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Understanding the processes that underlie biodiversity requires insight into the evolutionary history of the taxa involved. Accurate

estimation of speciation, extinction, and diversification rates is a prerequisite for gaining this insight. Here, we develop a stochastic

birth–death model of speciation and extinction that predicts the probability distribution of both extinct and extant numbers of

species in a clade. We present two estimation methods based on this model given data on the number of extinct species (from

the fossil record) and extant species (from diversity assessments): a multivariate method of moments approach and a maximum-

likelihood approach. We show that, except for some special cases, the two estimation methods produce very similar estimates.

This is convenient, because the usually preferred maximum-likelihood approach is much more computationally demanding, so the

method of moments can serve as a proxy. Furthermore, we introduce a correction for possible bias that can arise by the mere fact

that we will normally only consider extant clades. We find that in some cases the bias correction affects the estimates profoundly.

Finally, we show how our model can be extended to incorporate incomplete preservation. Preservation rates can, however, not be

reliably estimated on the basis of numbers of extant and extinct species alone.

KEY WORDS: Birth–death model, cladogenesis, conditioning, diversification, maximum likelihood, method of moments, stochas-

tic model.

A thorough understanding of the processes that shape biodiver-

sity is a common objective of evolutionary biology and ecology.

Many macroevolutionary explanations of diversity within a taxon

or clade use simple models of speciation (origination) and extinc-

tion, where species may give birth to new species and eventually

die, leading to extinction, with rates that usually does not depend

on species identity (Nee 2004, 2006 and references therein). These

birth–death models at the species level have received a warm wel-

come, at least as useful null models of diversification. They are

often used to estimate speciation, extinction, and diversification

rates from phylogenies only (Hey 1992; Nee et al. 1994; Nee

2001), so without fossil data, because the fossil record is often

considered incomplete and the fossil species concept problematic

(Smith 1994; Kidwell and Flessa 1995; Strait and Wood 1999;

but see Kidwell 2001; Valentine et al. 2006). However, in many

cases complete or undisputed phylogenies are (still) not available.

Moreover, it has been shown that inferences based solely on phy-

logenies may be flawed (Wagner 2000; Paradis 2004). Therefore,

there is certainly a merit in obtaining estimates of speciation, ex-

tinction, and diversification rates from data on extinct and extant

species only, even if they would eventually be used only as a

quick way to provide a null expectation or, in Bayesian terms,

prior distribution of these rates.

A birth–death model that predicts the number of extinct and

extant species has been provided by Rosenzweig and Vetault

(1992), commenting on an earlier model by Vrba (1987) who

in turn follows Stanley (1979). We will refer to this model by

Rosenzweig and Vetault (1992) as the RV model. The RV model
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is deterministic and treats the number of extinct and extant species

as real numbers rather than as integers. This would be reasonable

if the number of extinct and extant species were high, but in most

examples they are not (see for example Table 1, where we rean-

alyze the data used by RV and Vrba). One of the consequences

of using a deterministic formulation is that a clade can never go

extinct within a finite time. To model this more realistically, we

must use a stochastic formulation that predicts the probability

distribution of the (integer) number of extinct and extant species.

Stochastic models form a scientific way to represent the many

uncertainties about the systems under study (Clark et al. 2007),

and they are therefore amenable to likelihood analyses, which are

generally the preferred statistical methods. By being probabilistic

they can also properly incorporate dependences between different

variables (here numbers of extant and extinct species), as we will

discuss below. Furthermore, they allow for probabilistic condi-

tioning by which one can account for the way in which the data

are sampled. For example, when the data consist of phylogenies,

one can incorporate the mere fact that we are looking at a tree

(not a single lineage) and the fact that we have no extinct species

in a phylogeny (Nee 2001).

In this article we present the stochastic counterpart of the RV

model and we formulate two approaches to estimate speciation

and extinction rates on the basis of data on extinct (from the

fossil record) and extant (from biodiversity surveys) species in

a clade and the clade’s age. One approach is an extension of

the deterministic estimation procedure in which the observed and

expected numbers of extinct and extant species are set equal to one

another. This is a multivariate version of the method of moments

(the first moment of each of two variables, number of extant

and number of extinct species). The other approach is maximum-

likelihood estimation. We compare the results of both estimation

approaches and apply them to the data used by Rosenzweig and

Vetault (1992). Because we usually only carry out analyses for

clades with extant taxa, this bias may have an impact on our

parameter estimates. The stochastic model formulation allows us

to account for this by proper probabilistic conditioning on at least

one species of a clade being still extant (Bokma 2003). We show

how this can be done and what effect it has on parameter estimates.

We end with a discussion, in which we show that our model

allows for the incorporation of preservation rates, but parameter

estimation becomes more difficult.

Model
THE DETERMINISTIC ROSENZWEIG AND VETAULT

1992 (RV) MODEL

The RV model is a deterministic birth–death model that describes

the number of extant species N L and the number of extinct species

N E at time t when the per species speciation rate S and the ex-

tinction rate E are constant. It is determined by the following set

of ordinary differential equations and initial conditions:

d NL(t)

dt
= (S − E)NL(t) (1a)

d NE(t)

dt
= E NL(t) (1b)

NL(0) = N0 (1c)

NE(0) = 0, (1d)

where the initial condition applies to the common ancestors of the

clade (usually N 0 = 1, e.g., for monophyletic clades). This set of

equations is easily solved:

NL(t) =
{

N0e(S−E)t for S �= E

N0 for S = E
(2a)

NE(t) =

⎧⎪⎪⎨⎪⎪⎩
N0e(S−E)t − 1

S

E
− 1

for S �= E

N0 Et for S = E .

(2b)

If we know the number of extinct species N E (estimated from the

fossil record), and the current number of extant species N L of a

clade and we also have an estimate of the age T of the clade, then

one can calculate the speciation and extinction rates by solving

this system of equations for S and E

ŜRV =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ln

(
NL

N0

)
T

(
1 + NE

NL − 1

)
for NL �= N0

NE

N0T
for NL = N0

(3a)

ÊRV =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ln

(
NL

N0

)
T

(
NE

NL − 1

)
for NL �= N0

NE

N0T
for NL = N0,

(3b)

where the subscript RV refers to the Rosenzweig and Vetault

(1992) model. The estimated net diversification rate, D̂ = Ŝ − Ê ,

is therefore

D̂RV =
ln

(
NL

N0

)
T

(4)

which does not depend on the number of extinct species

N E.

THE STOCHASTIC MODEL

The alternative stochastic model proposed in this article describes

the dynamics of the probability P(N E, N L, t) of the number of
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Ê
M

M
D̂

M
M
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extinct (N E) and extant (N L) species at time t, given per species

speciation rate S and extinction rate E. The dynamics is governed

by a master equation, that is, an ordinary differential equation,

and initial conditions and boundary conditions

d P (NE, NL, t)

dt
= E (NL + 1) P (NE − 1, NL + 1, t)

+ S (NL − 1) P (NE, NL − 1, t)

− (E + S) NL P (NE, NL, t) (5a)

P (NE = 0, NL = N0, 0) = 1 (5b)

P (NE �= 0, NL �= N0, 0) = P(NE �= 0, NL = N0, 0)

= P(NE = 0, NL �= N0, 0) = 0 (5c)

P (NE < 0, NL, t) = P (NE, NL < 0, t) = 0 (5d)

This is the exact stochastic counterpart of the RV model. It de-

scribes how the probability P(N E, N L, t) changes due to tran-

sitions between states of the system at a rate proportional to the

per species speciation (S) and extinction (E) rates, the number

of extant species in the state of origin (N L − 1, N L, or N L + 1,

depending on the state), and the probability of the state of origin at

time t. Not only does this stochastic method provide expressions

for the expectations (first moments), first and foremost it gives

the probability P(N E, N L, t) for each combination of N L- and

N E-values at time t. This probability can be obtained by solving

the master equation for the probability generation function G(z,

s, t), a transform of P(N E, N L, t) which is defined as

G (z, s, t) :=
∞∑

NE=0

zNE

∞∑
NL=0

s NL P(NE, NL, t). (6)

When the probability-generation function G(z, s, t) is known,

the probability distribution can be recovered by taking partial

derivatives:

P(NE, NL, t) = 1

NE!NL!

∂ NE∂ NL G(z, s, t)

∂zNE∂s NL

∣∣∣∣
z=s=0

(7)

In Appendix S1 of the Supporting information we show that in

our model G(z, s, t) has the form

G (z, s, t)

=
⎛⎝(

A2 − B − 2As
) (

e−St
√

B − 1
)

− 2s
√

B
(

e−St
√

B + 1
)

(2A − 4s)
(

e−St
√

B − 1
)

− 2
√

B
(

e−St
√

B + 1
)

⎞⎠N0

(8a)

A := 1 + E

S
(8b)

B :=
(

1 + E

S

)2

− 4z
E

S
. (8c)

The probability P(N E, N L, t) can be used in likelihood-based

estimation methods. Below we give estimates using maximum-

likelihood estimation, that is, those values of S and E that max-

imize this probability P(N E, N L, t) for given N E, N L, and T .

We will indicate these estimates (e.g., in Table 1) by the sub-

script ML. Evaluating the derivatives of (7) generally leads to

a long expression without a closed-form analytical generaliza-

tion. Therefore, one must resort to numerical methods, of which

automatic differentiation techniques seem to be the most suit-

able. We have included a program code for such automatic dif-

ferentiation using the freely available software COSY Infinity

(http://bt.pa.msu.edu/index_files/cosy.htm) in the Supporting in-

formation. In some special cases (7) reduces to relatively sim-

ple expressions (see Appendix S3). The maximum-likelihood

method also allows for computation of the standard error in the

estimates by means of the observed information matrix I o. The

variance–covariance matrix M at the likelihood optimum (where
∂ ln P
∂S = ∂ ln P

∂ E = 0) is given by

M = I −1
o =

⎛⎜⎜⎝−∂2 ln P

∂S2
−∂2 ln P

∂S∂ E

−∂2 ln P

∂S∂ E
−∂2 ln P

∂ E2

⎞⎟⎟⎠
−1

= 1(
∂2 ln P

∂S2

) (
∂2 ln P

∂ E2

)
−

(
∂2 ln P

∂S∂ E

)2

×

⎛⎜⎜⎝−∂2 ln P

∂ E2

∂2 ln P

∂S∂ E
∂2 ln P

∂S∂ E
−∂2 ln P

∂S2

⎞⎟⎟⎠
(9)

where the derivatives are evaluated at the ML parameter values.

Square roots of the diagonal elements (the variances) are the

standard errors for the two parameters S and E. The off-diagonal

elements (the covariances) are needed to compute the standard

error in the net diversification rate D = S − E .

Using the definition of the probability-generating function

(6) it is straightforward to show that the expectations for N E and

N L are given by

〈NL (t)〉 =
∞∑

NL=0

∞∑
NE=0

NL P (NE, NL, t)

= ∂G (z, s, t)

∂s

∣∣∣∣
z=1,s=1

=
{

N0e(S−E)t for S �= E

N0 for S = E
(10a)

〈NE (t)〉 =
∞∑

NL=0

∞∑
NE=0

NE P (NE, NL, t)

= ∂G (z, s, t)

∂z

∣∣∣∣
z=1,s=1

=

⎧⎪⎪⎨⎪⎪⎩
N0e(S−E)t − 1

S

E
− 1

for S �= E

N0 Et for S = E
(10b)
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and these expressions are identical to those for N L(t) and N E(t)

in the deterministic model (as expected in a linear model). The

estimates for the speciation, extinction, and net diversification

rates based on these expectation values are therefore identical to

the RV model, equations (3) and (4). That is, given observations of

N L extant and N E extinct species at time T , we have the estimates:

ŜMM =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ln

(
NL

N0

)
T

(
1 + NE

NL − 1

)
for NL �= N0

NE

N0T
for NL = N0

(11a)

ÊMM =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ln

(
NL

N0

)
T

(
NE

NL − 1

)
for NL �= N0

NE

N0T
for NL = N0

(11b)

D̂MM =
ln

(
NL

N0

)
T

(11c)

where the subscript MM indicates that the estimation has been

done by the method of moments, that is equating observed and

expected numbers.

In the course of selecting clades we usually choose only those

that are still extant. Even if we also allow for clades that may have

gone extinct, such clades are often underrepresented. This may

cause a serious bias. In the stochastic model we can correct for

this by conditioning our probability and the expected number of

extinct and extant species on the fact that N L > 0. For this, we

need the following auxiliary quantities:

P (NL > 0, t) = 1 −
∞∑

NE=0

P (NE, NL = 0, t) = 1 − G (1, 0, t)

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
1 −

⎛⎜⎝
E

S

(
1 − e−(S−E)t

)
1 − E

S
e−(S−E)t

⎞⎟⎠
N0

for S �= E

1 −
(

Et

1 + Et

)N0

for S = E

(12)

〈NE (t) | NL (t) = 0〉 = ∂G (z, s, t)

∂z

∣∣∣∣
z=1,s=0

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N0

⎛⎜⎝
E

S

(
1 − e−(S−E)t

)
1 − E

S
e−(S−E)t

⎞⎟⎠
N0−1

E

S

e2(S−E)t −
(

E

S

)2

−
(

1 − E

S

) (
E

S
+ 1 + 2Et

)
e(S−E)t

(
1 − E

S

) (
e(S−E)t − E

S

)2 for S �= E

N0

(
Et

1 + Et

)N0−1 1 + Et − 1

(1 + Et)2

3
for S = E

(13)

The conditional probability of observing N L extant species and

N E extinct species is simply given by

P (NL, NE, t | NL > 0) = P (NL, NE, t)

P (NL > 0)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

NE!NL!

∂ NE∂ NL G(z, s, t)

∂zNE∂s NL

∣∣∣∣
z=s=0

1 −

⎛⎜⎝
E

S

(
1 − e−(S−E)t

)
1 − E

S
e−(S−E)t

⎞⎟⎠
N0

for S �= E

1

NE!NL!

∂ NE∂ NL G(z, s, t)

∂zNE∂s NL

∣∣∣∣
z=s=0

1 −
(

Et

1 + Et

)N0
for S = E

(14)

This conditional probability can again be used in likelihood-based

estimation procedures. We will indicate estimates using condi-

tional maximum likelihood by the subscript MLC.

The conditional expectations of N L extant species and N E

extinct species are:

〈NL(t) | NL(t) > 0〉 =
∞∑

NE=0

∞∑
NL=1

NL P
(
NE, NL, t |NL > 0

)

=
∞∑

NE=0

∞∑
NL=0

NL
P

(
NE, NL, t

)
P (NL > 0, t)

= 〈NL (t)〉
P (NL > 0, t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N0e(S−E)t

1 −

⎛⎜⎝
E

S

(
1 − e−(S−E)t

)
1 − E

S
e−(S−E)t

⎞⎟⎠
N0

for S �= E

N0

1 −
(

Et

1 + Et

)N0
for S = E

(15a)
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〈NE (t) | NL (t) > 0〉

=
∞∑

NE=0

∞∑
NL=1

NE P (NE, NL, t | NL > 0) =
∞∑

NE=0

∞∑
NL=1

NE
P

(
NE, NL, t

)
P (NL > 0, t)

=

∞∑
NE=0

NE

(( ∞∑
NL=0

P
(
NE,NL, t

)) − P
(
NE,NL = 0, t

))
P (NL > 0, t)

=

∞∑
NE=0

NE P (NE, t) −
∞∑

NE=0

NE P (NE, NL = 0, t)

P (NL > 0, t)

= 〈NE (t)〉 − 〈NE (t) | NL (t) = 0〉
P (NL > 0, t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N0e(S−E)t − 1
S

E
− 1

− N0

⎛⎜⎝
E

S

(
1 − e−(S−E)t

)
1 − E

S
e−(S−E)t

⎞⎟⎠
N0−1

E

S

e2(S−E)t −
(

E

S

)2

−
(

1 − E

S

)(
E

S
+ 1 + 2Et

)
e(S−E)t

(
1 − E

S

) (
e(S−E)t − E

S

)2

1 −

⎛⎜⎝
E

S

(
1 − e−(S−E)t

)
1 − E

S
e−(S−E)t

⎞⎟⎠
N0

for S �= E

N0

Et −
(

Et

1 + Et

)N0−1 1 + Et − 1

(1 + Et)2

3

1 −
(

Et

1 + Et

)N0
for S = E

(15b)

By setting both expressions equal to observed values of N L

and N E for a known clade age T , estimates for Ŝ and Ê can

be obtained, but only numerically, except for some special cases

in which analytical closed-form expressions are available (see

Appendix S3). However, one does observe that T factors out, so:

ŜMMC = f1 (NE, NL, N0)

T
(16a)

ÊMMC = f2 (NE, NL, N0)

T
(16b)

D̂MMC = f1 (NE, NL, N0) − f2 (NE, NL, N0)

T
(16c)

where MMC indicates that these estimates are based on the con-

ditional method of moments, and where f 1 and f 2 are functions

of N E, N L, and N0. Numerical examples are given below.

Results
We compare in general the parameter estimates for Ŝ and Ê using

the method of moments and maximum-likelihood approaches for

various values of N L and N E. Figure 1 shows these estimates and

also of the dependent quantities D̂ = Ŝ − Ê and Ŝ
Ê

, where each

rate is multiplied by T to make the estimates dimensionless and

general. Figure 1(A–D) shows the estimates obtained with the

unconditional approaches, whereas Figure (E–H) shows the esti-

mates for the conditional approaches. Overall the two approaches

give fairly similar estimates, especially in the conditional case,

but discrepancies arise for low N L and high N E. The reason for

this is that for this particular situation the probability distribution

is highly asymmetric (i.e., mode and mean differ substantially), a

situation in which it is actually surprising that the clade under con-

sideration still exists, that is the probability that it would have gone

extinct is high. Figure 2 presents a more detailed comparison by

showing how the ratio of estimates using the two different meth-

ods behaves when N L and N E are increased. Indeed, these ratios

deviate substantially from 1 only for low N L and high N E. In the

unconditional case the estimates for Ŝ and Ê are both higher when

obtained with the method of moments than with maximum likeli-

hood, whereas in the conditional case they are both lower. Perhaps

surprisingly the ratio of speciation and extinction rates is exactly

the same for both approaches in the unconditional case, which

also always has a lower diversification rate D̂ when obtained with

maximum likelihood than with the method of moments. This sug-

gests that estimates based on the method of moments, which are

much easier to compute than those based on maximum likelihood,
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Figure 1. Estimates of speciation and extinction rates for varying numbers of extinct and extant species plotted as ET versus ST (left-

hand column) or as ST
E T = S

E versus DT (right-hand column) and assuming N 0 = 1. (A–D): Unconditional method of moments (A and B) and

unconditional maximum likelihood (C and D). (E–H) Conditional method of moments (E and F) and conditional maximum likelihood (G

and H). Red curves connect points with equal numbers of extant species (N L = 1, 2, 4, 8, 16, 32, 64), blue curves connect points with equal

number of extinct species (N E = 1, 2, 4, 8, 16, 32). The thickness of the curves increase with the number of extinct or extant species they

correspond to. For example, the top (i.e., thinnest) blue curve in B connects points where N E = 1, whereas the rightmost (i.e., thickest)

red curve in B connects points with N L = 64. These curves intersect in the top right corner which therefore represents the parameter

estimates for N E = 1 and N L = 64. The case N L = 1 is not shown for the conditional estimates (E–H) because this case has an infinite

estimate for the extinction rate. Note the similarity (except for small N L and large N E) of the figures for expectations and maximum

likelihood. See Figure 2 for a better comparison.
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Figure 2. Comparison of multivariate method of moments and maximum likelihood; the panels show the ratio of estimates of the two

different approaches as a function of f (N L, N E) = 32(N L − 1) + N E where N L runs through the values from 1 (2 in the conditional

approach) to 64 and, for each value of N L, N E loops through the values 1 to 32. N E = 1 is indicated with a red dot, whereas N E = 32 is

indicated with a blue dot. The zigzag behavior is therefore due to an increase of N L by 1 and N E jumping from 32 back to 1 (i.e., from a

blue dot to a red dot). (A–D) Unconditional approach. (E–H) conditional approach.

can be used as proxies for maximum likelihood based estimates

for sufficiently high N L and sufficiently low N E.

For comparison with the literature, Table 1 lists the parameter

estimates for the data considered by Vrba (1987) and Rosenzweig

and Vetault (1992). Again, it is clear that the two approaches yield

very similar estimates (except for N L = 1) and particularly for

the conditional estimates. For the ML parameter values we have

added error estimates, calculated with the observed information

matrix I o. The method of moments does not allow error estimates

in this way. Errors can be obtained by parametric bootstrap, but
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Table 2. Maximum-likelihood parameter estimates of speciation (S), extinction (E), and net diversification (D) rates resulting from

combining the four pairs of sister clades of Table 1. Subscript denote the estimation method: ML = unconditional maximum likelihood,

MLC = conditional maximum likelihood. The figures between parentheses denote standard errors as computed from the observed

information matrix.

Clade T N E N L ŜML ÊML D̂ML ŜMLC ÊMLC D̂MLC

(Ma) – – (Ma−1) (Ma−1) (Ma−1) (Ma−1) (Ma−1) (Ma−1)

Taurotragus 2 1
Tragelaphus 7 9 7 0.412 (0.122) 0.266 (0.092) 0.145 (0.130) 0.382 (0.115) 0.352 (0.142) 0.030 (0.160)
Aepyceros 1 1
Alcelaphini 5 27 7 0.826 (0.191) 0.680 (0.163) 0.146 (0.194) 0.778 (0.180) 0.853 (0.231) −0.075 (0.221)

Connochaetes 11 4
Damaliscus 4 12 3 1.077 (0.284) 0.885 (0.246) 0.205 (0.277) 1.012 (0.243) 1.306 (0.508) −0.294 (0.522)
Loxodonta 2 1

Elephas 5 10 1 0.574 (0.188) 0.574 (0.188) 0 (0.234) 0.600 (0.173) ∞ −∞

they do not properly indicate the range of parameter values that

would give the same number of extinct and extant taxa; rather they

indicate the range of values that are most likely to produce other

numbers of extinct and extant taxa that could have been produced

by the ML parameter estimates. Therefore we chose not to report

the bootstrap errors.

Comparing unconditional with conditional estimates, one ob-

serves that these differ substantially as may be expected. The

unconditional diversification rate is always nonnegative by defi-

nition, whereas the conditional diversification rates may well be

negative. The conditional diversification rates are always lower

than the unconditional ones due to a lower speciation rate and

higher extinction rate. This can be understood as follows. Con-

sider the probability distribution of all clades for a particular set

of speciation and extinction rates. Low speciation rate and high

extinction rate are likely to lead to rapid extinction of the entire

clade. This heavily affects the unconditional probability distribu-

tion, so in order for the observed data to be likely, speciation rate

must be high and extinction rate must be low. By conditioning

on nonextinction of the clade, one removes from the probability

distribution all clades that are extinct at time T , so these no longer

affect the parameter estimates.

So far we have estimated S and E for a single clade, using

only two quantities for this clade, N L and N E. One may also

attempt to estimate these parameters for multiple, similar, clades,

assuming that the clades have the same S and E. For two sister

clades, one thus uses four quantities to estimate two parameters.

The ML method can also accommodate this, if one assumes the

likelihoods of the clades to be independent. Table 2 shows some

examples for the sister clades of Table 1. The estimates are roughly

the average of the estimates for each clade separately and the error

in the estimates is smaller, as may be expected. More certainty on

parameter values can thus be obtained at the expense of additional

assumptions on equality of rates across clades.

Discussion
In this article we have introduced a stochastic analog of the Rosen-

zweig and Vetault (1992) model and we have established two

methods to estimate speciation, extinction, and diversification

rates, one based on equating expectations to observed values and

one on maximum likelihood given the observed data, where we

can condition on the fact that we actually observe the clade as

being extant (if it were not, we would most probably not be con-

sidering it). Kendall (1948) already considered such a model, but

apart from the number of extant species, he was interested in what

he called the cumulative population, that is, the sum of extinct and

extant species, rather than just the number of extinct species. This

can be converted into our model, for which we have provided an

alternative derivation. Kendall, however, did not consider param-

eter estimation and conditioning.

The maximum-likelihood approach is preferable over the

multivariate method of moments, which simply equates expecta-

tions to observed values, because the former can take into account

that the number of extinct and extant species are not independent.

With the formulas for the expected number of extant species, one

effectively averages over all the possible values of the number of

extinct species, and vice versa. A more consistent way of using

expectations would be to use the formula for the expected number

of extant species (which is independent of the number of extinct

species) in combination with a formula for the expected number

of extinct species conditional on the number of extant species.

This formula would read

〈NE(t) | NL(t)〉 = 1

NL!

∂ NL∂G (z, s, t)

∂s NL∂z

∣∣∣∣
z=1,s=0

(17)

which in general does not simplify further. Hence, the advantage

of using the method of moments—computational simplicity––no

longer applies.
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However, we have observed that, except for low N L and high

N E, the parameter estimates based on the method of moments are

similar to those based on maximum likelihood. This is convenient,

because numerical inaccuracies rapidly cumulate in evaluating

the high-order derivatives required for the maximum-likelihood

approach, and a proxy for this likelihood is therefore more than

welcome. We therefore suggest that for low N L (e.g., N L ≤ 50) the

exact estimates based on the likelihood are used and for higher

values (N L > 50) the approximations based on the method of

moments are used.

The question whether one should condition or not is mainly

a philosophical one. For phylogenies, Nee (2001) argues that the

fact that in phylogenetic analyses we will be only considering a

real phylogenetic tree rather than a single lineage must be taken

into account by conditioning. In our case, the fact that we would

normally not be computing speciation and extinction rates for

already extinct clades implies that we should condition on the

existence of the clade (see also Bokma 2003). The consequences

are ambiguous. On the one hand, this allows negative diversifi-

cation rates. Although clades with negative diversification rates

are short-lived, they do occur. Also, the model assumes constant

rates, whereas in reality they may fluctuate over time; negative

estimates thus might indicate that even though initially there was

true radiation (positive diversification rates), the clade may now

be deterministically on its way to extinction, for example due to

(human-induced) changes in the biotic and abiotic environment

of the clade’s species. On the other hand, for N L = 1, one obtains

(negative) infinite estimates for the extinction and diversification

rates (unless N E = 0), an unpleasant result. However, in the un-

conditional case, we would similarly obtain (negative) infinite

estimates when N L = 0.

In our analysis of the data with the model, we made an

important assumption: cladogenesis occurs within the punctuated

equilibrium model of speciation (Eldredge and Gould 1972). That

is, every new species found in the fossil record forms a new clade

(branch). This is in contrast to the phyletic gradualism model

of speciation, where new species can slowly evolve out of older

ones (anagenesis). Branching can also occur, but there are no

clear periods of stasis, which means that fossils identified as new

species may be either a continuation of an earlier species or a

newly born one that could, in principle, coexist for long periods

of time with its ancestor and other descendants. We will not enter

the discussion on which model of speciation is more appropriate

(see e.g., Dennett 1995), but only wish to indicate this underlying

assumption. A model incorporating phyletic speciation as well as

branching would be more involved (Foote 1996). It would contain

two speciation rates: a phyletic speciation rate and a branching

speciation rate. It will be impossible to estimate these rates on the

basis of numbers of extinct and extant species only, unless one

uses temporal (stratigraphic) data.
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Figure 3. Conditional maximum-likelihood estimates for specia-

tion rate S (red), extinction rate E (blue), and diversification rate

D (black) as a function of the ratio of extinction and preservation

rates ( E
R ) for the Tragelaphus clade of Table 1.

The model can also be extended to incorporate rates of preser-

vation (Foote 2000) to correct for incompleteness of and biases

in the fossil record. The model presented here assumes that ev-

ery species will be preserved, that is, the preservation proba-

bility pR equals unity. If, more realistically, pR < 1, then the

probability-generating function has the same form as in (8) but

with B = (1 + E
S )2 − 4 E

S (zpR + (1 − pR)), see Appendix S2 of

Supporting information. Because the preservation probability de-

pends on the longevity of a species which in turn depends on the

extinction rate E, the preservation probability also depends on

E. In Appendix S2 we analyze a model for this dependence that

is a variation in the model explored by Foote and Raup (1996),

Solow and Smith (1997), and Foote (1997). Assuming a constant

preservation rate R, it yields pR = R
E+R . Figure 3 shows how the

conditional maximum-likelihood estimates for speciation, extinc-

tion, and diversification rates depend on the ratio of extinction

and preservation rates for the Tragelaphus clade of Table 1. For
E
R = 0 (i.e., when all extinct species are preserved in the fossil

record) one retrieves the values reported in Table 1. With only

data on N L and N R where N R is the number of preserved ex-

tinct species, the method of moments can no longer be used, as it

provides only two instead of the required three equations to esti-

mate the three parameters S, E , and R. The maximum-likelihood

method can still be used, but finding the ML parameter estima-

tion becomes computationally demanding. More importantly, the

likelihood surface will be very flat, so the maximum-likelihood

parameters will have very wide confidence intervals (we analyzed

various combinations of N L and N R which all showed this result).

The reason is simple: high extinction rates and high preservation

rates can lead to a similar number of species in the fossil record

(N R) as low extinction rates and low preservation rates. More
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information is clearly needed to distinguish between these pa-

rameter combinations.

For example, one could consider a much larger clade, for

example, all North American mammals, which may show a more

peaked likelihood surface (this cannot currently be evaluated be-

cause of numerical problems with large values of N L and N R).

Note that the corresponding reduction of the uncertainty in the

parameter estimates comes at the cost of an increase in the fun-

damental model uncertainty due to the assumption that the rates

of speciation and extinction are equal for all taxa in the clade. Al-

ternative information to separate extinction and preservation rates

could come from the fossil record itself: the stratigraphic range

combined with a model of extinction and preservation provides

estimates of extinction and preservation rates, when properly ac-

counting for possible biases (Solow and Smith 1997; Foote 1997;

Solow 2003). The model presented here can in principle be ex-

tended to incorporate such information along the lines of the

probabilistic models developed by the aforementioned authors.

Alternative information could also be phylogenetic information,

as mentioned in the Introduction, but this is beyond the scope of

the current article. The purpose of this article was to see how far

one would get with the most parsimonious model requiring the

smallest amount of data, for a quick assessment of diversification

rates, as commonly used (e.g., Coyne and Orr 2004). It provides

lower bounds to the real speciation and extinction rates when

preservation probability is less than unity (see Figure 3).

Birth–death models at the species level as we used in this

article have been criticized for ignoring species’ population sizes,

because population size may well affect speciation and extinc-

tion rates (Hubbell 2001). Birth–death models at the individual

level (Hubbell 2001) can account for the effect of population

size on speciation and extinction rates, and can also incorporate

immigration. However, these models focus on diversity within an

ecological community rather than within a clade. The two types of

models share the property that they are neutral, that is, they do not

assume dependence of the various rates on individual or species

identity. The neutral models at the individual level, despite incor-

porating more mechanism, have met with more resistance than the

models at the species level (e.g., McGill 2003; Ricklefs 2003; Nee

2005), but are increasingly recognized as null models for diver-

sity on regional and local scales (Alonso et al. 2006; Adler et al.

2007; Leigh 2007). Interestingly, in these models, the possibility

of probabilistic conditioning has also been noted: when the data

consist of not only number of species but also species abundances,

one needs to specify and condition on the sampling design, for

example, whether a certain number of species or a certain number

of individuals is sampled, to allow for proper model comparisons

(Etienne and Olff 2005). Although these models generally pro-

vide a better description of species abundance distributions than

models where the speciation rate is a per species rate (Etienne

et al. 2007), the latter models may perform better for high abun-

dances (Etienne et al. 2007). Thus, there is merit in using and

further developing both types of models. We hope that this article

will contribute to this.
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