
 

 

 University of Groningen

Delocalized and correlated wave functions for excited states in extended systems
Stoyanova, Alexandrina

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2006

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Stoyanova, A. (2006). Delocalized and correlated wave functions for excited states in extended systems.
s.n.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 27-05-2023

https://research.rug.nl/en/publications/06958940-3d29-4630-ab3d-468b3d6e0cf5


3
Delocalized and Correlated

Wavefunctions for Excited States in

Extended Systems

ABSTRACT — In this Chapter, an efficient method for the generation of

delocalized many-electron wave functions for excited states in strongly correlated

condensed matter is introduced. These wave functions are obtained within a

nonorthogonal tight-binding scheme. The trial functions in the calculation are

constructed as linear combinations of antisymmetrized products of localized and

correlated multiconfigurational cluster wave functions and wave functions for

the rest of the extended system. The multiconfigurational wave functions are

expressed in orbital sets that are obtained from calculations on small fragments.

Each fragment is built around a particular ion (or bond) and embedded in ef-

fective model potentials, representing the rest of the crystal. To compute the

Hamiltonian and overlap matrix elements between localized excited states at two

different ions (or bonds), large embedded clusters are employed. This approach

is applicable to structures where the many-electron effects are non-negligible and

conventional one electron band structure calculations lead to unphysical results.

3.1 Introduction

The electronic structure and properties of solids have been subject of intense theo-
retical and experimental investigations for a long time. This thesis is concerned with
the first principles description of the electronic structure of compounds that exhibit
strong electron correlation effects. The transition metal compounds are representa-
tive for this class of compounds. Different theoretical approaches emerged within the
domain of the quantum chemistry as well as within solid state physics. The methods
stemmed from the first domain are molecular quantum mechanical methods, that aim
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to describe the properties of the system by deriving its many-electron wave functions.
The second domain, based on the Density Functional Theory (DFT) [1], emerged
later and offered an elegant alternative way to probe the ground and recently also
the excited state properties of solids. The first line of research is directly related and
relevant to the line of research in this thesis. In the following paragraphs, we discuss
in somewhat more detail some contributions, relevant to the studies on the transition
metal compounds. Next, some new tendencies in the development of wave function-
based methods for band structure calculations in solids are acknowledged. Finally, we
consider shortly also the domain based on the DFT formalism and its time-dependent
extension.

The most straightforward description of the electronic structure of solids rests
on the effective one-electron band structure theory [2]. The concept of considering
the state of an electron in a periodic effective potential, generated from the nuclei
and the rest of the electrons in the crystal is attractive and despite the conceptual
simplicity of this approximation, it has been successful in describing the properties
of many covalent and ionic compounds. The band structure method, combined with
the DFT formalism or its time-dependent extension is a conventional approach to
the description of the complex phenomena in the solid state physics. However, the
competition between the delocalization, band-like, effects and the strong (atomic-like)
electron-electron interactions in, for example, 3d-metal compounds leads to a failure
of the independent electron approximation. The strong electron-electron interactions
in these compounds usually lead to electron localization effects that consequently give
rise, for example, to local magnetic moments and Mott-Hubbard type metal-insulator
transitions.

Contrary to the effective one-electron approaches, the correlated many-electron
wave function based methods offer the ability to address explicitly and in a system-
atic manner the electron-electron interactions. Obtaining the many-electron wave
functions in this field is viewed as an efficient approach to probe the electron corre-
lation effects in the systems. These methods are as well particularly well suited to
study the character of the excited states in a system, whereas the time-dependent
DFT (TDDFT), for example, accesses only the excitation energies and transition
dipole moments. Within the TDDFT formalism, one can obtain the correct excita-
tion energy for a transition that involves a ground and excited state by using the
linear response of the system to an external perturbing electromagnetic field [46,47].
The corresponding Kohn-Sham (KS) Slater determinants, however, are auxiliary de-
terminants and do not describe the true wave functions of the ground and excited
states. Constructing their proper spin eigenfunctions is also beyond the limits of the
KS scheme. Within a wave function based method, the spin eigenfunctions for any
spin can be rigorously defined. The complicated character of the excited states can
be described reasonably by means of a MC computational algorithm. The wave func-
tions are obtained by approximately solving the Schrödinger equation within a given
one-electron and many-electron basis set. They can be systematically improved by
enlarging the wave function expansion or the one-electron basis set. However, for most
of the systems, the number of terms in the MC expansions cannot grow up till the
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full configurational interaction limit. For some systems it is even impossible to reach
the length, that permits one to describe their properties with a satisfactory accuracy.
In case of solids, the wave function based methods face two main problems, one is
related to the difficulty to implement periodic symmetry in the MC expansion and
the other is that the ab initio calculation of the wave function scales unfavorable with
the size of the system. Therefore, treating the electron correlation effects explicitly in
extended systems with periodic symmetry by means of a wave function based method
was computationally not feasible for a long time. Recently, some new algorithms to
address the electron correlation explicitly in solids were introduced [42, 51–53]. We
discuss them below.

In Chapter 2, we introduced the embedded cluster method as a local approach to
describe processes with a predominantly localized character that are relevant for the
solid state physics. Combined with an accurate ab initio wave function based method
such as the MCSCF method [3, 4, 7], followed by CASPT2 [5], the local description
provides an insight into the large electron correlation and electronic relaxation effects
accompanying localized excitations, ionization and electron addition processes [8–11].
The proper treatment of the many-electron problem for a relevant portion of the ex-
tended system by means, for example, of CASSCF approach followed by CASPT2 al-
lows for an accurate account for the non-dynamical and dynamical electron correlation
effects, that govern the physics of many insulating transition metal (TM) materials.
These techniques have permitted for the precise description of core level ionization
processes in transition metal oxides [12,15,16]. Using the CASSCF/CASPT2 method,
de Graaf studied in our laboratory successfully the different contributions to the elec-
tron correlation effects on the d-d excitations in NiO [14]. This technique was applied
recently by Hozoi [19] to study the Mn d → d and Mn 1s excited states in LaMnO3,
relevant for the interpretation of pre-edge features in the x-ray Mn K -edge absorption
and the anomalous Mn K -edge scattering in this compound. The potentials of the
CASSCF/CASPT2 approach to describe satisfactory magnetic couplings in different
TM materials have been explored in a number of studies, that aimed the accurate
computation of the exchange magnetic coupling constants in some TM oxides and
cuprates [25, 26, 29]. The CASSCF/CASPT2 approach has been successfully applied
by Roos and co-workers to obtain the spectral properties, molecular structures and
binding energies of TM complexes, such as Ni(CO)4, Fe(CO)5 and Cr(CO)6 [13].

In spite of its local nature, the embedded cluster approach, combined with an ab
initio wave function based method has been also applied to compute hopping integrals
between localized states [21, 22]. A common approach applied to the physics of the
magnetic couplings is based on the Heisenberg model [30]. The effective parameters
in this model, exchange constants J and hopping integrals t have been successfully
derived within the local cluster approach [21, 22, 25, 26, 29]. The embedded cluster
approach, combined with a CI [33] treatment of the non-dynamical electron correlation
effects has been employed also by Janssen and Nieuwpoort in their study of the band
gap in NiO [31].

The question whether or not the treatment of the electronic properties of solids
can be based on a localized model (for example the embedded cluster model) or on a
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delocalized (band) model depends on the system and property to be studied. The local
approach is an essential starting point in the treatment of excited and ionized states
when the strong on-site electron-electron interactions dominate in the system and give
rise to large local many-electron effects, such as electronic relaxation and correlation.
If these effects are larger than the inter-site interactions (delocalization), then the
best description is obtained if one considers first those effects and then restores the
translational symmetry of the system. This issue has been addressed by Nieuwpoort
and Broer in their review paper on the application of the cluster approaches to solid
state problems [34]. It has been shown that the electronic ground state of ionic
solids, built from closed-shell ions, such as NaF and CuCl are described identically
by the cluster model and periodic approaches both at the Hartree-Fock and DFT
level [34]. This is explained by considering the orbitals derived from a sufficiently large
embedded cluster calculation as being equivalent to Wannier functions. A unitary
transformation brings these Wannier functions into delocalized Bloch functions. This
consideration connects the embedded cluster approach and the band theory [34]. The
authors in reference [34] however also demonstrate, using as an example the Cu-3d
ionization in CuCl, that in the delocalized band description of the ionization process,
the large electronic relaxation effects, accompanying the process, can not be accounted
for. Such effects are crucial for the properties connected with the 3d states in TM
materials.

Whether or not the localized excitations for a system with few geometrically equiv-
alent sites lead to a better description, compared to that obtained employing symme-
try adapted one-electron approach has been extensively studied by Broer [35]. The
author used the concept of symmetry breaking that leads to symmetry unrestricted
localized states. The ratio between a polarization or relaxation parameter β and a
delocalization parameter b, introduced in this approach, determines whether the local-
ized solutions or the delocalized symmetry adapted ones are energetically favorable in
a one-electron model [35]. Conventional approaches, based on the band theory or ap-
proaches that yield symmetry adapted wave functions face restrictions with respect
to their applicability to systems with predominant relaxation effects. Proper delo-
calized wave functions can be constructed afterwards from those symmetry broken
wave functions by applying group theoretical projection operators [36]. Obtaining
the energies and other electronic properties for the projected wave functions requires
computation of Hamiltonian matrix elements between determinants constructed from
mutually non-orthogonal orbital sets, that is not a trivial task. The matrix elements
between the non-orthogonal Slater determinants have been efficiently calculated by
using the factorized cofactor method, introduced by Van Montfort [37].

Recently, Shukla et al. [42] have suggested a wave function-based approach to cor-
related ab initio calculations on crystalline insulators of infinite extent. The method is
developed within the localized-orbital-based approaches and makes use of the so-called
incremental scheme [56]. Compared to some previous correlation calculations [43]
where the infinite crystal is modeled by a finite cluster, this new approach accounts
for the infinite nature of the system. The incremental scheme allows one to expand
the total correlation energy per unit cell of a solid in terms of interactions among
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the electrons assigned to localized orbitals. The correlation calculations are done em-
ploying a wave function based-approach without truncating the infinite system into
a finite cluster. Instead, their starting point is to represent the RHF ground state
of the solid in terms of Wannier functions and next, to choose a region of space in
which they calculate the correlation effects. They represent the infinite region out-
side the correlation region by frozen wave functions that allows them to sum up their
contribution and construct an effective one-electron potential. Their correlation cal-
culation involves excitations from the RHF occupied space (Wannier functions) of
the correlation region to the virtual space in the presence of the frozen environment,
represented by this one-electron potential. At this point, the system Hamiltonian is
reduced to an effective Hamiltonian for the electrons located in the correlation region.
The correlation contribution to the total energy per unit cell is calculated within the
incremental expansion [42,56],

4E =
∑

i

εi +
1
2

∑
i 6=j

4εij +
1
3!

∑
i 6=j 6=k

4εijk + ..., (3.1)

where the summation i runs over the Wannier functions in the reference cell and j
and k run over all Wannier functions of the crystal. The authors define different
increments in this summation of increasing complexity. For example, the one-body
increment εi is obtained if one considers the excitations only from the ith Wannier
function and the rest of the solid is described at HF level. Furthermore, the two-body
increment 4εij = εij − εi − εi includes the correlation energy obtained when one
correlates two distinct i and j Wannier functions. Employing this approach, Shukla
et al [42] obtained lattice constant, cohesive energy and bulk modulus of LiH, that
compared well with the experiment.

In a detailed review article on wave function methods in the electronic structure
theory of solids, Fulde [57] demonstrates within the method of increments that the
correlation energy can be expressed in terms of cumulants of the Hamiltonian operator
and the cumulant scattering operator which is essentially the same conclusion as that
of Shukla et al. This line of development resulted most recently into a study on
the accuracy of the incremental expansions for the correlation energy as well as the
convergence of different incremental expansions for solids with ionic, Van der Waals
or covalent bonding types [51].

Furthermore, the local incremental scheme has been successfully employed in stud-
ies of the valence band structure of covalent semiconductors [58,59]. Gräfenstein, Stoll
and Fulde [59] designed a method to determine the correlated valence band structure
of covalent semiconductors in which the band energies are expressed in terms of Hamil-
tonian matrix elements between many-electron states representing excited hole states
in an extended system. Within this method localized hole states are considered which
are described by localized many-electron wave functions. As a consequence, the band
energies are expressed in terms of the Hamiltonian matrix elements between those
localized states. In that manner, the calculation of the band energies is reduced to
the calculation of a smaller number of local Hamiltonian matrix elements. In order
to introduce the electron correlation effects, the authors determine the local matrix
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elements from ab initio wave function based calculations, for example a multireference
CI calculation, on finite clusters [58] or a set of comparably small molecules [59]. The
formalism is in principle also applicable for obtaining the correlated conduction band
and thus the band gap of the system.

This formalism was extended by Albrecht and co- workers [60] to yield not only the
relative energies of valence band states but also the absolute energies. Extension of
the formalism to conduction band states has not been feasible because the localized
Hamiltonian matrix elements between states with an extra electron could not be
extracted from finite cluster calculations. For diamond and silicon, those calculations
did not lead to stable states for the extra electron [60]. Nevertheless, the authors
obtained information on the correlation-induced shift of the absolute position of the
upper valence band edge that allowed them to estimate the correlation effects on the
band gaps of diamond and silicon.

Recently, a new local Hamiltonian method by Bezugly and Birkenheuer [65] emerged
that stemmed from the approach to the valence bands, discussed above [58–60]. The
new method overcomes the difficulties to treat the conduction bands and allows one
to predict band gaps of non-conducting systems. The computational scheme makes
use of a multireference CI method with single and double excitations with a spe-
cial size-consistency correction [66]. The determination of the delocalized electronic
Bloch states in a crystal is reformulated into the determination of localized orbitals in
the real space (Wannier representation). Within the local Hamiltonian approach, the
authors establish one-to-one mapping between the excited (hole or electron) state cor-
related wave functions and so-called localized one-particle configurations [65]. These
one-particle configurations are introduced by using Wannier orbitals. This results
in a local representation of an effective Hamiltonian whose matrix elements can be
evaluated in finite clusters of the periodic system [65]. For the hole states for covalent
semiconductors like diamond and silicon [60] (valence band states), simple hydrogen
or pseudo-potential terminated clusters are adequate to model the hole hopping. How-
ever, the anion clusters are electronically unstable. This electronic instability stems
from the fact that due to the negative extra charge, the added electron is weakly
bound to such a cluster and may ’leave’ it unless special techniques are employed to
stabilize the anionic cluster [65]. Thus, to treat the conduction bands, Willnauer and
co-workers [67] introduce special embedding techniques, denoted as cluster-into-solid
embedding schemes which cure the lack of electronic stability of anionic clusters. Us-
ing those techniques, Willnauer and co-workers perform calculations of the correlated
conduction bands of diamond in which the clusters are surrounded by an infinite host
crystal [67].

Another problem that arises when treating conduction bands within this approach
is obtaining properly localized virtual orbitals. The virtual orbitals are hard to localize
with the standard orbital localization schemes, such as those based on an extension of
the Foster-Boys localization criterion [68] for periodic systems [69]. Recently, Birken-
heuer et al. [70] introduced a new localization scheme which is an extension of the
Wannier-Boys localization scheme [69].

Most recently Birkenheuer, Fulde and Stoll [71] presented an alternative scheme
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for calculating energy bands which is based on a quasiparticle approach. The authors
evaluate the relaxation and polarization effects around an extra electron residing in a
conduction band Wannier orbital, by allowing the valence orbitals to relax in a SCF
calculation due to the presence of the extra electron. In their studies of diamond and
silicon conduction bands, they find that the relaxation and polarization contributions
to the diagonal matrix elements of the local Hamiltonian lead to a shift of the center of
gravity of the conduction band while the off-diagonal matrix elements are responsible
for the reduction of the conduction band width [71].

Among the recently developed approaches to the N+1 and N-1 states of the crystal,
one needs to acknowledge as well those which employ a Green’s function formalism
[61, 62]. Here one introduces the correlation effects in the band calculations through
the self-energy that enters the Dyson equation [61,62]. The correlated band structure
is given by the poles of the space-time Fourier transformed Green’s function which
obeys in the reciprocal and frequency space the Dyson equation. Using local Wannier-
type orbitals as a starting point, Igarashi [63, 64] developed a local Green’s function
approach using a model Hamiltonian within a space of so called three-particle states.
This local three-body correlation theory includes intra-atomic interactions. It has
been successfully applied to the 3d states of ferromagnetic nickel [63] and in studies
of the excitation spectra of the transition-metal oxides MnO, FeO, CoO and NiO [64].
Albrecht et al. [62] extended the procedure to the ab initio case. They introduced
a local-orbital based ab initio approach for the calculation of correlated valence and
conduction bands in insulating solids.

Most recently, Buth and co-workers [76] suggested a new general local orbital ab
initio Green’s function method for crystals. The band structure is given by the poles
of the one-particle Green’s function in terms of Bloch orbitals, which is evaluated
using the Dyson’s equation. A key advantage of the method is the fact that the
self-energy itself is evaluated in terms of Wannier orbitals and then transformed to
a crystal momentum representation. In this manner, the authors exploit the fact
that the electron correlations are predominantly local. The method is considered to
be applicable not only to the outer valence and conduction bands but also to inner
valence bands [76].

Pisani and co-workers [73] developed a second-order local- Møller-Plesset (MP2)
electron correlation method for non-conducting crystals. This post-Hartree-Fock ap-
proach makes use of the well developed Hartree-Fock method for periodic systems [74].
The authors exploit local correlation linear scaling techniques to account for the elec-
tron correlation effects. The translational symmetry facilitates the reduction of the
crystalline problem to a problem considering a cluster around a reference unit cell [73].
The method is implemented in a periodic local correlation code CRYSCOR as the
post-Hatree-Fock option of the CRYSTAL program [75].

Recently, Fink [72] developed a new wave function based approach to excited
states in periodic systems. The starting point of this method is a periodic Hartree-
Fock calculation to obtain a reference wave function, for the following valence CI
calculation. The reference wave function is a Slater determinant expressed in terms
of localized orbitals. The author defines a space of active valence orbitals and a
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number of active electrons for a reference unit cell and performs a full CI within this
space. The periodic CI method allows for including configurations which describe
simultaneous excitations in different unit cells as well as excitations between unit
cells.

This overview of newly developed wave function based approaches to systems with
strong electron correlation effects is by no means exhaustive. Apart from the methods
outlined above, which employ local Hamiltonian matrix elements in the real space
one can distinguish approaches which work directly in k space using, for example, an
atomic-orbital formulation of the MP2 theory to incorporate the electron correlation
effects in the calculation of quasiparticle band gaps in periodic systems [53]. Within
the framework of this MP2 theory, Ayala et al. [53] considered the MP2 quasiparticle
band gaps of different polyacetylenes.

Among the wave function-based approaches to excitations in infinite systems with
periodic symmetry, a valuable contribution is the dressed-cluster method, developed
by Malrieu and co-workers [55]. Within this method, the infinite periodic system is
approximated by a finite cluster in a self-consistent embedding. The authors perform
a CI for a finite cluster of atoms embedded in a periodic strongly localized zero-order
wave function. They exploit the resulting cluster wave function to account for the
effect of the elementary excitations occurring outside the cluster region through a
dressing of the cluster CI matrix [55].

Malrieu and co-workers [54] recently developed a method, based on the Direct
Space Renormalization Group (DSRG) approach. In this approach local parameters
are extracted from calculations on increasingly large clusters.

The development of different theoretical approaches based on DFT offered an
alternative way to probe the properties of solids. The DFT formalism combined with
the local density approximation (LDA) is widely applied in solid state physics. The
electron correlation effects are incorporated while preserving the effective one-electron
model. The exchange- correlation LDA functional is derived from considerations
on a homogenious electron gas. In spite of the local character of the functional,
the approach can handle rather inhomogenious electron systems. Although formally
restricted to the ground state properties of a system, it has been also employed in
studies of excited states. The TDDFT was developed by Runge and Gross [38] and
based upon the Hohenberg-Kohn theorem [39, 40] for the ground state energy of a
many-particle system. TDDFT extended the application of the theory to obtain the
exact dynamical response of the system to an external perturbing time-dependent
scalar potential [38, 41]. Further development of the theorem of Runge and Gross
[38] for a many-particle system in a general time-dependent electromagnetic field led
to the time-dependent-current density functional approach [44, 45]. This approach
is considered to be well suited to study the response of an extended system to an
external perturbation [46, 47]. The method was employed using the adiabatic LDA
for the exchange-correlation field [48, 50] and yielded optical dielectric functions of
various semiconductors and insulators [46, 47] that compared well with experiment.
However, treating excitonic effects in these systems requires, for example, the use
of orbital-dependent functionals [45]. DFT -based approaches are appealing, because
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they incorporate the many-particle effects (correlation) while maintaining the effective
one-electron description. Despite the fact that within the DFT-based formalism, one
avoids constructing explicitly the many-particle wave function of the system, one
needs a suitable approximation for the functionals in order to describe satisfactory
excitons in strongly correlated systems. Although the different approximations to
the form of the exact functional may yield accurate results for some properties of a
system, their applicability is still property dependent and in case of some strongly
correlated structure the known functionals experience significant failure.

Although recent developments in the TDDFT field have offered an attractive way
to probe the physical properties of the ground and excited states of the systems,
still a detailed insight in the electron correlations is gained by studying their many-
electron wave functions. It is well known, that the Kohn-Sham determinant is not
an approximation to the many-electron wave function but only a tool for reproducing
the correct density. Although the many-electron wave functions for the ground and
excited states as well as the excited-state energies are functionals of the ground-state
density, it is not possible to extract the many-electron wave functions from DFT.

In the following chapters, we aim to study excited, ionized or added-electron states
in extended systems with strong electron correlation effects. In a localized description,
one may observe a large change in the local electronic density accompanying the
excitation that is not present in an exact description of a periodic system. This effect
is a drawback of the local approach. On the other hand within a localized description
one can account for energy effects such as relaxation and correlation in a rigorous
manner. The wave functions describing excited states in a periodic system have to be
adapted to the translational symmetry of the crystal. A delocalized description yields
such properly translational-symmetry adapted wave functions but does not facilitate
the incorporation of the local relaxation and correlation effects. The delocalization
effects determine the width of the band associated to the excited state. If the band is
wide, the delocalization effects are large, in case of a narrow band the excitations may
be considered rather localized. The subject of this research are processes and systems
for which the local relaxation and correlation energies are larger than or comparable
to the delocalization energies. Thus, the best description is obtained if one accounts
firstly for the local effects and secondly for the translational symmetry of the system.

We designed a method that follows this order of considering the localization and
delocalization effects. The method goes beyond the local description and yields de-
localized many-electron wave functions for excited (ionized, added-electron) states,
that are properly adapted to the crystal symmetry. Taking advantage of the rapid
decrease with distance of the interaction between the localized states, we employ a
non-orthogonal many-electron tight-binding scheme to obtain the delocalized wave
functions. These wave functions are expressed in terms of linear combinations of an-
tisymmetrized wave function products of localized and correlated N-electron cluster’s
wave functions and a frozen ’embedding’ wave function, describing the other electrons
in the extended system. The crystal’s Hamiltonian and overlap matrix elements are
approximated by the Hamiltonian and overlap matrix elements of a large cluster. A
new method is presented, denoted as the Overlapping Fragments Approach (OFA),
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for the computation of the Hamiltonian and overlap matrix elements of the large
cluster. In the following section, we introduce the approach, using as an objective an
electronically excited state.

3.2 Theory

3.2.1 Many-body bands

We treat the electronic excitations in extended systems within a new approach based
on expanding the wave functions of the extended system in terms of linear combina-
tions of antisymmetrized products of correlated MC self-consistent field (SCF) cluster
wave functions and frozen ’embedding’ wave functions. These antisymmetrized wave
function products comprise the many-electron (ME) basis functions, which each rep-
resent an approximate, localized excited state in the extended system. We discuss in
detail below the case of an extended system with periodic symmetry. For comparison,
the many-electron crystal wave functions are described by single Slater determinants
within the Hartree-Fock band approach, where one makes use of the invariance of
the one-electron operators and the many-electron Hamiltonian under the symmetry
operators. The determinants are constructed from Bloch orbitals or in some cases,
when convenient, from their localized Wannier representation [2, 79]. The determi-
nantal many-electron states can be labeled with a Bloch-vector which is a sum of all
individual momentum vectors of the Bloch orbitals, ki with i=1, M, where M→ ∞.
M is the number of electrons. The electron correlation effects can not be accounted
for by the single determinantal wave function. In the new approach, local electron
correlation effects are included by means of MC wave function expansions.

In the following paragraphs, we refer to the terms ion, center or site as to terms
with an equivalent meaning. The type of the site (ion, atom or bond) is not relevant
to the line of the derivations. It introduces later on some complications in employing
the model potential techniques. This does not change the validity of the theoretical
model, but requires adequate embedding representations. For simplicity, we consider
explicitly the case of a localized excited state centered on an ion.

Energies and Wavefunctions for crystalline systems

An essential part of the present work is to determine many-electron wave functions for
the ground state and electronically excited states of crystalline systems with periodic
symmetry. The wave functions for these states are expressed as linear combinations
of many-electron (ME) basis functions:

Ψn(r1, r2, ...., rM) =
∑

λ

CnλΦλ(r1, r2, ...., rM) (3.2)

The basis contains apart from a ME basis function that represents a first approxima-
tion for the crystal ground state, Φ0, a set of ME basis functions which each represent
an approximate, localized excited state, with the excitation centered around an atom
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or a bond in one particular unit cell of the crystal plus combinations of such exci-
tations centered around different sites. In principle, the ME basis set is infinitely
large, but in practice it has manageable length, because only a limited number of
local excitations of each unit cell are included. Because this basis contains functions
representing locally excited states, we denote it a ”local” ME basis, in analogy with
the local one-electron basis sets that are sometimes used in one-electron band studies.
We note that, although the local excitations are centered at a particular unit cell,
the changes in electron density (with respect to that of the ground state) that are
associated with it are not confined to the unit cell, in fact, they are usually extended
far outside this unit cell. The ”ground state” basis function may usually be assumed
to be invariant under the symmetry operations of the crystal.

The best many-electron crystal wave functions or, in practice, the best expansion
coefficients Cnλ, are found by applying the variational principle: the variation of
the expectation value of the crystal Hamiltonian with respect to variations in these
coefficients is made zero. This leads to a set of secular equations to be solved and hence
to demanding the determinant of the secular matrix H-ES to be zero. The allowed
energy values E0, E1, ... are upper limits to the exact ground state energy, the energy
of the first excited state, ... and the corresponding wave functions Ψ0(r1, r2, ...., rM),
Ψ1(r1, r2, ...., rM), ... are approximations to the exact M-electron wave functions of
the crystal.

Local many-electron basis functions versus translation symmetry adapted
basis functions

The crystal can be regarded as a giant molecule. The Hamiltonian matrix H and
overlap matrix S in the secular determinant can then be expressed directly in terms
of the local ME basis mentioned above or, if the giant molecule has point group
symmetry, in point group symmetry adapted combinations thereof. This brute-force
giant-molecule approach gives rise to huge H and S matrices. It is feasible provided
that enough computer power is available and if that is the case it is easy to use.

On the other hand, if we are dealing with crystals it is more elegant to take
advantage of their translational symmetry. An obvious way to do this is to transform
the local ME excited state basis functions into translation-symmetry-adapted ME
basis functions, by forming appropriate linear combinations of the local ME basis
functions. How to derive a crystal-symmetry adapted ME basis from the original
ME basis in terms of localized excitations is shown below, after we have derived a
many-electron extension of Bloch’s theorem.

The procedure to be followed once the ME electron basis has been determined is
in principle straightforward. However, the computation of the matrix elements of H
and S in the secular matrix is somewhat complicated because we deal with a many-
electron basis. Furthermore, we have to keep in mind that the ME basis functions
are mutually non-orthogonal (the S matrix is not diagonal). This non-orthogonality
is -partly- maintained in the symmetry-adapted ME basis.



58
Chapter 3, Delocalized and Correlated Wavefunctions in Extended

Systems.

Extension of Bloch’s theorem to many-electron wave functions

In almost all text books and scientific papers the discussion of using translational
symmetry in order to obtain crystal wave functions is limited to one-electron functions
or ”orbitals”. A notable exception is the work by Calais [78] and co-workers. Yet,
the derivation of a many-electron extension of Bloch’s theorem is, albeit non-trivial,
not difficult. The reason for its absence in the scientific literature is probably the fact
that electronic structure calculations of systems with periodic symmetry are almost
always based on the use of effective one-electron models.

Below we show that the many-electron eigenfunctions of a many-electron Born-
Oppenheimer crystal Hamiltonian can be chosen to be also eigenfunctions of the trans-
lation symmetry operators of the crystal. This leads to an extra symmetry label, K,
for each many-electron eigenfunction. It is important to note here, that this sym-
metry is present only for the many-electron wave functions. There is no question of
translation symmetry of orbitals, contrary to the usual one-electron band models. In
those models one works with an approximate one-electron crystal Hamiltonian, which
has the same symmetry properties as the many-electron Hamiltonian. Consequently,
the eigenfunctions of that approximate one-electron Hamiltonian, the orbitals, must
be eigenfunctions of the translation symmetry operators for the crystal. In our ap-
proach, there is no demand that orbitals in which the many-electron wave functions
are expressed transform according to the symmetry of the crystal, simply because we
do not make use of any approximate one-electron crystal Hamiltonian. This is an
important point, because it means that the orbitals can be localized, and this in turn
allows us to introduce the effects of electron correlation into the local many-electron
basis functions in which the crystal wave functions are expressed.

To keep the discussion simple we do not consider any point group symmetry here.
The line of reasoning followed here for ME wave functions is rather similar to that in
the derivation of Bloch’s theorem for crystal orbitals. See, for example [79].

A many-electron crystal Hamiltonian operator in the Born-Oppenheimer approx-
imation, Ĥ, has the translational symmetry which is present in the crystal structure.
To be more precise, Ĥ commutes with all translation operators associated with the
crystal lattice. This means that we can in principle take advantage of the translation
symmetry at the many-electron level.

We define a translation operator T̂R associated with a lattice translation vector
R = µ1a1 + µ2a1 + µ3a3, where {a1,a2,a3} are the primitive basis vectors of the
Bravais lattice and µi ∈ {1, 2, ...}. The translation operator T̂R has the following
effect on a many-electron function, F with arguments (r1, r2, ...., rM):

T̂RF (r1, r2, ..., rM) = F (r1 −R, r2 −R, ...., rM −R)

Since all translation operators T̂R, associated with the lattice translation vectors R,
commute with one another, and in addition the many-electron Hamiltonian operator
Ĥ commutes with all translation operators T̂R, we may choose the eigenfunctions
Ψ(r1, r2, ...., rM) of Ĥ to be also eigenfunctions of all translation operators T̂R:

T̂RΨ(r1, r2, ...., rM) = γ(R)Ψ(r1, r2, ...., rM)
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Taking into account that in addition we have,

T̂RT̂R′ = T̂R+R′

it is straightforward to obtain that γ(R) must be an exponential function of R. Let
us write it as e−iK.R with K, real but not yet specified. The periodic boundary
conditions demand that for a translation over all Ni unit cells in one of the directions
i ∈ {1, 2, 3} the wave function Ψ(r1, r2, ...., rM) remains unchanged,

T̂Niai
Ψ(r1, r2, ...., rM) = Ψ(r1, r2, ...., rM), for i ∈ {1, 2, 3}

We must therefore demand that e−iK.Niai=1 which results in the following choice for
the vector K,

K =
b1

N1
ν1 +

b2

N2
ν2 +

b3

N3
ν3

where {b1,b2,b1} are the reciprocal lattice vectors which satisfy ai.bj = 2πδij and
νi ∈ {1, 2, ...}.

This means that the eigenfunctions Ψ(r1, r2, ...., rM) of a many-electron crystal
Hamiltonian Ĥ in the Born-Oppenheimer approximation can be chosen in such a way
that associated with each Ψ(r1, r2, ...., rM) is a wave vector K such that the symmetry
condition,

T̂RΨK(r1, r2, ...., rM) = ΨK(r1 −R, r2 −R, ...., rM −R) (3.3)

= e−iK.RΨK(r1, r2, ...., rM)

is fulfilled for each lattice translation vector R.
The above statement is a many-electron generalization of Bloch’s theorem for

crystal orbitals. Since it is common practice to call all orbitals that fulfill the one-
electron version of this symmetry condition ”Bloch-type orbitals”, we will denote the
ME basis functions that fulfill the condition ”Bloch-type ME basis functions” and
analogously vector K is a ”Bloch-vector”,

Construction of Bloch-type many-electron basis functions

A simple and straightforward way to construct Bloch-type ME basis functions is
to project them from ME basis functions Φa(r1, r2, ...., rM)a representing localized
excitation a, in the unit cell that contains ion I,

ΘaK(r1, r2, ...., rM) =
1√
NR

∑
R

eiK.RΦa(r1 −R, r2 −R, ...., rM −R) (3.4)

The summation runs over all lattice vectors R and NR = N1N2N3.
aΦa(r1, r2, ...., rM) should satisfy the following condition Φa(r1 + T, r2 + T, ...., rM + T) =

Φa(r1, r2, ...., rM) for any lattice vector T of the form T=n1N1a1 + n2N2a2 + n3N3a3 (ni ∈ Z) in
order to satisfy the Born-von Kármán periodicity
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To demonstrate that ΘaK(r1, r2, ...., rM) transforms as a Bloch-type many-electron
function we apply a translation operation T̂R′ on it:

T̂R′ΘaK(r1, ..., rM) =
1√
NR

∑
R

eiK.RΦa(r1 −R′ −R, ..., rM −R′ −R)

=
1√
NR

e−iK.R′ ∑
R

eiK.(R+R′) ×

Φa(r1 − (R + R′), ..., rM − (R + R′))

= e−iK.R′ 1√
NR

∑
R

eiK.RΦa(r1 −R, ..., rM −R)

= γK(R′)ΘaK(r1, ..., rM), (3.5)

where γK(R′) is the eigenvalue of the translation operator. In the third step of Eq.
(3.5), we used the Born-von Kármán periodicity of Φa(r1, r2, ...., rM).

An important advantage of employing Bloch-type ME basis functions instead of
localized ME basis functions is that the Bloch-type basis functions are already adapted
to the crystal symmetry. This implies that in the variational procedure to find the
crystal wave functions ΨnK(r1, r2, ...., rM), we only need to consider Bloch-type ME
basis functions which have the same K-value,

ΨnK(r1, r2, ...., rM) =
∑

a

κna(K)ΘaK(r1, ..., rM) (3.6)

This gives a huge reduction in the dimension of the secular matrices that need to be
diagonalized. For example, if we take N1, N2 and N3 unit cells in the {a1,a2,a3}
directions, respectively, the secular matrix is blocked into N1 x N2 x N3 sub-matrices.

It is easy to demonstrate that the Hamiltonian and overlap matrix elements be-
tween Bloch-type ME basis functions which belong to different irreducible represen-
tations K and K′ of the translation group are zero,

〈ΘaK(r1, ...., rM)|H|ΘbK′(r1, ...., rM)〉 =
1
NR

∑
R,R′

ei(K′.R′−K.R)×

〈Φa(r1 −R, ..., rM −R)|H|Φb(r1 −R′, ..., rM −R′)〉 (3.7)

By taking into account the periodicity of the Hamiltonian, the Hamiltonian matrix
elements between the two Bloch-type ME basis functions ΘaK and ΘbK′ become:

〈ΘaK(r1, ...., rM)|H|ΘbK′(r1, ...., rM)〉 =
1
NR

∑
R,R′

eiK′.(R′−R)ei(K′−K).R×

〈Φa(r1, ..., rM)|H|Φb(r1 − (R′ −R), ..., rM − (R′ −R))〉

= δKK′

∑
R′′

eiK.R′′
〈Φa(r1, ..., rM)|H|Φb(r1 −R′′, ..., rM −R′′)〉 (3.8)

where we changed in the last step the variable R′ −R to R′′ and used the Born-von
Kármán boundary conditions in the reordering of the summations.
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The Hamiltonian matrix elements of H(K) between two Bloch-type ME basis
functions ΘaK and ΘbK are hence given by,

Hab(K) = 〈ΘaK(r1, r2, ...., rM)|H|ΘbK(r1, r2, ...., rM)〉
=

∑
R

eiK.R〈Φa(r1, ..., rM)|H|Φb(r1 −R, ..., rM −R)〉 (3.9)

A similar expression can be obtained for the matrix elements of S(K).
Since the H(K) matrix elements in Eq. (3.9) are expressed in terms of the matrix

elements between the localized ME basis functions Φa and Φb, the summations above
can be restricted to only few (shells of) (next-) nearest neighbours. If the bands
we consider are derived from these localized ME basis functions, we need to solve a
generalized eigenvalue problem within the non-orthogonal tight-binding approach,∑

b

Hab(K)κbn(K) = εnK

∑
b

Sab(K)κbn(K) (3.10)

The solutions of the system of secular equations in Eq. (3.10) have the following form,

ΨnK(r1, r2, ...., rM) =
∑

a

{
∑
R

eiK.RΦa(r1, ..., rM)}κan(K), (3.11)

with eigenvalues εnK. The solutions in Eq. (3.11) are adapted to the crystal symmetry
K and form bands. Contrary to the one-electron bands in the conventional band
theory, these bands are many-electron bands.

Note, that despite introducing local ME basis functions as representing the locally
excited states, we have only specified their localized character without imposing any
constraints to their particular form. Thus, the theory is applicable to any ME basis
function, as long as its localized character is preserved.

Due to the periodicity of the Hamiltonian, the Hamiltonian matrix elements be-
tween localized ME basis functions describing excitations ’a’ and ’b’, centered around
sites I and J, respectively, are invariant under the operations T̂R:

HIJ
ab = 〈ΦI

a(r1, ..., rM)|H|ΦJ
b (r1, ..., rM)〉

= 〈ΦI(−R)
a (r1 −R, ..., rM −R)|H|ΦJ(−R)

b (r1 −R, ..., rM −R〉 (3.12)

An analogous expression exists for the overlap matrix S. Furthermore, we need to
compute only the matrix elements for distances |I − J | less than a certain limit.
The magnitudes of the matrix elements between (next-)(next-) nearest neighbours
determine that limit. It is shown in Chapter 4, that the matrix elements between ex-
citations, centered around next-nearest neighbour Mn ions of manganites are already
an order of magnitude smaller compared to those between nearest neighbours. Hence,
the number of unique non-negligible matrix elements HIJ

ab and SIJ
ab is quite limited.

The next paragraphs demonstrate how to approximate the matrix elements of the
crystal Hamiltonian in Eq. (3.12) to the corresponding Hamiltonian matrix elements
of a large cluster. As explained above, employing the antisymmetrized wave function
Ansatz as an approximate form for the localized ME basis functions ΦI

a and ΦJ
b allows

one to make use of the well-developed formalism of the embedded cluster approach
in the computation of the localized interactions and overlaps.
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3.2.2 Many-body excitation bands, many-body hole bands and
many-body electron bands

In the following we will not only consider M electron states (neutral states) of the
extended systems, but also M-1 electron states (hole states) and M+1 electron states
(added electron states). The energy bands associtated with excited states of the
M electron system will be denoted many-body excitation bands. The energy bands
associated with hole states will be called many-body hole bands and the energy bands
associated with added-electron states will be called many-body electron bands.

In periodic Hartree-Fock theory the occupied bands of the bandstructure diagram
can be associated with (negative) ionization energies, whereas the conduction bands
can be associated with electron addition energies. In periodic Density Functional
theory there is no formal correspondence between the one-electron bands and ion-
ization or addition energies. Nevertheless the DFT bands are often interpreted in
these terms. The many-body hole bands have a correspondence to the occupied part
of the Hartree-Fock band structure, whereas the many-body electron bands have a
correspondence to the conduction bands in the Hartree-Fock band theory.

It is important to remark that there is no one-to-one correspondence between the
many-body excitation bands treated in this thesis on the one hand and conventional
one-electron band theory on the other hand. Excited states are sometimes considered
in one-electron band approaches, but this is then done in a broken-symmetry super-
cell approximation. By employing so-called super-cells, which each consists of a large
number of unit cells, and allowing for one localized excitation in each super-cell, one is
sometimes able to consider localized excitations. The hope in the super-cell approach
is that one is able to make the super-cell large enough to prevent interactions between
the localized excitations in each super-cell. In that case there may be a correpondence
to the energies of our localized ME excited state basis functions and the excitation
energy per super-cell found in the super-cell approach. In Eq. (3.2) the ME wave
function for the neutral extended system was defined as,

Ψn(r1, r2, ...., rM) =
∑
λ=0

CnλΦλ(r1, r2, ...., rM) (3.13)

where Φ0 represents a ME basis function for the ground state, and Φλ (λ = 1, 2, ...)
represent localized ME excited states. We now introduce two approximations. The
first approximation is

〈Φ0|H|Φλ〉 = 0 and 〈Φ0|Φλ〉 = 0 for λ 6= 0

This implies that

Ψ0 = Φ0

and that for n6= 0 we have

Ψn(r1, r2, ...., rM) =
∑
λ=1

CnλΦλ(r1, r2, ...., rM) (3.14)
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The second approximation consists of limiting the localized ME excited state basis to
excitations that are each centered around one single excitation site. This means that
we can write,

Ψn(r1, r2, ...., rM) =
∑

I

∑
aI

CnIaI
ΦIaI

(r1, r2, ...., rM) (3.15)

Note, that for a size-consistent treatment of the excitations one also needs to introduce
two-site (three-site, ...) excitations, with an excitation around I as well as around J
(around I, as well around J and around K). For describing many-electron hole (or
added-electron) states the expression in Eq. (3.2) can also be used, be it that now
the localized ME states ΦIaI

are M-1 (or M+1) states, with the hole (or electron)
localized around site I.

3.2.3 Computation of HIJ
ab and SIJ

ab between localized states in
extended systems

We choose the local ME basis function to be an antisymmetrized wave function prod-
uct of a multiconfigurational (MC) wave function ΩI

a for a N-electron cluster, repre-
senting an excited state ’a’ centered around I, and a wave function ΩIJ

E , describing a
frozen electron distribution for the remaining M-N electrons.

ΦI
a(r1, ..., rM) = Â[ΩI

a(r1, ..., rN)ΩIJ
E (rN+1, ..., rM−N)] (3.16)

For the computation of the matrix elements, it turns out convenient to construct
the wave function ΦI

a(r1, ..., rM) for an arbitrary excitation ’a’, centered in a large
cluster that includes both excitation centers I and J. Analogously, ΦJ

b (r1, ..., rM) is
constructed as an antisymmetrized wave function product of a MC wave function ΩJ

b ,
representing an excited state ’b’ centered around J, and the wave function ΩIJ

E . Using
this form of the local ME basis function, the Hamiltonian matrix elements become:

HIJ
ab ≈

〈Â[ΩI
a(r1, ..., rN)ΩIJ

E (rN+1, ..., rM−N)]|H|Â[ΩJ
b (r1, ..., rN)ΩIJ

E (rN+1, ..., rM−N)]〉
(3.17)

Employing the wave function Ansatz in Eq. (3.16) for the localized ME basis func-
tions allows one to invoke the embedded cluster approach in the computation of the
Hamiltonian matrix elements in Eq. (3.17).

We now approximate the matrix elements in Eq. (3.17) by the matrix elements
of the large cluster. The large cluster is embedded appropriately by using model
potential techniques [81], as described in Chapter 2. The sensitivity of their values
to the quality of the model potential employed in the computation must of course
be investigated. This problem is addressed once again in Chapter 4, where we treat
matrix elements between localized hole or electron states in hole-doped or electron-
doped manganites.
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The electronic polarization of the embedding crystal, caused by the localized ex-
citation in the cluster, is not accounted for at this level of approximation. The short-
range effects are introduced by choosing a cluster that is sufficiently large, whereas the
long-range effects can be accounted for in an approximate manner. The effect of the
lattice polarization on the Hamiltonian and overlap matrix elements will be addressed
in Chapter 7. In this section, we invoked two main approximations. First, the crystal
wave function that describes an excitation ’a’ localized in a cluster, is constructed as
an antisymmetrized product of the cluster MC wave function and frozen embedding
wave function. This product wave function provides a localized description of the
excited state. Using these embedding techniques, the crystal matrix elements of such
product wave functions are conveniently approximated with the matrix elements of a
large cluster effective Hamiltonian over the cluster MC wave functions.

An important issue is the choice of the large embedded cluster. Within the frame-
work of our overlapping-fragments approach, which will be described in detail below,
the large embedded cluster is viewed as built from two or more mutually overlap-
ping small embedded clusters, denoted as fragments. A requirement for the size and
configuration of the fragment is that the localized excitation is adequately described.
This means that the density change, related to the excitation, does not extend to
the outer parts of the fragment. In analogy with the super-molecule approach, we
denote the large cluster as a super-cluster. The super-cluster contains at least two
excitation centers I and J that are involved in the interaction. Furthermore, it should
be sufficiently large to account for all relevant relaxation and correlation effects. The
size and configuration of the super-cluster should be chosen in such a manner, that
if the interacting excitation centers I and J are equivalent in the crystal, they should
remain equivalent in the super-cluster. In other words, the cluster environment of I
and J should not introduce untrue difference between the relative energies of localized
excited states ’a’ at I and ’b’ at J.

In Figure 3.1 we have visualized overlapping fragments in a super-cluster. We have
used for this purpose the crystal structure of LaMnO3, the latter will be an object
of investigation in the next chapter. The fragments are [MnO6] clusters which are
enclosed in circles in Figure 3.1. Each [MnO6] cluster contains a Mn ion surrounded
by its nearest O counterions. Every two fragments which overlap in Figure 3.1 form a
super-cluster, in this case the super-clusters are [Mn2O11] super-clusters, containing
two Mn ions and the nearest 11 O ions. If four fragments overlap they form a [Mn4O20]
super-cluster.

We re-direct our attention towards construction of the wave function ΩI
a for a

super-cluster that contains ions I and J as well as their nearest environment. This
wave function describes an excited state ’a’ centered around ion I. Analogously, we
can construct for this super-cluster wave function ΩJ

b for an excited state ’b’ centered
around ion J. The Hamiltonian matrix elements between the two wave functions ΩI

a

and ΩJ
b can be computed using this super-cluster model. It is quite common to

calculate inter-site parameters, such as magnetic coupling parameters and hopping
parameters between (next-) neighbouring sites using a large super-cluster that con-
tains all non-unique interactions. The matrix elements HIJ

ab and SIJ
ab are small if I and
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Figure 3.1: Visualization of overlapping [MnO6] fragments in [Mn2O11] and [Mn4O20]

super-clusters (see text). Each [MnO6] fragment is enclosed within a circle.

J are at significant distance from each other. The point, at which we can neglect them
is defined by the ab initio values of the matrix elements, and depend on the structure
of the extended system and the nature of the excited state. In Chapter 4, we calculate
the effective Hamiltonian and overlap matrix elements associated with the hopping of
a localized hole or electron in hole-doped or electron-doped manganites. In this study,
we employ two- and four- center super-clusters to obtain the nearest neighbour (nn)
and next- nearest neighbour (n-nn) hopping parameters. We find that the decrease
in the absolute value of the effective Hamiltonian matrix elements from nn to n-nn
is an order of magnitude. The fast decrease in the values of the matrix elements with
distance is caused by the local character of the excitations at I and J. This decrease
justifies the tight -binding approach to obtain the solutions in Eq. (3.11).

The matrix elements can in principle be computed within the conventional ap-
proach, where the orbitals are optimized for the super-cluster, for example, the wave
functions describing the localized excitations are CASSCF wave functions for the
super-cluster. Such wave functions may provide, when the excitation centers (for
example transition metal ions) are not in the centre of the cluster, an unbalanced
description of the electron densities around these ions. The different densities, which
correspond to excitations of the same type but localized at two different centers I and
J of the super-cluster, may lead to two localized excitations which are not related
by a translation operation. Another problem that arises is the orbital optimization
that may become rather cumbersome for a large super-cluster, especially if the point
group symmetry is low. In addition, the optimization often leads to partially occupied
orbitals that are delocalized over all sites. Conventional methods often fail to provide
a wave function that preserves the excitation localized at site I. Although this delo-
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calization problem does not prevent in all cases to extract localized parameters [21],
it is advantageous to use a localized orbital basis. It also allows for including the local
electron correlation and electronic relaxation effects in a rigorous manner.

In the next section, we present an efficient scheme for constructing wave functions
ΩI

a of super-clusters using wave functions of smaller clusters, that we denote fragments.
The fragments are usually centered around one crystal site, for example I. We refer to
this scheme as the overlapping fragments approach (OFA). We describe in detail the
construction of local wave functions for a super-cluster I{K}nJb, which is designed
to compute the interaction (Hamiltonian matrix elements and overlaps) between an
excitation centered around site I, wave function ΩI

a, and an excitation around site J,
wave function ΩJ

b . {K}n indicates that the super-cluster contains in general also other
fragments, in addition to the fragments around the sites I and J that are involved in
the Hamiltonian matrix elements.

3.3 The overlapping fragments approach

A procedure was developed to construct super-cluster wave functions ΩI
a(1, ..., Ns),

starting from fragments wave functions ΓI
a(1, ..., NI), ΓJ

0 (1, ..., NJ) and n ΓK
0 (1, ..., NK).

Note, that the number of electrons in the super-cluster Ns is in general smaller than
the sum of the number of electrons in the fragments, NI + nNK + NJ , because the
fragments share ions and hence electrons. First, the MCSCF wave function for an
excitation ’a’, for a fragment built around center I is constructed with an embedded
cluster calculation. Next, one obtains the MC SCF wave functions for the ground
state of fragments centered around sites K and site J. All fragment electrons except
those in the active space are in doubly occupied, or inactive, orbitals. The active
space of the fragment, at which the excitation is centered, is chosen large enough to
give an adequate description of the excited state. For the other fragments, which are
in their ground state, we commonly choose the minimum active space that is needed
to treat the open shell electrons of the fragment. For example, a NiO6 fragment rep-
resenting the ground state of NiO will have two electrons in two Ni 3d (eg)- like active
orbitals. All other electrons are in doubly occupied orbitals, which includes the Ni 3d
(t2g)- like orbitals.

The occupied orbitals for a super-cluster I{K}nJ are determined by using the
occupied MC SCF orbitals of the fragments. An I{K}nJ super-cluster can be seen
as consisting of n+2 overlapping fragments where, depending on the geometry of the
super-cluster, one fragment can share one or more ions with one or more other frag-
ments. The electrons associated with these shared ions are doubly counted. Therefore,
we need a procedure to eliminate the doubly counted electrons. A corresponding or-
bitals analysis [20] is performed in order to determine which fragment orbitals should
be disregarded in the super-cluster.

We start with the occupied orbital sets of two fragments, each expanded in the
symmetry adapted basis functions of the super-cluster. A corresponding orbitals

bIn the following discussion, we denote a fragment built around a lattice site I by just using the
site notation I. What we really mean is the site I together with its nearest environment;
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transformation is performed for the inactive orbitals (IO) of two fragments that share
ion (s). The two fragments can be, for example, the fragments Kk and J. Fragments
Kk and J have m1 - and m2 -IO sets, respectively that are not mutually orthogonal.

Fragment Kk:
ϕKk1, ϕKk2, ........, ϕKkm1

Fragment J:
ϕJ1, ϕJ2, ........, ϕJm2

The overlap matrix between the two IO sets is, S11 S12 ... S1m2

.........
Sm11 Sm12 ... Sm1m2


Amos and Hall [88] and Löwdin [89] proved that any matrix S of dimension m1×m2

can be diagonalized by two unitary matrices U (m1 ×m1) and V (m2 ×m2),

S′ = U†SV

S′ij = S′jjδij (3.18)

where S′ is a matrix of dimension m1 × m2. We choose m1 larger or equal to m2

and all non-zero overlaps S′jj to be positive. This unitary transformation is always
possible even in case of a singular S [90] In fact, we perform a standard singular
value decomposition of S to find the matrices S′, U and V . The matrices U and V
transform the m1 -IO and m2 -IO sets into two new m1-IO and m2-IO sets, which
are the corresponding orbitals of Amos and Hall [88].

ϕ′Kki =
m1∑

m=1

ϕKkmUmi

ϕ′Jj =
m2∑
l=1

ϕJlVlj (3.19)

where

〈ϕ′Kki|ϕ′Jj〉 = S′jjδij

The new orbital sets are called biorthogonal. Each of the orbitals in one of the new
sets has a non-zero overlap with only one orbital (its ’corresponding’ orbital) in the
other new set. Some of these non-zero overlap matrix elements are close to unity,
the others are rather small. The orbitals with large mutual overlap are the inactive
orbitals localized at the shared ion (s). If their number is 2l (l at fragment Kk and l
at fragment J), l linear combinations are disregarded for the two-center {K}kJ part
of the super-cluster I{K}nJ, for example,

ϕ′Kka − ϕ′Ja, a = 1, l



68
Chapter 3, Delocalized and Correlated Wavefunctions in Extended

Systems.

whereas the linear combinations

ϕ′Kka + ϕ′Ja, a = 1, l

are used as inactive orbitals for {K}kJ. Note, that using the ’+’ linear combinations,
above, as inactive orbitals for the super-cluster is one particular choice (for a discussion
see Chapter 5 ). The remaining inactive orbitals of the two fragments are also used
as inactive orbitals for {K}kJ.

In the most common case that the shared ions do not contribute to the active
space of the fragments, the active orbital set of the super-cluster is taken as the
sum of the active sets of the fragments. Otherwise, a corresponding orbitals analysis
is performed also for the active orbitals of the fragments. The procedure becomes
slightly more complicated if an orbital at the shared ion is an active orbital in the
calculation for one of the fragments and inactive for the other one. Most often, we are
interested in this case in keeping the active orbital and disregarding its corresponding
inactive orbital. The biorthogonalization involves the inactive and active orbitals of
both orbital sets, separately for each block,(

InKk
InJ InKk

AcJ
AcKk

InJ AcKk
AcJ ,

)
where InJ and AcJ are the inactive and active orbital sets of fragment J and anal-
ogously for InKk

and AcKk
. The block InKk

InJ that represents the overlap matrix
between the IO sets of fragments J and Kk is handled within the procedure described
above. Next, to determine which of transformed orbitals at the first biorthogonaliza-
tion ϕ′Jj should be eliminated due to their presence in the active space of Kk, the
biorthogonalization procedure is performed between these inactive ϕ′Jj and the active
ϕA

Kki orbitals. This leads to new unitary transformed inactive ϕ′′Jj and active ϕ
′A
Kki

orbital sets. We finally obtain ϕ′′Kki, ϕ
′′
Jj , ϕ

′′A
Jj and ϕ

′′A
Kki orbital sets. They are used

to construct the inactive and active spaces of {K}kJ.
Once the orbital set of {K}kJ is formed, the next fragment {K}l is added to

{K}kJ, using the same algorithm for construction of the orbital set of {K}l{K}kJ.
Combining the inactive orbital sets of all fragments after the unitary transformations
and removal of the double-counted orbitals, we construct the doubly occupied orbitals
of the super-cluster I{K}nJ. Next, its active orbital set is formed from the active sets
of the fragments and Gramm-Schmidt orthogonalized to the doubly occupied orbitals.

The localized wave function ΩI
a(1, ..., Ns) of the super-cluster and its energy Ea =

HCII
aa are determined by a RASCI calculation. Since we do not perform an orbital

optimization for the super-cluster, but rather use localized orbital sets derived from
fragments, we avoid the delocalization of the orbitals of each fragment over the entire
super-cluster. We prevent also to a high extent an unbalanced description of the
electron distribution around the excitation centers.

In principle, the RASCI expansion may allow for electron transfer between differ-
ent fragments, for example, from the ”excited” fragment to the surrounding ”ground
state” fragments. In practice, the choice of the RAS spaces and, in particular, the
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minimal active spaces at the surrounding fragments prevent such charge transfer. We
demonstrate this in Chapter 4, for double exchange interactions in manganites.

It should be noted that depending on the super-cluster’s size and geometry, some
equivalent crystal sites may experience different cluster environment. If this is the
case for sites I and I’, then HCII

aa and HCI′I′
aa may differ and we speak about a cluster

artifact. Therefore, the super-cluster should be chosen in a wise manner to minimize
this artifact.

The localized wave function ΩJ
b (1, ..., Ns), that describes an excited state ’b’ lo-

calized around J is determined in the manner outlined above.
The computation of the off-diagonal elements HCIJ

ab is not a trivial task, since
ΩI

a(1, ..., Ns) and ΩJ
b (1, ..., Ns) are expressed in mutually non-orthogonal orbital sets.

We make use of the RASSI approach [6], implemented in the program package MOL-
CAS [93].

3.4 Implementation

3.4.1 Overlapping fragments approach

In this section, we discuss briefly a few aspects of the implementation of the OFA
in MOLCAS. They are related mainly to relevant transformations of the occupied
fragment orbitals. It turns out convenient for the implementation to express in the
first step each fragment occupied orbital in terms of the fragment’s atom-centered
basis functions χk ∈ {χ} instead of the symmetry-adapted combinations φµ

i ∈ {φ}µ

thereof. This is done for each irreducible representation µ of the fragment’s point
group G of the fragments separately, using a matrix dµ. The explicit form of dµ can
be deduced from the following considerations. Each of the fragment orbitals ϕµ

Jj is
initially expanded in terms of the symmetry-adapted basis functions φµ

i ,

ϕµ
Jj =

∑
i

φµ
i c

µ
ij

where φµ
i are expressed in terms of the atom-centered basis functions χk:

φµ
i =

∑
k

χkα
µ
ki

A particular column of matrix αµ that defines a particular φµ
i has non-zero elements

only for those χk that belong to centers related by symmetry operations. We consider
only abelian groups, and the matrix elements of αµ are +(-)1, +(-) 1

2 and 0 (the
symmetry-adapted combinations are not normalized to one). Using the expressions
above, we expand ϕµ

Jj in terms of χk,

ϕµ
Jj =

∑
k

χk

∑
i

αµ
kic

µ
ij

dµ
kj =

∑
i

αµ
kic

µ
ij
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If the atom-centered basis set of the super-cluster is {ξ}, we can relate {χ} and {ξ}
through a transformation matrix T ,

χk =
∑

n

ξnTnk

and ϕµ
Jj can now be expressed in terms of ξn,

ϕµ
Jj =

∑
n

ξn
∑

k

Tnkd
µ
kj

fµ
nj =

∑
k

Tnkd
µ
kj (3.20)

T may contain translation and rotation of χk. While the translation operation does
not change the matrix dµ, the centers of a particular fragment may be rotated with
respect to their corresponding centers in the super-cluster and thus dµ is transformed
into fµ. This implies that each component of a fragment atomic basis function with
an azimuthal quantum number l 6= 0 will turn into a linear combination of the com-
ponents of l in the super-cluster. For example, a pz basis function becomes a linear
combination of px, py and pz basis functions in the super-cluster. The rotation prop-
erties of our basis functions, which are real spherical Gaussians, are in fact the same
as those of the real spherical harmonics. Therefore, we are interested here in the real
orthogonal rotation matrices Rl for the transformation of the real spherical harmon-
ics [91]. The non-zero matrix elements of T are in fact the matrix elements of the
different Rl matrices. The rotation matrices for the different quantum numbers l are
obtained by recurrence relations, which allow one to express the rotation matrix Rl+1

in terms of the rotation matrices Rl and R1 [91]. The reader is referred for more
details to reference [91], where these recurrence relations are derived explicitly for
the different values of quantum number ml. The implementation of those recurrence
relations by those authors was adapted and implemented in our code to obtain the
elements of Rl.

At this step, we obtained fragment orbitals ϕµ
Jj expressed in terms of the atomic

basis functions ξn of the super-cluster. The fragment orbitals transform according
to a point group F in the super-cluster. Next, we express them in F -symmetry
adapted basis functions of the super-cluster. All fragment orbitals ϕµ

Jj which belong
to irreducible representation µ of G belong to a particular irreducible representation
ν of F,

ϕν
Jj =

∑
p

ζν
p g

ν
pj

where ζν
p are the symmetry-adapted basis functions for that irreducible representation

ν. They are given by

ζν
p =

∑
n

ξnγ
ν
np (3.21)



Non-orthogonal tight-binding approach 71

The columns of γν are generated by applying standard projection operators to the
atom-centered basis functions ξn [92]. Finally, we obtain the explicit form of matrix
gν by using the expressions in (Eq. (3.20)) and (Eq. (3.21)):

ϕν
Jj =

∑
p

ζν
p

∑
n

(γν
pn)−1fµ

nj

gν
pj =

∑
n

(γν
pn)−1fµ

nj (3.22)

The orbitals ϕν
Jj of J and the ones of {K}k are involved afterwards in the bi-

orthogonalization procedure, described above. The reformulation of the fragment
orbitals in terms of the super-cluster basis set and the bi-orthogonalization scheme
were implemented in the program package MOLCAS [93].

3.4.2 Non-orthogonal tight-binding approach

It is practical to choose a reference unit cell 0 with ME basis functions Φa(r1, ..., rM),
Φb(r1, ..., rM), ..etc. Symmetry equivalent ME basis functions in other unit cells are
given by,

Φa(r1 −R, ..., rM −R) = T̂RΦa(r1, ..., rM),

Φb(r1 −R, ..., rM −R) = T̂RΦb(r1, ..., rM),

...

Having evaluated the Hamiltonian and overlap matrix elements between localized
ME basis functions, we transform these to matrix elements between Bloch-type i.e.,
translational symmetry-adapted ME basis functions. Their concise form is (see Eq.
(3.9)):

Hab(K) =
∑
R

eiK.RHR
ab

Sab(K) =
∑
R

eiK.RSR
ab (3.23)

where

HR
ab = 〈Φa(r1, ..., rM)|H|Φb(r1 −R, ..., rM −R)〉
SR

ab = 〈Φa(r1, ..., rM)|Φb(r1 −R, ..., rM −R)〉
(3.24)

and the sum is over all lattice vectors. These matrix elements can be re-written in
the following form, which is convenient for the implementation,

Hab(K) = Hab(0) +
∑
R6=0

cos(K.R)HR
ab + i

∑
R6=0

sin(K.R)HR
ab

Sab(K) = Sab(0) +
∑
R6=0

cos(K.R)SR
ab + i

∑
R6=0

sin(K.R)SR
ab (3.25)
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In practice, the summations are performed only over M nearby unit cells. The trun-
cation criterion for M is estimated and checked a priori when we computed HIJ

ab and
SIJ

ab . We recall the generalized eigenvalue equation we need to solve∑
b

κbn(K)Hab(K) = εn(K)
∑

b

κbn(K)Sab(K) (3.26)

or its equivalent form,

H(K).κn(K) = S(K).κn(K)εn(K) (3.27)

where H(K) and S(K) are Hemitian matrices, which are represented by the sum of
the real and imaginary parts,

H(K) = <H(K) + i=H(K)

S(K) = <S(K) + i=S(K) (3.28)

As is well known the complex n×n eigenvalue problem can be converted to the 2n×2n
real problem by separating the Hermitian matrices in Eq. (3.27) into their real and
imaginary parts in Eq. (3.28). One proves easily that Eq. (3.29) is equivalent to Eq.
(3.27) by substituting Eq. (3.28) in Eq. (3.27),(
<H(K) −=H(K)
=H(K) <H(K)

) (
<κn(K)
=κn(K)

)
= εn(K)

(
<S(K) −=S(K)
=S(K) <S(K)

) (
<κn(K)
=κn(K)

)
(3.29)

where <κn(K) and =κn(K) denote the real and imaginary parts of the vectors κn(K),
respectively and if the vector (

<κn(K)
=κn(K)

)
is a solution of the eigenvalue problem in Eq. (3.29), then the vector(

−=κn(K)
<κn(K)

)
is also a solution and as a result the eigenvalue εn(K) appears twice. The eigen-
vectors in each degenerate pair are the same up to an inessential phase. Thus,
one can solve the augmented 2n×2n eigenvalue problem, obtain the 2n eigenvalues
ε1(K), ε1(K), ε2(K), ε2(K), ..., εn(K), εn(K) and corresponding pairs of eigenvectors
and then choose one eigenvalue and one eigenvector from each pair to be the eigen-
values and eigenvectors of the original complex eigenvalue problem (Eq. (3.27)).

Analogous to the conventional one-electron band structure theory, we refer to the
distribution of the εn(K) values for a given n as a many-body energy band.

In a Bravais lattice with an infinite number of unit cells the eigenvalues εn(K)
and their gradients with respect to K, ∇Kεn(K), are continuous functions of K. In
practice, the energies εn(K) along a symmetry line are computed for some discrete set
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of K values within the first Brillouin zone and then, one makes use of an interpolation
scheme with an accurate analytical function to produce the band structure. The
interpolation scheme, used here, is developed by Kertész and Hughbanks and based
on symmetry-adapted Fourier functions as fitting functions [94].

The theory shown above, allows one to obtain the eigenvectors, defined in Eq.
(3.11). The studies in Chapters 5 and 7 are concerned with probing the K-dispersion
of a particular excited (ionized) state that determines the width of the band related
to this excited (ionized) state. The band width is proportional to the hopping matrix
elements between many-electron basis functions that represent a particular exited
(ionized) state localized around different lattice sites I or J.
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[89] P.O. Löwdin J. Appl. Phys. (Suppl.) 33, 251 (1962)

[90] I. Mayer, Adv. Quantum Chem. 12, 189 (1980)
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