

than 45 days old, leaving 102 pairs. The Riksbank path is interpolated linearly to the

survey’s 3-, 12-, and 24-month calendar dates. I evaluate the official Riksbank curve

at those calendar dates by linear interpolation between adjacent published path points.

The interpolation aligns the two sides on the same date; it is not a substitute for missing

vintages. The low-rate (ELB) split in the text uses a one-year-ahead expectation below

0.25 percent.

United States, 2003 - 2014. Internal forecasts are the Board staff short-rate assump-

tions in the Philadelphia Fed Real-Time Data file “Output Gap and Financial Assump-

tions from the Board of Governors” (formerly Greenbook, then Tealbook). The funds-rate

columns are quarterly averages from the current quarter through nine quarters ahead.

The public file ends in December 2014.

Private forecasts are the mean federal funds rate in the Wall Street Journal Economic

Forecasting Survey (WSJ), available monthly since January 2003. Targets are always

end-June or end-December. I match each Tealbook issue to the WSJ survey in the same

calendar month. The horizon in quarters is the difference between the WSJ target quarter

and the Tealbook quarter.
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United States, 2020. For 2020 I code the Tealbook A Long-Term Outlook Q4 average

funds rate from the eight Tealbook A issues dated 17 January, 6 March, 17 April, 29 May,

17 July, 4 September, 23 October, and 4 December. I match each Q4 point to the WSJ

mean in the same calendar month for that year’s December. As in 2003-2014, the survey’s

targets are always end-June or end-December of a named year; the eight 2020 vintages

therefore contribute year-end forecasts throughout the year, not a single December 2020

survey. For instance, June (Q2) is filled at 0.13 only if that calendar year’s printed Q4

remains at the ELB (≤ 0.13). If the printed Q4 already lies above the ELB, I leave the

June cell blank rather than interpolate along a rising path.

A.2 Empirical evidence

A.2.1 Robustness of Swedish repo-rate forecast disagreement

Table A.1 reports the market-minus-Riksbank gap at three-, twelve-, and twenty-four-

month horizons, using 0.25 and 0.75 cutoffs on the one-year-ahead rate and splitting on

either the market or the Riksbank forecast. As in Table 1, in the low-rate regime the

mean gap is positive at one and two years (the market expects a higher repo rate). In

the high-rate regime the one- and two-year means reverse sign. The two-year high-regime

mean is the larger of the two: away from the lower bound, the Riksbank path lies above

the market on average. Three-month gaps are small in both regimes.

Figure A.1 illustrates the first spell: in October 2009 the market path lies above the

Riksbank path; in 2010, after lift-off, the two coincide. The lower-bound gap persisted

even though the Riksbank published an explicit repo-rate path. Publication of the path

did not eliminate the wedge.

A.2.2 United States
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Table A.1: Disagreement on the Swedish repo rate, 2007 - 2026

Based on money-market expected 1-year-ahead repo rate
Etit+1y ≶ 0.25 Etit+1y ≶ 0.75

mean se(mean) mean se(mean)
dis 3m low 0.0130 0.0048 0.0238 0.0095
dis 1y low 0.0756 0.0168 0.0940 0.0178
dis 2y low 0.1895 0.0279 0.1859 0.0321
dis 3m high 0.0122 0.0230 0.0032 0.0240
dis 1y high -0.1026 0.0405 -0.1337 0.0414
dis 2y high -0.3152 0.0545 -0.3574 0.0535

Based on Riksbank expected 1-year-ahead repo rate
Etit+1y ≶ 0.25 Etit+1y ≶ 0.75

mean se(mean) mean se(mean)
dis 3m low 0.0234 0.0084 0.0233 0.0091
dis 1y low 0.0877 0.0178 0.1174 0.0236
dis 2y low 0.1714 0.0316 0.1834 0.0310
dis 3m high 0.0042 0.0235 0.0029 0.0249
dis 1y high -0.1210 0.0410 -0.1629 0.0374
dis 2y high -0.3276 0.0557 -0.3753 0.0538

Notes: Gap = money-market expectation minus Riksbank path. Primary pairs,
February 2007 - June 2026. Low (High): one-year-ahead expectation below (above)
the stated cutoff.
Source: Riksbank Monetary Policy Reports and Updates; Prospera/Origo Money
Market Players.

Figure A.1: Forecasts of the Swedish repo rate, 2009 - 2010

Source: Riksbank Monetary Policy Report, 2009 - 2010.
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Table A.2: WSJ federal funds rate forecasts matched to Tealbook staff, by horizon

1q 2q 3q 4q 5q 6q 7q 8q
count 43 48 43 31 18 16 12 13

Source: Wall Street Journal Economic Forecasting Survey
matched to Philadelphia Fed Greenbook/Tealbook short-rate
assumptions, March 2003 - December 2014.

Figure A.2: Federal funds rate forecast disagreement, 2020
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Notes. Gap is the Wall Street Journal December mean minus the Tealbook A Long-Term Outlook Q4 sta,

path. Positive: private forecasters expect a higher funds rate than sta,. Dashed line: 15 March unscheduled

FOMC.
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B Model

B.1 Actual laws of motion (ALMs)

The ALM is determined by:

xt = Êt

∞∑︂
T=t

βT−t

[︃
(1− β)xT+1 −

1

σ
(iT − πT+1 − rT )

]︃
(35)

πt = Êt

∞∑︂
T=t

(αβ)T−t [κxT + (1− α)βπT+1 + uT ] (36)

To compute the values of x and π at any given time we need expressions for the infinite

sums of each component in (35) and (36) which can be computed, i.e. are functions of

the realized state variables.

B.1.1 ALM - output gap

Taking first the output gap:

xt = Êt

∞∑︂
T=t

βT−t

[︃
(1− β)xT+1 −

1

σ
(iT − πT+1 − rT )

]︃
= (1− β)Êt

∞∑︂
T=t

βT−txT+1 −
1

σ
Êt

∞∑︂
T=t

βT−tiT +
1

σ
Êt

∞∑︂
T=t

βT−tπT+1 +
1

σ
Êt

∞∑︂
T=t

βT−trT

= (1− β)Êt

∞∑︂
T=t

βT−txT+1⏞ ⏟⏟ ⏞
Xx,t

− 1

σ
Êt

∞∑︂
T=t

βT−tiT⏞ ⏟⏟ ⏞
Xi,t

+
1

σ
Êt

∞∑︂
T=t

βT−tπT+1⏞ ⏟⏟ ⏞
Xπ,t

+
rt

σ(1− βρr)

= (1− β)Xx,t −
1

σ
Xi,t +

1

σ
Xπ,t +

rt
σ(1− βρr)

(37)

Since the lagged interest rate is a state variable, the infinite expectational sums for

xT and πT require infinite sums of forecasts for iT from the state vectors ZT . Thus, it

will be convenient to first compute the sum for the interest rate - Xi,t, before obtaining

the ones for Xx,t and Xπ,t.

Let us assume for now that no binding ZLB periods are expected. This assumption

will be relaxed in Appendix B.2. Then,
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Êt

∞∑︂
T=t

βT−tiT = Êtit + βÊtit+1 + β2Êtit+2 + β3Êtit+3 + β4Êtit+4 + · · · =

= ϕi,t−1ÊtZt + βϕi,t−1ÊtZt+1 + β2ϕi,t−1ÊtZt+2 + · · · =

= ϕi,t−1Zt + βϕi,t−1Ψt−1Zt + β2ϕi,t−1Ψ
2
t−1Zt + · · · =

= ϕi,t−1

[︁
I + βΨt−1 + β2Ψ2

t−1 + . . .
]︁
Zt = (38)

= ϕi,t−1

[︁
Vt−1IV

−1
t−1 + βVt−1Dt−1V

−1
t−1 + β2Vt−1D

2
t−1V

−1
t−1 + . . .

]︁
Zt = (39)

= ϕi,t−1Vt−1

[︁
I + βDt−1 + β2D2

t−1 + . . .
]︁
V −1
t−1Zt (40)

where we define Ψt−1 as the perceived law of motion of the state variables:

ÊtZt+1 = Ψt−1Zt =

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0

0 ρu 0 0

0 0 ρr 0

ϕic,t−1 ϕiu,t−1 ϕir,t−1 ϕii,t−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⏞ ⏟⏟ ⏞

Ψt−1

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

ut

rt

it−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⏞ ⏟⏟ ⏞

Zt

(41)

The transformation between (38) and (39) is an eigendecomposition of the square

matrix Ψt−1 = Vt−1Dt−1V
−1
t−1, where D is a diagonal matrix of Ψ’s eigenvalues and V is a

matrix featuring its eigenvectors as columns. It can be shown that:
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Dt−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0

0 ρr 0 0

0 0 ρu 0

0 0 0 ϕii,t−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(42)

Vt−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1−ϕii,t−1

ϕic,t−1
0 0 0

0 0
ρu−ϕii,t−1

ϕiu,t−1
0

0
ρr−ϕii,t−1

ϕir,t−1
0 0

1 1 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(43)

Note that in the cases where ϕii,t−1 = ρu or ϕii,t−1 = ρr or ϕii,t−1 = 1 at least two of

the eigenvectors become collinear and the decomposition is not possible. In what follows

for the sake of brevity I will omit the subscript t−1 on the elements of the law of motion

for i: ϕi.

Plugging in the equation for Dt−1 from (42) into (40) and computing the series in the

parentheses we obtain Xi,t from (37):

Êt

∞∑︂
T=t

βT−tiT = ϕi,t−1Vt−1

[︁
I + βDt−1 + β2D2

t−1 + . . .
]︁
V −1
t−1Zt =

= ϕi,t−1Vt−1

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
1−β

0 0 0

0 1
1−βρr

0 0

0 0 1
1−βρu

0

0 0 0 1
1−βϕii

⎤⎥⎥⎥⎥⎥⎥⎥⎦
V −1
t−1Zt =

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ϕic

(1−β)(1−βϕii)

ϕiu

(1−βρu)(1−βϕii)

ϕir

(1−βρr)(1−βϕii)

ϕii

1−βϕii

⎤⎥⎥⎥⎥⎥⎥⎥⎦

′ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

ut

rt

it−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= Xi,t (44)

Next we can compute the component for the sum of discounted output gap expecta-
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tions Xx,t from (37), which similarly to the case of Xi,t above yields:

Êt

∞∑︂
T=t

βT−txT+1 = Êtxt+1 + βÊtxt+2 + β2Êtxt+3 + · · · =

= ϕx,t−1ÊtZt+1 + βϕx,t−1ÊtZt+2 + β2ϕx,t−1ÊtZt+3 + · · · =

(45)

= ϕx,t−1

[︁
Ψt−1Zt + βΨ2

t−1Zt + β2Ψ3
t−1Zt + . . .

]︁
=

= ϕx,t−1Ψt−1

[︁
I + βΨt−1 + β2Ψ2

t−1 + . . .
]︁
Zt =

= ϕx,t−1Ψt−1Vt−1

[︁
I + βDt−1 + β2D2

t−1 + . . .
]︁
V −1
t−1Zt =

= ϕx,t−1Ψt−1Vt−1

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
1−β

0 0 0

0 1
1−βρr

0 0

0 0 1
1−βρu

0

0 0 0 1
1−βϕii

⎤⎥⎥⎥⎥⎥⎥⎥⎦
V −1
t−1Zt =

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ϕxc

1−β
+ ϕxi

ϕic

(1−β)(1−βϕii)

ϕxuρu
1−βρu

+ ϕxi
ϕiu

(1−βρu)(1−βϕii)

ϕxrρr
1−βρr

+ ϕxi
ϕir

(1−βρr)(1−βϕii)

ϕxi
ϕii

1−βϕii

⎤⎥⎥⎥⎥⎥⎥⎥⎦

′ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

ut

rt

it−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ϕxc

1−β

ϕxuρu
1−βρu

ϕxrρr
1−βρr

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

′ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

ut

rt

it−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+ ϕxiXi,t = Xx,t (46)

Analogously for the sum of discounted inflation expectations Xπ,t from (37):
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Êt

∞∑︂
T=t

βT−tπT+1 = Êtπt+1 + βÊtπt+2 + β2Êtπt+3 + · · · =

= ϕπ,t−1Ψt−1Vt−1

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
1−β

0 0 0

0 1
1−βρr

0 0

0 0 1
1−βρu

0

0 0 0 1
1−βϕii

⎤⎥⎥⎥⎥⎥⎥⎥⎦
V −1
t−1Zt =

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ϕπc

1−β
+ ϕπi

ϕic

(1−β)(1−βϕii)

ϕπuρu
1−βρu

+ ϕπi
ϕiu

(1−βρu)(1−βϕii)

ϕπrρr
1−βρr

+ ϕπi
ϕir

(1−βρr)(1−βϕii)

ϕπi
ϕii

1−βϕii

⎤⎥⎥⎥⎥⎥⎥⎥⎦

′ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

ut

rt

it−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ϕπc

1−β

ϕπuρu
1−βρu

ϕπrρr
1−βρr

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

′ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

ut

rt

it−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+ ϕπiXi,t = Xπ,t (47)

Using (44), (46), and (47) in (37) we finally obtain the reduced form expression for

the law of motion of the output gap:

xt = Êt

∞∑︂
T=t

βT−t

[︃
(1− β)xT+1 −

1

σ
(iT − πT+1 − rT )

]︃
= (1− β)Xx,t −

1

σ
Xi,t +

1

σ
Xπ,t +

rt
σ(1− βρr)

= x(Zt) (48)

Note that Xx,t and Xπ,t depend negatively on Xi,t since ϕxi < 0 and ϕπi < 0. Since

1
σ
> 0, then xt depends negatively on Xi,t.

B.1.2 ALM - inflation

Next we repeat the procedure for inflation:
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πt = Êt

∞∑︂
T=t

(αβ)T−t [κxT + (1− α)βπT+1 + uT ]

= κÊt

∞∑︂
T=t

(αβ)T−txT + Êt

∞∑︂
T=t

(αβ)T−tuT + (1− α)βÊt

∞∑︂
T=t

(αβ)T−tπT+1

= κÊt

∞∑︂
T=t

(αβ)T−txT⏞ ⏟⏟ ⏞
Πx,t

+ (1− α)βÊt

∞∑︂
T=t

(αβ)T−tπT+1⏞ ⏟⏟ ⏞
Ππ,t

+
1

(1− αβρu)
ut (49)

Before computing its components it is useful to follow (44) and first compute:

Êt

∞∑︂
T=t

(αβ)T−tiT =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ϕic

(1−αβ)(1−αβϕii)

ϕiu

(1−αβρu)(1−αβϕii)

ϕir

(1−αβρr)(1−αβϕii)

ϕii

1−αβϕii

⎤⎥⎥⎥⎥⎥⎥⎥⎦

′ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

ut

rt

it−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= Πi,t (50)

Then, continuing with the components of (49) one at a time, the expected future

discounted sum of output gaps becomes:
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Êt

∞∑︂
T=t

(αβ)T−txT = Êtxt + αβÊtxt+1 + α2β2Êtxt+2 + . . .

= Êtxt + αβÊt

∞∑︂
T=t

(αβ)T−txT+1 =

= ϕxZt + αβ

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ϕxc

1−αβ

ϕxuρu
1−αβρu

ϕxrρr
1−αβρr

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

′

Zt + αβϕxiΠi,t

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ϕxc

1−αβ

ϕxu

1−αβρu

ϕxr

1−αβρr

ϕxi

⎤⎥⎥⎥⎥⎥⎥⎥⎦

′ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

ut

rt

it−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+ αβϕxiΠi,t = Πx,t (51)

where the result follows analogously following (46) and using (50). Similarly for

inflation using (47) and (50):

Êt

∞∑︂
T=t

(αβ)T−tπT+1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ϕπc

1−αβ

ϕπuρu
1−αβρu

ϕπrρr
1−αβρr

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

′ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

ut

rt

it−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+ ϕπiΠi,t = Ππ,t (52)

Plugging in (50), (51), and (52) in (49) we obtain the reduced form expression for the

law of motion of inflation:

πt = Êt

∞∑︂
T=t

(αβ)T−t [κxT + (1− α)βπT+1 + uT ]

= κΠx,t + (1− α)βΠπ,t +
1

(1− αβρu)
ut = π(Zt) (53)

Similar to the output gap in the previous section, Πx,t and Ππ,t depend negatively on
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Πi,t since ϕxi < 0 and ϕπi < 0. Thus, πt depends negatively on Πi,t. Therefore, x(Zt) in

(48) and π(Zt) in (53) can also be expressed as x(Zt, Xi,t
(−)

) and π(Zt, Πi,t
(−)

), respectively.

This will be used in Appendix B.2 to prove the forecast disagreement of interest rates

between the central bank and the agents at the ZLB.

B.2 Proof of disagreement at the ZLB

Suppose for a long enough period the economy has always been above the ZLB until

period t when a big negative shock is realized. As a result, let us assume at period t− 1

the learning agents have converged to the REE. That is, after observing the shocks at

the beginning of period t − 1 the agents have model-consistent nowcasts and forecasts:

Êt−1xt−1 = xt−1, Êt−1xt+j = Et−1xt+j ∀j, and Φt−2 = Γ. Thus, in normal times no

adjustment in beliefs (i.e. the agents’ perceived law of motion Φt−1) should occur between

period t− 1 and t. In more detail:

Êt−1xt−1 ≡ϕx,t−2Zt−1 = xt−1 =

= Êt−1

∞∑︂
T=t−1

βT−(t−1)

[︃
(1− β)xT+1 −

1

σ
(iT − πT+1 − rT )

]︃
(54)

It will be argued below that the realization of a strong negative shock in period t and

the following anticipation of the ZLB by the agents together cause a wedge between the

period t expected output gap (55) and realized output gap (56), where the former will be

larger (i.e. too optimistic). This means that the agents will underestimate the negative

effect of the ZLB on output. After the negative shock, in the presence of an anticipated

binding ZLB (Ê
ZLB

) it will be shown that:

Êtxt ≡ϕx,t−1Zt =

Ê
no ZLB

t

∞∑︂
T=t

βT−t

[︃
(1− β)xT+1 −

1

σ
(iT − πT+1 − rT )

]︃
> (55)

Ê
ZLB

t

∞∑︂
T=t

βT−t

[︃
(1− β)xT+1 −

1

σ
(iT − πT+1 − rT )

]︃
= xt (56)
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where no ZLB refers to a world with the same states Zt but where the ZLB is not a

constraint. Note that the empirical expectations of the learners (Êtxt ≡ ϕx,t−1Zt) are

equivalent to deriving the output gap as if no ZLB is expected (equation (55)) because

their period t beliefs matrix Φt−1 (i.e. perceived law of motion) has been derived only

during normal times without ever hitting the ZLB up until period t− 1.

The same argument applies to πt < Êtπt, yet, as will be seen, to a smaller degree due to

the stronger interest rate channel for the output gap. Since the CB uses model-consistent

nowcasts in its policy rule (5), these two results together will ensure that it < Êtit, thus

showing the interest rate path disagreement between CB and the agents. Where the

latter do not anticipate the structural effects of the ZLB on output gap and inflation but

only its effects on the interest rate and hence have biased expectations towards a higher

shadow rate and an earlier lift-off.

The following sections prove the agents’ forecast bias for output gap, inflation, and

finally the interest rate.

B.2.1 ALM at the ZLB - output gap

The learning mechanism ensures PLM → ALM above the ZLB, that is - the nowcast of

endogenous variables equals their realizations after observing the shocks:

Êtxt = xt = Êt

∞∑︂
T=t

βT−t

[︃
(1− β)xT+1 −

1

σ
(iT − πT+1 − rT )

]︃
(57)

To generalize the proof, for what follows it will be assumed that a future anticipated

binding ZLB is m ≥ 0 periods ahead. Suppose further that between some periods t+m

and t+ n, where n ≥ m ≥ 0, the ZLB is expected to hold, thus the anticipated duration

of binding ZLB is n − m + 1. The agents understand that the interest rate cannot be

lower than the ZLB i∗, so they form expectations of the shadow rate and censor it at

the ZLB to obtain their actual expected future interest rate between t + m and t + n.

Even though the agents correctly understand the direct effect of the ZLB on the interest

rate, they do not anticipate the changes in the LOM for x and π stemming from the

ZLB. That is, they understand the interest rate cannot go below the ZLB and will use
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such censored interest rate for forecasting x and π but they do not understand that the

censoring itself causes the LOMs of x and π (i.e. the coefficients in Γt) to be different

as well. The CB keeps its reaction function unchanged but, because of these changed

LOM for x and π, the LOM in terms of state variables of the policy rate itself changes.

Without communication at the ZLB the agents have no way of observing this change

and amending their forecasts. This creates a forecast disagreement between the CB and

the agents with the former expecting a longer ZLB spell. In what follows, we prove the

existence and direction of this disagreement and discuss its reliance on the anticipated

ZLB spell duration.

In equation (48) in Appendix B.1 we have established that the ALM of xt depends on

Zt and Xi,t ≡ Êt

∞∑︁
T=t

βT−tiT . We have also assumed that the agents know the autoregres-

sive coefficients of ut and rt and they can only update the shocks’ impact on endogenous

variables through observations. Therefore, it is sufficient to establish how Xi,t changes in

the presence of the ZLB to understand how the ALM of xt changes too.

During the anticipated binding ZLB period41 from t+m to t+n incl., the expectation

of the discounted sum of interest rates is:

t+n∑︂
T=t+m

βT−ti∗ = i∗βm

n−m∑︂
T=0

βT = i∗βm1− βn−m+1

1− β
(58)

By definition, if no binding ZLB is anticipated, this sum is not defined and may be treated

as zero. Thus, we may write the expected discounted sum of future interest rates using

the shadow rate corrected for a potentially anticipated ZLB period between periods t+m

and t+ n:

Êt

∞∑︂
T=t

βT−tiT =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Êt

∞∑︁
T=t

βT−tsT − Êt

t+n∑︁
T=t+m

βT−tsT +
t+n∑︁

T=t+m

βT−ti∗, if n ≥ m ≥ 0

Êt

∞∑︁
T=t

βT−tsT , otherwise

(59)

41Note that due to the linear forecasting rules agents might anticipate at most one uninterrupted
duration of binding ZLB. This is in accordance with typical real-world forecasting.
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where st is the shadow rate such that ÊtiT = max(i∗, ÊtsT ). In words, the first case

corrects the infinite sum of discounted expected interest rates by censoring the region

where the ZLB is expected to bind. While in the second, when no ZLB is expected, the

expected interest rate coincides with the shadow rate. Importantly, notice that increasing

the censored region, either by longer duration of the ZLB (n−m) or a deeper recession

(shadow rate much lower than i∗), deviates the sum of discounted expected interest rates

further from the sum of expected discounted shadow rates. This will prove a crucial

element in understanding the source of disagreement between the agents and the CB.

Since we have already computed the infinite sum of discounted interest rates without

a binding ZLB - Xi,t in (44) in Appendix B.1, we know the first term on the right, while

the third was computed in (58). Thus, we only need to compute the corrective second

term:

Êt

t+n∑︂
T=t+m

βT−tsT = βmÊtst+m + βm+1Êtst+m+1 + · · · =

= βm
[︂
Êtst+m + βÊtst+m+1 + . . .

]︂
=

= βm
[︂
ϕit−1ÊtSt+m + βϕit−1ÊtSt+m+1 + . . .

]︂
=

= βmϕit−1

[︁
Ψm

t−1St + βΨm+1
t−1 St + · · ·+ βn−mΨn

t−1St

]︁
= (60)

= βmϕit−1

[︁
Vt−1D

m
t−1V

−1
t−1 + · · ·+ βn−mVt−1D

n
t−1V

−1
t−1

]︁
St = (61)

= βmϕit−1Vt−1D
m
t−1

[︁
I + βDt−1 + · · ·+ βn−mDn−m

t−1

]︁
V −1
t−1St (62)

Plugging in the equation for Dt−1 from (42) into (62) and computing the series in the

parentheses we obtain:
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Êt

t+n∑︂
T=t+m

βT−tsT = βmϕit−1Vt−1D
m
t−1

[︁
I + βDt−1 + · · ·+ βn−mDn−m

t−1

]︁
V −1
t−1St =

= βmϕit−1Vt−1D
m
t−1

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1−βn−m+1

1−β
0 0 0

0 1−(βρr)n−m+1

1−βρr
0 0

0 0 1−(βρu)n−m+1

1−βρu
0

0 0 0 1−(βϕii)
n−m+1

1−βϕii

⎤⎥⎥⎥⎥⎥⎥⎥⎦
V −1
t−1St =

= ϕit−1Vt−1

⎡⎢⎢⎢⎢⎢⎢⎢⎣

βm−βn+1

1−β
0 0 0

0 (βρr)m−(βρr)n+1

1−βρr
0 0

0 0 (βρu)m−(βρu)n+1

1−βρu
0

0 0 0 (βϕii)
m−(βϕii)

n+1

1−βϕii

⎤⎥⎥⎥⎥⎥⎥⎥⎦
V −1
t−1St =

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϕic

1−ϕii

[︃
βm−βn+1

1−β
− ϕii((βϕii)

m−(βϕii)
n+1)

1−βϕii

]︃
ϕiu

ρu−ϕii

[︂
ρu

1−βρu
((βρu)

m − (βρu)
n+1)− ϕii

1−βϕii
((βϕii)

m − (βϕii)
n+1)

]︂
ϕir

ρr−ϕii

[︂
ρr

1−βρr
((βρr)

m − (βρr)
n+1)− ϕii

1−βϕii
((βϕii)

m − (βϕii)
n+1)

]︂
ϕii

1−βϕii
((βϕii)

m − (βϕii)
n+1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

′ ⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

ut

rt

st−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(63)

For cross-reference, it can be easily seen that setting m = 0 and n = ∞, i.e. perpetual

expected ZLB starting today, the correction factor in (63) yields exactly the result for

the sum of discounted expected interest rates in normal times in (44). This makes sense

because the entire shadow rate path needs to be substituted with an effective interest

rate peg at i∗. Notice also that the correction vector in (63) is increasing in the ZLB

duration n−m+ 1.42

Since the shadow rate reacts positively to all state variables, that is - ϕi > 0, it means

that Êt

t+n∑︁
T=t+m

βT−tsT will also be a positive function of each state variable in Zt. This

can be verified by considering each term of the correction vector in (63). It can be shown

that for either case ϕii ≶ ρu or ϕii ≶ ρr all terms are always positive. Therefore, the

component containing the sum of discounted expected interest rates in the output gap

42This again can be shown to hold for either case ϕii ≶ ρu or ϕii ≶ ρr.
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ALM - Xi,t, is corrected negatively for each state variable in the presence of a binding

ZLB. Remember that from (48) above the ZLB and the end of Appendix B.1:

xt = Ê
noZLB

t

∞∑︂
T=t

βT−t

[︃
(1− β)xT+1 −

1

σ
(iT − πT+1 − rT )

]︃
= (1− β)Xx,t −

1

σ
Xi,t +

1

σ
Xπ,t +

rt
σ(1− βρr)

= x(Zt, Xi,t) (64)

Because the ZLB correction term (63) negatively affects Xi,t (from (59)), it means

that the presence of a binding ZLB results in unambiguously larger responses of xt to

all state variables in Zt, confirming the intuition that once the policy rate cannot fully

accommodate shocks, the latter end up hitting harder and lead to a harsher recession.

The ZLB correction thus ensures that the inequality in (55) holds, i.e. Êtxt > xt .

B.2.2 ALM at the ZLB - inflation

From (53) in Appendix B.1.2 we know that:

πt = Êt

∞∑︂
T=t

(αβ)T−t [κxT + (1− α)βπT+1 + uT ]

= κΠx,t + (1− α)βΠπ,t +
1

(1− αβρu)
ut = π(Zt,Πi,t)

The equivalent sum of discounted interest rates here is:

Êt

∞∑︂
T=t

(αβ)T−tiT =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Êt

∞∑︁
T=t

(αβ)T−tsT − Êt

t+n∑︁
T=t+m

(αβ)T−tsT +
t+n∑︁

T=t+m

(αβ)T−ti∗, if n ≥ m ≥ 0

Êt

∞∑︁
T=t

(αβ)T−tsT , otherwise

(65)

The eigen decomposition of the ZLB correction term is analogous to (63) and similarly

the presence of a binding ZLB results in lower reaction of Πi,t to the state variables vector

Zt compared to normal times. Since α, β, κ ∈ (0, 1) and ϕx,i < 0 and ϕπ,i < 0, Πi,t enters

negatively in π and hence the ZLB correction means that πt is more reactive to the state

variable vector Zt. Note, however, that due to κ, α < 1 the correction in πt is much
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smaller than that in xt meaning that the agents are making larger forecast errors on

output gap forecasts than inflation forecasts.

B.2.3 ALM at the ZLB - policy rate

The CB observes the realizations of output gap and inflation and sets its shadow policy

rate according to:

st = ρist−1 + (1− ρi)(χππt + χxxt) (66)

Naturally, χx, χπ > 0, thus the ZLB corrections in xt and πt from the previous sections

imply that CB shadow rate reacts more strongly to the state variable vector Zt. In

particular, if a negative demand or supply shock drives the interest rate to the ZLB, then

the CB would act to adjust its shadow rate and skew its trajectory towards lower values,

thus prolonging the a priori expected ZLB duration. In essence, the CB fully understands

the indirect impacts of the ZLB on output gap and inflation and chooses lower policy rates

when the ZLB is binding despite its policy coefficients χx and χπ remaining unchanged.

This creates disagreement between the CB and the agents who expect the policy rate to

still follow its pre-ZLB trajectory. That is, the agents expect an earlier lift-off due to the

non-linear correction to the ALM as a result of the ZLB.

B.3 Calibration

B.3.1 Structural parameters

The equilibrium equations of the New Keynesian (NK) model in (1-5) can be fully cal-

ibrated by the slope of the Phillips curve - κ, the inverse inter-temporal elasticity of

substitution - σ, the discount factor - β, the two shock processes, and the three mone-

tary policy rule parameters - ρi, χπ, χx. Finally, the only free learning parameter is the

learning gain - τ , in (15).

Common benchmark calibrations in small-scale New Keynesian models place the slope

of the quarterly output-gap in the NK Phillips curve between 0.02 and 0.05.Adam and
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Billi (2006), Nakov (2008), Levin et al. (2010), and Bodenstein et al. (2012) use κ = 0.024

as in Rotemberg and Woodford (1997) and Woodford (2003); similarly, Eggertsson and

Woodford (2003) use 0.02 and Christiano et al. (2011) use approximately 0.03. Chari et

al., 2000 ’s calibration implies 0.085 (see Gáti (2023)), whilst Hazell et al. (2022) estimate

a flat Phillips curve slope to unemployment of 0.0062, which assuming an Okun’s law

coefficient of 2, implies κ = 0.0031. Recent microeconomic evidence from Gagliardone et

al. (2025) implies output-gap slopes of between 0.006 and 0.021. The textbook calibration

of a similar small-scale NK model in Gaĺı (2008) implies a relative steep κ = 0.1275. In

a behavioral NK model with cognitive discounting Gabaix (2020) uses κ = 0.11. Thus,

the benchmark calibration here is chosen at κ = 0.024.For further reading, Furlanetto

and Lepetit (2025) provide a recent survey of the identification and estimation of the

Phillips curve. They conclude that conventional evidence tends to exaggerate the extent

of pre-pandemic flattening of the Phillips curve slope. They also review post-pandemic

evidence consistent with nonlinear or state-dependent steepening when inflation is high

or capacity constraints bind.43

Calibrations of the inverse inter-temporal elasticity of substitution, σ, vary substan-

tially in the literature. Log utility, implying σ=1, is the standard benchmark in canonical

New Keynesian models (Gaĺı, 2015; Eusepi and Preston, 2018). Eggertsson and Wood-

ford (2003) use an inter-temporal elasticity of substitution (IES) - 1/σ = 0.5, implying

σ = 2, whilst Lubik and Schorfheide (2004) estimate a mean value of 1.86 with 90%

confidence interval of [1.04, 2.64] for the post-Volcker era, and Nakov (2008) uses σ = 4.

Other papers use values which make output much more sensitive to the real interest rate.

Namely, Adam and Billi (2006) follow Rotemberg and Woodford (1997) who estimate

σ = 0.16 implying an output sensitive to the real rate of 6.25. The baseline calibration

here is set at σ = 1.

For the monetary policy rule parameters, I focus on the post-Volcker evidence for the

43Note that Table 1 in Furlanetto and Lepetit (2025) reports slopes of a Phillips curve relative to
unemployment. These estimates therefore cannot be compared directly with kappa. A quick conversion
using Okun’s law supports the chosen range for the sensitivity analysis.
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United States. Remember that the policy rule is defined in (5) as

st = ρist−1 + (1− ρi)(χππt + χxxt)

it = max {i∗, st} (67)

Thus, χπ and χx denote the long-run coefficients for the policy reaction to inflation and

output gap, respectively, and they are independent from the policy inertia parameter ρi.

Empirical estimates generally imply substantial quarterly interest rate smoothing,

with policy inertia values around 0.8-0.9. Clarida et al. (2000) and Lubik and Schorfheide

(2004) estimate ρi at 0.79 and 0.84, respectively. In a similar model to here, Cho and

Moreno (2006) use different output gap measurements and across specifications estimate

ρi ∈ [0.84, 0.88]. In a modern take on OLS of Taylor rules, Carvalho et al. (2021) estimate

ρi to be 0.74 or 0.81 when using real-time data and internal Federal Reserve Greenbook

forecasts, respectively. Andreasen and Kronborg (2022)’s multiple specifications support

a wide range of high policy inertia values spanning ρi = 0.80 for the post-Volcker period

and up to ρi = 0.97 in the full sample since 1959. Similarly Coibion and Gorodnichenko

(2012) estimate the inertia between 0.80 and 0.87 depending on the specification, favoring

genuine inertial policy making over alternative explanations for the observed persistence

of the policy rate. Belongia and Ireland, 2022 estimation of a NK model with various

specifications consistently yielded the policy inertia around 0.85. Thus, the benchmark

calibration is set at 0.85 as in English et al. (2015), Chung et al. (2019), and Bernanke

(2020).

Evidence on the post-Volcker monetary policy reaction to inflation implies a long-run

coefficient confidently above 1. Clarida et al. (2000) and Lubik and Schorfheide (2004)

estimate χπ at 2.15 and 2.19, respectively, whilst Cho and Moreno (2006) estimate it

between 1.64 and 2.15 depending on the output gap specification. In a larger estimated

model Smets and Wouters (2007) find a posterior of 2.03, although their rule also responds

to changes in the output gap. More recent structural estimates also support substantial

inflation responses. Carvalho et al. (2021) estimate χπ = 1.70 using Greenbook forecasts
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and 1.24 using real-time data. Using OLS and IV, Andreasen and Kronborg (2022)

obtain χπ around 1.5 but starting from 1985 their estimate rises to 3.66. Belongia and

Ireland (2022) obtain an implied long-run response of approximately 1.41 in their baseline

lagged-information rule and 1.73 when contemporaneous inflation is used. Accordingly,

the benchmark remains χπ = 1.5, as is standard in the literature.

Note that in the model the interest rate and inflation are expressed as quarterly rates,

and the output gap is a quarterly log-deviation from potential output. Many empirical

studies use interest rate and inflation as annualized rates, whilst retaining the output gap

definition. When translating such estimates into the convention used here, the inertia

and inflation-response coefficients remain unchanged, whereas the reported output-gap

coefficient is divided by four. The estimates of Cho and Moreno (2006), Clarida et al.

(2000), and Lubik and Schorfheide (2004) correspond to χx values of 0.15, 0.23, and

0.3, respectively, whilst Carvalho et al. (2021) estimate different specifications between

0.20-0.27. Smets and Wouters (2007) obtain a smaller output gap level response of 0.08,

but their rule supplements it with a response of 0.22 to changes in the output gap.

Using a richer model featuring habit formation, money, etc., Belongia and Ireland (2022)

estimate rather high output gap reaction coefficients of 1.47 when using lagged variables

in the policy rule and 2.023 when using contemporaneous variables. I therefore retain

the standard χx = 0.25 benchmark.

In a comprehensive survey, Berardi and Galimberti (2017) show that most estimates

for a quarterly single constant gain in the literature lie between 0 and 0.1 with most com-

mon estimations (and calibrations) generally landing between 0.01 and 0.05. Specifically,

Milani (2007, 2011) estimates values close to 0.02 and Orphanides and Williams (2007)

find that gains between 0.01 and 0.04 best reproduce professional forecasts and choose a

baseline of 0.02. Molnár and Santoro (2014) settle on a benchmark of 0.03, whilst Gáti

(2023) chooses a slightly higher one of 0.05. The benchmark here is set at τ = 0.03.
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B.3.2 Empirical moments, target bands, and calibration procedure

I discipline the natural-rate and cost-push processes with moments of ordinary macroe-

conomic fluctuations and lower-bound episodes. The macroeconomic moments are com-

puted from quarterly U.S. data for 1987Q1 - 2007Q4. This sample begins after the Volcker

disinflation and ends before the Great Recession, separating the calibration of routine in-

novations from the large crisis shock used in the quantitative experiments. Real activity

is measured by real GDP relative to CBO potential real GDP (FRED series GDPC1 and

GDPPOT), and inflation by the core PCE price index (JCXFE). In model units,

xt = log

(︃
GDPC1t
GDPPOTt

)︃
, πt = log(JCXFEt)− log(JCXFEt−1). (68)

Thus, xt is the log output gap and πt is quarterly, rather than annualized, inflation.

Over the 84-quarter sample, the standard deviations of xt and πt are 0.01253 and

0.002421, and their first-order autocorrelations are 0.9247 and 0.8235, respectively. I use

bands around these estimates rather than point targets: sd(x) ∈ [0.0100, 0.0150], sd(π) ∈

[0.0019, 0.0031], AR(x) ∈ [0.78, 0.97], and AR(π) ∈ [0.70, 0.90]. The tolerance bands

accommodate sampling and data-vintage uncertainty and the deliberately parsimonious

structure of the model.

The persistence targets receive less weight than the volatility targets. Canonical

forward-looking New Keynesian models require additional propagation mechanisms to

reproduce the observed inertia of output and inflation (Fuhrer, 2000), while adaptive

learning can itself generate persistence (Milani, 2007). Since I calibrate on the rational-

expectations model, I place a lower weight on persistence which the learning framework

will naturally add.

For lower-bound incidence and duration, I use the post-war international evidence

rather than the single U.S. episode. Dordal i Carreras et al. (2016) report an unconditional

ZLB frequency of approximately 7.5 percent and an average duration of 14.2 quarters

across advanced economies; alternative sample treatments place the frequency near 6-

11 percent and mean duration between 11.5 and 17.5 quarters. I accordingly target a
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ZLB frequency of 6-10 percent and a mean duration of 12-18 quarters. These are broad

benchmarks because lower bound moments depend strongly on the shock process, the

steady-state nominal rate, and the policy rule (Chung et al., 2012; Dordal i Carreras

et al., 2016; Kiley and Roberts, 2017).

The next subsection describes how these six bands select the ordinary shock processes.

The large natural-rate innovation used to initiate the Great Recession experiment is

calibrated separately and therefore does not affect the unconditional targets above.

B.3.3 Calibration procedure and results

The natural-rate and cost-push shocks follow

rt = ρrrt−1 + εrt , ut = ρuut−1 + εut , εrt
iid∼ N (0, σ2

r), εut
iid∼ N (0, σ2

u). (69)

I first evaluate these processes in the linear rational-expectations version of the model,

holding the structural parameters at their benchmark values in Appendix B.3.1. Because

the auxiliary model is linear, its rational-expectations solution is exact. The effective

lower bound is not imposed in this exercise. Instead, a shadow-ZLB quarter is one in

which the unconstrained policy rate satisfies st ≤ i∗, where i∗ = 1 − 1/β in deviations

from the steady-state nominal rate. Consecutive shadow-ZLB quarters form an episode;

frequency is the fraction of usable quarters at the bound, and duration is the mean length

of completed episodes.

The search grid is

ρr ∈ {0.80, 0.85, 0.90, 0.91, 0.92, 0.93, 0.94, 0.95, 0.96, 0.97},

ρu ∈ {0.20, 0.40, 0.60, 0.80},

σr ∈ {0.00100, 0.00125, 0.00150, 0.00175, 0.00200, 0.00225, 0.00250},

σu ∈ {0.00025, 0.00050, 0.00075, 0.00100, 0.00125}, (70)

for a total of 1,400 candidates. Each candidate is simulated for 100,000 quarters after

a 5,000-quarter burn-in. The innovations are kept the same across all candidates which
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Table B.1: Empirical targets and auxiliary rational-expectations calibration

Moment Empirical anchor Target band Linear RE model

sd(x) 0.01253 [0.0100, 0.0150] 0.01152
sd(π) 0.002421 [0.0019, 0.0031] 0.003069
AR(x) 0.9247 [0.78, 0.97] 0.7969
AR(π) 0.8235 [0.70, 0.90] 0.8952
ZLB frequency 0.075 [0.06, 0.10] 0.0980
Mean ZLB duration (quarters) 14.2 [12, 18] 12.08

makes comparisons across nearby grid points less sensitive to simulation noise.

Let mj(ϑ) denote element j of the simulated moment vector for ϑ = (ρr, ρu, σr, σu)
′,

and let [ℓj, hj] be its target band. Define the normalized distance to the band as

Dj(mj) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
(ℓj −mj)/(hj − ℓj), mj < ℓj,

0, ℓj ≤ mj ≤ hj,

(mj − hj)/(hj − ℓj), mj > hj.

(71)

The selection criterion is

Q(ϑ) =
6∑︂

j=1

wjDj(mj(ϑ))
2 , (w1, . . . , w6) = (1, 1, 0.2, 0.2, 1, 1), (72)

where the moment ordering is (sd(x), sd(π),AR(x),AR(π), fZLB, d̄ZLB) . Thus, moments

inside their bands incur no loss, while the two persistence moments receive one fifth of

the weight assigned to each remaining target. A normalized distance from the band

midpoints breaks ties in Q(ϑ).

Exactly one grid point lies within all six target bands:

ρr = 0.96, ρu = 0.20, σr = 0.00125, σu = 0.00050. (73)

Table B.1 reports its fit together with the empirical anchors underlying the bands.

I then refine the innovation standard deviations in the full model with adaptive learn-

ing and an occasionally binding lower bound, keeping the two persistence parameters
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Table B.2: Full-model validation of the selected shock calibration

Moment Target band Model mean Model median

sd(x) [0.0100, 0.0150] 0.02066 0.01429
sd(π) [0.0019, 0.0031] 0.003354 0.002883
AR(x) [0.78, 0.97] 0.8382 0.8379
AR(π) [0.70, 0.90] 0.9031 0.9043
ZLB frequency [0.06, 0.10] 0.0837 0.0751
Pooled ZLB duration (quarters) [12, 18] 12.91 9

fixed. The refinement uses 100 simulations of 1,000 quarters and common standard-

ized innovations across candidate calibrations. All 100 simulations used for the reported

moments remain stable through the full horizon. For volatility, persistence, and ZLB fre-

quency, Table B.2 reports the mean and median of path-specific statistics. The duration

entries are instead computed from the 641 completed episodes pooled across simulations.

With σr = 0.00100, mean output and inflation volatility are 0.01375 and 0.00276,

but the ZLB frequency falls to 0.0599. Raising σr to 0.00110 increases ZLB frequency to

0.0837 while retaining a pooled mean duration of 12.91 quarters. I select the latter value

and set σu = 0.00025 to contain inflation volatility. The final calibration is therefore

ρr = 0.96, ρu = 0.20, σr = 0.00110, σu = 0.00025. (74)

The mean-median gap in macroeconomic volatility reflects a right tail of occasional

non-linear amplification under learning and the binding lower bound: the median sim-

ulation lies within the volatility bands, whereas the means are pulled above them. The

selected process balances this tail risk against an empirically relevant incidence and dura-

tion of ZLB episodes. It is therefore a disciplined calibration for the paper’s quantitative

laboratory, rather than a formal minimum-distance estimate. I hold the parameter vector

in equation (74) fixed in all subsequent experiments.

The common Great Recession shock is calibrated in one dimension to reproduce the

magnitude of the U.S. output contraction. Setting εr2 = −0.008 produces a median

output-gap trough of approximately −5% , close to the trough measured from real GDP

relative to CBO potential output. The remaining features of the recession are not targeted
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and therefore provide useful validation. Median inflation falls by approximately 0.75

percentage point at a quarterly rate, closely matching the decline in core-PCE inflation

between 2007Q4 and 2008Q4. interest rate smoothing delays arrival at the lower bound

until approximately three to four quarters after the shock, consistent with the gradual

policy easing between the onset of the recession in 2007Q4 and the federal funds rate

reaching its effective lower bound in 2008Q4. Output and inflation subsequently return

to their steady states by approximately period 28.

The initial lower-bound spell lasts approximately 10 quarters in the median no-

communication simulation. This is shorter than the historical U.S. episode, but a literal

duration match would be inappropriate in this parsimonious experiment. The observed

episode reflected not only the initial financial crisis shock but also subsequent shocks

as well as policy interventions such as quantitative easing and forward guidance. These

forces are absent from the no-communication calibration and are likely to have prolonged

the duration of the binding lower bound. The calibration instead reproduces the mag-

nitude and timing of the recession and generates a sustained lower-bound episode long

enough for the model’s disagreement mechanism to operate.
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Table B.3: Calibration

parameter benchmark

β 0.9925

κ 0.024

σ 1

ρi 0.85

χπ 1.5

χx 0.25

τ 0.03

ρr 0.96

ρu 0.20

σr 0.0011

σu 0.00025

εr2 -0.008

C Numerical simulations

C.1 Figures
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Figure C.1: No FG: CB remaining ZLB duration conditional on T ag = 1

T CB (remaining ZLB quarters)
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Notes: TCB is the CB’s expected number of remaining binding quarters, including the current
quarter. The conditioning event T ag = 1 means that agents expect lift-off next quarter.

Figure C.2: PLM components evolution across communication regimes
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83



Figure C.3: Distributional timeline of ϕii accepted values
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Figure C.5: Accepted persistence and rejected candidates at the first projection event
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Figure C.6: Period FG: Remaining ZLB duration
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TCB directly.
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Figure C.7: Learning FG: Remaining ZLB duration
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Notes: Medians use all 10,000 matched paths. Learning FG updates the interest rate PLM
from the announcement but does not impose the communicated duration mask.

Figure C.8: Period + Learning FG: Remaining ZLB duration
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Notes: Medians use all 10,000 matched paths. The regime combines the announcement PLM
update with the communicated duration mask whenever the update is accepted.
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Figure C.9: Cumulative incidence of the first projection event across communication
regimes
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C.2 Simulation statistics with and without a GFC shock

This section compares the baseline No FG simulations with and without the initial GFC

negative demand shock. In both cases agents are assumed to have converged to the REE

beliefs Φ1 = Γ. Apart from the initial GFC shock, all simulations are identical and

share the baseline calibration. As described in Appendix B.3.3, the GFC shock occurs

in the first quarter and induces a 5% drop in the output gap and around 3% drop in the

annualized inflation rate.

The imposed GFC raises the probability of at least one projection event from 29.86%

to 45.28% (Table C.1). Events at the first ZLB spell rise from 1,080 without the GFC to

1,402 with it, later-ZLB events from 1,133 to 1,568, and outside-ZLB events from 773 to

1,558. The first spells are not the same objects across treatments: of the 1,080 no-GFC

first-spell events, 601 occur in a later spell once the GFC is imposed, while 254 paths have

first-spell events in both treatments. Thus, the initial GFC shock changes the subsequent

evolution of beliefs well beyond the initial ZLB spell.

Table C.1: No FG: projection-facility incidence with and without an imposed GFC shock

GFC No GFC
Paths 10,000 10,000
At least one PF 4,528 (45.28%) 2,986 (29.86%)
First PF during the first ZLB 1,402 (14.02%) 1,080 (10.80%)
First PF during a later ZLB 1,568 (15.68%) 1,133 (11.33%)
First PF outside the ZLB 1,558 (15.58%) 773 (7.73%)
Median first-PF quarter 100 270

Notes: Of the PF events, 2,703 paths hit in both treatments, 1,825 hit only with the GFC,
and 283 hit only without it. 601 of the 1,080 no GFC first-ZLB projection events are later-ZLB
events once the GFC is imposed; 254 paths are first-ZLB projection events in both treatments.

Beliefs and second-moment matrices at entry, reported in Tables C.2 and C.3, explain

why a first spell that begins after a long unconstrained history is more fragile than a first

spell that begins immediately after the GFC impulse.

Recursive least squares updates

Rt = (1− τ)Rt−1 + τZtZ
′
t, Zt = (ut, rt, it−1)

′,
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do not preserve the rational-expectations initialization R0. The recursion does not depend

on forecast errors. With τ = 0.03, the weight remaining on that initialization after n

updates is (1− τ)n. At the GFC first-ZLB date that weight is still about 0.94; at the no-

GFC median of 125 quarters it is 0.024. Over the no-GFC pre-ZLB sample, forecast errors

remain negligible, so Φ stays at its rational-expectations value (last column in Table C.2).

Rt nonetheless adapts toward the realized second moments of Zt. Median perceived

volatility of the interest rate, Rii, at entry is 64% of the linear-RE variance among all

no-GFC paths that reach the ZLB, and 48% among those that subsequently hit the

projection facility during that first spell (Table C.3). The first premature-liftoff forecast

errors therefore meet a substantially larger RLS gain, R−1
t Zt, than the initialization would

have implied.

The GFC treatment produces the opposite entry configuration. The first ZLB arrives

after only a few quarters, so Rt remains near its rational-expectations initialization: the

median Rii ratio is 0.96 both overall and among paths whose first PF event occurs during

that spell. Instead, Φ moves in response to the large natural-rate impulse. At first-ZLB

entry, median Φi,i is 0.684 rather than its REE value of 0.696, moving initially away

from the projection threshold (Table C.2). The ALM nevertheless incorporates agents’

expected future ZLB path, so the shock affects output and inflation before the constraint

binds and shifts the other interest rate PLM loadings.

Table C.2: Perceived law of motion on entry to the first ZLB

Coefficient RE GFC GFC−RE No GFC No GFC−RE
Φx,u −0.857 −0.851 0.006 −0.857 0
Φπ,u 1.160 1.161 0 1.160 0
Φi,u 0.229 0.229 0 0.229 0
Φx,r 5.533 5.978 0.445 5.547 0.013
Φπ,r 0.921 0.931 0.010 0.921 0.001
Φi,r 0.415 0.434 0.019 0.415 0.001
Φx,i −2.792 −3.090 −0.298 −2.795 −0.003
Φπ,i −0.217 −0.224 −0.007 −0.217 0
Φi,i 0.696 0.684 −0.013 0.696 0

Notes: Medians across paths that visit the ZLB at least once (N = 9,868 with the GFC;
N = 9,127 without). The reported Φ is the admissible matrix used in the first ZLB quarter. RE
denotes the linear rational expectations initialization.

Two further comparisons isolate the role of the initial shock. Conditional on any ZLB
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Table C.3: Regressor second-moment matrix on entry to the first ZLB

RE GFC/RE GFC initial-PF/RE No GFC/RE No GFC initial-PF/RE
Ruu 6.51× 10−8 0.98 0.98 0.98 0.98
Rrr 1.54× 10−5 1.20 1.19 0.80 0.67
Rii 2.60× 10−5 0.96 0.96 0.64 0.48
Rui 3.46× 10−9 0.97 0.97 0.22 −0.10
Rri 1.85× 10−5 0.99 0.99 0.70 0.54

Notes: Entries except the RE column and the last row are ratios of the median RT at first-ZLB
entry to the corresponding linear RE second-moment entry of Zt = (ut, rt, it−1)

′. “Initial-PF”
restricts to paths whose first projection event occurs during that first ZLB spell (N = 1,402 with
the GFC; N = 1,080 without).

visit, the first-spell PF hazard is 11.83% without the GFC and 14.21% with it (Table

C.4). Among spells that begin after quarter 8, the corresponding hazards are 11.83% and

9.81%, indicating that part of the aggregate GFC difference comes from the mass of early

first spells. At-ZLB first projection updates themselves are similar across treatments

(Table C.5): median accepted Φi,i is 0.949 in both, while the median attempted change

is 0.0639 with the GFC and 0.0631 without it. Median forecast errors are also close, at

-1.10 and -0.99 annualized percentage points. Thus, the GFC changes the incidence and

timing of unstable paths but not the underlying premature-lift-off mechanism.

Table C.4: First ZLB visit with and without an imposed GFC

GFC No GFC
Share ever at the ZLB (percent) 98.7 91.3
Paths with a first ZLB 9,868 9,127
Median first-ZLB start (quarter) 4 125
10th–90th percentile start 4–73 26–356
Median first-ZLB duration (quarters) 15 11
First-spell PF paths 1,402 1,080
First-spell PF hazard (percent) 14.21 11.83
Hazard if first ZLB starts after quarter 8 9.81 11.83

Notes: The last row restricts to first spells that begin after quarter 8, so it drops the mass of
early GFC entries.

C.3 Robustness to a 0.99 projection bound

A matched current-specification comparison raises only the projection threshold from

0.98 to 0.99 while retaining R0 = Ω, the macroeconomic bound of 1,000, and the same

10,000 shock histories. PF incidence declines from 45.28 percent (4,528 paths) to 43.17
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Table C.5: First projection-event learning updates with and without an imposed GFC

GFC No GFC
At-ZLB first PF paths 2,970 2,213
Median accepted Φi,i 0.949 0.949
Median attempted ∆Φi,i 0.0639 0.0631
Median |post-update candidate| 1.002 1.001
Median rate forecast error (ann. pp) −1.10 −0.99
Outside-ZLB first PF paths 1,558 773
Outside-ZLB median accepted Φi,i 0.961 0.960
Outside-ZLB median |candidate| 1.003 1.004

Notes: At-ZLB rows combine first projection events during the initial and later ZLB spells. The
attempted change and post-update candidate are the objects to which the projection test is
applied. Forecast errors are realized minus forecast, in annualized percentage points.

percent (4,317 paths), a paired difference of 2.11 percentage points. Every path that hits

at 0.99 also hits at 0.98; hence 211 paths are marginal to the lower threshold. Of these,

172 first cross at the ZLB under 0.98 and 39 cross above it. Among paths that hit under

both bounds, the median first-event delay is zero quarters and the 90th percentile is one

quarter. Across all PF paths, however, the median first event moves from quarter 100 to

105 because the 211 marginal paths exit the risk set. Macroeconomic failure rises from

11.65 to 12.54 percent, while the union of PF and macroeconomic failure falls from 45.28

to 43.20 percent. Thus, the 0.98 bound creates a modest mass of threshold-sensitive

events but does not drive the broader instability result. It also provides an interior buffer

below the unit-root boundary: persistence of 0.98 already implies a quarterly half-life of

about 34 quarters. I therefore retain 0.98 as the baseline projection facility boundary.

C.4 Sensitivity to the weight on forward-guidance messages

The baseline calibration gives the announcement gain the same value as the ordinary

learning gain, λ = τ = 0.03. I assess the sensitivity of the two learning regimes over

λ ∈ {0.01, 0.02, 0.03, 0.04, 0.06}, so that an announcement receives between one-third

and twice the weight of a regular quarter of data in equation (30). All other features

of the experiment are held fixed. Table C.6 reports both stabilization outcomes and

indicators of learning instability.

Under Learning FG, increasing the announcement gain improves the crisis-window loss

91



Table C.6: Sensitivity to the forward-guidance message gain

Panel A. Learning FG

λ λ/τ
Median first-PF

quarter Any PF
First PF
at ZLB

First PF
above ZLB

First PF
from FG

Macro
failure

Loss
index

Median ∆Ln

(%)
0.01 0.33 244 11.56% 6.36% 5.2% 3.23% 1.8% 80.65 -10.4
0.02 0.67 243 10.86% 7.46% 3.4% 4.83% 2.44% 77.96 -13.6
0.03 1 224 11.21% 8.15% 3.06% 4.8% 3.05% 76.71 -15.1
0.04 1.33 220 13.37% 9.08% 4.29% 4.73% 3.6% 75.98 -15.8
0.06 2 214 23.52% 10.93% 12.59% 5.52% 3.96% 74.78 -16.8
Panel B. Period + Learning FG

λ λ/τ
Median first-PF

quarter Any PF
First PF
at ZLB

First PF
above ZLB

First PF
from FG

Macro
failure

Loss
index

Median ∆Ln

(%)
0.01 0.33 253 8.15% 2.91% 5.24% 2.5% 0.95% 75.18 -13.6
0.02 0.67 244 8.47% 4.8% 3.67% 4.07% 1.45% 74.9 -15.2
0.03 1 220 7.89% 4.77% 3.12% 4.04% 1.53% 73.79 -16.3
0.04 1.33 205 6.75% 3.79% 2.96% 3.23% 1.31% 71.99 -17.2
0.06 2 263 10.32% 2.6% 7.72% 2.43% 0.71% 67.51 -18.6

Notes: Each cell uses 10,000 matched paths and the same No FG benchmark. PF and macro-failure
entries are unconditional path shares. First-event columns partition the timing of each path’s first PF
event; the FG column identifies first events triggered by the pre-data message update. The loss index
uses the mean discounted loss over quarters 2–40 and normalizes the No FG mean to 100. ∆Ln is the
matched path-wise percentage change relative to No FG.

criterion but eventually raises projection risk sharply. The loss index falls monotonically

from 80.65 at λ = 0.01 to 74.78 at λ = 0.06, and the median path-wise loss reduction

increases from 10.4% to 16.8%. PF incidence is initially flat: it falls from 11.56% to

10.86% at λ = 0.02 and equals 11.21% at the baseline gain. It then rises to 13.37% at

λ = 0.04 and 23.52% at λ = 0.06. At the largest gain, first events above the ZLB account

for 12.59% of paths and first PF events at the ZLB for 10.93%. Macroeconomic failure

also rises across the grid, from 1.80% to 3.96%.

The ZLB duration mask moderates this trade-off. Under Period + Learning FG, the

loss index falls from 75.18 to 67.51 and the median path-wise loss reduction increases

from 13.6% to 18.6%. PF incidence remains between 6.75% and 8.47% through λ = 0.04,

then rises to 10.32% at λ = 0.06. The increase at the largest gain occurs above the

ZLB, where first-event incidence rises to 7.72%; first-event incidence at the ZLB falls to

2.60%. Macroeconomic failure is non-monotone and falls to 0.71% at the largest gain.

This difference is not contradictory: a PF event records a rejected candidate update,

whereas the macroeconomic-failure measure records the subsequent realized path under

the projection facility and, in the combined regime, the duration mask.

Thus, the exercise identifies a stability - stabilization trade-off rather than an optimal

gain. Empirically studying λ is beyond the paper’s scope and is left for future research.
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